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REPETITION-FREE AND INFINITARY ANALYTIC CALCULI
FOR FIRST-ORDER RATIONAL PAVELKA LOGIC

A.S. GERASIMOV

ABSTRACT.  We present an analytic hypersequent calculus G*LY for
first-order infinite-valued Lukasiewicz logic LV and for an extension of
it, first-order rational Pavelka logic RPLY; the calculus is intended for
bottom-up proof search. In G3LY, there are no structural rules, all the
rules are invertible, and designations of multisets of formulas are not
repeated in any premise of the rules. The calculus G®LY proves any
sentence that is provable in at least one of the previously known ana-
lytic calculi for LY or RPLY, including Baaz and Metcalfe’s hypersequent
calculus GLY for LV. We study proof-theoretic properties of G3LY and
thereby provide foundations for proof search algorithms. We also give
the first correct proof of the completeness of the GLV-based infinitary
calculus for prenex LV-sentences, and establish the completeness of a
G3LV-based infinitary calculus for prenex RPLV-sentences.

Keywords: many-valued logic, mathematical fuzzy logic, first-order
infinite-valued Lukasiewicz logic, first-order rational Pavelka logic, proof
theory, hypersequent calculus, proof search, infinitary calculus.

1. INTRODUCTION

First-order infinite-valued Lukasiewicz logic LY and an extension of it by rational
truth constants, first-order rational Pavelka logic RPLV, are among the fundamen-
tal fuzzy logics [1, 2, 3] and are considered in the given paper mainly from the
standpoint of proof search.

Hilbert-type calculi for the logics under consideration are widely used (see, e.g.,
[1, 2]), but such calculi are unfit for bottom-up proof search. For LV, we also know
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an analytic hypersequent calculus GLV [4, 5] with structural rules, which make it
unsuitable for bottom-up proof search.

On the basis of the calculus GLY from [4, 5] and tableau calculi from [6], in [7]
we introduced analytic hypersequent calculi G'LY and G*LY for the logic RPLY
and hence for LY. The calculi G'LY and G2LY do not have structural rules; the
latter is a noncumulative variant of the former, which is cumulative, i.e., preserves
the conclusion of each inference rule in its premises. Any GLY- or G2LV-provable
sentence is provable in G'LY; any prenex RPLV-sentence is G'LY-provable iff it
is G2LV-provable; and any prenex LV-sentence is provable or unprovable in GLY,
G'LY, and G?LY simultaneously. Also in [7], a family of proof search algorihms
is described; given a prenex G?LV-provable sentence, such an algorithm constructs
some proof for it in a tableau modification of the calculus G2LV.

A defect of G2LY (which does not appear in proving prenex sentences) is that
designations of multisets of formulas are repeated in each premise of two quantifier
rules. The defect causes repeating much work (on decomposing the same formulas
from such multisets) during bottom-up proof search, and prevented us from es-
tablishing desirable proof-theoretic properties for the calculus G2LY, in particular,
invertibility of one of its rules.

In the present paper, we introduce an analytic hypersequent calculus G*LY for
the logic RPLV. There are no structural rules in the calculus; and designations of
multisets of formulas are not repeated in any premise of its rules. The last feature
of the calculus allows us to call it and each of its rules repetition-free.

Let us provide further background on the logics LY and RPLYV. The set of all valid
LV-formulas is not recursively enumerable [9]; more precisely, the set is IIy-complete
[10]; the same holds for RPLY, see [1, Section 6.3]. So for LV, there is no sound and
complete calculus in the ordinary (finitary) sense; the same for RPLY. To be sound
and complete for LY or RPLV, a calculus needs to be infinitary. In [11], [12], and
[1, Section 5.4], sound and complete Hilbert-type calculi with an infinitary rule are
presented for LV; and in [1, Section 5.4], such an infinitary calculus for RPLV. In
[4], it is claimed that the hypersequent calculus GLY extended with an infinitary
rule is complete for LV; however, the completeness of this GLV-based infinitary
calculus is still an open question, according to our findings, which G. Metcalfe, an
author of [4], acknowledges. Also in [4], the calculus GLV extended with the cut
rule is shown to prove exactly the same LV-sentences as a Hilbert-type calculus
for BV from [1]; the latter calculus is known to be complete with respect to an
algebraic semantics over so-called MV-chains, see [1, 4] for further details. Finally,
in [5, Theorem 8.48] and [13, Theorem 6.1.11], erroneous proofs are given that the
aforementioned GLV-based infinitary calculus is complete for prenex LV-sentences.

In the present paper, we are interested in foundations for bottom-up proof search
algorithms for LV and RPLYV; so we mainly deal with calculi that are finitary,
analytic (hence cut-free), and of course, sound for the given logics. However, in
this paper, we also give the first correct proof of the completeness of the GLV-
based infinitary calculus for prenex LV-sentences, and extend this result to a G3LY-
based infinitary calculus and prenex RPLV-sentences. Apart from this, we focus on
studying proof-theoretic properties of G3LY and leave out studying how G3LY can
be used to establish properties of LY and RPLV.

The paper is organized as follows. In Section 2, we define the syntax and se-
mantics of the logics LY and RPLV, and formulate the calculi GLV, G'LVY, and
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G2LV. In Section 3, we introduce the calculus G*LY and prove its soundness. In
Section 4, we establish the invertibility of all the rules of G*LV and show that G3LY
proves any sentence provable in GLY, or G'LY, or G2LY. In Section 5, we investi-
gate transformations of G3LV-proofs according to proof search tactics and thereby
provide foundations for various proof search algorithms. In Section 6, we prove
the mid-hypersequent theorem for G3LY; show that any prenex RPLV-sentence is
provable or unprovable in G'LY, G2LV, and G*LV simultaneously; and establish
the undecidability of G®LY. In Section 7, we show that in [5, 13] the proofs of
the completeness of the GLV-based infinitary calculus for prenex LV-sentences are
incorrect; we give a new correct proof of the claim, and extend this proof to the
G3LV-based infinitary calculus and prenex RPLY-sentences.

2. PRELIMINARIES

Let us describe the syntax and semantics of the logics LV and RPLY. We fix
an arbitrary signature, which may contain predicate and function symbols of any
nonnegative arities.

Terms are defined in the standard manner. Atomic LV- and RPLV-formulas are
predicate symbols with argument terms, as well as truth constants: in LV, the only
truth constant 0; and in RPLY, truth constants 7 for all rational numbers r € [0, 1]
(where [0, 1] is an interval of real numbers). EV- and RPLV-formulas are built as
usual from atomic LV- and RPLV-formulas, respectively, using the logical symbols:
the binary connective — and the quantifiers V, 3.

The notion of an interpretation (D, u) differs from the classical notion of the same
name only in that the map p takes each n-ary predicate symbol R to a predicate
u(R) : D™ — [0,1]. Given an interpretation (D, ), a valuation is a map of the set
of all (individual) variables to the domain D of the interpretation. For a valuation
v, a variable z, and d € D, by v[z — d] we denote the valuation that may differ
from v only on = and meets the condition vz — d](z) = d.

The value |t|pr,, of a term t under an interpretation M and a valuation v (ap-
propriate for M) is defined as usual. The truth value |C|ar,, of an RPLV-formula
C' under an interpretation M = (D, ) and a valuation v is defined as follows:

(1) [Flar =7

(2) |R(t1, .., to) |y = p(R)(Jt1|asws - - -, [tn| ) for an n-ary predicate symbol
R and terms tq,...,tn;

(3) |A — Blp,, =min(l — |Alp + | By, 1);

(4) |V-TA|M,V = infdGD |A|M,V[Il—>d];

(5) 1324l = UPep [ Al (o)

An RPLV-formula (in particular, an LV-formula) C is called valid, written F C,
if |Clar,, = 1 for every interpretation M and every valuation v.

Note that the logic RPLV allows us to express partial truth of statements in the
following way [1, Section 3.3]. Given a rational number r € [0,1] and an RPLV-
formula A, we have: (a) for a fixed interpretation M and a fixed valuation v:
r < |Alpm |7 — Al =15 (b) r < |A|ar, for every interpretation M and every
valuation v iff F (F — A).

In what follows, we work with a fixed signature that includes a countably infinite
set of nullary function symbols called parameters. The result of substituting a term

t for all free occurrences of a variable z in an RPLV-formula A is denoted by [A]F.
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Let us formulate the calculus GLY [4, 5], using parameters instead of free vari-
ables, which are syntactically distinct from bound variables in [4, 5].

A GLV-sequent is written I' = A and is an ordered pair of finite multisets I" and
A consisting of LV-formulas. A GLV-hypersequent is a finite multiset of GLV-sequ-
ents and is written I’y = Ay |... [T = A,

The axiom schemes of GLV are: A = A (id), = (A), 0= A (0 =), where A
is an LV-formula.

The inference rules of GLY are:

———=— (ew) g|F:>A|F:>A(eC) M(W)
gIr= A ’ GIT=A ’ GIILA= A ’

Q|F1,I‘2éA1,A2 g|F1:>A1, Q|I‘2éA2

split
GIT1 = ATy = Ay (SPlit). G|, Ty = Ay, A (i),
G|IT,B= A A () GIT = A; g|F,A=>B,A(:>_>)
GII, A= B=A ’ G|IT=A— BA ’
gL, [A]f = A GgII'=[Alz,A
GTved=sa "7 GTovean &V
gII'=[4]f,A gL [A]z = A

= 3),

AEETT N G awAs A O

where G is a GLV-hypersequent; I',T';; AJA; (i = 1,2) are finite multisets of LV-
formulas; A, B are LV-formulas; ¢ is a closed term; and a is a parameter not occur-
ring in the conslusion of (= V) or (3 =).

Now we formulate the calculi G'LY and G2LV [7], and define related notions.

We fix a countably infinite set of new words, call them semipropositional vari-
ables, and denote by p,po,p1,... - An atom is an atomic RPLV-formula or a
semipropositional variable. A formula is an RPLV-formula or a semipropositional
variable. A sequent is written I' = A and is an ordered pair of finite multisets I"
and A consisting of formulas. A hypersequent is written I'y = Ay |... [T, = A,
and is a finite multiset of sequents. A member of a sequent I" = A is any element
of I' or A. A sequent is atomic if its every member is an atom.

An hs-interpretation is defined as an interpretation (D, ) in which the map p
additionally takes each semipropositional variable to a real number from (—oo, 1].

For a finite multiset I' of formulas, a sequent I' = A, an hs-interpretation M,
and a valuation v, we put

Clarw =Y (Aly—1)  and  T'= Al = Al — D,
Ael

where summing is carried out taking multiplicities of multiset elements into account,
and ) ,c.(...) = 0. Following [4, Definition 1], a hypersequent # is called valid
(written E H) if, for every hs-interpretation M and every valuation v, there exists
a sequent S in H such that |S|ar,, = 0.

A hypersequent  is an aziom of the calculus G'LY if the hypersequent consisting
of all atomic sequents of H is valid.

The inference rules of the calculus G'LY are:

GIT,A-B=A|lp=A|B=pA
GIT,A—-B=A

(==)",
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GIT=A—-BAI'=A; GII'=A—BA|l'A= BA

1
GIT=A>B.A (==)"
GIT,VzA = A|T,[A]f = A . G|T = VaA, AT = [A]Z,A X
GIT.VaAd = A V=) GIT = VaA, A =)
GIT = 324, A|T = [A]7, A GIT, 324 = A|T,[A]f = A
31 a 3 1
GIT = 224, A =3 GIT,3eA= A 3=

where G is a hypersequent; I', A are finite multisets of formulas; A, B are RPLV-
formulas; p is a semipropositional variable not occurring in the conclusion of (—=>)1;
t is a closed term; a is a parameter not occurring in the conslusion of (= V)! or
3=)"

The calculus G?LY is defined as G'LV, except that the inference rules of G?LY
are:

GI,p=A|B=1pA GIT'=A; G|IA= B,A

2 2

GrisBoa 70 Grs4isBa o7
GIT,VzA = A|T, [A]f = A . GIT=[A,A ,
Z1= - tvrie™ \VA
GIT.VaAd = A V=) GToveaa &9
GIT = JwA, AT = [A]7, A . GITAE = A ,
GIT = J24, A =3%  Ghaasa G705

where G, ', A, A, B, p, t, and a obey the same conditions as in the formulation of
the inference rules of G'LV.

The provability of an object H in a calculus € is denoted by k¢ H. By a proof
in a calculus, we understand a proof tree. In depicting a proof tree D, if we place a
designation over a node N of D and do not separate the designation from N by a
horizontal line, then we regard the designation as one for the proof tree whose root
is N and that is a subtree of D. A proof search tree is defined as a proof tree, except
that its leaves are not necessarily axioms of the calculus under consideration.

Let R be a rule of a calculus; then by a backward application of R (to an object
H) as well as by an application of R (to objects Hi,...,H), we mean the figure

M, where (Hi,..., Hp, H) €R.

In a hypersequent calculus mentioned in this paper, a proof of (for) an RPLV-
formula A is a proof of the hypersequent = A.

3. THE REPETITION-FREE CALCULUS G>LV AND ITS SOUNDNESS

Basically, we obtain G*LY from the calculus G?LY by replacing its rules (¥ =)?
and (= 3)? with repetition-free ones. This passage to the repetition-free calculus
is advantageous to proof search (as we know, e.g., from Section 1) and will allow us
to establish for G3LY proof-theoretic properties that are not established for G*LY.

Semipropositional variables defined in Section 2 are now called semipropositional
variables of type 1 and are denoted by p,po,p1,... . In addition to them, we
introduce a countably infinite set of new words called semipropositional variables
of type 0 and denoted by q,qo0,q1,--- -

The way of obtaining the new repetition-free rules and the role of semiproposi-
tional variables used in them will be revealed in the proofs of Lemmas 1 and 2 as
well as in Remark 2 below.
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We define an hs-interpretation as an interpretation (D, u) in which the map
1 additionally takes each semipropositional variable of type 0 to a real number
from [0, +00) and each semipropositional variable of type 1 to a real number from
(=00, 1].

Taking into account that by semipropositional variables we now mean semipropo-
sitional variables of both types, the following definitions and abbreviations from
Section 2 preserve their forms: the definitions of an atom, a formula, a sequent,
a hypersequent, a member of a sequent, and an atomic sequent; the abbreviations
IT|as,, and T’ = Alp, (for a finite multiset I' of formulas, a sequent I' = A, an
hs-interpretation M, and a valuation v); and the definition of a valid hypersequent
(with the abbreviation E H for such a hypersequent H).

In the sequel, let the letters A, B, and C denote any RPLV-formulas; F' any
formula; T', A, II, and ¥ any finite multisets of formulas; S any sequent; G and H
any hypersequents; x any (individual) variable; ¢ any closed term; a any parameter;
all these letters may have subscripts.

The inference rules of the calculus G3LY are:

GII,p=A[|B=p A GIT=A4; G|T,A= B,A

3 3

GrAsBoa 70 GIT= A B,A (==),
gINp= AlVzA=p|[A]f = p 3 gl =[A]5. A 3
GIT.VzA = A V=" T o vean &
GIT = q,Alqg= JzA|q = [A]} 3 gL, [Al; = A 3
GIT = 324, A =3 Gmaasa G0

where p (resp. q) does not occur in the conclusion of (—=)3 or (V =)3 (resp.
(= 3)3) and is called the proper semipropositional variable of an application of
the corresponding rule; ¢ is called the proper term of an application of (V =)3 or
(= 3)3; a does not occur in the conclusion of (= V)3 or (3 =)3 and is called the
proper parameter of an application of the corresponding rule.

An aziom of the calculus G3LY is an arbitrary hypersequent such that the hy-
persequent consisting of all its atomic sequents is valid. Note that axioms of G3LvV
can be recognized in much the same way as described in [7, Section 4.2], by a poly-
nomial time algorithm. Briefly, recognizing whether a hypersequent is an axiom
of G3LY reduces to checking the inconsistency of a system of strict and nonstrict
linear inequalities with rational coefficients and rational-valued variables; the latter
can be done in polynomial time by [14, Theorem 2].

Remark 1. Although proper semipropositional variables distinguished in the pre-
mises of the rules (—=>)3, (V =)3, and (= 3)® do not occur in their conclusions, we
need not guess such semipropositional variables in applying these rules backward,
because any new semipropositional variable (of the respective type) will do. In
this respect, proper semipropositional variables are, of course, similar to proper
parameters of the rules (= V)? and (3 =)3. This, as well as the forms of all the
rules of G3LY, accounts for regarding G*LY as an analytic calculus.

Let us make it precise what a sequent or formula occurrence in a hypersequent
means. Toward this end, every multiset of formulas, sequent, and hypersequent £ is
represented by a word w(€) as follows. Fix a linear order on the alphabet consisting
of the symbols “=" and “,” and all the symbols used in the formulas of the signature
under consideration. This order induces the lexicographic order on the set of all
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words over this alphabet. A multiset I’ consisting of formulas Ay, ..., A, (where
some of the A;’s may be repeated) is represented by a word w(I") that is comprised
of all the A;’s listed in the lexicographic order and separated by “,”. A hypersequent
(in partucular, a sequent) H = (I'y = Ay |...|T, = A,,) is represented by a word
w(H) that consists of all the words w(T';) = w(A;) ordered lexicographically and
separated by “|”. Now by an occurrence of a sequent S (resp. formula F) in a
hypersequent H, we mean an occurrence of the word w(S) (resp. F') in the word
w(H).

For an application (or a backward application) of an inference rule of the calculus
G3LV, the principal formula occurrence and the principal sequent occurrence are
defined in much the same manner as in [15, § 49] and [16, items 3.1.1 and 3.5.1]. By
a backward application of an inference rule of G*LY to a formula (resp. sequent)
occurrence O in a hypersequent H, we mean a backward application of the rule to
H, where O is the principal formula (resp. sequent) occurrence.

For a G3LV-proof search tree D, a sequent occurrence S in D, and a formula
occurrence F (as a sequent member) in D, an ancestor of S and an ancestor of F
are defined much as in [15, § 49]. In more detail, suppose there is an application or
a backward application

GIT,p=A|VzA=p|[A]f =p
G|IT,VzA= A

of the rule (¥ =)% in D (the other rules of G*LY are considered analogously).
Then in an obvious way, the three distinguished sequent occurrences in the premise
originate from the principal sequent occurrence, i.e., the distinguished occurrence
of I',VxA = A in the conclusion. Likewise, the distinguished occurrences of the
formulas p, VzA, and [A]f in the premise originate from the principal formula
occurrence, i.e., the distinguished occurrence of Vx A in the conclusion. Any other
occurrence of a sequent (resp. formula) in the premise naturally originates from
an occurrence of the same sequent (resp. formula) in the conclusion. To avoid
ambiguity, we assume that the proof search tree D is supplied with an additional
information that, for each rule application in D, indicates (1) its principal sequent
and formula occurrences, (2) the occurrences (in the premises) that originate from
them, and (3) which remaining occurrences in the premises originate from which
ones in the conclusion. Now an ancestor of § is defined inductively to be either S
or an ancestor of a sequent occurrence that originates from S; an ancestor of F is
defined very similarly.

A rule R whose premises and conclusion are hypersequents is called sound if the
validity of all the premises of R implies the validity of the conclusion of R; and R
is called semantically invertible if the converse holds.

Lemma 1. Each inference rules of the calculus G*LY is sound and semantically
invertible.

Proof. From assertions (1)—(4) of Lemma 2 stated below, it follows that the rules
(—==)3, (=—)3, (= V)3, and (3 =) are sound and semantically invertible.

Any application of the rule (V =)3 can be represented as two applications of the
rules

Go |To,VrA = A |To, [A]f = Ay
Go |To, VoA = A

GIT,p=A|B=p

2
(V=); and GIT.B=A

(deny),
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where p does not occur in the conclusion of the last rule, as follows:
GgILp= AlvVed = p|[A]f = p
G, p=A[VrA=p

G|I'\VzA= A

(V=)5
(deny).

By assertion (5) of Lemma 2, the rule (V =)2 is sound; and it is semantically invert-
ible, since its premise includes its conclusion. By assertion (5) of Lemma 2, the rule
(denp) is sound and semantically invertible. So (V =)? is sound and semantically
invertible.

Any application of the rule (= 3)3 can be represented as two applications of the

rules
gO|F0:>E|xA7AO|F0:>[A]faAO g|F:>q7A|q:>B
g(]‘].—‘() :>E|(EA,A(] g|P:>B,A

where q does not occur in the conclusion of the last rule, thus:

(= EI)(Q) and (denyp),

G|I'=q,Alqg=3zA[q= [A]} 5
(=35
Q|F:q,A|q:>3xA( )
G|T = Jz4,A etoJ-

Then from assertions (6) and (6) of Lemma 2, it follows that (= J)® is sound and
semantically invertible. O

Remark 2. We obtained the repetition-free rules (Vv =>)% and (= 3)3 as shown in
the above proof of Lemma 1. The rule (V =)3 (resp. (= 3)3) differs from the rule
(V =)? (resp. (= 3)?) of the calculus G?LY only in that semipropositional variables
of type 0 may occur in the premise and conclusion of (V =)2 (resp. (= 3)3). The
rules (deny) and (deng) are our nonstandard variants of the density rule.

The density rule (see [5, Section 4.5]) is:

GIT,p=Al|ll=p ¥ (den)
GIT,II=A,% ’

where p is a propositional variable not occurring in the conclusion. It is not hard
to verify that (den) is unsound; and if p (resp. q) were a propositional variable,
then (den;) (resp. (deng)) would be unsound (in fact, p and g are semipropositional
variables).

An idea of introducing new propositional variables (like in the density rule) is
used in [5, Section 7.1.2] to avoid repetition of formulas in the premises of inference
rules for some propositional calculi. However, those rules include (besides nonstrict
inequalities) strict inequalities, which do not preserve in passing to inf or sup. Recall
that the quantifiers V and 3 are interpreted as inf and sup. So such propositional
calculi do not extend to first-order ones. We use a somewhat similar but rather
different idea involving semipropositional variables and (as seen from the definition
of a valid hypersequent) only nonstrict inequalities. (End of Remark 2.)

For an hs-interpretation M, a semipropositional variable t of type 0 (resp.
type 1), and a real number r € [0, +00) (resp. r € (—o0,1]), by M|t — r] we denote
the hs-interpretation that interprets v by r and does not differ from M in any other
respect.
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Lemma 2. Let I and A be finite multisets of formulas; A and B be RPLV-for-
mulas; y be a wvariable not occurring in I';A;A; p and q be semipropositional
variables (of type 1 and type 0, respectively) not occurring in 'y A; A, B; M be an
hs-interpretaton with a domain D; and v be a valuation. Then:

(1) TA— B= Alm, 20 iff, for every r € (—o0,1], at least one of the in-
equalities |T',p = Alpyrpesr), v = 0 o1 |B = p, A|pspesr),» = 0 holds;

2)T=A—BAlpm, 204 I'=Alpm, =20 and T, A= B, Ay, 2 0;

(3) [T = VA, Alar, 2 0 4ff [T = [A]f, Alarypysa) = 0 for every d € D;

(4) |T,3zA = Al = 0 4ff [T, [A]§ = Alaryyesa) = 0 for every d € D;

(5) [T, V2 A = Alar, 2 0 4f [T, [A]f = Alarupysq = 0 for some d € D;

(6) [I'= 3zA,Alar, = 0 4f [T = [A]], Alarppysq = 0 for some d € D;

(5) |T, B = Al = 0 iff, for every r € (—oo, 1], at least one of the inequalities
‘F,{é A‘M[p»—)r],u >0 or |B= p‘M[p,_)r]’,, > 0 holds;

(6) IT'= B, Aln, =0 iff, for every r € [0,+00), at least one of the inequalities
‘F = qu|M[q»—>r],y >0 or |q = B|M[q»—>7-],y > 0 holds.

Proof. Assertions (1)—(6) stated above are proved similarly to assertions (1)—(6) in
[7, Lemma 2].

Let us prove assertions (5) and (6). Denote [T|ar.,, |Alar., and |B|ar, by 7, 6,
and b, respectively; and notice that 0 < b < 1.

Assertion (5) is equivalent to the following:

(56 —y+1<b < (5")6—y+1<r<b for somer < 1.

It is clear that (5”) implies (5'). If (5') holds, then by the density of the set of all
real numbers, both inequalities from (5”) hold for some r < b < 1. Thus (5) holds.

Assertion (6) is equivalent to the following;:
b<y—04+1 <<= b<r<~y—46+1 for some r > 0.
By the density of the set of all real numbers, the last equivalence holds and so does
(6). O
Theorem 1 (soundness of G*LY). If Fgspy H, then = H.

Proof. All axioms of G*LY are obviously valid, and all the inference rules of G*LY
are sound by Lemma 1. O

Using the semantical invertibility of the propositional rules of G*LV (see Lemma
1), we can easily prove

Proposition 1. Let H be a quantifier-free hypersequent. If EH, then Fgspy H.

Note that Proposition 1 with an arbitrary hypersequent (or even an arbitrary
LV-formula) instead of a quantifier-free hypersequent H cannot hold; for otherwise,
the set of all valid LV-formulas would be recursively enumerable, which is not the
case as mentioned in Section 1.

4. INVERTIBILITY OF THE RULES OF THE CALCULUS G3LVY
AND ITS RELATIONSHIP TO THE CALCULI GLY, G'LV, AND G?LV

Suppose € is a calculus. By h(D) we denote the height of a (tree-like) €-proof
D. Let us recall some definitions (cf., e.g., [16, Section 3.4]).
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Hi; oo Hi
H
every €-proof Dy of H1, ..., €-proof Dy of Hy, there exists a €-proof D of ‘H. This
rule is called hp-admissible, or height-preserving admissible, for € if, in addition,
the condition h(D) < max{h(D1),...,h(Dg)} holds. Everywhere in the sequel, the
existense of such a proof D means that it can be constructed if such proofs Dy, ...,

Dy, are given.

A k-premise rule R is called invertible (resp. hp-invertible, or height-preserving
invertible) in € if, for each i =1,...,k, the rule {(H,H;) | (H1,...,Hi, H) € R}
is admissible (resp. hp-admissible) for €.

A rule is called admissible for € if, for its every application and

Lemma 3. The following rules are hp-admissible for the calculus G3LV:
g Q\Fl,F2:>A1,A2 g|P:>A
Ggls GIT1= ATy = Ay G|T,P= PA

where P is an atom.

(ew)?, (split)®, (at=at)®,

Proof. 1. The rule (ew)3 is hp-admissible. Indeed, given a proof D of G and a
sequent S, we first obtain a proof D’ by renaming in D all proper semipropositional
variables occurring in .S and all proper parameters occurring in S to new distinct
ones. Then we get the required proof of G|S by appending “| S” to each node
hypersequent of D’.

2. Let us establish the hp-admissibility of the rule (split)g.

Suppose Sy is a sequent occurrence in the root of a proof search tree Dy; then we
say that an ancestor S of the occurrence Sy is augmentable unless S is an ancestor
of an occurrence S’ of a sequent S’ such that:

(i) S has the form (a) B=p, A, (b) VzA=p or [A]f =p, or (c) q=TzA
or q = [A]f;

(ii) in Dy, S’ is a sequent occurrence in the premise of an application of the rule
(a) (—==)3, (b) (V=)3, or (c) (= J)3, respectively; and

(iii) S’ is distinguished in the formulation of this rule.

Let Dy be a proof tree for the premise G|T'1,T2 = Ay, Ay of the rule (split)s.
A tree D is constructed from Dy as follows: each occurrence S of a sequent S of
the form II;,II; = 3,35 such that

(o) S is an augmentable ancestor of the distinguished occurrence of the sequent
I't,I's = A1, Ay in the root of Dy, and

(B) for each i = 1,2 and each formula occurrence F (as a sequent member) in
S, if F is contained in the distinguished occurrence II; or ¥; in S, then F is an
ancestor of some formula occurrence contained in the distinguished occurrence T';
or A; in the root of Dy,
is replaced by II; = Xq |1l = Xs.

The rules of G®LY guarantee that, in a premise of a rule application, there is
exactly one augmentable ancestor of the principal sequent occurrence. Therefore,
when the tree D is constructed, exactly one sequent occurrence in each node hyper-
sequent of the proof Dy is split into two sequents. Then it is easy to see that each
application of a rule in Dy is turned into an application of the same rule. Clearly,
the hypersequent G |T'y = A [Ty = Ay is in the root of the tree D. Hence D is a
proof search tree for the conclusion of the rule (split)®.

Let Lo be a leaf of the proof tree Dy. Let S be an occurrence of an atomic
sequent S in Ly such that S has the form IIy,IIs = 31,35, and S with S meet
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conditions (a) and (8) above. Then the leaf £ of D obtained from L, contains the
atomic sequents Il = ¥; and Il; = 35. Since Ly is an axiom, it follows easily
that £ is an axiom. Consequently, D is a proof.

It remains to note that h(D) = h(Dy).

3. The rule (at:>at)3 is hp-admissible, since, given a proof D for G |I' = A and
an atom P, we can construct a proof for G |T', P = P, A thus. First, in D, rename
all proper parameters and proper semipropositional variables that occur in P to
new distinct ones. Next, in the resulting proof for G |T' = A, add the atom P to
the antecedent and succedent of each augmentable ancestor of the distinguished
occurrence of the sequent I' = A in the root. (]

Lemma 4. All the inference rules of the calculus GPLY are hp-invertible in it.

Proof. The rule (V =)3 is hp-invertible, since we can obtain its premise from its
conclusion using rules, which are hp-admissible (by Lemma 3):
G|IT,VzA= A
G|, VzA,p=p,A
GIT,p=A|VzA=1p
GIT,p=A|VzA=p|[A]f = p

(at=at)’
(split)®

(ew)?.

The hp-invertibility of the rule (= 3)3 is established very similarly.

The fact that all the inference rules of G3LY are repetition-free makes it possible
for us to demonstrate the hp-invertibility of the rules (—=>)3, (=—)3, (= V)3, and
(3 =)3 according to the scheme used to show the hp-invertibility of the rules of
some (invertible variants of ) classical sequent calculi; cf., e.g., [16, item 3.5.4]. (Note
that this possibility was not obvious before these demonstrations were completed;
besides, it provides a clue to a useful generalization, as we will mention in Section 8.)
We give these demonstrations in full because later! we will need to check that formal
proofs constructed in them enjoy some properties.

I. Let us demonstrate that the rule (—=>) is hp-invertible. Toward this end, we
show that, given a proof D for a hypersequent of the form G|I'A - B= A and a
semipropositional variable p not occurring in the hypersequent, we can construct a
proof D' for G|T',p = A|B = p, A with h(D’) < h(D). We proceed by induction
on h(D).

We can assume that p does not occur in D (otherwise replace all occurrences of
p in D by a semipropositional variable of type 1 not occurring in D).

1. If h(D) =0 (i.e., D consists of a single axiom), then G is an axiom, hence so
is GgIT,p=A|B=p, A

2. Let the root hypersequent G|I';A — B = A in D be the conclusion of an
application R of a rule R.

2.1. Suppose the principal formula occurrence in R is the distinguished occur-
rence of A — B. By D; denote the subtree of the root of D; Dy is a proof for the
premise of R. The premise has the form G|T',p; = A|B = p1, A. Then replacing
all occurrences of py in Dy by p yields a proof D’ for G|I',p = A|B = p, A with
h(D") < h(D).

2.2. Now suppose the principal formula occurrence in R is not the distinguished
occurrence of A — B.

1See the proofs of Lemma 7 and Theorem 4.
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2.2.1. If R is a one-premise rule, the proof D looks like this:

Dy
gl\Fl,A—>B:>A1
GIT,A—-B=A

By applying the induction hypothesis to the proof Dy, we construct a proof D}
for G1|T'1,p= A1 |B=p,A with h(D}) < h(D1). By applying R to the root
hypersequent of the proof Dj, we obtain a proof D’ for G|T',p = A|B=p,A
such that h(D’") < h(D).

2.2.2. If R is a two-premise rule, i.e., the rule (=—)3, then the proof D looks
like this:

D1 D2
g1|F1,A4)B:>A1 g2|F2,A*>B:>A2R
GIT,A—-B=A

For each i = 1,2, by the induction hypothesis applied to the proof D;, we con-
struct a proof D] for G;|T';,p = A;|B = p, A with h(D}) < h(D;).

By applying R to the root hypersequents of the proofs D] and D), we get a
proof D’ for G|T',p = A|B = p, A with h(D’) < h(D).

I1. In order to establish the hp-invertibility of the rule (=—)3, we show that, given
a proof D for a hypersequent of the form G|T' = A — B, A, we can construct a
proof D’ for G|T' = A and a proof D" for G|T', A = B, A such that h(D’) < h(D)
and h(D") < h(D). We use induction on h(D).

1. If h(D) =0, then G is an axiom, and so are G|I' = A and G|I', A = B, A.

2. Let the root hypersequent G|I'= A — B, A in D be the conclusion of an
application R of a rule R.

2.1. If the principal formula occurrence in R is the distinguished occurrence of
A — B, then the subtrees of the root of D are the desired proofs.

2.2. Suppose the principal formula occurrence in R is not the distinguished
occurrence of A — B.

2.2.1. In the case the rule R is one-premise, the proof D looks like this:

D,

91\1“1:>A—>B,A1
GIT=A— B,A

Using the induction hypothesis, from the proof D;, we construct a proof D} for
G1|T1 = A; and a proof DY for G;|T'1, A= B,A; such that h(D}) < h(D;) and
W(DY) < h(Dy).

Applying R to the root hypersequent of the proof D) gives a proof D’ for
G|T = A with h(D’) < h(D), and applying R to the root hypersequent of the
proof DY gives a proof D" for G|T', A= B,A with h(D") < h(D).

2.2.2. In the case the rule R is two-premise, the proof D looks like this:

D1 D2

g1|F1$A—)B,A1 Q2|F2:>A—>B,A2 »
G|IT=A— B,A
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For each i = 1,2, by the induction hypothesis applied to the proof D;, we con-
struct a proof D for G;|T'; = A; and a proof D/ for G;|T';, A= B, A, such that
h(D}) < h(D;) and h(DY) < h(D;).

Next, by applying R to the root hypersequents of the proofs D] and D, we
obtain a proof D’ for G|T' = A with h(D’) < h(D).

Finally, applying R to the root hypersequents of the proofs DY and DY yields a

proof D" for G|T'; A= B,A with h(D") < h(D).
III. To establish the hp-invertibility of the rule (= V)3, we show that, given a
proof D for a hypersequent of the form G|I' = VzA, A and a parameter a not
occurring in the hypersequent, we can construct a proof D’ for G| = [A]Z, A
with h(D’) < h(D). This is done by induction on h(D).

We can assume that a does not occur in D (otherwise replace all occurrences of
a in D by a parameter not occurring in D).

1. If h(D) =0, then G is an axiom and so is G |I' = [A]Z, A.

2. Let the root hypersequent G |T' = VxA, A in D be the conclusion of an ap-
plication R of a rule R.

2.1. Suppose the principal formula occurrence in R is the distinguished occur-
rence of YrA. By D; denote the subtree of the root of D; D; is a proof for the
premise of R. The premise has the form G|I' = [A]? ,A. By replacing all occur-

ay?’

rences of a1 in D; by a, we get a proof D’ for G|T" = [A]Z, A with h(D’) < h(D).

2.2. Next, suppose the principal formula occurrence in R is not the distinguished
occurrence of Vx A.

2.2.1. If R is one-premise, the proof D looks like this:

D,
Ql |F1 = V.’tA, Al
G|T = VzA, A

Using the induction hypothesis, we transform the proof D; into a proof D] for
G1|T1 = [A]Z, Ay such that h(D]) < h(D;). By applying R to the root hyperse-
quent of the proof D7, we have a proof D’ for G|T" = [A]%, A with h(D’) < h(D).

2.2.2. If R is two-premise, the proof D looks like this:

D, Dy
gl ‘ Fl = Vﬂl‘A, A1 g2 | F2 = Vl‘A, AQ
G|IT =VzA A R

For each i = 1,2, by the induction hypothesis, we transform the proof D; into a
proof D} for G;|T'; = [A]%, A; such that h(D}) < h(D;).

By applying R to the root hypersequents of the proofs D} and D), we obtain a
proof D' for G|T = [A]*, A with h(D’) < h(D).

IV. The hp-invertibility of the rule (3 =)3 is established very similarly to the
hp-invertibility of the rule (= V)3, see item III. O

Remark 3. We know the following about whether the inference rules of the calculus
G?LY are invertible in it. The rules (V =)2 and (= 3)? are hp-invertible because,
for each of them, its premise includes its conclusion. Using arguments like those
given in the proof of Lemma 4, we can establish the hp-invertibility of the rules
(=—)?, (= V)2, and (3 =)2. However, we do not know whether the rule (—=)?
is invertible in G2LY.
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Lemma 5. The following rule is hp-admissible for the calculus GPLY:
gls|s 3
IS (ec)”.
Proof. We show that a proof D for a hypersequent of the form G|S|S can be
transformed into a proof D for G |S with h(D) < k(D). We proceed by induction
on h(D).

1. If (D) = 0, then the hypersequents G|S|S and G|S are axioms.

2. Let the root hypersequent G|S|S in D be the conclusion of an application
R of a rule R.

2.1. If the principal sequent occurrence in R is not one of the two occurrences
of S distinguished in G|S|S, then we apply the induction hypothesis to the proof
for each premise of R and next use R to obtain the desired proof for G|S.

2.2. Otherwise, we are to treat each inference rule of G3LY as R. However, all
these cases are similar to one another. So we treat only the case where R is (V =)3.
Then the proof D has the form:

D,
g|F,p:>A|VxA:>p|[A]f:>p\F7VxA:>A( )
G|, VoA = A|T,VaA = A '

Since the rule (V =)? is hp-invertible (see Lemma 4), given the proof D;, we can
find a proof D] for

GIT,p = AVzA = p|[A]f = p[T,p1 = AVeA = py [[A]f = p1,
where p; does not occur in the root hypersequent of D and h(D]) < h(Dy).
Replacing all occurrences of p; in D} by p yields a proof DY for
GITp= AlVeA=p|[A]f = p|T,p = A[VeA = p[[A]f = p;
whence using the induction hypothesis three times, we get a proof l~)1 for
GIT,p=A|VzA=p|[A]f =
such that k(D) < (DY) < h(D1). N
Finally, by applying (V =)3 to the root hypersequent of the proof Dy, we obtain
the desired proof D for G|T',VzA = A with h(D) < h(D). O
Lemma 6. Each inference rule of the calculus G'LY is admissible for the calculus
G LY.
Proof. An application of the rule (—=)!, (=—)!, (= V)!, or (3 =)! of G'LY can
be represented as an application of the corresponding rule of G*LY followed by an
appplication of the rule (ec)3. E.g., an application of (=—)! is represented thus:
GIT=A—-B,A|Il'=A; GII'==A—-BA|l';A= BA
GIT=A—-B,A|I'=A— BA 3
GIT=A—B,A (ec)

(=—)3

By Lemma 5, the rule (ec)3 is admissible for G*LY. So these four rules of G'LY are
admissible for G3LV.

The rule (V =) is admissible for G3LYV, since an application of it can be repre-
sented as several applications of rules, which are admissible for G*LY (by Lemmas
3 and 5), as follows:
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G|IT,VzA= AT, [A]f = A
G|T,VzA= AT, [A]f,p=p,A
GIT,\VzA= A|T,p=A|[A]f =p
GIT,VzA= AT, p=A|VeA=p|[A]f =p
G|IT,VzA= A|T,VzA = A 3
G|T,VzA = A ec)’,

where p does not occur in the top hypersequent.
The rule (= 3)! is treated similarly to (V =) O

(at=at)”
(split)®
(ew)”
(V=)

Theorem 2. The calculus G3LY proves any G'LV-provable hypersequent.

Proof. All axioms of G'LY are axioms of G3LV, and all the inference rules of G'LY
are admissible for G*LV by Lemma 6. (]

Let us recall that hypersequents of the calculus G'LY may not contain semipropo-
sitional variables of type 0, whereas hypersequents (of the calculus G*LY) may. So
the converse of Theorem 2 cannot hold. However, it is a problem for investigation
whether G'LY proves any G3LY-provable hypersequent without semipropositional
variables of type O.

Corollary 1. The calculus G3LY proves any hypersequent provable in GLY, or
G'LY, or GLV.

Proof. Theorem 4 and Proposition 11 both given in [7] say that G'LY proves any
hypersequent provable in GLY and G2LY, respectively. It remains to make use of
Theorem 2 above. O

Corollary 2. For any G'LY- or G*LV-proof D, a G3LV-proof D’ of the same
hypersequent can be constructed such that h(D'") < h(D) and the number of nodes
m D' is no greater than the number of nodes in D.

Proof. We merely inspect the proofs of Lemmas 3-6 and Theorem 2 to see that
any G'LV-proof D can be transformed into the desired G*LV-proof D’. Next,
any G?LV-proof Dy can be easily transformed into a G'LV-proof D; of the same
hypersequent, with the same height and the same number of nodes, using only the
external weakening rule similar to the rule (ew)3 in Lemma 3. g

We define the size of a hypersequent to be the number of formula occurrences
(as sequent members) in it. The following proposition makes it explicit that the
repetition-free calculus G®LY is more efficient than the calculi G'LY and G?LY in
terms of the size of hypersequents in formal proofs.

Proposition 2. Let n and d be positive integers.

1. There exist a hypersequent G of size n and a G LY-proof (resp. GQLV-proof)
search tree D of height d for G such that the size of some leaf hypersequent in D is
equal ton - d.

2. For any hypersequent G of size n, in any G3L¥-proof search tree of height d
for G, the size of any hypersequent is no greater than n+ 4 - d.

Proof. 1. Take a hypersequent I' = dzA, A of size n without semipropositional
variables of type 0 and apply the rule (= 3)! or (= 3)? backward d times. The
only leaf hypersequent in the resulting proof search tree (of height d) has the size
n-d.
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2. The result follows from the observation that, for each inference rule of GLY,
the size of its every premise is no greater than the size of its conclusion plus 4. [

5. TRANSFORMING G3LV-PROOFS ACCORDING TO TACTICS

To organize bottom-up G*LV-proof search (cf. [7, Section 4.3]), we can use an
auxiliary algorithm t, called a (proof search) tactic, that takes a proof search tree
D as input and returns either

(a) the message t(D) indicating that no leaf hypersequent of D contains any
logical symbol, or

(b) a non-atomic RPLV-formula occurrence t(D) (as a sequent member) in a leaf
hypersequent of D.

By a result of a backward rule application to a proof search tree D according to
a tactic t, we mean D if ¢(D) is not a formula occurrence; otherwise, a proof search
tree obtained from D by a backward application of a (uniquely determined) rule
of G3LY to the occurrence t(D). We say that a proof search tree (in particular,
a proof) D for H can be constructed according to a tactic tif D can be obtained
from H by a finite number of backward rule applications according to t.

For a tactic t and a hypersequent H, let Di, be a tree obtained from H by an
infinite number of backward applications according to t. (Obviously, if a proof
search tree D for H is constructed according to t, then D is a finite subtree of D},.)
Call a tactic t fair if, for each hypersequent H, each branch B of the tree D}, and
each non-atomic RPLV-formula occurrence F (as a sequent member) on B, there is
a backward application to some ancestor of F on B.

Now we state a theorem that allows us to justify the use of any fair tactic for
bottom-up G3LY-proof search.

Theorem 3. Suppose G is a G3LV-provable hypersequent, and t is a fair tactic.
Then some G LN-proof of G can be constructed according to t.

Before proving this theorem, we establish the following lemma, which is almost
immediate from the hp-invertibility of the rules of G*LY. Next, to prove Theorem
3, we transform any G3LV-proof into one (of the same hypersequent) constructed
according to any given fair tactic by means of repeated applications of the lemma
in line with the tactic.

Lemma 7. Suppose D is a G*LV-proof for H, and F is a non-atomic RPLV-for-
mula occurrence (as a sequent member) in H. Then a G3LV-proof D of the form

Dy Dy
Hi  Ho
H

L o

or

|

can be constructed such that:

(1) F is the principal formula occurrence in the lowest backward application in
D, and h(D;) < h(D) for each i;

(2) if F is the principal formula occurrence in the lowest backward application
in D, then D is the same as D;
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(3) if h(D) > 0 and the principal formula occurrence Fo in the lowest backward
application in D differs from F, then, for each i, the ancestor of Fo in H; is the
princilal formula occurrence in the lowest backward application in D;.?

Proof. If F is the principal formula occurrence in the lowest backward application
in D, then we immediately take D as D, and assertions (1)—(3) of the lemma clearly
hold.

Suppose F is not the principal formula occurrence in the lowest backward appli-
cation in D. Then assertion (2) of the lemma is trivially true. Let R be the only
inference rule that can be applied backward to the occurrence F in H.

Using the construction in the proof of the hp-invertibility of R (see Lemma
4), from the proof D for H, we construct proofs D; (i=1ori=1,2) for all the
premises of a backward application of R to the occurrence F in H, and we have
h(D;) < h(D). In the case R is (¥ =) or (= 3)3, any closed term can be taken as
the proper term of this application.

Now, by applying R to the root hypersequents of the proofs lA)Z-, we obtain a
proof D of H for which assertion (1) of the lemma holds.

After examining the construction in the proof of the hp-invertibility of R (see
Lemma 4), we are sure that D satisfies assertion (3) of the lemma being proved. O

Proof of Theorem 3. Fix a G*LV-proof Dy for G and transform it according to t in
stages. The result of each stage will be some G*LV-proof D for G consisting of

(a) a proof search tree D' that has the common root with D and is constructed
according to t, and which is called the transformed part of D, as well as

(b) a finite number of proof trees whose roots are leaves of D', and each of which
is called a nontransformed part of D.

Define the transformed part of the initial proof Dy to be its root, and the only
nontransformed part of it to be Dy itself.

We use induction on the maximal height H (D) of the nontransformed parts of
the current proof D being transformed.

1. If H(D) =0, then D is the required proof.

2. Suppose that H(D) > 0 and D! is the transformed part of D.

2.1. To obtain a proof D (with its transformed part ZND*) as a result of the stage,
we carry out some finite number N of backward applications to the transformed
part of the current proof (which is D initially) according to the fair tactic t. We
choose such a number N so that, for each branch B of D' and each non-atomic
RPLV-formula occurrence F (as a sequent member) in the node of D' that was a
leaf of Dt and is on B now, there is a backward application to some ancestor of F
on B5.

2.2. We carry out each backward application to a formula occurrence F (chosen
by t) in a leaf of the transformed part D! of the current proof D for G as follows.
Let D" be the nontransformed part of D whose root is this leaf, and H be the root
hypersequent of D". By Lemma 7, given the proof D" and the occurrence F in H,
we construct a proof D" of the form

2Roughly speaking, the lowest backward application in D goes one level up in D.
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D} Dy
Hy  Ho
H

) D
- =g

or

2|

such that:

(17) F is the principal formula occurrence in the lowest backward application in
D", and h(ﬁ;‘) < h(D") for each i;

(27) if F is the principal formula occurrence in the lowest backward application
in D", then D" is the same as D", and hence h(ﬁ;‘) < h(D") for each i;

(37) if R(D™) > 0 and the principal formula occurrence Fy in the lowest backward
application in D" differs from F, then, for each i, the ancestor of Fy in ’}-A[i is the
princilal formula occurrence in the lowest backward application in ﬁ;‘

Next, we replace the subtree D" in D by D, Finally, the lowest backward
application in D" is included in the transformed part of the resulting proof for G.
Thereby from D" we obtain one or two new nontransformed parts: ﬁi‘ or ﬁ'f and
Dy

2.3. Clearly, under the given transformation of D into D, each nontransformed
part D" of D is obtaned from some nontransformed part D" of D. If h(D") =0,
then it is obvious that h(D") = 0.

Suppose h(D") > 0. By item 2.1 and assertion (37), when we transform D into
15, we carry out so many backward applications that the premise of assertion (27)
holds for at least one backward application performed in the passage from D" to
D™. Therefore h(D") < h(D").

Thus H(D) < H(D). By the induction hypothesis applied to D, we construct a
proof of G according to t. O

Remark 4. In essentially the same manner as in [7, Section 4], we can formulate a
free-variable tableau modification T2LY of the calculus G3LY and describe a family
of T3LV-proof search algorithms parameterized by a fair tactic. Then Theorem 3
(on constructing G*LV-proofs according to fair tactics) allows us to establish that
any algorithm of the family constructs some T?LV-proof for any G>LV-provable
sentence. Note that, in [7], we obtained proof search algorithms applicable to prenex
G2LV-provable sentences; but now G3LY provides us with proof search algorithms
applicable to the wider class of all (not necessarily prenex) G3LV-provable sentences
(cf. also Corollary 1).

6. THE MID-HYPERSEQUENT THEOREM FOR G®LY AND ITS CONSEQUENCES

We say that a G3LV-proof is a mid-hypersequent proof if in it all applications of
propositional rules are above all applications of quantifier rules.

To transform some G3LV-proofs into mid-hypersequent ones, we will use the
following properties (P1-P4), which express permutability of adjacent rule applica-
tions and are formulated slightly more generally than we need in the sequel. In each
of these properties, the resulting proof is displayed after the initial one. From now
on, if a formula (or sequent) occurrence in the conclusion of a rule application is
in boldface, then the occurrence is the principal one in the application. Properties
P1-P4 can be verified in a straightforward way.
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P1: permutability of two one-premise rule applications, with one of their princi-
pal sequent occurrences being an ancestor of the other. Let R; and R2 be any one-
premise inference rules of G*LY, except the case where R € { (= V)3, (3=)%}
and Re € { (= 3)3, (V=)3}.

Under this condition, we have cases P1.1-P1.4, depending on which of R, and
Ro are antecedent rules, and which are succedent ones.

P1.1. If R, is an antecedent rule and Rs is a succedent rule, then we can perform
the following transformation:

D D
Q|F,F1:>F2,A|H1|H2R Q|F,F1:>F2,A|H1|H2R
GIT, Fi = A, A[H ? GIT, A = Fo, A[H !
GIT, Ay = Ay, A ! GIT, A1 = Ay, A 7

P1.2. If Ry is a succedent rule and R is an antecedent rule, then the transfor-
mation is symmetric to that in P1.1.

P1.3 (resp. P1.4). If both of Ry and Ry are antecedent (resp. succedent)
rules, then, for a hypersequent that is at the bottom of an appropriate initial proof
and has the form G |T', A1, 42 = A (resp. G|I' = A, As, A), we can carry out a
transformation similar to that just given.

E.g.,if Ry is (—=")3 and Ry is (= V)3, then the initial and resulting proofs look
like:

D D
g\F,pj[C]g,A|B:>p,A(:v)3 GIT,p=[CIZ,A|B=1p,A
G|IT,p=VaeC,A|B=pA )P g|F,A—>B:X[C]§,A(

GIT,A > B=vaC,A GIT,A > B= VaC,A

(—=)3
=V)3

P2: permutability of two one-premise rule applications, with neither of their
principal sequent occurrences being an ancestor of the other. Let rules R and Ro
be as in the first paragraph of P1. Then we can perform this transformation:

D D
G| Hi|Ho G| Hi|He
=5 Re a0 R
G|Hi|S2 g|Sl|H2R
G1S1]8 GSi|S: *

E.g., if Ry is (—=)2 and Ry is (= V)3, then the initial and resulting proofs have
the forms:

D
GIT,p=A1|B=p ATy = [C]%, Ay
G|T1,p=A1|B=p, ATy = VzC, A,

Q|F1,A—>B:>A1|F2:>VxC,A2

= V)3
3

D
g|F1aP:>A1|B:p7A|F2:> [C]gaAQ (_>:>)3
Q\Fl,A%B$A1|F2:>[C’]§,A2( V)?’

Q|F1,A—>B:>A1|F2:>VmC,A2 =
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P3: permutability of an application of the two-premise rule (=—)3 and two
applications R', R" of a one-premise rule, with the principal sequent occurrences of
R, R" being ancestors of that of the two-premise rule application. Let R be any
one-premise inference rule of G®LY. Then there are cases P3.1 and P3.2, according
as R is an antecedent or succedent rule.

P3.1. If R is an antecedent rule, then under conditions (I) and (II) stated below,
we can carry out the following transformation:

D, D,

GIT,Fi=A|Hy G|T,F,,A= B,A|H>

Gg|II,Cc= A G|IT,C,A= B,A
g|II,C=A— B,A

(=—)3

D Dy
GIT,Fo = A|Hs GIT,F3, A= B,A|H,
G|IT,Fb,=A — B,A|H>
G|IIC=A— B,A

(=—)°

P3.2. If R is a succedent rule, then under conditions (I) and (II) stated below,
we can perform a similar transformation with a bottom hypersequent of the form
G|IT=C,A— B,A.

Conditions (I) and (IT) mentioned in P3.1 and P3.2 are:

(D) If R is (V=)3 or (= 3)3, then the proper terms of the three displayed
applications of R are the same.

(IT) We construct the proof D} thus:

(I.a) Suppose that R is (3 =)3 or (= V)?, and that a; and ay are the proper
parameters of the two applications of R displayed in the initial proof on the left
and right, respectively; then: D] = D; if a; = ag; otherwise, we obtain the proof
151 (for the root hypersequent of Dq) from D; by replacing all occurrences of ag
with a parameter not occurring in Dy, and next, we get the required proof D} from
51 by replacing all occurrences of a; with as.

(ILb) If R is (—=>)3, (V =)3, or (= 3)?, then we obtain D} from D; asin (a), but
instead of parameters, we use semipropositional variables of the type corresponding
to the rule R.

E.g., if R is (V = )3, then the initial and resulting proofs look like:

D1 D2
G|IT,p1 = A G|T,pa, A= B, A
(v =3 |VoC = p1 | [Cly = p1 |[V2C = p2 | [C]; = p2 (v =)?
G|T,VaC = A G|T,VzC,A= B,A s
GIT,VaC = A — B,A (=-)
D} D,
G|T,p2 = A G|T,p2, A= B, A
|VoxC = pa | [C]f = po \Vl‘CiPzHC]f?Pz( Ly
T A B, A |VzC = Clf =
g| ap2:> — B | € p2|[ ]t p? (v:>)3

G|T,VaC = A — B, A
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P4: permutability of an application of the two-premise rule (=—)3 and two
applications R', R" of a one-premise rule, with neither of the principal sequent
occurrences of R'; R"” being an ancestor of that of the two-premise rule application.
Let R be any one-premise inference rule of G3LY. Then we can carry out the
transformation:

D, D, D Dy
Gl Hi1|Heo GlHiz|Ho G| Hi1|He G| Hio|He 5
GlH11|182  G|Hiz2|S2 (=3 G|S1|Ha (=-)
G|S1|Se G|S1]8S2

Here all the principal formula occurrences in the three displayed applications of R
represent the same formula; and conditions (I) and (IT) given in P3 must hold.
E.g., if R is (= V)3, then the initial and resulting proofs have the forms:
D, D,
3g|F1:>A1‘F2:>[C] AQ g|F1,A:>B,A1|F2$[C]a2,A2 :>V3
Q\F1:>A1|F2:>VwC,A2 Q\Fl,A:>B,A1|F2:>VmC,A2 (:>
Q|F1 = A — B,Al |F2 :>VIC,A2

ay?

(= V)

—)3

D] D,
Q|F1 = Al ‘].—‘2 = [C]a27A2 Q|I‘1,A = B Al |F2 = [C]a2,A2 (:>—>)3
g|F1:>A—)B,A1|F2:>[C]a27A2 .
(= V)

Q|F1:>A—>B,A1|F2$VwC,A2

Theorem 4 (the mid-hypersequent theorem for G*LY). Let H be a hypersequent in
which each RPLY-formula is prenem Then any G3LY-proof D for H can be trans-
formed into a mid-hypersequent G>LY-proof D for H; moreover, Q(D ) < Q(D),
where Q(D) is the number of quantifier rule applications in a G3LVY-proof D.

Proof.? For a G3LV-proof D and a propositional rule application R in D, let O(R)
be the number of quantifier rule applications above R, and O(D) be the sum of
O(R) over all propositional rule applications R in D.

We proceed by induction on O(D), where D is a given proof for H.

1. If O(D) = 0, then D is the desired proof.

2. Otherwise, choose an application Ry of a (propositional) rule Ry in D such
that O(Rp) > 0 and no application R’ with O(R’) > 0 is above Ry.

2.1. Suppose Rq is (—=)3. By R; denote the (quantifier) rule application
that stands immediately above the application Ry. We permute Ry and R; using
transformation P1 or P2, and next, by the induction hypothesis, we obtain the
desired proof.

2.2. Now suppose R that is (=—)3, and the proof for the conclusion Hg of the
application Ry looks like:

31t is interesting to note the following. Lemma 7 states that any G3LV-proof D can be trans-
formed into a G3LV-proof D of the same hypersequent H, with any rule applicable to H backward
being applied at the bottom of D. However, Theorem 4 cannot be proved only by repeated ap-
plications of Lemma 7. Indeed, in the case of the rule (¥ =)3 or (= 3)3, the resulting proof D
obtained using the construction in the proofs of Lemmas 7, 4, and 3 has the same structure above
the lowest rule application as the initial G3ELV-proof D (i-e., in that part of D the same rules are
applied in the same order as in D).
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Dy Dy
Hi  Ho

o Ro.
Then the lowest application in D or Ds, say for definiteness the lowest application
Ry in Do, is an application of a quantifier rule R.

By the induction hypothesis, we can transform D; into a mid-hypersequent proof
Dj for H; such that Q(D7) < Q(D1). In the proof D (for H), we replace the subtree
D, by D}, thus obtaining a proof D’ for H.

Let the principal formula occurrence F5 in Ry (which is a formula occurrence
in Hs) be an ancestor of an occurrence Fy in Hy. The formulas A and B in Hs
that originate from the principal occurrence of A — B in Ry are quantifier-free.
Therefore the occurrence Fp has an ancestor F; in Hi, and all F; (i =0,1,2)
represent the same formula.

Using the construction in the proof of the hp-invertibility of the rule R (see
Lemma 4), from the proof D} for H;, we construct a proof Df for the premise of
an application Ry of R with #; as the conclusion and F; as the principal formula
occurrence. Here if R is (V =)3 or (= 3)3, then the proper term of the application
Ry (of R) is taken to be the proper term of the application R (of R). Let DY’ be
the proof (for H;) obtained from the proof D} by the application Rj.

Given the mid-hypersequent proof D/, it is not hard to see that D is also a mid-
hypersequent proof (i.e., O(D{) = 0) and Q(DY) < Q(D}). Hence, O(D{’) = 0 and
QDY) < QDY) +1.

Next, in the proof D’ (for H), we replace the subtree D] by D}’ and get a proof
D" for H. Using transformation P3 or P4, in D" we permute the application Rg
(of the two-premise rule Ry) and the applications R; and Ry (of the quantifier rule
R), which stand immediately above Ry; and we have a proof D" for H as a result.

From O(D}") =0, Q(DY") < Q(D})+1<Q(D1)+1, and the forms of trans-
formations P3 and P4, it follows that O(D"") < O(D) and Q(D"") < Q(D). Now
by the induction hypothesis, we can construct the desired proof from D"”. |

Remark 5. In contrast to Theorem 4 above, Theorems 10 and 18 in [7] (i.e., the
mid-hypersequent theorems for G'LY and GQLV) require an initial hypersequent to
be only of the form = A, where A is a prenex RPLV-formula.

Further, our proof of Theorem 4 differs much from well-known proofs of the
mid-sequent theorem for (variants of) classical sequent calculi with structural rules;
see [17] and, e.g., [15, §§ 54-55]. Those structural rules are useful for transforming
formal proofs and include thinning, or weakening, in succedent, whose hypersequent
version is not sound and thus is not admissible for the calculus G3LV.

Our proof is also considerably different from the proof of Theorem 8.29 in [5],
i.e., of the mid-hypersequent theorem for some hypersequent calculi for fuzzy logics
not including LY or RPLY. This is mainly because the two-premise rule of G3LY
is context-sharing, but each of the two-premise logical rules in [5, Theorem 8.29] is
or is easily made context-independent (cf., e.g., [16, item 3.1.5] and note also that
context-independent rules facilitate permuting rule applications, but make bottom-
up proof search too nondeterministic).

Theorem 5. Suppose that A is a prenex RPLV-formula. Then the following are
equivalent: (1) Fqipy 4, (2) Fgepw 4, (3) Fasny A.
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= qi|q1 = g3 | g3 = I2Vy32B(z,y,2) |43 = qa
|qa = q5 |95 = F2B(ts, a2,2) |95 = B(ts,a2,ts5)
|qa = B(ts,az2,t4) [q1 = g2 |q2 = 32B(t1,a1,2) | 92 = B(t1,a1,t2)

= 3)3
= q1]91 = q3|q3 = F2Vy3zB(z,y,2) |43 = q4 | g4 = FzB(ts, az, z) ( )
|qa = B(ts,az2,ts) |q1 = g2 | g2 = 32B(t1,a1,2) | g2 = B(t1,a1,t2) (= 3
= q1|q1 = q3|q3 = JaVy3IzB(x,y, 2) | qs = JzB(ts3, az, )
[q1 = q2 g2 = F2B(t1,a1,2) |q2 = B(t1,a1,t2) (= v)®
= q1|q1 = g3 |93 = JaVy3zB(z,y,2) |93 = VyIzB(ts, y, 2)
lg1 = g2 |92 = 32B(t1,a1,2) [ g2 = B(t1,a1,t2) e
= q1|q1 = JxVy3IzB(z, vy, 2)
lg1 = g2 |92 = 3zB(t1,a1,2) |92 = B(t1,a1,t2) (= 3P
= q1|q1 = JaVy3IzB(z,y,2) |q1 = IzB(t1, a1, 2) (= v)?
= q1|q1 = J2VyIzB(z,y,2) |q1 = YyIzB(t1,y, z) (= 3
= JxVy3zB(z,y, z)
FIGURE 1. The G*LV-proof search tree D
= daVyIzB(x,y, z) | = 3zB(t3, a2, 2) | = B(ts,az,ts) | = B(ts,az,ts)
\:>3zB(t1,a1,z)|:>B(t1,a1,t2) (:> 3)2
= JaVy3IzB(z,y, z) | = 3zB(ts3, a2, z) | = B(ts, az,t4)
‘:>E|ZB(t1,a1,Z)|:>B(t1,a1,t2) 3)2

= daVy3zB(z,y, z) | = 3zB(ts, az, z) | = FzB(t1,a1,2) | = B(t1, a1,t2) (=

= JaVy3zB(z,y,2) | = Vy3zB(ts,y, z) | = 3zB(t1, a1, 2) | = B(t1,a1,t2) E ;iz
= JxVy3IzB(x,y, 2) | = I2B(t1,a1,2) | = B(t1,a1,t2) )
= J2Vy3IzB(z,y, z) | = 3zB(t1, a1, 2) 5 (=3)
= JaVy3IzB(z,y, 2) | = VyIzB(t1,y, z) (z ;;2

= JxVy3IzB(x,y, z)

FIGURE 2. The G?LV-proof search tree D,

Proof. (1) and (2) are equivalent by Theorem 15 in [7]. (3) follows from (1) by
Theorem 2. We will show that (3) implies (2).

In view of Theorem 4, it is enough to transform any mid-hypersequent G3Lv-
proof Ds for A into some G2LV-proof for A. Let D3 be the G3LV-proof search
tree for A consisting of all quantifier rule applications in D3; Hs be the only top
hypersequent in 53; and 7-[3 be the hypersequent that is obtained from Hjz by
removing all sequents containing quantifiers. Since, in the G*LV-proof D3, the
hypersequent H3 is proved using propositional rules only, and axioms of G3LV are
defined in terms of atomic sequents only, we see that Fgsyy Hs.

To avoid cumbersome notation, first we will perform the transformation in the
case when A has the form JxVy3IzB(z,y,z) (where B(x,y,z) is a quantifier-free
RPLV-formula, and z,y, z are distinct variables), and l~)3 has the form given in
Figure 1; then we will explain why a similar transformation can be carried out in
the general case. The result of simultaneously replacing all occurrences of z,y, z in
B(x,y, z) with terms s1, s9, s3, respectively, is denoted by B(s1, s2, $3).
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From Dj we can construct the G2LV-proof search tree Do given in Figure 2 by
starting with the hypersequent = A and applying the rules (= 3)? and (= V)?
backward, according to how the rules (= 3)® and (= V)? are applied backward in
D3 (such a correspondence between rule apphcatlons is natural and is not described
for brevity). Let Ho be the top hypersequent in DQ, and H, be the hypersequent
consisting of all quantifier-free sequents of Hs.

To complete our proof in the case being considered, it remains to show that
Fa2py Ho. For this, it is sufficient to establish that F Hs implies F Hy. Indeed,
Fasty Hs and the soundness of GLV (see Theorem 1) guarantee that F Hs. If
we prove that the latter implies F Hg, then first we will obtain Fgegy ’Hg by the
completeness of G*LY for quantifier-free hypersequents (see Proposition 14 in [7]),
and next we will get Fqg2pv Ha because the external weakening rule similar to the
rule (ew)” in Lemma 3 is admissible for G2LY.

The hypersequent 7?[2 has the form:
= B(t3,a2,t5) | = B(t37a2,t4) | = B(t1,a1,t2) ;
and the hypersequent 7:23 has the form:

= q1|q1 = q93]93 = 4|94 = 95 |95 = B(t3,az,t5)
|q4 = B(ts,az2,t4) | q1 = q2| 92 = B(t1,a1,t2).

For a hypersequent H, we write ¥ H to denote that H is not valid.
The condition ¥ H, is equivalent to the existence of an hs-interpretation Ms and
a valuation v such that these three inequalities hold:

1> |B(ts,a2,t5)|Mapvss 1> |B(ts, a0, ta) g, 1> |B(ti, a1, t2)| My,

The condition ¥ 713 is satisfied iff there exist an hs-interpretation M3 and a
valuation v3 for which all these inequalities hold:

1> |q1‘M37V3 > |q3‘M37V3 > |q4|M37V3 > |q5|M37V3 > |B(t3aa25t5)|M3,V37
‘q4|M3-,l/3 > ‘B(t3va2at4)|Ma7V3a

|q1|M3,V3 > |q2|Ms,l’3 > |B(t1’a17t2)|M37V3’

Clearly, ¥ 7?[2 implies ¥ ’;qg, as required in the given case.

In the general case, it is obvious that from D3 we can similarly construct a
G2LV-proof search tree D,. Then the assertion “¥ Hs implies ¥ 7—[3” follows from
the next observation, which is easily justified using induction on the height of the
tree l~)3. _

We can represent the hypersequent Hs3 as a directed acyclic graph by associat-
ing, to each sequent member in 7-lg, a unique vertex and, to each sequent of the
form F} = F5, an edge from Fj to F5. In this graph, there is exactly one source,
and all vertices corresponding to RPLV-formulas are sinks. The condition # ’;qg, is
equivalent to the existence of an hs-interpretation M3 and a valuation v3 such that,
for each edge Fy = F5, the inequality |F1|asy,0s > |F2|M,,0, holds and so does the
inequality 1 > |F|ps,.0, for the source F' of the graph. a

Corollary 3. Suppose A is a prenex LV-formula. Then for each i = 1,2,3 we have:
Fainy 4 iff Fawy A
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Proof. By Theorem 17 given in [7], Fgipy A iff Fgry A. It remains to apply
Theorem 5 stated above. (]

Corollary 4. Let & be a signature such that the validity problem for existential
sentences of classical logic over & is undecidable. Then the G*LV-provability prob-
lem for existential LY-sentences over & is undecidable.

Proof. By Theorem 21 in [7], the corresponding problem for G2LV is undecidable;
and the result follows by Theorem 5 above. O

7. INFINITARY HYPERSEQUENT CALCULI FOR LV AND RPLV

We are to consider infinitary calculi based on GLY and G®LY. But before this,
we give some preliminaries.

A (possibly empty) tuple of terms t1, ..., t,, is also written £. An RPLY-formula
A is written A(Z) or A(z1,...,%m) to mean that all free variables of A are among
T1,...,ZTm. The result of simultaneously replacing all free occurrences of x1,..., %,
in an RPLV-formula A(Z) with terms t1,...,%,, respectively, is denoted by A(#).
The string 3z ... Jx,, is abbreviated to 3Z. We write QZ to mean Q1 ... Qunm,
where Q; € {V,3} fori=1,...,m.

For a positive integer n, the set {1,2,...,n} is denoted by 1..n.

By (A V B) denote ((A — B) — B); then

= max |A4;|m

n
|AV Bl = max(|Ala, [Blar,) and ‘_\/1;11- 4, = max
1=

for every interpretation M and every valuation v (cf., e.g., [5, Section 6.2]).

The Herbrand universe of A is denoted by U(A) and is, as usual, the set of all
terms that are built from the function symbols of A, and a new nullary function
symbol if there are no nullary function symbols in A.

A prenex RPLV-formula QZB, where B is quantifier-free, is called rectified if all
the variables in Z are distinct. The (existential) Skolem form of a rectified prenex
RPLV-sentence is defined in the usual manner by removing universal quantifiers
(cf., e.g., [5, Definition 8.32]).

For a real number r, define " A to hold exactly if |A|az,, > r for every inter-
pretation M and every valuation v.

Theorem 6 (the approximate Herbrand theorem for LV; [4, Theorem 3], [5, Theo-
rem 8.38]). Suppose that P is a quantifier-free LY-formula, and TP (Z) is rectified
and closed. Then E JTZP(X) iff, for all real numbers r <1, there exist tuples
t1,...,tn of terms from U(P) such that

=T \n/ P(t;).
=1

The multiset containing exactly n copies of an element E is denoted by [E]™;
and the multiset sum of n copies of a multiset M, by M™. We also write [E;];c1..n
for the multiset sum of [E4]', ..., [E,]'.

Now we state the following theorem claiming that an infinitary calculus based
on GLV is complete for prenex LV-sentences.
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Theorem 7 ([5, Theorem 8.48], [13, Theorem 6.1.11]). Let A be a prenex LY-sen-
tence. Then E A iff A is provable in GLY extended with the rule:

0 = [A)* for all positive integers k
= A '

The proof of this theorem in [5, p. 226] (and a similar proof in [13, p. 268]) takes
the Skolem form 37P¥ (%) of a valid prenex LV-sentence A, so F 3#PF(%). Then,
for each positive integer k, the proof uses Theorem 6 to obtain some tuples 1, ..., &,
of terms from U (P¥) such that Fgry (0 = [B]¥), where B = \/|_, P (#;). Finally,
the proof employs [5, Lemma 8.34] to derive (0 = [A]¥) from (0 = [B]¥) in GLV.

[5, Lemma 8.34] reads in our notation as follows: Let IZPY(Z) be the Skolem
form of QUP(¥), and t1,...,t, be tuples of terms from U(PF). Then (= QUP(¥))
is derivable from the hypersequent (= PF(fy)| ... | = PF(t,)) using (ew), (ec),
(=V), and (= 3), where in (= V), any variable-free term not occurring in the
conclusion may be used in the premise.

Let us point out two errors in the above proof.

First, the bottom hypersequent of any GLV-derivation from H = (0 = [B]*) that
does use H must contain the disjunctions \/ from B (or more precisely, the implica-
tions — simulating the disjunctions in B). But A does not contain such disjunctions.
So, in general, there is no GLV-derivation of (0 = [A]*) from H in which H is used.

Second, [5, Lemma 8.34] is not applicable to multiple-conclusion hypersequents,
such as (0 = [B]¥) for k > 1. We can try to extend Lemma 8.34 so that the extended
lemma is applicable to the hypersequent (0 = [B]*). However, a straightforward
extension fails even for hypersequents without V and —. Indeed, given the LV-sen-
tence VxR(z) and its Skolem form R(a) with R being a unary predicate symbol, it
is clear that (0 = Vo R(x),VzR(z)) is not derivable from (0 = R(a), R(a)) in GLY,
even if in (= V), any closed term not occurring in the conclusion may be used in
the premise.

We give a correct and more detailed proof of the last theorem.

Proof of Theorem 7. This theorem follows from Proposition 3 and Theorem 8,
which are given below. t

Proposition 3. Suppose that A is an LV-formula, and Fgry (0 = [A]¥) for all
positive integers k. Then E A.

Proof. By the soundness of GLV (see [5, Theorem 8.46]), F (0 = [A]*) for all pos-
itive integers k. Then for every interpretation M, every valuation v, and each pos-
itive integer k, we have —1 < k- (|A|m, — 1), le, 1 =1/k <|A|pmp- SoFE A O

Theorem 8. Suppose A is a prenex LV-sentence and = A. Then Fary (0 = [A]¥)
for all positive integers k.

Proof. 1. Suppose first that A is rectified.

Consider the Skolem form 3ZB(Z) of A, where B is quantifier-free.

Let us show that F 3ZB(Z). Since E A, it suffices to prove that, in constructing
the Skolem form of A, one removal of V preserves validity. To this end, suppose
that F 34 Vv A; (4, v), where @ = (uy,...,w)and v ¢ {uy,...,u}, and that the term
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f(@) is free for v in A;(u,v). We want to get F FdA; (@, f(u)). For every interpre-
tation M with a domain D and every valuation v, we have

1= |3uYvA1(4,v)|pm,y = sup ... sup 1nf | A1 (1, )| a1, plorsd] <
dieD  deDdE

< sup ... sup |Ai(d,v)|m, Dlors | f(@)|as5] = SUD ... SUD | A1 (€, f(D) |, 5 =
d1€D d,eD d, €D d,eD

= BﬁAl(ﬁ’f( ))|M 1)

where U = vuy — di]...[u; — d;]. Thus F 34A; (4, f(@)); and so F EIxB(f)
Fix any positive integer k. By Theorem 6, there exist tuples t1,...,&, of terms
from U(B) such that
>(1-1/k) \/ B(t‘;)
i=1

Hence the hypersequent

is valid.

Next we show that F H implies Fary (0 = [A]¥), extending the technique used
in [15, § 55] to prove a version of Herbrand’s theorem for classical logic; our main
addition to that technique is renamings of several occurrences of the same parameter
in a hypersequent to new distinct parameters by means of Lemma 8 (see below).

We assume harmlessly that t; # t_; for i # j. Further, to simplify the notation,
let

A = JuwVaIyVzC(w, z,y, 2),
where C' is quantifier-free, and n = 2; it will be clear how our reasoning extends to
the general case. The Skolem form of A is

IZB(T) = FwIyC(w, f(w), y, g(w,y)),
where f and g are Skolem function symbols not occurring in A. Then the valid
hypersequent H has the form:

H=(0=[C(t1, f(t11), tr2, g(t11,t12))]" | 0 = [C(tar, f(t1), toa, gltar, t22))]"),

where t11,t19, 121,190 € U(B)

To each term ¢ that begins with f or g and occurs in the terms shown explicitly
in the above expression for H, we associate a unique parameter a; not occurring
in H. Suppose that s is a term occurring in A or in the terms shown explicitly in
the above expression for H;* then by § we denote the result of substituting a; for
each maximal occurrence of each subterm ¢ in s such that ¢ begins with f or g (an
occurrence of a subterm starting with f or g is mazimal if it is not within another
such occurrence). E.g.:

if s = g(f(f(b)), (b)), then 5 = as;

if 5 = e(f(0), f(f(0)), f(B)), then § = e(ayw), assy), arm)-

Let H come from H by replacing each formula R(s,...,s;), where R is a predicate
symbol and s1,..., s are terms, by R(s1,...,s).

Given that = H we claim that F H. Indeed H and H are quantifier-free; there-
fore, H (resp. H) is valid iff so is the propositional hypersequent Hpmp (resp. Hprop)

4Note that, in particular, we are to cover the case when some of w,z,y,z do not occur in
C(w,z,y, z), hence the disjunction of the two conditions on s.
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obtained from H (resp. H) by regarding each non-constant atomic RPLV-formula
F as a new propositional variable pg. In constructing H from ‘H, each non-constant
atomic RPLV-formula R(sq,...,s;) is replaced by R($1,...,8;), and nothing else
changes. Hence 7-mep results from substituting propositional variables for ones in
Hprop, which is valid. Thus ﬁpmp is valid too; and so is 7.

But the calculus GLY is complete for quantifier-free GLV-hypersequents (see [5,
Theorem 6.24]), so Fary H.

Since f and g are new to A, we have

H= ((_) = [C(a/h Qf(t11)s tl/\;7 ag(t117t12))]k ’6 = [C(t/;7 Qf(tar)s t;;? ag(t21,t22))]k)'

Recall that (t11,t12) # (ta1,t22). Choose the longest term from g(t17,%12) and
g(ta1,ta2); say it is g(t11,t12). (From terms of the same length, any one of them
can be taken as the longest.) It is not hard to check that the parameter agy,, +,,)
occurs in H only as shown explicitly in the above expression for H. By Lemma 8
(which is given below),

Fary (0= [C(tin, apy), tizs b)lier.x 0= [C(ta1s Qf(tar)s t225 Ag(tar.inn)]F),
where b1, ...,b; are new distinct parameters. Hence, by k£ applications of the rule

(= V) and then by k applications of the rule (= 3), we get the GLV-provable
hypersequent

Hy = (0= [FYV2C (t11, af(t11)s Ys )]k ‘ 0= [C(tar, Af(ta1) taa, ag(tm,m))]k).

Now choose the longest term from f(¢11) and g(t21,t22); for definiteness it is
g(ta1,t22). So the parameter Qg (tg1,t29) OCCUTS IN ﬁl only as shown. Using Lemma
8, applying (= V) k times, and next applying (= 3) k times, from H, we obtain
the GLV-provable hypersequent

Ho = (6 = [HszC(tAﬂ, Af(tr1)> Ys )]k ’6 = [HszC(tAQI, Af (1) Ys z)]k)

If t17 = to1, then the two sequents in ﬁz are the same. In this case, we apply
the rule (ec) to Ho and get Fapy (6 = [HszC(flvl, af(try)s Ys z)]k); next, k applica-
tions of (= V) and k applications of (= 3) give Fgry (0= [FuwVzIyVzC(w, z,y, 2)]*)
as required.

Suppose that t;7 # to;. As before, from f(¢11) and f(t21) we pick the longest
term, say f(t11); S0 af,,) occurs in H, only as shown. Applying Lemma 8 to Ho
and then the rules (= V) and (= 3), we obtain the GLV-provable hypersequent

Hy = (0 = [BuwVzIyzC(w, x,y, 2)]* |0 = [EIszC’(fgvl, Af(tar)s Y z)]k)
Finally, by Lemma 8, (= V), and (= 3), from Fqpy Hs we obtain
Fowy (0= BuwvVeIyvzC(w, z,y, 2)]* |0 = [FuwVa3yvzC(w, z, v, 2)]%);

whence by (ec), we get Fory (0 = [FuVaIyVzC(w, z,y,2)]¥) as required.
I1. Now suppose that A is not rectified.

Let A be of the form Qi1 ... Quuxm Ao, where Q; € {V,3} for i =1,...,m and
Ap is quantifier-free. To get a rectified prenex LV-sentence A’, we eliminate from
A each quantifier occurrence Q;x; such that x; = x; and ¢ < j for some j. Clearly,
F A’. We apply the argument of item I to A’ and thus have Fqpy (0 = [A']F) for
all positive integers k.



REPETITION-FREE AND INFINITARY ANALYTIC CALCULI 1897

Given a GLV-proof of (0 = [A’]¥), we obtain the required GLY-proof of (0 = [A]*)
by restoring the eliminated quantifier occurrences and inserting applications of the
rules (= V) and (= 3) for them. Indeed, such insertions can be easily performed,

because in such an application of (= Q) (where Q is a quantifer), the premise has
the form G|I' = B, A, and the conclusion G|T' = QzB, A. O

Lemma 8. Suppose that k is a positive integer; b is a parameter; A(b) is an LV-
formula;

Hb) = (G| = [AB)", A);

Farv H(b); b does not occur in G, T, A; by,..., by are distinct parameters none
of which occurs in H(b); and A(b;) comes from A(b) by substituting b; for each
occurrence of b. Then

Fawy (G| T = [A(b)]ic1.k, A).

Proof. Tt is readily seen that Fgry H(b;) for each i = 1,..., k. Using the rule (mix)
k — 1 times, from H(by), ..., H(bg) we obtain

G|TF = [ADL)), ... [A(bk)]F, A",
Then applying (split) k — 1 times gives
G|[D= A(by),..., A(by), A]".
Finally, by (ec) k — 1 times, we get
G ‘ = A(by),...,A(br), A, or briefly G | T = [A(b;)]ic1.k, A.
(]

Now we extend our proof of Theorem 7 to establish the same theorem for a
prenex RPLV-sentence and the calculi G'LY and G®LY.

Theorem 9. Let A be a prenex RPLY-sentence and € be either G'LY or G3LV.
Then E A iff A is provable in € extended with the rule:

0 = [A]* for all positive integers k
= A '

Proof. The above proof of Theorem 7, which consists of the proofs of Proposition
3 and Theorem 8, carries over to Theorem 9 in the following way.

1. The proof of Proposition 3 with an RPLV-formula A in place of an LV-formula
A and with € in place of GLY is essentially the same, because the calculi G'LY and
G3LY are sound (see [7, Theorem 3] and Theorem 1).

2. To employ the proof of Theorem 8 for the case of a valid prenex RPLV-sentence
A and the calculus G'LY, the following items 2.1-2.3 are sufficient.

2.1. The approximate Herbrand theorem for RPLY, i.e., Theorem 6 for a rectified
existential RPLV-sentence 3ZP(Z), holds. Indeed, the proof of Theorem 8.38 in [5]
(i.e., of the approximate Herbrand theorem for LV) does for RPLV: truth constants
T are treated just as 0 (0 is denoted by L in [5]).

2.2. The calculus G'LY is complete for quantifier-free G'LY-hypersequents .,
i.e., FH implies iy H (see Propositions 14 and 11 in [7]). Here a G'LV-hyper-
sequent is a hypersequent containing no semipropositional variables of type 0.
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2.3. The rules that look like the rules® (mix), (split), (ec), (= V), and (= 3) of
GLY but have G'LV-hypersequents as their premises and conclusions are admissible
for G'LY. Let us justify the claim. Denote these rules by Rmix, Rsplit, Rec) R=v,
and R_ 3, respectively. The rule Ry is admissible for G'LY by [7, Lemma 8J;
Respiit, by [7, Lemma 7]; and Rec, by [7, Lemma 5]. The rules R—v and R-.3 are
obviously admissible for G'LY (cf. the proof of Theorem 4 in [7]).

3. Finally, Theorem 8 for a valid prenex RPLV-sentence A and the calculus
G®LY follows from the same theorem for G'LY (see item 2 of the current proof)
and Theorem 2. O

8. CONCLUSION

For the logics LV and RPLYV, we presented the analytic hypersequent calculus
G3LY, whose rules are repetition-free; established its key proof-theoretic properties
pertinent to proof search; and thus provided foundations for various bottom-up
proof search algorithms.

Recall that the previously known (finitary) analytic calculi for LY or RPLV are
the hypersequent calculi GLY, G'LY, and G?LV. They are not repetition-free, and
GLY has structural rules. But the calculus G3LY is repetition-free and does not have
structural rules; moreover, all of its inference rules are height-preserving invertible.
So, for bottom-up proof search, it has a clear advantage over the other mentioned
calculi. We also showed that G3LY proves any sentence provable in GLY, or G'LY,
or GLV.

Now we are especially interested in whether every G*LV-provable LV-sentence is
GLV-provable, and in relationships between G*LV and Héjek’s Hilbert-type calculus
for RPLY from [1] (some preliminary results are in [18]).

Another interesting problem is to describe in syntactic terms nontrivial classes
of hypersequent calculi that have some or all of the proof-theoretic properties es-
tablished for G3LY. Our way of proving the properties of the calculus G*LY relies
on its being repetition-free and thus provides a clue to a generalization. Cf., e.g.,
[19] and [20], which give sufficient conditions for several properties of some sequent
calculi, in particular, for the invertibility of inference rules.

In the present paper, we also pointed out errors in the earlier proofs of the
completeness of the GLV-based infinitary calculus for prenex LV-sentences; we gave
the new correct proof of the claim, and extended the proof to show the completeness
of the G3LV-based infinitary calculus for prenex RPLV-sentences.

The paper [4] gives a proof that the GLV-based infinitary calculus is complete
for arbitrary LV-sentences. However, we found significant gaps and an error in
the proof; G. Metcalfe, an author of [4], confirmed our findings. Thus it is an open
question whether the GLV-based (resp. G3LV—based) infinitary calculus is complete
for arbitrary LV-sentences (resp. RPLV-sentences).
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