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APPROXIMATE SOLUTION OF THE SMOOTH TRANSITION
EQUATION

V.A. LUKIANENKO

ABSTRACT. The problems of stability and the approximate solution of
the integral smooth transition equation first introduced and studied by
Yu.I. Chersky are considered. Using the solution of the smooth transition
equation under classical assumptions, it is possible to construct the
solution of the equation under weaker constraints on the kernels. For
the approximate solution, an error estimation and a theorem on the
uniqueness and sustainability are provided.
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1. INTRODUCTION

The smooth transition equations were first constructed and studied by Yu.I. Cher-
sky [1, 11, 12, 13]. This equation can be represented in the form

1
. tso(f) +—= [ mlt = s)e(s)as
+th§E/Rn2(t —s)p(s)ds = f(t),t € R.

Equation (1) is a special case of a class of equations to which L.S. Rakovshchik
referred to as the integral equations with almost difference kernels:

(2) Ap(t) + Z /R ki(t — s)bj(s)p(s)ds = f(t),t € R.

In general, there is no constructive method which can be used to solve such
equations. Solvability of an equation with an almost difference kernel has been
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studied in works by R.V. Duduchava, N.K. Karapetyants, S.G. Samko, P.V. Kereke-
sha, G.S. Litvinchuk, A.I. Peschansky, V.A. Shevchik. V.A. Lukyanenko, N.Ya. Ti-
khonenko, L.Ya. Tikhonenko, Fan Tang Da, and others. Special cases of solutions
in quadrature are related to the methods of reduction to boundary problems of
analytical functions and to the application of analogues of Yu.V. Sokhotsky’s formu-
las for the class of functions ®(z) which are analytical in a strip, representable in
the integral form

M”zzw{uoécﬁ;f5iflfﬁjﬁ’Wﬂ€Lxm
Flz) = 2(ﬂl_oé) /]R Cth% EfT(i)CZlTHa;B) ,a<y<p.

Application of the factorization method and the analogues of Yu.V. Sokhotsky’s
formulas allows us to expand the class of equations of the smooth transition type
and multi-element and matrix problems of Carleman type, equivalent to them,
which are solved using quadratures or approximately.

In the paper, the problem of finding an approximate solution for the smooth
transition equation (of a convolution type) based on a close equation is considered.
The closeness is understood with respect to the solution. This approach continues
the research described by Yu.l. Chersky and F.D. Gahov in paper [1] and works |2,
3,4, 5, 6,14, 15]. It was successfully applied to singular integral equations, equations
of the smooth transition kind, Riemann and Carleman boundary problems of theory
of analytical functions, and others.

2. APPROXIMATE SOLUTION OF A LINEAR EQUATION. SUSTAINABILITY OF
SOLUTIONS

In this section, we provide the necessary information which will be further used,
based on results by Yu.I. Chersky [8, 9].

Let K be a given linear operator acting from the linear set X to a linear set
Y. With a given element g € Y, the element u to be found is a solution of non-
homogeneous linear equation

(3) Ku=g.

As an approximate solution @ of equation (3), a solution of an approximate equation
which is more simple in its structure,

(4) Ku=g,
is taken. Moreover, it is assumed that uw belongs to the same space X, which can
be quite wide. The elements u € X can have singularities, then the approximate

solution is constructed using the same singularities. To achieve more closeness of
the solutions wu, u, a Banach space Xo C X is introduced, and it is assumed that

(5) u—u € Xp.
Theorem 1. Let the following conditions be satisfied:

1°. Equation (4) has a unique solution .
20, The difference g — g € Yy, where Yy is a linear subset, Yo C Y.
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39, The operator K — K acts from X to Yp.

49, On Yy, a reverse operator K1 acting from Yy to X is defined, moreover,
Xy #s a Banach space.

59, The operator B = K1(K — K) is bounded in Xy with the norm

(6) B[ =K~ (K — K)| < 1.
Then equation (3) has a unique solution, equal to
(7) u=u+[I+K '(K-K)] 'K (g - Ku),

property (5) holds, and Ku — g € Yy, and also the following error estimation is
valid:

(8) ||u—ﬂ||X < ”K_l(g_Ka)”Xo
0 X = .
1—[[K-HK - K)|

Along with the approximate solution , it is possible to construct a more accurate
approximation w,, using the formula

n—1
(9) Up =+ Y BY'K7'(g— Ku),n>1.

k=1
If condition (6) is satisfied, that is, || B|| < 1, then along with (9), we will have that
(10) fu—all, < 2L 21 - K,

1Bl ’

Therefore, if the accuracy of solution (4) with the operator K is not sufficient, then
to obtain a solution of a required accuracy it is not necessary to reject the obtained
operator K !, but it suffices to use formula (9).

3. SMOOTH TRANSITION EQUATION WITH WEAKER RESTRICTIONS ON KERNELS

Consider a smooth transition equation in the form
1
— [ m(t — s)u(s)ds — g(t)+
= [ (= syuo)ds =gt
1
+e ! —/m t —s)u(s)ds — t}:o,teR,
{5 [t = syutas - ot

and we assume that g € Ly(R),u € Lo(R),
(12) 0<c<|Mjx)<C<oo,j=1,2.

(11)

Equation (11) contains convolutions of the form
1

13 A-utz—/m-t—susds,'zl,Z,
(13) (An)(0) = = [ mytt = spu(s)ds. g
where m;(t) is a generalized function. Its Fourier transform

1 ,
14 M~x=]—'m»xz—/m~t6’t”dt
() J() []]() \/ﬂRJ()

is assumed to be a locally summable function satisfying (12). Fourier transform (14)
is defined in a sense of generalized functions, if the integral does not exist in a
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common sense. In the general case, the convolution (13) is a singular integral,
which we will understand as an averaged limit [12].

/ij(t — s)u(s)ds = n11_>1r010/ mj,, (t = s)u(s)ds,

1 n
m;. () = —
J(n)( ) \/ﬂ .,
Under assumption (12), the operators A;, defined by equality (13), are linear
and bounded in L3(R), and have bounded reverse operators

(A5 'hy) (1) = 7 / ri(t — s)h;(s)ds,

ri(t) = FUR;I(t), Rj(x) = [M;(2)] 15 =1,2.

The method for reducing equation (11) to Carleman’s problem is similar to the one
for the case of the smooth transition equation. We represent (11) in the form

—= [t = suls)ds — g(t) = =00

where

M (x)e " dzx.

where

(15)
= [ matt = suls)ds — g(t) = (o).

where ¢ is a new unknown function. The left-hand sides of equalities belong to Lo (R)
(g and the convolutions A;u belong to Lo (R)), therefore, p € La(R), e~ € Ly(R)
Following [1], we denote the space of such functions by {0,1}.

Theorem 2 ([1, 2, 4, 13]). Let «, 8 be real numbers (a < ). In order for the
function ¢(t) to simultaneously satisfy the conditions

(16) e~ p(t) € La(R), e Pp(t) € Lo(R),

it is necessary and sufficient: 1° for its Fourier integral ®(x) to be analytically
continuable on the strip o < Imz < 3, and 2° that there is a constant C' such that
for every a < y < 3 the inequality fR |®(x + iy)|>de < C < oo is valid. Moreover,
the following property for a Fourier integral holds:

(17) FleVo(t)} = ®(x+iy), a <y < B.

The class of functions ¢ is denoted by {«, 3}, and Fourier transforms ® €
{5}

The symbol {{0}} marks the class of image-functions U(z) belonging to L2(R)
and satisfying Holder condition on a number line (that is, U € Ly(R) N HA\(R), 0 <
A < 1). By {0} we denote a class of original-functions u(t), whose Fourier transforms
belong to {{0}}.

Applying Fourier transform to (15) and excluding the function U(z), we arrive
to a Carleman’s problem in the space of functions ®(z) = F|p|(z) € {{0,1}}:

(18) Ko =®(z)+ A(x)®(x + i) = H(z),z € R,
where A(x) = Ma(x)/M;(x), H(x) = G(z)[M2(x) — M1(z)] /M1 (z).
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The Fourier transform of solution (11) for the case when the Carleman’s prob-
lem (18) is solvable is obtained using one of the formulas

G(z) + @(x) _ G(z) — ®(z +1)
MQ(.’,E) Ml(m) '

We apply to equation (11) the method of approximate solution, described in the
second section. As an approximate solution we consider the smooth transition
equation

(20) U(t) + (ky = W)(F) = (1) + e~ {ut) + (ke x W)(8) = §(1)} = 0, € R,

In the assumption that the functions k:~1, k~2 € L1(R), g, u € Ly(R) and the
conditions of a normal solvability

(21) Mj(x) =1+ Kj(x) #0,2 €R,j = 1,2

(19) Ula) =

are satisﬁ(id, equation (20) is equivalent to Carleman’s problem in the space of
functions ®(z) € {{0,1}}
(22) K® = ®(z) + A(x)®(z +1i) = H(z),z € R,
where - o . - .
A(z) = M (x)/ My (x), H(z) = G(x)[Ma(z) — My (x)]/ M ().

Following [1, 2], we reduce the theorem on solvability of Carleman’s problem (27)
to the form convenient for future use.

Theorem 3. Suppose that
= indMy(z) — indMy(z) = ind[1 + Ky(z)] — ind[1 + K1 (2)].

Then with x > 0, a homogeneous Carleman’s problem has in the space Lo(R) exactly
X linearly independent solutions. With x > 0, nonhomogeneous problem (22) is
unconditionally solvable for every function fNI(x), and the solution is defined by the
formulas
= _ o+ [ 27mx\ 7wz
(23) B ®(x) = F* (e™) ™,

q’(l‘—FZ) - _F~ <627rm) eﬂ-x’

where

FH(6) = X*(©) [\Pi(f) i “(9]

€1 i)
e 1 [ Hdr
FoXHE) T 2mi Jy X ()7 — )

XH(¢) =eap ;ln{gl(§)<§4__z>x] 2m ln[A1 (:‘*‘z)} i

UE(E) =

X(¢)= <£+Z:>Xeajp —%ln [gl(g) (54—1’)1 +1/Rl” {21(7) (:fi)] dr

E—1 E—1
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The functions A1 (€), Hy(€) are defined by the formulas

A(6) = P4.k2<gf>}{1+.kl(gf)]175>0,

1, £ <0,
. e 1+ K (7 - 0
Hl(f): (§)|: + 1<2ﬂ'>:| 7§> 3
0,£<0,

P,_1(&) is an arbitrary polynomial of degree x — 1. For the case when x < 0,
the homogeneous Carleman’s problem only has the zero solution. If x < 0, then to
achieve solvability of nonhomogeneous problem (22), it is necessary and sufficient
to satisfy the following conditions:

Hi(§)dg
0, k=12, |x].
XTI X
If the |x| conditions for solvability are fulfilled, nonhomogeneous Carleman’s prob-
lem (22) has a unique solution (23), where we need to put P,_1(§) = 0.

4. THE CASE OF ZERO INDEX

According to Theorem 1, we will define the operators K and K using formulas (18)
and (22), and the spaces are as follows: X = {{0,1}}, Y = Ly(R).

Suppose that x = indA(z) = 0, which will provide the existence and uniqueness
of the solution of Carleman’s boundary problem (22). As X, we take the space of
the functions ¥(x) € X = {{0,1}}, in which the norm

%] x, = max { (/R |‘I’($)|2daz> 1/27 </R |\I’(x+i)|2dx> 1/2}

is introduced, and let Y; coincide with Lo (R).
The norm in {{0,1}} can be also defined in the form

1/2
_ i) |2
1, = g, ([ 96 + i) )
or

ey ¥l = {( / |w<w>|2dx)1/2 +([1v +i>|2dx)1/2}.

From (18) and (22) it follows that the operator K — K has the form
(K - f{) O(z) = [A(zx) — A(2)]®(z + 1)
and acts from Xy to Yy in a bounded way. Define operator KL Yy — Xo using

the formulas from Theorem 3. B B
We will estimate the norm of the operator B = K~ }(K — K)

1 B®|x, =
1/2
= max /
R

dx ,

¢ e [ =R 11 (K= R)e(ds ||
X [ 2X+(e277) " 2 /]R X+(e27s)shr(s — x)]
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1/2

dx <

(K-K)o@ 1 [ (K-Ko@sds ||
2X+(e2mr) 2i Jr X+(e275)shr(s — x)

J

5(:7(6271':5) [

< max {max | X (e?™)|, max \)Z'_(ezmﬂ} -max | X+ ()|~ x
x x x

X max { (/R (K — f{)cp(x)ﬁdx) v , </R (K — I~{)<I>(x)|2d:r) 1/2} <

< L-max |A(z) - A()[| @]l x, < Le|[®x, < 6] xo,
e = max |A(z) — A(z)|, Le < 6,
where

(25) L= N;-Ny=max {max)?*(e%x), maX)N(*(ezm)} max |)~(+(62”)\*1,

x x

We choose the functions Ml(x) = 1+ Ky(z), Mg(m) = 1+ Ky(z) close to the

functions M; (z) and M (z) in such a way that the value of § is less than one, hence,

| B|| < 1. All the conditions of Theorem 1 are satisfied, therefore, equation (18) has

a unique solution which is obtained using formula (7):

(26) O(z) = ®(z) + [1+ B] 'K~ (H(z) — K®(x))

and we have error estimation (8):

| K~ (H(x) — K®(2))] x,
1-9§

~ L ~
en  e-3|y, < < TS lH ) — Ko@)y,
where L,0 are defined by inequality (25), and the approximate solution 5(30) is
found by the formulas from Theorem 3 with y = 0. The Fourier transform of the
solution @(t) of equation (20) is defined by the solution of problem (22) using the
formulas

-~ G $ G(z) — ®(z +1
(28) Gz) = E@+2@) _ C@ —2+i) g

My(x) M (x)

Due to the equivalence of problems (18), (22) and equations (11), (20), we come to
the following result:

Theorem 4. Suppose that in a smooth transition equation (11) the Fourier integrals
M;i(z) and Msy(z) are locally summable functions satisfying (12); the inequality
Le < § < 1 (25) is fulfilled, conditions (21) and the index of coefficient in prob-
lem (22) is as follows: x = indg(a?) = 0. Then with any right-hand side g € L2(R),
equation (11) has a unique solution (19) and (26). The function u(t) = F1{U](t),
where U(x) is defined by (28) and the formulas from Theorem 3, is an approzimate
solution of equation (11), and the average quadratic error estimation

(29) lu—ullL, < M(lg = glle, + [[® = @llx,) + 01 (19l L. + [Pl x0),
1s valid, where

1 1
M =max ———— < —,; = max

My(z) — My(z)
e |Ma(z)| ¢ @ '

MQ(LC)MQ({E)
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M is a restricted value, 81 is a small one, and for the norm | ®—®|| x, , inequality (27)
holds.

Based on (19), (28), we obtain that

Gz) G | o)  B()
Ma(x)  My(z) Ma(z)  My(z)

lu —allz, =

Ls
which implies inequality (29). If the approximate solution u(¢) is obtained with

an insufficient accuracy, then the solution wu,(¢) can be acquired with a required
accuracy using formula (9) with estimation (10).

5. THE CASE OF POSITIVE INDEX

Requirement 19 of Theorem 1 on uniqueness of the solution @ of smooth transition
equation (20) was provided by the condition that the coefficient A(z) in the prob-
lem (22) had to equal zero. In the case

(30) x = indA(z) > 0,

the requirement on uniqueness of a solution of equation (11) or (20) can be satisfied
by a corresponding choice of spaces, or replaced with other conditions [7]. To study
the sustainability of the solution (approximate solution) of these equations, we
will use the corresponding results for Carleman’s problem (18), (22). We keep the
assumptions from Section 3 regarding the kernels of equations (11), (20).

Suppose that X = {{0,1}}, and Y is a space of vector-columns P = (H(x), g1,
o, gX)T, where H € Ly(R) is a known function, and g1, g2, -+, g are the
given numbers, the superscript 7' denotes the transpose of the row. Let a system of
linearly independent functionals in X : Q;, @i,i =1,2,--- ,x be given. We define
the original operators A and A in the form:

(31) Ad = (K(I), (Ql;q))a e 7(QX7(I)))T = (vav' o agx)T7
A® = (K&;a (Qla (I))v Tty (QX7 (,i)))T = (H7§7 e 7§X)T7

where the operators K, K are defined respectively by formulas (18) and (22). If
(30) is satisfied, a solution of equation (22) K® = H, according to the formulas
from Theorem 3, has the form ®(z) = ®;(x) + Po(z), where ®;(z) is a special
solution, and ®y(z) is a general solution of the homogeneous equation

T

e eQ-rr(k—l)z

(627ra: + Z)X

X
(32) Po(z) = ZEk@Ok(fU% Do (x) = X (™) ;
k=1
where ¢, are arbitrary constants, X *(e?™) are defined by the formulas from Theo-
rem 3, and ®;(x) is a particular solution of a non-homogeneous equation.
We will assume that the determinant is as follows:
(33) A= o 1 =(Q), Por)| 0,5,k =1,2,++ X, Aje = (Qj, Pok)-
Mr o Ay
The fulfillment of these conditions helps to determine the unique solution of prob-
lem (31): A® = P (and of equation (20)).
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Following Theorem 1, we take as Y the space of vectors P C Y, in which the
norm

1/2
(34) 1Py, = (IH )|z, + Z gkl2>

is introduced. As ﬁ, a vector close to P is chosen, so that P — Pe Y. The norm
in Xo = {{0,1}} is introduced similarly as in (24). Approximate problem (31) on
the space X has a unique solution that is defined by the operator AL Yy — Xo.

Indeed, the solution of Carleman’s problem (22) contains x arbitrary constants
¢k, k =1,--- %, belonging to &)(x) (32). To define them, we use x equations (31)
(@, 5) = g; and with respect to ¢ obtain the system of linear algebraic equations
with x variables

X
(35) ZAjkEJk::\y/j7j:1727”'aX7
k=1

= + 27rx ()dS ~ J
g] /X lzx+ 6271'36 21/ X+ QTm)Shﬂ'(S—x) Qj(l’) X

which, according to (33), has a determinant A # 0. By Cramer’s rule, solution (35)
can be written in the form

— Ak 1S~

k= K - ZZAj]f’yj’k =12,---,x,

where the determinant ﬁk differs from A by its kth column which equals (71, - - -, %()T,
and Aji are the minors are of x — 1th order Ay with respect to the kth column.
Placing ¢ into the solution of problem (22), we obtain the unique solution of
equation (31):

H(z) H(s)ds
2X+(e2mr) 22 R X (€27%)shr(s — z)

X
Z gk%‘I’Ok

B0 = (A1 P)a) =>?+<em>[ N

Taking into account that
(A= D)2 (2) = ([A(x) = A@)]B(x +1), (Q1 = Q1, @), , (Qy — Qx, @),

and also applying the estimations for the norm of the operator K YK - K ) from
Section 4 to the norm of the operator B = A7!1(A — A) in X, we obtain

. _ Ny X emr2m(k—1)x 1/2
1A~ (A = D)l x, < Le[@]x, + 5 D lex 4
k=1

<
6271'1 + ’L ) =

Ny &
< Le|| @ x, + - k; |ck]-

In the estimations it is clarified that

/ 62777;647r(k—1)wdx </ 62‘11'1'6471'(k—1)wd.,1j 1
R (647rm+i)k = R (647rm+i)k - Z
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From the estimation for the coefficients, it follows that

1 &K~ ~
ekl < =D 1A]1Q; — Qj, @[+

|AlG=
1 &+ - (K — K)®(z) 1 (K — K)®(s)ds
=) |4 XF(e¥m oy | ——— p — [ <
+A;| jk|/}R (€™ 2X+(e2me) 20 Jg X+(e2ms)shm(s — x)
X
x(Qj — Qj)dr < é/ (1 +m3X|X+(€2Wk)|N25> Z |Aj|Q; — Qj, @ <

j=1

1 X ~

< =1+ L) 3 1Al1Qs = Qillza - 1@l k = 1,2, x.
Al P

Finally, we obtain that ||B®||x, < ¢||®| x,, where

No(1 + Le) & ~
(36) 5= Ls+2(2|~|) S 14ul1Q; - 051
k=1

here the denotations for L, Na, € remain the same (25).

Let the functions M;(x), ]\’Zj(m), G(z), G(x), Q; and ij be chosen in a way that
§ < 1, then ||B|| < 1 and the conclusion of Theorem 1 is valid, that is, the changes
in Theorem 2 are obvious.

Remark 1. From expression (36) for §, it follows that the accuracy of the solution

will be better if Q; = Q;, and g; = g;,j =1,2,--- , x, that is, (ij,EI;()k) =(Qj,Por),
in this case, the estimations remain similar to the ones for x = 0.

Remark 2. The results, similar to the ones for the case x = 0, can be obtained
also for x < 0. As X we take the space of vectors (®(z),c,- - ,C|X|)T, ® e {{0,1}},
cr € C, and the system of functionals @j, j =1, |x| is introduced with the
condition

T

(Qj O (e o)

which allows us to find ¢ in such way that the fulfillment of the necessary and
sufficient conditions for solvability of Carleman’s problem is ensured. The operator
A is defined as follows,

) #07]”]@:1727"' 7|X|a

A®,2,.., 8y )" = (K®)(x) = > &Qu(a),
k=1

and the operator A is defined in a similar way.

Remark 3. The solution of smooth transition equation (20) is stable with respect
to small disturbance of the kernels and the right-hand sides (|| B|| = 0 < 1), which
allows us to obtain a solution of a more general equation (11) with less strict
conditions for the kernels (12).

On the other hand, if the kernels of approximate and exact equation of the
form (20) satisfy similar conditions, then the kernels and the right-hand side of
the approximate equation have to be chosen in such a way to make the calculation
of the function with tilde much easier. That can be achieved, for example, by an
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approximate factorization of the coefficient A(x) from the Carleman’s problem in
an explicit form (without transition to the equivalent Riemann’s problem) A(x) =~

A(z) = X (2)[X (z +1)]" . Such approach will be applied in the next section for the
smooth transition equation of the «first kind». Note that if A(x)(A(xoo) =1) is a
rational function of the form [1]

n

2 +a?
Tk >9 0 # -1
kl,llxz (ar 1)2,n_ sar # 0, ay ,

then

6. APPROXIMATE SOLUTION OF SMOOTH TRANSITION EQUATION FOR ONE
EXCEPTIONAL CASE

To illustrate the specifics of application of the approximate factorization method,
we consider the following equation of the «first kind» [3]

(37) (kv u)(t) — g(t) + e Hult) + (ko xu)(t) — g(t)} = 0,t € R.
Suppose that the functions K;(z) = Flk;|(z), j = 1,2, which are the Fourier
transforms of the kernels of the equations, satisfy the conditions
(38) |1+ Ks(x)| >e>0,K(z)va?+1+#0,
zhﬁnolo K(x)vVaz?+1=1,ind[K(x)vVz?+1] =0,

where K (z) = K1(z)[1 + K2(z)]~!. We choose the classes for the solution u(t) and
the absolute term g(t) according to the class of the solution ®(z) and the constant
term H(x) of the equivalent (37) Carleman’s problem:

(39) Kb =®(zx+1i)+ K(x)®(z) = H(z),z € R,
where H(z) = [1 — K(z)]G(z), then
u(t) = FHUNE) = FH[G(z) + @(2)][1 + K2(2)] 7 H2).
The approximate solution u(t) of equation (37) is an exact solution of an approximate
equation which is more simple in its structure (close in the sense used in Theorem 1

to the original one, which is ensured by the choice of the kernels Ej (t) and the
constant term g(t)):

(k1 ) (t) — §(t) + e {u(t) + (ke x 1) (t) — §(t)} = 0,¢ € R.

The solution %(t) is defined with respect to the solution of the following Carleman’s
problem

(40) K®=®(z+i)+ K(z)®(z) = H(z),z € R,

H(x) = [1 - K(2)|G(2),
in which the coefficient K (z) satisfies all the conditions (38), and, moreover, the
Holder condition, and permits the factorization

(41) R(@)Va? + 1= X(@)[X(x+i)] 7,

where X (z) is a continuous, bounded function which has no zeros in the strip
0 < Imz < 1 and is analytical within this strip. To achieve representation (41),
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in addition to conditions (38), it suffices to assume also that the original of the
function D(z) = K(z)vz? + 1 — 1 satisfies the conditions

(42) de Li(R),d € Ly(R),
which, when fulfilled, allows X (z), X (z+1) to be obtained using the formulas from

Theorem 3, where we need to put H(x) = In[K(x)vz? + 1].
We factorize the function v/z2 4+ 1 in the form

(43) Va2 +1=T(z+i)[T(z)] ",
T(z) =eZ /T(1 —iz)[ (=1 —iz) = me® [/2(z — 1)shmzl'(iz)] 7},

where I'(z) are gamma-functions. From the properties of T'(z) it follows that |T'(z)]
behaves as |z|~2, and |T(z + i)| — as |z|2 with # — co. We represent boundary
condition (40), taking into account (38), (41), and (43), in the form

- R@T@ s x
(44) P(x+1)+ )?(x—i—i)T(J;—i—i)(I)(x) =H(z),z € R.

According to Theorem 1, we need to take as Yy the class of functions, such that

(45) T(a+i)H(x) € L2(R), (|22H(x) € La(R)).

We search for the solution ®(x) in the space of the functions X such that
T(x)®(x) € {{0,1}}, that is,
(46) T(@)B(2), T (@ + )B(z + i) € Ly(R)

(or |22 ®(z) € La(R), |z[2®(x + i) € La(R)).
Based on the results from Section 3, the solution of equation (44) can be written
using the operators F and F~! in the form

b(a) = (K H)() =

(47) B 1 1 N T,
a T(z)X (x) {1+e—t {T(z +0)X(a+i)H( )}}( ),

~ N 1 eft 1 . Z ~ 1: Z ~ - .

Plete) = T(x +i)X (x + 1) {1+e—t; {T(@+0)X(z +1)H( )}}( )-

Let Xg be the space of functions ® € X such that T'(2)®(z) € {{0,1}} (that is,
they satisfy Theorem 2 with « = 0, § = 1), with the norm

1®llx, =

(48) _max{</R IT(x)@(xdex);? (/R|T(x+i)<1>(x+i)|2dx)é}.

Then, based on the reasoning similar to the one performed above, the following
theorem is valid.

Theorem 5. Suppose that there exists a function I?(x) continuous in Holder’s
sense, which satisfies conditions (38) and (42), and the inequality

(49) Bl =|IK"H(K - K)| < L supl[K(z) - K(@)Va?+1]=p <1,
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holds, where L = N1 N,
N; = max {sup|)~(_1(gc)|, sup| X ~(z + 2)|} . Ny =sup|X(z+i)|.
x x x

Then for every function H(x) € Yy (45), Carleman’s problem (39) has a unique
solution in the class of functions Xo with finite norm (48). That solution is given
by formula (26)

O(z)=D(z)+ [1+ K (K — K)] 'K~ Y(H(z) — K®(2)),

in which the function ®(z) = (K~ H)(z) and the operators K, K~' are defined
respectively by formulas (47), (39), (40). The error of the approzimate solution is
estimated by inequality (27), (49).

These results, taking into account the equivalence of (38) and (39), are transferred
into the original equation (37). The error estimation for @(t) is defined by inequali-
ty (29). The classes for the solution w(t) and the constant term g(¢) are chosen
according to (45) and (46). Due to (49), the approximate solution can be specified
by formula (9) with estimation (10).

As an example of the considered equation we can take equation (37), if we
use as the kernel k;(t) the McDonald function (cylindrical function of imaginary
argument)

1
x? 41

k() = ﬁKout),ﬂkﬂ(x) — Ke) =

which can be quite often encountered in applications.

CONCLUSION

The scheme, proposed for constructing an approximate solution of a smooth
transition equation based on a close equation which has a simpler structure or
a simpler solution algorithm, can be transferred on a wide class of equations of
convolution type or boundary problems from analytical functions theory, equivalent
to them. The most simple algorithms correspond to the method of factorization or
incomplete factorization. Together with the regularization method, the solution
scheme can be expanded to equations of the first kind, extremal problems, discrete
equations of convolution type.

The author is thankful to the reviewer for his useful remarks on presentation of
the results.

REFERENCES

[1] F.D. Gakhov, Yu.l. Chersky, Equations of convolution type, Nauka, Moscow, 1978. Zbl
0458.45002

[2] V.A. Luk’yanenko, Analogs of Sokhotsky formulas and their applications, in Mathematics,
Informatics, Computer science, Modeling, Education, proceeding of the scientific-practical
conference MIKME-2017 and Tauride scientific conference of students and young specialists
in Mathematics and Informatics, IP Kornienko A.A., (2017), 75-80.

[3] V.A. Luk’yanenko, An ezceptional case of the equation of smooth transfer, in Interaction in
the mechanics of construction, Some questions, Collect. Artic., Kiev-Odessa, 1980, 38-43. Zbl
0501.45003

[4] V.A. Luk’yanenko, Equation of smooth transition in scale of spaces of generalized functions,
Tavricheskij Vestn. Inform. Mat., 2005:2 (2005), 90-106. Zbl 1117.46304



1862 V.A. LUKIANENKO

[5] V.A. Luk’yanenko, Integral equations of convolution type in the band, KROMSH-2014, TNU,
(2014), 67.

[6] V.A. Luk’yanenko, Construction of the approzimate solution of the convolution type equation
by the close equation, Marchukov scientific readings-2019: abstracts of the International
conference «Actual problems of computational and applied mathematics>, NSU CPI, (2019),
92-93.

[7] N.Ya. Tikhonenko, On the method of approzimate factorization, Sov. Math. (Iz. VUZ), 20:4,
(1976), 60-72. Zbl 0338.41018

[8] Yu.I. Chersky, Two theorems on error estimation and their applications, Sov. Math., Dokl., 4
(1963), 666—670. Zbl 0183.11902

[9] Yu.I. Chersky, Theorem on error estimation, Abstract of the scientific conference dedicated to
the 100th anniversary of OSU, (1965), 21-22.

[10] Yu.I. Chersky, Convolution type Equations, Izv. Akad. Nauk SSSR, Ser. Mat., 22:3 (1958),
361-378. Zbl 0081.32104

[11] Yu.I. Chersky, A normally solvable equation of smooth transition, Sov. Math., Dokl., 11
(1970), 55-59. Zbl 0206.41301

[12] Yu.I. Chersky, Integral equation in convolutions with variable coefficients, Ukr. Math. J., 33
(1982), 599-604. Zbl 0491.45005

[13] Yu.I. Chersky, P.V. Kerekesha, D.P. Kerekesha, Method of conjugation of analytic functions
with applications, Astroprint, (2010).

[14] V. Luk’yanenko, M. Kozlova, U. Hazova, Integral Equations of Urisohns Type, Proceeding of
the International Conference «Integral Equations-2010», PAIS, (2010), 80-84.

[15] Fan Tang Da, A certain integral equation of the smooth transition type, Differ. Uravn., 8:6
(1972), 1052-1067. Zbl 0275.45003

VLADIMIR ANDREEVICH LLUKIANENKO

V.I. VERNADSKY CRIMEAN FEDERAL UNIVERSITY,
PROSPEKT VERNADSKOGO AVE.,

SiMFEROPOL, REPUBLIC OF CRIMEA, 295007, Russia
Email address: art-infQ@yandex.ru



