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THE MODULUS OF A FAMILY OF CURVES ON AN

ABSTRACT SURFACE OVER A SPHERICAL RING

M. V. TRYAMKIN

Abstract. We obtain a two-sided estimate for the modulus of the
family of all locally recti�able curves joining two concentric spheres on a
so-called abstract surface. The last notion means that, for a given curve
and a point on it, the length element of the curve at this point depends
on the direction of movement along the curve; in addition, the volume
element is generated by some weight function.

Keywords: abstract surface, modulus of a family of curves, spherical
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1. Introduction

In [1], the notion of an abstract surface, which is used for studying conformal
maps of irregular surfaces in Euclidean space, is introduced. The same concept,
although in a slightly di�erent form, is used in [2] and [3] for dealing with other
problems. Moreover, V. M. Miklyukov (the author of all aforementioned books)
believes that abstract surfaces have some applications: in particular, they can
be used to model anisortopic media and media with dislocations. He adds that
numerous examples of physically meaningful abstract metrics can be found in [4],
which is devoted to gravitation, and also in [5], where the mathematical theory of
black holes is exposed.

In [1], as it usually takes place in quasiconformal analysis, the main tools are
the notions of the modulus of a family of curves and of the capacity of a condenser.
Thus, there arises a natural problem of computing, or at least estimating, moduli
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of curve families on abstract surfaces de�ned over standard domains such as a
cylindrical ring, a surface of revolution, etc. One example of a double inequality
for the modulus of a family of curves on an abstract surface over a plane spherical
ring can be found in Theorem 1.7.1 of [1, page. 24]. Other domains are studied in
[6] and [7]. In this paper we will consider another important domain � a spherical
ring in the n-dimensional Euclidean space.

As always, for n > 1, the set of ordered n-tuples x = (x1, . . . , xn) of real numbers
is denoted by Rn (naturally, R1 = R). With operations of addition and scalar
multiplication de�ned in a coordinatewise fashion, Rn becomes an n-dimensional
vector space over R. For x and y in Rn, the inner product 〈x, y〉 and the length |x|
are de�ned by the formulae

〈x, y〉 = x1y1 + . . .+ xnyn, |x| =
√
〈x, x〉.

De�nition 1. Let D be a domain in Euclidean space Rn. Suppose given a locally
summable function ω : D → (0,∞) and a continuous function H : D × Rn → R
satisfying the following requirements1 :

a) H(x, ξ) > 0 for all x ∈ D and ξ ∈ Rn;
b) for every x ∈ D, the set

(1) Ξ(x) = {ξ ∈ Rn : H(x, ξ) < 1}
is convex;

c) at every point x ∈ D, for all α > 0 and ξ ∈ Rn

H(x, αξ) = αH(x, ξ).

Then the triple S = (D,H, ω) is called an abstract surface over the domain D.

On an abstract surface S, there appear the length element dsS generated by the
function H and the volume element ω dx, where dx stands for the Lebesgue measure
in Rn. Let us specify dsS. For a Borel function ρ : D → [0,∞] and a recti�able2

curve γ : [a, b] → D, we de�ne the integral of ρ along γ with respect to dsS by
setting ∫

γ

ρ dsS =

∫ `(γ)

0

ρ(γ◦(s))H(γ◦(s), γ̇◦(s)) ds,

where γ◦ : [0, `(γ)]→ D is a parametrization of the curve γ by the natural parameter
s and `(γ) is the length of γ. The vector γ̇◦(s) exists for almost all s ∈ [0, `(γ)] and,
therefore, the indeterminacy of the quantityH(γ◦(s), γ̇◦(s)) at the remaining points
does not a�ect the value of the integral. It is useful to note that if γ : [a, b] 3 t 7→ γ(t)
is an absolutely continuous curve (of course, here the parameter t is not necessarily
natural), then the formula for the integral remains the same, i.e.∫

γ

ρ dsS =

∫ b

a

ρ(γ(t))H(γ(t), γ̇(t)) dt.

Following Miklyukov, we de�ne the modulus of a family of curves on an abstract
surface. Let S = (D,H, ω) be an abstract surface over a domain D ⊂ Rn, and let

1By satisfying conditions a), b) and c) for all x ∈ D a function H(x, ·) : Rn → R partially
resembles a norm. Indeed, condition a) ensures this function is non-negative, b) implies that it
satis�es the triangle inequality, and c) guarantees positive (but not absolute) homogenity.

2Throughout, �recti�ability� and �local recti�ability� are understood with respect to the usual
Euclidean metric.
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p ∈ (1,∞). Suppose given a family Γ of locally recti�able curves in D. A Borel
function ρ : D → [0,∞] is said to be admissible for Γ (we write ρ ∈ Adm(Γ)) if∫
γ
ρ dsS > 1 for every γ ∈ Γ. The quantity

(2) modp(Γ;S) = inf
ρ∈Adm(Γ)

∫
D

ρp(x)ω(x) dx.

is called the p-modulus of the curve family Γ on the abstract surface S.
We will also need the notion of capacity. Let E and F be disjoint compact

sets in D. We say that the triple (E,F ;S) is a condenser on an abstract surface
S = (D,H, ω). For p ∈ (1,∞), the p-capacity of this condenser is the number

(3) capp(E,F ;S) = inf
ϕ∈Adm(E,F ;S)

∫
D

Gp(x,∇ϕ(x))ω(x) dx,

where the family Adm(E,F ;S) of admissible functions for the condenser (E,F ;S)
consists of all continuous functions ϕ in D∪E∪F that belong to the class ACL in D
and satisfy the equalities ϕ|E = 0 and ϕ|F = 1. The function G : D×Rn → R∪{∞}
can be computed by the following formula

(4) G(x, η) = sup
ξ∈Ξ(x)

〈ξ, η〉,

where the set Ξ(x) is de�ned by (1). It can be easily veri�ed that conditions a),b)
and c) of De�nition 1 hold if we substitute3 G for H. The function G is said to be
dual to H.

It was shown in [1, Theorem 1.8.1] that if Γ is the family of all locally recti�able
curves in D joining the sets E and F , then

(5) capp(E,F ;S) = modp(Γ;S).

Recall that γ : (a, b) → Rn joins sets E and F (in this very order) if lim
t→a+0

γ(t) ∈
E and lim

t→b−0
γ(t) ∈ F , provided these limits exist. We also mention that the

coincidence of p-modulus and p-capacity in Finsler and sub-Finsler spaces was
proved by Dymchenko [8], [9].

2. Results

Hereinafter, by Sn−1 we denote the unit sphere in Rn centered at zero, i.e.,
Sn−1 = {x ∈ Rn : |x| = 1}; the symbol Hn−1 designates the (n − 1)�dimensional
Hausdor� measure in Rn.

3We will check this for b), i.e., we will show that the set

Θ(x) = {η ∈ Rn : G(x, η) < 1}

is convex. To this end, �x a real number λ ∈ [0, 1] and vectors η1 ∈ Θ(x) è η2 ∈ Θ(x). Then it
follows from well-known properties of the supremum that

G(x, λη1 +(1−λ)η2) = sup
ξ∈Ξ(x)

(λ〈ξ, η1〉+ (1− λ)〈ξ, η2〉) 6 λ sup
ξ∈Ξ(x)

〈ξ, η1〉+(1−λ) sup
ξ∈Ξ(x)

〈ξ, η2〉

= λG(x, η1) + (1− λ)G(x, η2) < λ+ 1− λ = 1,

whence λη1 + (1− λ)η2 ∈ Θ(x).
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Theorem 1. Suppose given a point x0 ∈ Rn and real numbers a and b such that
0 < a < b <∞. We introduce the following sets

E = {x ∈ Rn : |x− x0| = a}, F = {x ∈ Rn : |x− x0| = b},
D = {x ∈ Rn : a < |x− x0| < b}.

Assume that an abstract surface S = (D,H, ω), described in De�nition 1, is de�ned
over D. If Γ is the family of all locally recti�able curves joining spheres E and F
in D, then for 1 < p <∞∫

Sn−1

[∫ b

a

H
p

p−1 (ru+ x0, u)ω
1

1−p (ru+ x0)r
1−n
p−1 dr

]1−p

dHn−1(u) 6 modp(Γ;S)

6
1(∫ b

a
r

1−n
p−1 dr

)p ∫
Sn−1

[∫ b

a

Gp (ru+ x0, u)ω(ru+ x0)r
p−n
p−1 dr

]
dHn−1(u),

where the function G is de�ned by equality (4).

Proof. We will �rst prove the lower bound. It is clear that for all u ∈ Sn−1 a curve
γu : (a, b) → Rn de�ned by the formula γu(r) = ru + x0 lies in Γ. Consider an
arbitrary point u ∈ Sn−1 and any function ρ ∈ Adm(Γ). Making use of H�older's
inequality we obtain that

1 6
∫
γu

ρ dsS =

∫ b

a

ρ(ru+ x0)H(ru+ x0, u) dr

=

∫ b

a

ρ(ru+ x0)ω
1
p (ru+ x0)r

n−1
p H(ru+ x0, u)ω−

1
p (ru+ x0)r

1−n
p dr

6

(∫ b

a

ρp(ru+ x0)ω(ru+ x0)rn−1 dr

) 1
p

C
p−1
p (u),

where

(6) C(u) =

∫ b

a

H
p

p−1 (ru+ x0, u)ω
1

1−p (ru+ x0)r
1−n
p−1 dr.

Consequently,

(7)

∫ b

a

ρp(ru+ x0)ω(ru+ x0)rn−1 dr > C1−p(u).

This inequality holds for all u ∈ Sn−1, therefore, we can integrate it over Sn−1. In
virtue of the coarea formula and Fubini's theorem, we get∫

D

ρp(x)ω(x) dx =

∫ b

a

[∫
Sn−1

ρp(ru+ x0)ω(ru+ x0)dHn−1(u)

]
rn−1 dr

=

∫
Sn−1

[∫ b

a

ρp(ru+ x0)ω(ru+ x0)rn−1 dr

]
dHn−1(u).

Taking into account (7), (6) and the de�nition of the modulus (2), we obtain the
required lower bound.
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Now we will prove the upper bound. In view of (5), we can estimate the p-capacity
instead of the p-modulus. Note that the function

ϕ(x) =

∫ |x−x0|
a

r
1−n
p−1 dr∫ b

a
r

1−n
p−1 dr

, a 6 |x− x0| 6 b,

is admissible for the condenser (E,F ;S), since ϕ|E = 0, ϕ|F = 1. For every i =
1, . . . , n

∂

∂xi

∫ |x−x0|

a

r
1−n
p−1 dr = |x− x0|

1−n
p−1

∂|x− x0|
∂xi

= |x− x0|
1−n
p−1

xi − (x0)i
|x− x0|

,

whence

∇ϕ(x) =
|x− x0|

1−n
p−1∫ b

a
r

1−n
p−1 dr

x− x0

|x− x0|
, a 6 |x− x0| 6 b.

For each point x ∈ D there exist r ∈ (a, b) and u ∈ Sn−1 such that x − x0 = ru.
By using the coarea formula, we obtain the following equality:∫

D

Gp(x,∇ϕ)ω(x) dx

=

∫ b

a

[∫
Sn−1

Gp

(
ru+ x0,

r
1−n
p−1∫ b

a
r

1−n
p−1 dr

u

)
ω(ru+ x0) dHn−1(u)

]
rn−1 dr.

Taking into account (3) and changing the order of integration in the last relation
by Fubini's theorem, we obtain the required upper bound. �

Our result has a visible drawback: we use the function G instead of the originally
given function H when expressing the upper estimate. We have to do so, because
the modulus is usually estimated from above by presenting some admissible (ideally
� extreme) function. In our case it is very hard to do so, since the length element
dsS can be very intricate. In [1, Page 25] an upper and a lower estimate for the
conformal modulus of the family of curves joining two concentric circles on the
plane is obtained in terms of the function H, however, this function in [1] has some
speci�c properties and the proof of the estimates involves a number of nontrivial
results.

We now present some examples where our results are used for various H and ω.

Example 1. Under the assumptions of Theorem 1, set

H(x, ξ) = λ(x)|ξ|, ω(x) = λp(x),

where λ is a positive continuous function in D (if p = n, it is said that the
length element dsS and the volume element ω dx are expressed in �isothermal
coordinates�). Then G(x, η) = |η|/λ(x). The two-sided estimate from Theorem 1
leads to the following equality:

modp(Γ;S) = σn−1

(∫ b

a

r
1−n
p−1 dr

)1−p

,

where σn−1 = Hn−1(Sn−1). In particular, if p = n, then

modn(Γ;S) = σn−1

(
ln
b

a

)1−n

.
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The obtained expressions for the modulus coincide with those which are widely
known in the standard weightless Euclidean space, i.e., when λ ≡ 1 (see, for
instance, [10, Theorem 4.2.4]).

In the next examples we will use the following

Lemma 1. Let e be a vector of length 1 in Rn. If the function H from De�nition 1
is de�ned by the formula H(x, ξ) = |〈e, ξ〉|, then one can compute its dual function
as follows:

G(x, η) =

{
|〈e, η〉|, if vectors e è η are collinear,

∞ otherwise.

Proof. Fix a vector n such that |n| = 1 and 〈n, e〉 = 0. For every ξ ∈ Rn, introduce
the following quantities:

ξ‖ = 〈e, ξ〉, ξ⊥ = 〈n, ξ〉.

Then ξ = ξ‖e+ ξ⊥n and 〈e, ξ〉 = ξ‖. Hence, by (4),

(8) G(x, η) = sup
{ξ∈Rn : |ξ‖|<1}

(
ξ‖〈e, η〉+ ξ⊥〈n, η〉

)
.

If vectors η and e are collinear, i.e., 〈n, η〉 = 0, then

G(x, η) = sup
−1<ξ‖<1

ξ‖〈e, η〉 = |〈e, η〉|.

If 〈n, η〉 6= 0, then by unboundedly increasing the absolute value of ξ⊥ in (8), we
discover that G(x, η) =∞. �

Example 2. Under the assumptions of Theorem 1, let

H(x, ξ) =

∣∣∣∣∣
〈
x− x0

|x− x0|
, ξ

〉 ∣∣∣∣∣, ω ≡ 1.

Using Lemma 1, we deduce that the two-sided estimate from Theorem 1 yields the
same expression for modp(Γ;S) as in Example 1.

Example 3. Under assumptions of Theorem 1, for every x ∈ D, consider a vector
n(x), which satis�es the following conditions:〈

x− x0

|x− x0|
, n(x)

〉
= 0, |n(x)| = 1.

Set

H(x, ξ) = |〈n(x), ξ〉|, ω ≡ 1.

Applying Lemma 1, we infer that the two-sided estimate from Theorem 1 yields
modp(Γ;S) =∞. This result can be explained by the fact that the radial segments
have zero length with respect to dsS generated by H. Therefore, the family of these
segments alone, which is a subfamily of Γ, has in�nite p-modulus.
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