S@©MR ISSN 1813-3304

CUBNPCKHNE SJIEKTPOHHDBIE
MATEMATUYECKHUE U3BECTUA

Siberian Electronic Mathematical Reports
http://semr.math.nsc.ru

Tom 17, cmp. 1787-1796 (2020) YAK 517.956
DOIT 10.33048/semi.2020.17.121 MSC 35R30, 35K55

ESTIMATES OF A SINGLE PROBLEM OF ELECTRODYNAMICS
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ABSTRACT. In this paper, unique solvability is obtained and estimates
of solutions to the problem of magnetic hydrodynamics are obtained.
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Let us introduce the subspace of solenoidal vectors.

0 0 0
As is known [1], that L2(Q) = G(Q) @ J(Q) = G(Q) & J(2), where G(©2), G(£2)
are vector spaces in the form of @ = grady and i = gradi, and ¢, ¥ € W (Q), 7,/}|S
0, J(2) — the closure in the Ly set of smooth solenoid vectors (i.e. such that), and

0
J(€) is the closure of the set of smooth solenoid vectors satisfying the condition
un| g = 0.

0
Denote by a J(Qr), J(Qr) subspace of vectors from Lo(Qr), which almost all
0 0 0
belong to J(2) and J(2) and define the following spaces J*(2) = J(2) N C¥(Q),

(1) J%(@Qr) = J(@Qr) NC™%, J*(Q) = J(9) N C(9),

J(Qr) = J(Qr) N C*2(Qr).
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Consider the following redefined inhomogeneous initial boundary value problem
(electrodynamics) that arises from the system of equations of magnetic hydrodyna-
mics during linearization:

O'/LW — Aﬁ = rotj7 dlvﬁ =0,

ﬁ’t o_ﬁ

Also consider the following "auxiliary problem" to determine the vector E :

3) ;E)—Aﬁ_o divE =0,

ﬁ |s ﬁ|t:0: 0,

studied in [2, 3]. In [2] it is shown that for any vector ¢(z, t) with ¢”‘S = 0 that
satisfies certain Holder conditions for both arguments, problem (3) has a unique
classical solution that can be represented as a potential

(2)
H, ’S—O rot ﬁ‘s

(4) ﬁ(x, t) = rotz(x, t),
(5) Az, t) = /dT/r(x —y,t — )X, 7)dS),
0 S
where
(6) Mt ={ @m: ° =~ ™ >0,
0 at t <0,

the fundamental solution of the heat equation, X is vector defined from the system
of integral equations of the Volterra-Fredholm type (the same as in the solution
of initial boundary value problems for one heat equation) with the right side & =

[QE X ﬁ} =0 (1).
In addition, the following theorem is proved in [3].

- 1
Theorem 1. If S € C2, then for all & € W, »' ¥ (Sy) with |, = 0
satisfying the matching conditions :

¥,_,=0 by p>3,

- 3
/‘w(x,t)’ -t71dSdt < 400 by p=3,
St
vector Z(x,t) € W2H(Qr) and

—|

<C 111 3
H ijvl(QT) - ¥ w, P27 2P (55 p;ﬁ )
D P, <o |l f 1] ttasan)
2.1 + ‘ ‘ -
fl(QT) 273(ST) S

To use this result to evaluate solutions to problem (2), we must first reduce the
system and the initial condition to homogeneous ones.
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Lemma 1. Every vector @(z) € Wy ()N J,(Q) (r>0)atr=0 Wy| _ =1L,
can be extended to all R? so that @ € W (R?) N J,(R?) and
®) il sy < € v
with a constant that does not depend on (). It is assumed that § € C1*7 ¢/ > .,

Evidence. Let be ¥(z) is a solution of the problem
9) rot? = i divi =0 vy |y = 0.

It is solvable for any u (x) € Jp(£2) as shown in [4], the solution has a fair
estimate

(10) 10llwy 1) < Cllllwz ) -

Let’s now continue the vector ¥ to the entire space R? with class preserving, i.e.
so that

(11) ;1 (B®) < C o1

at p = 2 when this is done in [5], and when p # 2 we will consider here. We show
that the vector rot?’ will be the desired continuation of the vector (z).

_z 0

We apply this Lemma to a vector ﬁ ) e W ?(2) N Jp(Q from problem (2),
whose continuation we construct w1th0ut us1ng problem (9).

Here is the continuation construction. First of all, we need to continue vector

_2
ﬁo(x) with the class-preserving W, 7 () over the entire space R3 and solve the
Cauchy problem:

(12) Hy(z) - B = —/G(m —y)d(y)dy = R® —
Q

od

S = AT =0, 3(,1) — Hol)

Let G(x) (47|z|)~! be the fundamental solution of the Laplace equation.
Consider the vector

1o

Z(x,t) = —rotrot [ G(x — y)d(y, t)dy =

(13) - 2 -
= d(z,t) — graddiv [ G(z — y)d(y, t)dy.
Q
At x € Q vector (13) satisfies the condition Z(x,0) = d(x,0) = i o(x).
Let’s continue the vector B(z,t) = —rot [ G(x — y)d(y,t)dy for all R?; then
)

rot?(ac7 0) will Show it as a continuation ﬁo(x)
First of all, for the vector &(z,t) from problem (12) we have [6]:

=l

(13) ez, < |Ho@]| s

where Il = R3 x [0,T).
Consider the vector Z(x,t) by formula (13) and differentiate it by ¢. Then we
have Z(z,t) = —rotrot [ G(z — y)&(y, t)dy, and (13*).
Q
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Hence, using the Calderon—Zygmund theorem [7] on the limitation of singular
integrals in [8], we obtain

12t (@, )l 1, (@) < C Gl (@r) -

ie.
(14) 1Z:(2 Dl 1, @ry < C NS O)llwsom) -

Let’s rewrite expression (13) as
(15) Z(z,t) = d(x,t) — graddiv/G(x — )3y, t)dy = S(x,t) — o (, 1),

Q
where

W' (z,t) = grad div f Gz —y)d(y, t)dy =

=grad [ G(z — )dlvw(x t)dy + grad, fG —y)&(y,t) - fi(y)dS, =
= fG 27 y)grad divdd(y, t dy+fG x — y)itdivd(y, t)dSy,+
+gradfG x —y)wn(y,t)dSy

and from here, taking derivatives by x;, x;, (i,j =1,2,3) we have

P (x,t) 0

eidn, D ) J G(z — y)grad divad(y, t)dy+

(16) 33383 fG z — y)ii(y)diva(y, t)dS,+
+3 88 gradfo— Y)wn(y,t)dS, = Z 7 (z,1).

Show that 7k(x,t) € L,(Qr). 71(;10,15) evaluated by the Calderon-Zygmund
theorem [7] and therefore, we have

(17) H71(:r,t)’

L@ < Cllgrad divéi(y, 1)1, ) < Cll9llw2(q) -

for 72(:1:, t) applying the potential estimation in L, we have a chain of inequalities

(18) Q(I,t)]

<Cldivd]| .1 <C|d|| -2 <C|& .
oy SCIT ay < CNBI oy < Bl
73(m, t) is evaluated as follows. First, we transfer the derivative to the density of
a simple layer, using the formula for differentiating the potential of a simple layer
with a differentiated density (see, Chapter 11, §8). Next, the resulting expression is
applied to the estimation of potentials L,(€2).

(19) H73(x,t)‘

<C|D,& 1 + ||& 1 <C|@ .
iy <€D oy 413 oy < Ol

Combining inequalities (17)—(19) and integrating by ¢, we have

(20) H“Uwaw HLP(QT) <C ||w||wp2'1(QT) :

Collecting estimates (13*,14,14*) and (20), we have
(21) 12, )l oy < C 15l (0m)
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Now let’s continue the vector ﬁ(x, t) =rot [ G(z — y)d(y, t)dy from Qr in Ip.
Q

Let M be a continuation operator with the properties: if M? = ?* and S € C3,

then §
1 HDZ *
) |[Pa Ly(Q
2) M - the linear operator;
3) the operator M does not depend on t.

Let z* = rotg*, then by virtue of (11) we have

with k = 0,1,2,3;
Ly(Q)

o]
)

T T T
J 12l e <€ [ 12z e < € [ 18000
0 0 0

(22) 1D, 2 [y sy < € Hﬁ with m=0,1,2.

Wt (R?)

Next, check the software derivative by ¢. To do this, we make a difference (keeping
in mind that B* = M B)

Z(x, t + At) — Z¥(z,t) =
— rot [?*(x,t AL - E’*(x,t)} — rotM - [?(m AL - ?(w,t)} .

Hence we have chains of inequalities

12 (@t + At) = 2 (2, 1)l oy < C Hﬁ(x,wr At) — ?(m,t)”wl(m <

<C Hﬁ(x,t 4 A — ﬁ(m,t)‘ re Hﬁx (2,6 + At) — B, (x,t)‘ o S

< CHE At+CH§m T A '
L@ Ly(©@)

of which when dividing both parts by we get
+ Hgtz
(@)

and integrating the software by ¢, we have

@) 1l <0 (|2

) < C Iy,

Lp Lp(2)

E T
29 J 1 @Ol < € [ il
0 0

Thus, as a result of the established estimates (14), (21) and (24), we assert that
the desired continuation will be 2* = rot B*, for which equality is true 2* (z, t) | im0 =
ﬁg(x), where ﬁ*(ac) = ﬁo(x) at x € Q and inequality

o)

PR e

2-2 :
W, P(Q)

2
So, the result isr =2 — —, 4 = ﬁo

In particular, the solvability of stationary problems for systems of equations
of electrodynamics and magnetohydrodynamics was studied in [9] - [12] and in a
number of others.

Let us now begin to study the main task.
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Theorem 2. If S € C®) then problem (2) has a single solution in the class

_2 5 1_11_ 1
W2 (Qr) at any ﬁ )€ Wp ()N 71,((2), rotj, € W, 7’% *"(Sr) satisfying
the matching condltlon

rotTﬁo(m)|$€S:jT}z€S when p > 3,

. ‘rotﬁ ) = Jr(,t)

/// 7 dSydydt < oo when p=3
05 Q

i(y)(j

(here ]T = 5 , rot ﬁo = rotﬁo — rotﬁo, the vector 7i(y) is continued
with S inwards © so that i € C*(Q)).

The solution of problem (2) obeys the inequality
(25)

[ -
P T)

e
w.

< 0oy

+| g | p#3
Q1) 1 ;,2 21?(ST):| p7é

Wy

2 <ol o, 7,

I‘Ot]‘

2
3

w\»—A

H HW:?’I(QT) L3(Qr)

L rotﬁ — jr(x,t) 3
11 qwﬂiﬁz’ﬁmm)l

Proof. We continue the vector ﬁo (z) and § = rot;’ with class and solenoidally
preserving in R3, according to Lemma 1 with r = 2 — % and r = 0, and let the

Ws 5 (Q) (1)

ho(z,t) is solution of the Cauchy problem

(27) Uu% — Ahg = (z,t), ho(z,t)

— Ho()

Since divl_io satisfies the homogeneous equation of thermal conductivity and
vanishes at ¢ = 0, then

(28) divhg(z,t) =0

=0

Let ﬁ(m, t) is the solution of the "memory problem"

o AE =0, divE =0,

(29) %’;7 - o

|t 0 0, ET‘xES = (_rOtThO _J> |a:€5"
a h(xz,t) is defined by E as the solution to the problem
(30) roth=E, divh =0, kil _o=—ho |, g

It is solvable since E € Jp(Qr); also, for B(JE, t) the formula (5) is fair, so that
(31) B, 1) = A(e,) + gradp(e, 1),
where ¢(x,t) is the solution to the next Neumann problem
7<X~ﬁ+fm'ﬁ) |

. Oy
(32) Ap = —de, %|

€S z€eS”
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We show that h(z,t) is satisfies the relations

ah -
— A e 1 =
(33) Koy h=0, divh=0,

i =0, 10teh], g = (=10t:hio = ) |, s

h- ﬁ|z€5 = —ho ’ ﬁ|r€5
All of them, except the heat equation, are obvious.
We show that this equation also holds. For a vector
T
(35) &(x,t) = oph(z,t) — / Ah(z,7)dr =0
0

(34) h(z,t

fair equality

T
rot@ = a,uﬁ(m,t) —f AB(.’E,T)CZT =0, divid =0,
0
(36) .
@’n(ac7t)|zes = | —ophon + [ rot,roth(z, 7)dr |m€S'
0

But since rot,, & depends only on <,57|I€S (here under @ is roth(z,t)) using (34)
we get

¢ ¢
Q”|x€$’ = —opho, + {rotnrothodr —I—Ofrot”jdr =

L Ohon, -
= opHo, — J (au 2 n3> =0.
0

It follows from (36) and (37) that < = 0; the difference of the vector (35) by ¢,
we obtain the desired equation (33).

Due to issues: (27), (29), (34) and (37) the vector ﬁ(x, t) = ho + h is a solution
to problem (2).

We estimate the vectors ho(z, t), h(z, t) and ﬁ(a:, t). To solve the Cauchy problem
(27), the following estimate is known

(38) oo 010, < (Hﬁ |y oy + 191 <HT>>

<o (|, +Hmt;\ )
Wy P(Q) Lp(Qr)

The next step is to evaluate the potential of a simple layer in sz’l(QT):

(39) HX(:B, )

(37)

[z om =
Wy HQr)

1111
Wy P2 2p(ST)

B I N
< Ullwzron WP (g r#

—
|| ||W321(QT) S < 0 W321(QT)+

<C (Hrotﬁo

Jr

Jr

1
w33 (ST)
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roﬁ -z, 1
(///‘ t|x_y|zit)2t)’ dSzdydt> ), p=3.

Evaluate gradg. Since @(x,t) is the solution of problem (33), as shown in [6, 13]
and in the theorem on estimates of the thermal potential of a simple layer of the
third order, we have

ol

(40) lgrad@llwzq) < [1€llws @) <

<o (a1l 1) <€ (Al * ol
W W W2() W)

P (9)
To evaluate grad@(z,t), we present G;(z, t) the sum @ (x,t) = g (x,t) + F; (z, 1),
where @} and @} are the solution of the problems:

. d¢; _
(41) Ay :leXt7 t‘xes Xt'n’a:eS’
90! R .
Ay} =0, ;t ves = —hot -n’mes = rotnrotholmes.

It is known [14] that every smooth d@(z) can be represented as the sum of two
orthogonal L(Q2) summands

d(x) = gradb(z) + &(x),

—

where c( ) is the vector satisfying divé(x) =0, ¢- ﬁ}s =0, then b(x) defined from
the Neumann problem:

ob

(42) Ab(z) = diva(z), %‘zeS’

=a- n|x€S/

in which 7i(x) is the vector of the external normal to S’.

To evaluate the solutions to problem (41) , we will use the following results
obtained in [8, 15]:

Fair assessment

(43) ”gradb”Lp(Q) + ||5HL,,(Q) <C ”a”LP(Q) )
which, when proved in [15], the solution of problem (42) is used in the form b =

b1 + by, where
by = din(:zc)7 /G x— y)dy,

bs is solving the problem

0by

Aby =0, %LES,

= (a7 — gradb, 'ﬁ)|zes”

and to solve these problems, estimates are set

lgradbill, oy < Clldll,, o »
o

Using all these results, we obtain the followmg estimates for solving problems
(41):

lgradbz||;, < Cllall,,

W2(Q)

d /
|gra <Pt||LP(Q) L)’
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1 h
|lgrady; HLP(Q) <C HhOHW,‘f(Q) .

From these estimates and from (40) it follows that

-

ho

leradelly 1o < C (HZ H

instead of (38) and (39), it leads to inequality (25)—(26).
The constructed solution is unique, since &J(z, t) the solution of problem (2) with

+ \ ,
Wi (Qr) Wﬁ%@ﬂ)

f(x, t) =0, ﬁo (z) = 0 is simultaneously the solution of a parabolic initial-boundary
value problem

%: — Ad(x,t) =0,

(ﬁ(x, 76)|t:0 = Oa @ - O7 I'OtTCU|z =0.

' ﬁ|a:€$’ €s
(The complementarity condition is easily checked; it is sufficient to check it for
a half-space x5 > 0). As shown in [16] &(z,t) = 0. The theorem is proved.
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