S@©MR ISSN 1813-3304

CUBNPCKHNE SJIEKTPOHHDBIE
MATEMATUYECKHUE U3BECTUA

Siberian Electronic Mathematical Reports
http://semr.math.nsc.ru

Tom 17, cmp. 1710-1714 (2020) VIIK 510.652
DOI 10.33048/semi.2020.17.115 MSC 11U99

ON THE GENERIC EXISTENTIAL THEORY OF FINITE
GRAPHS

A.N. RYBALOV

ABSTRACT. Finite graphs are the most important mathematical objects
that are used for solving many practical problems of optimization, compu-
ter science, modeling. Many such problems can be formulated as problems
related with solving systems of equations over graphs, which lead to
the need for the development of algebraic geometry. Algebraic geometry
over such objects is closely related to properties of existential theories.
From a practical point of view, the most important questions concern
decidability and computational complexity of these theories. Generic
(existential) theory consists of all (existential) statements which are true
for almost all graphs. Classical 0-1 law for graphs implies that generic
theory of finite graphs is decidable, while the classical elementary theory
of graphs is undecidable. In this article we study the generic existential
theory of finite graphs. We describe this theory as the set of all existential
statements that are consistent with the theory of graphs. We prove that
this theory is NP-complete. This means that there are no polynomial
algorithms that recognize this theory, provided the inequality of classes
P and NP.
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1. INTRODUCTION

Due to the rapid development of computer technology and applied mathematics
in the 20th century, studies concerning finite combinatoric and algebraic structures
moved to the center of the stage. One of the most important classes of such
objects is the class of finite graphs. Graph theory is widely used while solving
practical problems connected with networks, routes, object classification, etc. While
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algebraic and combinatorial methods of studying finite graphs can be considered
classical, a new method, connected with logic and model theory, had been created
as a part of so-called universal algebraic geometry [3]. Many important problems
related to finite graphs can be stated as problems of solving systems of equations on
graphs, providing a need for development of algebraic geometry. Moreover, algebraic
geometry over finite graphs is heavily connected with properties of existential
theories.

From a practical point of view, the most important questions concern decidability
and computational complexity of these theories. In [4], it had been shown that the
elementary theory of the class of connected graphs is undecidable. However, the
existential theory of this class is decidable in polynomial time (since it is equal to
the existential theory of a graph with only one vertex). In [5], a notion of generic
theory of the class of algebraic systems as a set of all sentences, which are true for
"almost all" algebraic systems of a given signature, where the notion of "almost
all" can be formalized by introducing a canonical measure on the set of all models.
A generic theory, in a sense, approximates the original elementary theory and is
usually simpler. For instance, the classical 0-1 law for graphs (see [2]) implies that
the generic theory of a class of finite graphs is decidable.

In this paper we consider a generic existential theory of the class of finite graphs.
We describe this theory as a set of all existential sentences which are true in the
theory of finite graphs. We also show that the recognition problem of this theory is
NP-complete. This means that, provided that P # NP, there exists no polynomial
algorithm, which recognizes this theory.

2. PRELIMINARIES

Recall the following notions from graph theory. A graph G is a pair (V| E),
where V is a set of vertices and E C V x V is a set of edges of G. We will consider
directed graphs with loops, however results, similar to the ones in our paper can be
easily obtained for undirected graphs. For every set A by |A| denote its cardinality.
Two graphs G = (V1, Ey) and H = (Va, E3) are called isomorphic it |Vi| = |Va],
|E1| = |E2| and there exists a bijection f : Vi — Va, such that (u,v) € E iff
(f(u), f(v)) € Es. In that case, we write G = H. The subgraph isomorphism
problem can be stated as follows: Given two graphs G = (V, E) and H = (V', E’),
it is required to determine whether there exists a subgraph Gy = (Vp, Ep), where
Vo CV and Ey = (Vo x Vi) N E, such that Go & H. This problem is known to be
NP-complete [1].

For every finite graph G = (V, E), consider a finite algebraic structure g =
(V,og), with a set V of vertices of G as its domain and such that its signature
og = {E(z),:} consists of two binary relation symbols: of a vertex adjacency
relation E(z,y) and equality relation. The symbol E?) in the algebraic structure Ag
is interpreted as follows: for all v,vy € V it is true that E(vy,vs) < (v1,v2) € E.
From now on, we will identify a finite graph G and the corresponding algebraic
structure Ag. It is easy to see, that for two isomorphic graphs G and H, the
structures 2 and Ay are also isomorphic. Moreover, if H is a subgraph of G, then
the structure 2y is a substructure of .

For convenience, we consider finite graphs with {1,2,...,n}, n € N as their sets
of vertices. By G denote a class of algebraic systems 2[s corresponding to all such
finite graphs G. We will call the number of vertices in a graph G the size of G
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(and also the size of the corresponding algebraic structure 2s). By G,, denote the
set of graphs of size n, i.e. the set of all finite graphs with {1,2,...,n} as a set of
their vertices. Since every directed finite graph can be represented by an adjacency
matrix, we obtain that |G, | = 27", For every S C G define the following sequence

EA
Gl

where S, = SN G, is a set of graphs from S of size n. By asymptotic density of S
we mean a limit

n(S) ,n=1,23,...,

p(S) = lim pp(S),

n—oo

given such limit exists. A set S is said to be generic, if p(S) = 1 and negligible if
p(S) = 0. It is easy to see that S is generic iff G \ S is neglectable.

A generic theory for the class of finite graphs GTh(G) is the set of all sentences
(closed formulae) ® in a signature og, such that

{g : As E D}

is a generic set. A generic existential theory of the class of finite graphs GTh3(G)
is the set of all 3-sentences of GTh(G).

3. DESCRIPTION OF THE THEORY

Lemma 1. Consider a finite graph G. Then the set of finite graphs containing a
subgraph isomorphic to G is generic.

Proof. We will show that the set A of all finite graphs which do not contain a
subgraph isomorphic to G is negligible. Assume that G has m vertices vy, ..., V-
Consider a set B whose elements are graphs H with n vertices ws,...,w,, such
that a mapping ¢y, defined by o (Wigm+;) = vj, j = 1,...,m, for every induced
subgraph of H with {Wkm+1,.--, Wekm+m}, k = 0,...,[n/m] — 1 being the vertex
set of that subgraph, is not an isomorpishm. It is obvious that 4 C B.

It can be calculated that

B,| = 27 ~[wlm® (gm® _ 1)l

This equality follows from the fact hat there are [n/m] "prohibited" matrices equal
to the adjacency matrix of G which one can never encounter on the diagonals of
adjacency matrices of graphs from B.

Therefore,
i 1Bel gy, 2B DG
PB) = . 1Gal = o =
@™ oyl 1 \ln/ml
= Jim S = (1= ) =
This shows that B, hence its subset A is also negligible. (]

Theorem 1. The generic existential theory of finite graphs consists of existnetial
sentences, which are true in the theory of graphs, i.e.

GTh3(G) ={P : ® is an ezistential sentence and 3G € G Ag | D}.
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Proof. Let ® € GTh3(G). Then, since {Ag : Ag | P} is generic, there exists a
graph G, such that g E .

Conversely, assume that there exists G, such that s | ®. Then consider all
graphs K, which contain a subgraph isomorphic to G. Since 2l is a substructure
A for all K and @ is an existential sentence, it is true that Ax = ®. Therefore,
the set of all such graphs is generic. Hence ® € GTh3(G). O

4. NP-COMPLETENESS OF THE THEORY

For every finite graph G = (V, E) construct a quantifier-free formula ¢g in

variables z1,...,z,, where n = |V/|, as follows
po(r,...,z)= N (@#z)A N\ E@,z)A N —EB(zj ).
0<i<j<n (i,j)€E (i,5)¢E

Let G, H be finite graphs with n and m vertices respectively. Define the following
existential sentence:

Vo g =32...32,3y1 ... Jym ((pc;(xl,...,xn)A@H(yl,...,ym)/\
AN =T VeV =)

Lemma 2. Consider two finite graphs G and H. Then H is isomorphic to some
subgraph of G iff there exists a graph K, such that Ax = Vg g.

Proof. Assume that Ax = Vg g for some graph K. This means that the formula
waG(v1, ..., vy) is true for some vertices vy, . .., v, of K and the formula @y (w1, ..., wy)
is true for some vertices ws, ..., w,, of K, therein {wy,...,wy} C {v1,...,v,}. It

is now obvious that the mapping between vertices wy,...,w,, and corresponding
vertices from vy, ..., v, is an isomorphism between H and a subgraph in G.

Now assume that H is isomorphic to some subgraph of G. Then we can take G as
the aforementioned graph K. Indeed, one can substitute variables y1, ...,y with
the corresponding variables from the set 1, ..., x, in such a way that a quantifier-
free part of the sentence W m only contains the formula ¢g(z1,...,2,), while
other subformulas will be consumed by it. As a result, we obtain the sentence

g =3y ... Fzpea(zr, ..., Tn).
From the definition of ¢¢, it follows that 2 = @¢. Hence Ag = Y m. O
Theorem 2. The generic existential theory of finite graphs is NP-complete.
Proof. By Theorem 1, a theory GTh3(G) is equal to the set
T ={®:® is an existential sentence and 3G € G Ag = P}.

Hence we only need to show that 7" is NP-complete.

We will first show, that T € NP. We need to find a predicate A(z,y) such
that A(x,y) is computable in polynomial time and for every existential sentence
® =3z ... Jzpp(x1, ..., 2,) in signature og, it is true that

PeTe3y: [yl <[, A®,y).

Some graph G, represented via its adjacency matrix, will serve as a hint (verificator??)
for y and A(z,y) will check, whether ¢ = p(v1,...,v,).

Indeed, if ® € T, then it is true that Ax = ® for some graph K, i.e. there exist
vertices vy, ...,v, in K, such that Ax = ¢(v1,...,v,). Get rid of all vertices in
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K apart from vy,...,v, and all edges apart from those which are not incident to
any vertex of the set {vi,...,v,}. We have obtained G. It is obvious that g |=
o(v1,...,v,) and that A(®,G).

Converesely, consider a graph G with n vertices, such that A(®,G), i.e. Ag
©(v1,...,0y,), hence A = ®. Then € T.

Now we will prove polynomial reducibilty of an NP-complete subgraph isomorphism
problem to T'. We will define a reduction f between these two problems as follows. If
(G, H) is a pair of graphs, represented by their adjacency matrices, we set f(G, H) =
Ve pr. By Lemma 2, H is isomorphic to some subgraph of G iff f(G,H) =Yg g €
T. Since the size of ¥ g is polynomially bounded by the number of vertices and
edges of graphs G and H, it follows that f is computable in polynomial time. [
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REFERENCES

[1] M. Garey, D. Johnson, Computers and Intractability, Freeman & Co, San Francisco, 1979.
Zbl 0411.68039

[2] Y.V. Glebsky, D.I. Kogan, M.I. Liogonky, V.A. Talanov, Volume and fraction of satisfiability
of formulas of the lower predicate calculus, Kibernetika, 1969:2 (1969), 17-27. MR0300882

[3] E.Y. Daniyarova, A.G. Myasnikov, V.N. Remeslennikov, Algebraic geometry over algebraic
structures, SB RAS, Novosibirsk, 2016.

[4] T.A. Lavrov, Effective inseparability of the set of identically true and finitely refutable formulas
of some elementary theories, Algebra logika, 2:1 (1963), 5-18. Zbl 0199.03201

[5] A.G. Myasnikov, V.N. Remeslennikov. Generic theories as a method for approzimating
elementary theories, Algebra Logika, 53:6 (2015), 512-519. Zbl 1347.03066

ALEXANDER NIKOLAEVICH RYBALOV
SOBOLEV INSTITUTE OF M ATHEMATICS,

13, PEVTSOVA STR.,

OwMsK, 644043, Russia.

OwMsk STATE TECHNICAL UNIVERSITY,

11, MIRA AVE.,

Owmsk, 644050, Russia.

Email address: alexander.rybalov@gmail.com



