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SYMMETRIES OF 3-POLYTOPES WITH FIXED EDGE
LENGTHS

E.A. MOROZOV

ABSTRACT. We consider an interesting class of combinatorial sym-
metries of polytopes which we call edge-length preserving combinatorial
symmetries. These symmetries not only preserve the combinatorial struc-
ture of a polytope but also map each edge of the polytope to an edge of
the same length. We prove a simple sufficient condition for a polytope
to realize all edge-length preserving combinatorial symmetries by isome-
tries of ambient space. The proof of this condition uses Cauchy’s rigidity
theorem in an unusual way.
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1. INTRODUCTION AND MOTIVATION

Take a convex 3-dimensional polytope P and consider an isometry of Euclidean
3-space mapping P to itself. This isometry induces an automorphism of the com-
binatorial structure of the polytope. However the converse is not always true: a
given combinatorial symmetry is not necessarily realizable by an isometry of ambi-
ent space. But if a combinatorial symmetry is realizable, then it maps each edge of
the polytope to an edge of the same length. Such combinatorial symmetry is called
edge-length preserving (for formal definitions see Sections 2 and 3).

Our main result (Theorem 2) states that if each 2-dimensional face of a convex
3-dimensional polytope is cyclic, i. e. inscribed in a circle, then the polytope realizes
all its own edge-length preserving combinatorial symmetries. Moreover, we prove
an analogous result for convex plane graphs with cyclic bounded faces (Theorem 3).
Note that such graphs (which are also known as circle patterns) appear naturally
in discrete complex analysis [3], [7].
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The proof of the main result is surprisingly short. We consider each edge-length
preserving combinatorial symmetry separately and show that the given polytope
realizes the symmetry by using Cauchy’s rigidity theorem. Speaking informally, we
prove that the given polytope is congruent to itself with nontrivial permutation of
vertices.

The idea of studying combinatorial symmetries of polytopes with prescribed
metric properties is not new. In a particular case (for simplicial polytopes only)
edge-length preserving combinatorial symmetries appear in [6, §2]. Furthermore, it
is known that for any 3-polytope P there exists a 3-polytope @ such that P and @
are combinatorially equivalent and @ realizes all its own combinatorial symmetries
(see |9, p. 279] and [11, Theorem 2 in introduction]; @ is called a canonical form of
the polytope P). This result is a simple corollary of a similar assertion about circle
packings (for which M&bius transformations are considered instead of isometries).
Circle packings are related to discrete complex analysis as well. We suggest the
existence of an edge-length preserving analogue of a canonical form as a conjecture
(Conjecture 2).

2. DEFINITIONS AND NOTATION

First recall some basic definitions concerning convex polytopes. The majority of
these definitions is taken from [2] and [12].

A convez polytope is a bounded intersection of finitely many closed half-spaces
in R™. Suppose that P is a convex polytope and W is a subspace of R™ such that
P c W. The dimension of the minimal possible such W is called the dimension
of P (in this case, P is d-polytope). Any hyperplane H divides R™ into two closed
half-spaces H; and H_. The hyperplane H is called supporting if P is contained
in one of the half-spaces H, or H_ and H N P # (). In this case, the intersection
H N P is a face of the polytope P. Note that faces of a convex polytope are also
convex polytopes. The 0-dimensional and 1-dimensional faces are called vertices
and edges respectively. Denote by V(P) and E(P) the sets of vertices and edges of
the convex polytope P respectively and by |V(P)| the number of vertices.

Define a labeled polytope as a polytope P with vertices labeled in a one-to-
one fashion by the elements of some |V(P)|-element set. Usually this set is just
{1,...,]V(P)|}. Note that the labeling of each face of P is induced by the labeling
of P. In what follows by a polytope we always mean a convex labeled polytope.

Two labeled polytopes are called congruent if they are labeled by the elements
of the same set and there exists an isometry of ambient space R™ which maps each
vertex of the first polytope to the vertex of the second polytope with the same
label.

Denote by L(P) the set of all faces of a polytope P. The set L(P), ordered by
inclusion, is called the face lattice of the polytope P. Two polytopes P and P’
are called combinatorially equivalent if there exists an order-preserving bijection
o: L(P) — L(P') such that for each vertex v € V(P) the labels of v and o(v) are
the same (in particular, the vertices of P and P’ are labeled by the elements of
the same set). In the latter case, faces F € L(P) and o(F) € L(P’) are called
corresponding. Note that o induces a combinatorial equivalence of corresponding
faces.

Ezample 1 (four rectangles). Our definitions of congruence and combinatorial equiv-
alence of polytopes depend on the labeling of vertices. For example, in Fig. 1 the
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FiGure 1. To Example 1: the definitions of congruence, com-
binatorial equivalence, and combinatorial symmetry of polytopes
depend on the labeling of vertices.

rectangles a and b are congruent, the rectangles a and ¢ are combinatorially equiv-
alent but not congruent, and the rectangles a and d are even not combinatorially
equivalent. However if we do not label the vertices, then all four rectangles become
congruent.

The key to our proof of the main theorem is one of the most celebrated assertions
about the rigidity of convex 3-polytopes.

Theorem 1 (Cauchy, [4]). If each two corresponding 2-dimensional faces of two
given combinatorial equivalent labeled convex 3-polytopes are congruent, then these
polytopes themselves are congruent.

Theorem 1 was proved by Cauchy in 1813 by the famous “Cauchy’s signs method”.
This proof is widely known (see [1, Chapter 14] or [5, Theorem 24.1]).

Remark 1. Actually Theorem 1 is usually stated in terms of polytopes without
labeling of vertices. However the proof of our version of the theorem is almost
literally the same.

3. STATEMENTS AND PROOFS

Suppose that P is a labeled convex polytope and o is an arbitrary permutation
of the vertices of P. Let us relabel the vertices of P as follows: the new label of
a vertex v is the former label of the vertex o ~!(v). Denote by P, the obtained
polytope. The permutation o is called a combinatorial symmetry of P, if P and P,
are combinatorially equivalent; in other words, if the permutation o: V(P) — V(P)
extends to an isomorphism &: L(P) — L(P). In the sequel, we sometimes write
just “symmetry” instead of “combinatorial symmetry”. We write permutations of
vertices as permutations of their labels in our examples.

The combinatorial symmetry o is called edge-length preserving if for each edge
e of the polytope P the lengths of the edges e and &(e) are equal. We say that
the polytope P realizes its combinatorial symmetry o if the polytopes P and P,
are congruent, i. e., o extends to an isometry of R®. Furthermore, we say that the
polytope P realizes all its own combinatorial symmetries if for any combinatorial
symmetry o of P the polytope P realizes . Similarly, we say that the polytope
P realizes all its own edge-length preserving combinatorial symmetries if for any
edge-length preserving combinatorial symmetry o of P the polytope P realizes o.

Remark 2. Obviously, the last two notions do not depend on vertices labeling.

Ezample 2. Let P be the rectangle in Fig. la, o1 = (}33%), 02 = (1234).

Then the rectangles P,, and P,, are shown in Fig. 10 and Fig. 1c respectively. By
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Example 1 it follows that o and o9 are combinatorial symmetries of P. Moreover,
the symmetry o, is edge-length preserving and P realizes this symmetry.

Ezample 3 (parallelepipeds). A generic parallelepiped does not realize all its own
edge-length preserving combinatorial symmetries. Only a rectangular parallelepiped
has this property. However a generic rectangular parallelepiped does not realize all
its own combinatorial symmetries. Only a cube has the latter property.

Recall that a polygon is called cyclic if all its vertices lie on a circle. The main
result of this paper is the following theorem.

Theorem 2 (main theorem). If each 2-dimensional face of a convex 3-polytope P is
cyclic, then P realizes all its own edge-length preserving combinatorial symmetries.

Corollary 1. If convexr 3-polytope P is inscribed in a sphere, then P realizes all
its own edge-length preserving combinatorial symmetries.

Corollary 2. If each 2-dimensional face of a convex 3-polytope P is a triangle,
then P realizes all its own edge-length preserving combinatorial symmetries.

A finite plane graph G is called convex if each bounded face of G is a convex
polygon and the unbounded face of G is a complement to a convex polygon. Such
terms as vertices labeling, congruence, face lattice, combinatorial symmetry, edge-
length preserving combinatorial symmetry, and others for convex plane graphs are
defined in the same way as for 3-polytopes; one should just replace 0-dimensional,
1-dimensional, and 2-dimensional faces of 3-polytope by vertices, edges, and faces
of G (including the unbounded one) respectively.

Ezample 4. Like a convex polytope, a convex plane graph does not necessarily
realize all its own edge-length preserving combinatorial symmetries. For example,
consider a parallelogram distinct from a rectangle.

For convex plane graphs, the following analogue of the main theorem holds.

Theorem 3. If each bounded 2-dimensional face of a convex plane graph G is
cyclic, then G realizes all its own edge-length preserving combinatorial symmetries.

Now proceed to the proofs. In order to prove Theorem 2, we need some lemmas.

Lemma 1 (Cauchy’s arm lemma). Suppose P = A1 Ay ... A, and P' = A1 A, ... A
are two convex polygons such that A;Ai 1 = AjA] | for eachi=1,...,n—1 and
LA _1AjA 1 < 4A;'71A;‘A;'+1 foreachj=2,...,n—1. Then A1 A,, < A{ A} with
equality if and only if ZA; 1AjAj 1 = LA, JALAL L for each j=2,...,n— L

For an elementary proof of Lemma 1 see, for example, [1, Chapter 14].

Lemma 2. If each two corresponding sides of two cyclic convex polygons are con-
gruent, then these polygons themselves are congruent.

The latter lemma is well-known. The article [8, Theorem 1.1] contains a proof
based on a variational principle (some historical remarks also can be found there);
however, that proof is quite complicated. We give an elementary proof.

Proof of Lemma 2. Suppose that P = AjA;... A, and P’ = AjA,... Al are
the given polygons, A;A; 41 = AjA] | foreach i =1,...,n (hereafter A, := Ay),
P is inscribed in a circle of center O and radius r, and P’ is inscribed in a circle
of center O" and radius r’. We may assume that r < v’ and that 4, A4,, is (one of)
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the longest side(s) of P. Then O lies inside the angle ZA;_1A4;A;1+1 for each ¢ =
2,...,n — 1. Indeed, otherwise the angle measure of one of the arcs ~A; _1A4;11A4;
or ~A;A;_1A;11 is at most w. Since A; and A, lie on both arcs, we have either
A;1A; > A1 A, or A; A1 > A1 A, This contradicts the assumption made about
Ay A,. Thus O lies inside the angle ZA;_1A4;A;4; for each i = 2,...,n — 1 and
analogously O’ lies inside the angle ZA;_; AjA; | for each i =2,...,n— 1.

Now fix some 2 <4 < n — 1. Let us show that ZA;_1A;A; 11 < LA _|AJA .
Consider isosceles triangles A A;_10A; and A A;_,O'AL. Sincer <1’ and 4;_1A; =
Aj_| A}, we obtain ZA;_1A;0 < LA; | AjO’. Similarly, ZA;114;0 < LA} A0
Since O and O’ lie inside the angles ZA; _1A;A; 11 and ZA] | A;A] | respectively,
we have

LA 1 AjA 4 = LA 1 A0+ LA 11 A0 <
LA, A0 + LA A0 = LA AJAL,.

Hence ZA; 1A;Ai1 < LA |AJA;, for each i = 2,...,n — 1. Since 414, =
A} A7, from Lemma 1 it follows that in fact £A4;_1A; Ay = LA]_| AjA} | for each
1=2,...,n—1,1. e, P and P’ are congruent. O

Proof of Theorem 2. First recall that P is a labeled polytope. Suppose o is an
arbitrary edge-length preserving combinatorial symmetry of the polytope P and
0 is an isomorphism extending o. Then P, is a labeled polytope as well. This
polytope is different from P in the vertices labels only. To prove the theorem it
suffices to show that the polytopes P and P, are congruent.

Take an arbitrary 2-dimensional face F' of the polytope P and the corresponding
face 6(F) of the polytope P,. Since the symmetry o is edge-length preserving,
it follows that the corresponding sides of the polygons F' and &(F') are equal.
Moreover, the polygons F' and & (F) are cyclic. It follows that F and &(F') satisfy the
conditions of Lemma 2 and therefore are congruent. Thus each two corresponding
2-dimensional faces of the polytopes P and P, are congruent and from Theorem 1
it follows that P and P, are congruent. O

To prove Theorem 3 we need the following analogue of Cauchy’s theorem for
convex plane graphs.

Lemma 3 (degenerate Cauchy’s theorem). If each two corresponding bounded faces
of two given convexr plane graphs are congruent, then the graphs themselves are
congruent.

Proof of Lemma 3. Let G and G’ be the given graphs. For a face (respectively,
edge) = of the graph G denote by 2’ the corresponding face (respectively, edge) of
the graph G'.

Let A be an arbitrary face of G. Consider an isometry 7 such that 7(A4) = A’
It suffices to show that for any face B of the graph G we have 7(B) = B’. Let
Ay, ..., A, be the faces of G such that 4, = A, A, = B, and A4;, A;;1 have
a common edge e; for each i = 1,...,n — 1. Let us prove that 7(4;) = A} for
i = 1,...,n by induction over ¢. For the case ¢ = 1 there is nothing to prove.

If 7(A4;) = A} for some i < n (as labeled polygons), then we have 7(e;) = e}

L.
Denote by Aj,; the face A}, reflected across the line spanned by ej. Then since
7(e;) = e; we have either 7(A;11) = A}, or 7(A;41) = Af,;. But the second

case is impossible because then 7(A;) = A and 7(A4;;1) = A, border upon the



SYMMETRIES OF 3-POLYTOPES WITH FIXED EDGE LENGTHS 1585

same side of e}, whereas A; and A;y; border upon the opposite sides of e;. So
7(Aiy1) = A}, and this completes the proof. O
The proof of Theorem 3 is almost literally the same as the proof of Theorem 2,
one should just replace the word “polytope” by “convex plane graph” and refer to
Lemma 3 instead of Theorem 1. ([l

4. OPEN PROBLEMS

Some generalizations of Theorem 2 to higher dimensions are possible but one
has to generalize Cauchy’s theorem to higher dimensions for the proofs. It is quite
strange that we could not find such generalization in literature (although the reader
can find a statement and a sketch of a proof in [2, §3.6.5] or [10, Theorem 27.2]).

Conjecture 1. If each 2-dimensional face of a convex d-polytope P is cyclic (where
d > 2), then P realizes all its own edge-length preserving combinatorial symmetries.

Theorem 2 gives only a sufficient condition for a 3-polytope to realize all its own
edge-length preserving combinatorial symmetries. This condition is not necessary
as the following example shows.

Ezample 5. Consider the polytope P obtained as a union of an octahedron and a
regular tetrahedron with a common face (see Fig. 2 to the left). The polytope has 4
triangular faces and 3 rhombic faces with acute angle 7/3. It is easy to see that P
realizes all its own edge-length preserving combinatorial symmetries. Nevertheless
not all faces of P are cyclic. To obtain an analogous example for convex plane
graphs, take a regular hexagon divided into three rhombi again with acute angle
/3 (see Fig. 2 to the right).

FiGURE 2. To Example 5: a 3-polytope and a convex plane graph
showing that the conditions of Theorem 2 and Theorem 3 are not
necessary ones.

Taking into account these examples, the following conjecture seems to be very
interesting.

Conjecture 2. For each convex 3-polytope P there exists a convex 3-polytope Q
such that Q is combinatorially equivalent to P, the lengths of each two correspond-
ing edges of P and Q are equal, and Q realizes all its own edge-length preserving
combinatorial symmetries.
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Note that the latter conjecture is not true for convex plane graphs!

Ezample 6. Consider a convex plane graph G in Fig. 3 to the left. This graph
consists of two squares (1234) and (5678) with a common center. Clearly, if the
angle between the sides (12) and (56) of the squares is positive but small enough,
then all bounded faces of G are convex quadrilaterals, i. e., G is indeed a convex
plane graph.

Let us prove that there is no convex plane graph G’ such that G’ is combinato-
rially equivalent to G, the lengths of each two corresponding edges of G and G’ are
equal, and G’ realizes all its own edge-length preserving combinatorial symmetries.
Assume the converse. Then G’ realizes the symmetry (32342978). It follows
that Z(215) = £(126) in . Similarly, Z(215) = £(326) = £(437) = £(148) =
Z(126) = £(237) = £(348) = Z(415) = /4 in G’ (the last equality holds since the
sum of all eight angles is 27). Hence the quadrilaterals (1234) and (5678) in G’ are
squares with a common center and parallel sides. But if the sizes of these squares
are fixed, then the length of the edge (15) grows as the angle between the lines (12)
and (56) grows. Thus the edge (15) cannot have the same length in both graphs G
and G'.

However the graph G can be considered as a “degenerate”’ polytope with all the
faces lying in one plane. Under this point of view, there exists a 8-polytope P such
that P has the same face lattice as G, the lengths of the corresponding edges of G
and P are equal, and P realizes all its own edge-length preserving combinatorial
symmetries. This polytope is square frustum (see Fig. 3 to the right).

8 S

FIiGURE 3. To Example 6: a counterexample to a direct analogue
of Conjecture 2 for convex plane graphs and a 3-polytope fixing
this counterexample.
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