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MINIMUM WEIGHT BASES FOR QUATERNARY REED –
MULLER CODES

F. I. SOLOV’EVA

Abstract. The quaternary Plotkin and BQ-Plotkin constructions giving
the families of quaternary Reed – Muller codes were presented in 2009.
The Gray map image of the obtained Z4-linear codes have the same
parameters and fundamental properties as the codes in the classical
binary linear Reed – Muller family. We have found one more general
property for the families of quaternary Reed – Muller codes that is
common with binary Reed – Muller codes: all these quaternary codes
have bases of minimum weight codewords. The bases are constructed by
induction.
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1. Introduction

A basis of a linear code is called aminimum weight basis if it consists of codewords
of minimum nonzero weight. The problem of finding a short representation of group
(cyclic) codes is important in coding theory, in graph theory, in cryptography and
in testing theory. It concerns to the questions of compact storage of codes, the
reconstructions from their minimum distance graphs or designs, for fast isomorphism
testing of strongly regular graphs. See the papers [6, 7] and the list of references
there for more details. Many good linear or cyclic codes have minimum weight bases
such as Hamming, Reed–Solomon, some extended BCH, Griesmer codes, etc., see
a short survey in [7].

In [10, 11] some quaternary constructions generalizing the quaternary Plotkin
construction given in [12] were presented. Two families of quaternary Reed – Muller
codes were constructed in [10, 11] and it was proved that under the Gray map the
corresponding Z4-linear codes have similar properties (length, dimension, minimum
distance, inclusion and duality relationship) as the classical binary linear Reed –
Muller codes but these codes are not linear. Moreover the families contain the Z4-
linear Hadamard codes and Z4-linear extended 1-perfect codes classified by Krotov
in [2, 3]. It was established in [1] that the minimum distance graph of any perfect
binary code is connected. The analogous result is true for extended perfect binary
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code, see [5]. Therefore we have the existence of minimum weight bases for any
quaternary perfect code that is included in the class of quaternary Reed – Muller
codes. The structures and dimensions of the kernels of the codes in the families
were investigated in [9]. Classification of ranks of some of these Z4-linear codes was
obtained in [8].

All necessary definitions could be found in [11]. Here we recall some of them.
Let Z4 be the ring of integers modulo four and ZN4 be the set of all quaternary
words of length N . The Lee weight of the elements of Z4 is wL(0) = 0,wL(1) =
wL(3) = 1 and wL(2) = 2. The Lee weight wL(x) of a word in ZN4 is the addition
of the Lee weights of all its coordinates. The Lee distance dL(x, y) between two
words x, y ∈ ZN4 is defined as dL(x, y) = wL(x − y). A nonempty subset C of
ZN4 is a quaternary code and a subgroup of ZN4 is called a quaternary linear code.
A quaternary linear code being a subgroup C of ZN4 is isomorphic to an abelian
structure of type Zγ2 ×Zδ4 for some integers γ, δ. Therefore |C| = 2γ4δ. Such code C
is called a quaternary linear code of type (N ; γ, δ) and its binary image C = φ(C)
under the Gray map is called a Z4-linear code of type (N ; γ, δ).

In [11] combining two constructions bm+1
2 c nonequivalent families of quaternary

linear Reed – Muller codes for each value ofm and any integer r such that 0 ≤ r ≤ m
were proposed. For fixed m and r the families were distinguished by their abelian
structure.

Recall [4] that the classical binary linear Reed – Muller code RM(r,m) has length
n = 2m; the minimum Hamming distance d = 2m−r; dimension k =

∑r
i=0

(
m
i

)
.

For 0 ≤ r ≤ m the code RM(r,m) is the dual code of RM(m − 1 − r,m) and
RM(r− 1,m) ⊂ RM(r,m). The code RM(m− 2,m) is a linear code of parameters
(2m, 2m−m− 1, 4) which is equivalent to the extended Hamming code of the same
length and the code RM(1,m) is equivalent to the linear Hadamard code. The
code RM(m,m) consists of the set of all binary vectors of length 2m and the code
RM(0,m) is the repetition code of length 2m.

The binary Reed – Muller codes have one more fundamental property: they have
minimum weight bases, see [4], §13.5. In the paper we investigate such property for
the families of quaternary linear Reed – Muller codes from [10, 11]. It is proved
that all these quaternary codes not only have bases of minimum weight codewords
but the bases could be constructed iteratively. From graph theory point of view
it means that the minimum distance graph of any such code is connected, so we
generalize the result of the paper [5] given for quaternary codes with parameters of
extended perfect binary codes. Applying the Plotkin construction one could obtain
iteratively a minimum weight basis for a binary linear Reed – Muller code RM(r,m)
(see Corollary 1 below).

2. Plotkin and BQ-Plotkin constructions

Plotkin construction. Recall the definition of quaternary Plotkin construction
[10, 11]. Let A and B be any two quaternary linear codes of types (N ; γA, δA) and
(N ; γB, δB) with generator matrices GA and GB. Define a quaternary linear Plotkin
code as

C = {(x|x+ y) : x ∈ A, y ∈ B}.
Its generator matrix is

GC =
(
GA GA
0 GB

)
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and the code C is of type (2N ; γ, δ), where γ = γA+γB and δ = δA+δB; the binary
length is n = 4N ; the size 2γ+2δ and the minimum distance d = min{2dA, dB}.

Now we apply the Plotkin construction to produce quaternary Reed – Muller
codes.

The construction is inductive and for the induction base we take the codes for
m = 1, so the case of codes of binary length n = 2. The quaternary linear Reed
– Muller codes RM0(0, 1) and RM0(1, 1) are the repetition code with only one
nonzero vector 2 of type (1; 1, 0) and the whole vector space Z1

4, i.e. a quaternary
linear code of type (1; 0, 1) respectively. These codes, RM0(0, 1) and RM0(1, 1),
after the Gray map, give binary codes with the same codewords that the correspon-
ding codes RM(r, 1), r = 0, 1. The generator matrix of RM0(0, 1) is

(
2
)
and the

generator matrix of RM0(1, 1) is
(

1
)
.

Let RMs(r,m− 1) and RMs(r − 1,m− 1) be any two quaternary linear Reed
– Muller codes of types (N ; γsr,m−1, δ

s
r,m−1) and (N ; γsr−1,m−1, δ

s
r−1,m−1) of lengths

N = 2m−2, sizes 2kr and 2kr−1 , code distances 2m−r−1 and 2m−r respectively, where
kr =

∑r
i=0

(
m−1
i

)
and kr−1 =

∑r−1
i=0

(
m−1
i

)
. In [10, 11] it was established that for

any r and m ≥ 2, 0 < r < m, the code obtained by using the Plotkin construction

(1) RMs(r,m) = {(x|x+ y) : x ∈ RMs(r,m− 1), y ∈ RMs(r − 1,m− 1)},

0 ≤ s ≤ bm−1
2 c with the exception m odd and s = (m − 1)/2 is a quaternary

linear code of type (2N ; γsr,m, δsr,m), where γsr,m = γsr,m−1 + γsr−1,m−1 and δsr,m =
δsr,m−1 + δsr−1,m−1. The length of the code is 2N = 2m−1, the number of codewords
2k, where k =

∑r
i=0

(
m
i

)
, the code distance 2m−r and it is true thatRMs(r−1,m) ⊂

RMs(r,m). For r = 0, the code RMs(0,m) is the repetition code with only one
nonzero codeword equaled the all twos vector.

BQ-Plotkin construction. Another construction presented in [10, 11] is the qua-
ternary BQ-Plotkin construction.

Let GA, GB and GC be generator matrices of the quaternary linear codes A, B
and C, respectively. The code BQ(A,B, C) obtained by the BQ-Plotkin construction
is the quaternary linear code generated by the matrix

(2)


GA GA GA GA
0 G′B 2G′B 3G′B
0 0 ĜB ĜB
0 0 0 GC

 .

Here G′B is the matrix obtained from GB after switching twos by ones in their γB
rows of order two and ĜB is the matrix obtained from GB after removing their γB
rows of order two. The quaternary linear code BQ(A,B, C) is of type (4N ; γ, δ),
where γ = γA + γC and δ = δA + γB + 2δB + δC . The binary length of the code is
n = 8N ; the size is 2γ4δ and the minimum Lee distance d = min{4dA, 2dB, dC}.

Now let us consider the definition of quaternary linear Reed – Muller codes given
by the BQ-Plotkin construction. Let RMs−1(r,m − 2), RMs−1(r − 1,m − 2)
and RMs−1(r − 2,m − 2), 0 < s ≤ bm−1

2 c, m ≥ 3 be any three quaternary
linear Reed – Muller codes of types (N ; γs−1

r,m−2, δ
s−1
r,m−2), (N ; γs−1

r−1,m−2, δ
s−1
r−1,m−2)

and (N ; γs−1
r−2,m−2, δ

s−1
r−2,m−2) with the generator matrices Gs−1(r,m − 2),G′s−1(r −

1,m − 2) and Gs−1(r − 2,m − 2) respectively. The codes have length N = 2m−3;
binary length n = 2m−2; number of codewords 2kr , 2kr−1 and 2kr−2 ; minimum
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distances 2m−r−2, 2m−r−1 and 2m−r respectively. Here kr =
∑r
i=0

(
m−2
i

)
, kr−1 =∑r−1

i=0

(
m−2
i

)
and kr−2 =

∑r−2
i=0

(
m−2
i

)
.

Let Gs(r,m), 0 < r < m− 1 be the matrix

(3)


Gs−1(r, m− 2) Gs−1(r, m− 2) Gs−1(r, m− 2) Gs−1(r, m− 2)

0 G′s−1(r − 1, m− 2) 2G′s−1(r − 1, m− 2) 3G′s−1(r − 1, m− 2)

0 0 Ĝs−1(r − 1, m− 2) Ĝs−1(r − 1, m− 2)
0 0 0 Gs−1(r − 2, m− 2)

 ,

here the matrices G′s−1(r − 1,m − 2) and Ĝs−1(r − 1,m − 2) are defined from the
matrices Gs−1(r− 1,m− 2) and Gs−1(r− 1,m− 2) analogously as the matrices G′B
and ĜB above in (2). For any r and m ≥ 3, 0 < r < m − 1 the RMs(r,m) code,
0 < s ≤ bm−1

2 c is defined by the given above BQ-Plotkin construction

(4) RMs(r, m) = BQ(RMs−1(r, m− 2),RMs−1(r − 1, m− 2),RMs−1(r − 2, m− 2))

with the generator matrix Gs(r,m). It is a quaternary linear code of type (4N ; γsr,m,
δsr,m), where

γsr,m = γs−1
r,m−2 + γs−1

r−2,m−2, δ
s
r,m = δs−1

r,m−2 + γs−1
r−1,m−2 + 2δs−1

r−1,m−2 + δs−1
r−2,m−2.

The binary length of the code is n = 2m; the number of codewords 2k, where

k =
r∑
i=0

(
m

i

)
; the minimum distance 2m−r and RMs(r − 1,m) ⊂ RMs(r,m).

To be coherent with the construction, for r = −1, the codeRMs(−1,m) coincides
with the all-zero codeword code, the code RMs(0,m) is the repetition code with
only one nonzero codeword equaled the all twos quaternary vector. For r = m− 1
and r = m, the codes RMs(m − 1,m) and RMs(m,m) are the even weight
code and the whole space Z2m−1

4 respectively. The following generator matrices:(
2 . . . 2

)
and I2m−1 satisfy the property to have minimum weight rows for the

codes RMs(0,m) and RMs(m,m) respectively, see [11]. The generator matrix
Gs(m− 1,m) is recursively obtained by using the BQ-Plotkin construction

BQ(RMs−1(m− 2,m− 2),RMs−1(m− 2,m− 2),RMs−1(m− 3,m− 2)).

To obtain the code RM1(1, 3) we have to apply the BQ-Plotkin construction.
Then for m ≥ 4 using the Plotkin construction we can build the two families of the
codes RMs(r, 4) for s = 0, 1, 0 ≤ r ≤ 4 from the codes in the families RMs(r,m),
where s ∈ {0, 1}, applying the Plotkin construction for m = 3 or the BQ-Plotkin
construction for m = 2. The code RM0(r, 5) only can be obtained applying the
Plotkin construction, RM2(r, 5) only can be obtained applying the BQ-Plotkin
construction, but RM1(r, 5) can be obtained using either the Plotkin or the BQ-
Plotkin construction.

Note that for the Plotkin construction we have 0 ≤ s ≤ bm−1
2 c with the exception

m odd and s = (m − 1)/2 and for the BQ-Plotkin construction it is true 0 < s ≤
bm−1

2 c. Hence combining the Plotkin and the BQ-Plotkin construction we obtain
bm+1

2 c nonequivalent families of quaternary linear Reed – Muller codes RMs(r,m)
for each value of m ≥ 2 and 0 ≤ r ≤ m and 0 ≤ s ≤ bm−1

2 c. The codes are
distinguished by their abelian structure. The subindex s from the set {0, . . . , bm−1

2 c}
is used to specify the code RMs(r,m) for fixed m, r.
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3. Minimum weight bases for RMs(r,m)

Denote by Bs(r,m) a basis of the code RMs(r,m) and by 0 the all-zero vector
of length 2m−1.

Theorem 1. Let for any r and m ≥ 2, 0 ≤ r < m and for any s, 0 ≤ s ≤
bm−1

2 c with the exception m odd and s = (m− 1)/2 the codes RMs(r,m− 1) and
RMs(r− 1,m− 1) be two quaternary linear Reed – Muller codes having minimum
weight bases. Then the quaternary linear code RMs(r,m) obtained by the Plotkin
construction (1) has a minimum weight basis.

Proof. Let the sets Bs(r,m − 1) and Bs(r − 1,m − 1) (with the exception for s
mentioned in the statement of the theorem) be minimum weight bases for quaternary
codes RMs(r,m − 1) and RMs(r − 1,m − 1), 0 ≤ s ≤ bm−2

2 c. By the condition
of the theorem the vectors of the bases Bs(r,m − 1) and Bs(r − 1,m − 1) are of
weights 2m−1−r and 2m−r respectively, where |Bs(r,m − 1)| =

∑r
i=0

(
m−1
i

)
and

|Bs(r − 1,m− 1)| =
∑r−1
i=0

(
m−1
i

)
. By the Plotkin construction (1) the subset

B = {(x|x)|x ∈ Bs(r,m− 1)} ∪ {(0|y)|y ∈ Bs(r − 1,m− 1)}
of the code RMs(r,m) is linearly independent in a quaternary sense and

(5) |B| = |Bs(r,m− 1)|+ |Bs(r − 1,m− 1)| =
r∑
i=0

(
m

i

)
= dim(RMs(r,m)).

From w((x|x)) = 2m−r, w((0|y)) = 2m−r and (5) we conclude that the set of
codewords B is a minimum weight basis of the code RMs(r,m). �

Analogously we are able to prove more general result for quaternary Plotkin
codes.

Proposition 1. Let A and B be any two quaternary linear codes of types (N ; γA, δA)
and (N ; γB, δB) having minimum weight bases. Then a quaternary linear Plotkin
code

C = {(x|x+ y) : x ∈ A, y ∈ B}
has minimum weight basis.

Instead of the quaternary codesRMs(r,m−1) andRMs(r−1,m−1) taking the
binary linear Reed – Muller codes RM(r,m−1) and RM(r−1,m−1) respectively
by Theorem 1 applying the Plotkin construction to these codes we obtain iteratively
a minimum weight basis B(r,m) for binary linear Reed – Muller code RM(r,m).

Corollary 1. Let B(r,m − 1) and B(r − 1,m − 1) be any minimum weight bases
for the binary linear Reed – Muller codes RM(r,m − 1) and RM(r − 1,m − 1)
respectively. Then the set {(x|x + y) : x ∈ B(r,m − 1), y ∈ B(r − 1,m − 1)} is the
minimum weight basis B(r,m) of the binary linear Reed – Muller code RM(r,m)
given by the Plotkin construction

RM(r,m) = {(x|x+ y) : x ∈ RM(r,m− 1), y ∈ RM(r − 1,m− 1)}.

Theorem 2. Let for any m ≥ 3 and r, 0 ≤ r < m− 1 and any 0 < s ≤ bm−1
2 c the

codes RMs−1(r,m− 2), RMs−1(r− 1,m− 2) and RMs−1(r− 2,m− 2) be any
three quaternary linear Reed – Muller codes having minimum weight bases. Then
the quaternary linear code RMs(r,m) obtained by the BQ-Plotkin construction (4)
has a minimum weight basis.
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Proof. Let for any r ≤ m − 2 the sets Bs−1(r,m − 2), Bs−1(r − 1,m − 2) and
Bs−1(r−2,m−2) be minimum weight bases for quaternary codes RMs−1(r,m−2)
and RMs−1(r − 1,m − 2) and RMs−1(r − 2,m − 2), 0 < s ≤ bm−1

2 c of types
(N ; γs−1

r,m−2, δ
s−1
r,m−2), (N ; γs−1

r−1,m−2, δ
s−1
r−1,m−2) and (N ; γs−1

r−2,m−2, δ
s−1
r−2,m−2) respecti-

vely. By the condition of the theorem Bs−1(r,m−2), Bs−1(r−1,m−2) and Bs−1(r−
2,m− 2) are minimum weights 2m−r−2, 2m−r−1 and 2m−r bases respectively. Here
|Bs−1(r,m− 2)| =

∑r
i=0

(
m−2
i

)
, |Bs−1(r − 1,m− 2)| =

∑r−1
i=0

(
m−2
i

)
and |Bs−1(r −

2,m−2)| =
∑r−2
i=0

(
m−2
i

)
. Providing some equivalent transformations for rows of the

generator matrix (3) we construct a minimum weight basis for the code RMs(r,m).
Let us consider the submatrices

(6) G′ =
(

0 G′s−1(r − 1,m− 2) 2G′s−1(r − 1,m− 2) 3G′s−1(r − 1,m− 2)
)

and

(7) G′′ =
(

0 0 Ĝs−1(r − 1,m− 2) Ĝs−1(r − 1,m− 2)
)

of the matrix (3). Without loss of generality the rows of G′ and G′′ could be
written in such a way that the rows of G′ corresponding to the quaternary part of
the submatrix Gs−1(r − 1,m− 2) coincides with Ĝs−1(r − 1,m− 2). So we have

(8) G′ =

(
0 Ĝs−1(r − 1, m− 2) 2Ĝs−1(r − 1, m− 2) 3Ĝs−1(r − 1, m− 2)

0 G̃s−1(r − 1, m− 2) 2G̃s−1(r − 1, m− 2) 3G̃s−1(r − 1, m− 2)

)
.

By the construction of RMs−1(r − 1,m − 2) the submatrix G̃s−1(r − 1,m − 2) of
G′ contains γs−1

r−1,m−2 rows of the matrix Gs−1(r − 1,m − 2) after switching twos
by ones in all its binary rows. Adding any ith row, i ∈ {1, 2, . . . , δs−1

r−1,m−2} of the
matrix (7) to the ith row of the matrix (8) over Z4 we obtain

(9) G =

(
0 Ĝs−1(r − 1, m− 2) 3Ĝs−1(r − 1, m− 2) 0

0 G̃s−1(r − 1, m− 2) 2G̃s−1(r − 1, m− 2) 3G̃s−1(r − 1, m− 2)

)
.

As the result we have the following generator matrix of the code RMs(r,m)
that is equivalent to the matrix (3):

(10)


Gs−1(r, m− 2) Gs−1(r, m− 2) Gs−1(r, m− 2) Gs−1(r, m− 2)

0 Ĝs−1(r − 1, m− 2) 3Ĝs−1(r − 1, m− 2) 0

0 G̃s−1(r − 1, m− 2) 2G̃s−1(r − 1, m− 2) 3G̃s−1(r − 1, m− 2)

0 0 Ĝs−1(r − 1, m− 2) Ĝs−1(r − 1, m− 2)

0 0 0 Gs−1(r − 2, m− 2)

 .

Let us calculate the Lee weights of the rows of the matrix (10) to show that they
are of minimum weight 2m−r.

By the condition of the theorem the Lee weight of any row of the submatrix
Gs−1(r,m− 2) is 2m−r−2. Therefore the Lee weight of any row of the submatrix

(11)
(
Gs−1(r,m− 2) Gs−1(r,m− 2) Gs−1(r,m− 2) Gs−1(r,m− 2)

)
is 4 · 2m−r−2 = 2m−r.

Again by the condition of the theorem the rows of the submatrix(
0 Ĝs−1(r − 1,m− 2) 3Ĝs−1(r − 1,m− 2) 0

)
are of the Lee weight 2 · 2m−r−1 = 2m−r.
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By the condition of the theorem and by the structure of the matrix G̃s−1(r −
1,m − 2) the Lee weight of any of its γs−1

r−1,m−2 rows is 2m−r−2. Hence the Lee
weight of any row in the matrix(

0 G̃s−1(r − 1,m− 2) 2G̃s−1(r − 1,m− 2) 3G̃s−1(r − 1,m− 2)
)

is 2m−r−2 + 2 · 2m−r−2 + 2m−r−2 = 2m−r. Therefore each row of G has the Lee
weight 2m−r.

For the submatrices(
0 0 Ĝs−1(r − 1,m− 2) Ĝs−1(r − 1,m− 2)

)
and (

0 0 0 Gs−1(r − 2,m− 2)
)

by the condition of the theorem we have the Lee weights of any of their rows
2m−r−1 + 2m−r−1 = 2m−r and 2m−r respectively. Hence all rows of the generator
matrix (10) of the code RMs(r,m) have minimum weight 2m−r. �

Again analogously to Theorem 2 one could prove more general result for quaternary
BQ-Plotkin codes.

Proposition 2. Let GA, GB and GC be any three quaternary linear codes of types
(N ; γA, δA), (N ; γB, δB) and (N ; γC , δC) having minimum weight bases. Then a
quaternary linear BQ-Plotkin code BQ(A,B, C) has minimum weight basis.

Theorem 3. For any r and m ≥ 2, 0 ≤ r < m and for any s, 0 ≤ s ≤ bm−1
2 c

the quaternary linear code RMs(r,m) obtained by the Plotkin and the BQ-Plotkin
construction has a minimum weight basis.

Proof. The proof will be done by induction on m ≥ 2. Note that by the BQ-Plotkin
construction (4) the subindices of the obtained Reed – Muller codes vary from s−1
for the initial codes to s for the resulting codes and there are no such changes for
s for the Plotkin construction. Hence we consider for the induction base not only
case m = 2 but also m = 3, where the BQ-Plotkin construction stated to be valid
and we have RM0(1, 3) 6= RM1(1, 3).

For m = 2, s = 0 it is evident that B0(0, 2) = {(2, 2)}, B0(1, 2) = {(1, 1), (0, 2)}
and B0(2, 2) = {(1, 0), (0, 1)} are minimum weights bases forRM0(0, 2),RM0(1, 2)
and RM0(2, 2) = Z2

4 respectively.
Let us consider case m = 3, s = 0. It is easy to see that

B0(0, 3) = {(2, 2, 2, 2)}, B0(2, 3) = {(0, 1, 0, 1), (1, 0, 1, 0), (0, 0, 1, 1), (0, 0, 0, 2)} and
B0(3, 3) = {(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)} are minimum weight bases
for the codes RM0(0, 3), RM0(2, 3) and RM0(3, 3) = Z3

4 respectively.
The code RM0(1, 3) could be constructed from the codes RM0(1, 2) and

RM0(0, 2) by the Plotkin construction (1) and the minimum weight basis is
B0(1, 3) = {(x|x)|x ∈ B0(1, 2)} ∪ {(0|y)|y ∈ B0(0, 2)} =
{(1, 1, 1, 1), (0, 2, 0, 2), (0, 0, 2, 2)}, here 0 = (0, 0).

Let us now consider case m = 3, s = 1. It is easy to check that RM1(r, 3) =
RM0(r, 3) for r ∈ {0, 2, 3}.

The code RM1(1, 3) could be constructed from the codes RM0(1, 1) and
RM0(0, 1) by the BQ-Plotkin construction using the generator matrix (3). The
generator matrix of RM1(1, 3) is equivalent to the matrix(

1 1 1 1
0 1 2 3

)
.



8 F. I. SOLOV’EVA

Then B1(1, 3) = {(1, 1, 1, 1), (0, 1, 2, 3)} is a minimum weight basis of the code
RM1(1, 3).

Using this induction base combining the Plotkin and the BQ-Plotkin constructions
by Theorems 1 and 2 we construct iteratively a minimum weight basis of the
quaternary linear code RMs(r,m) for any r and m ≥ 2, 0 ≤ r < m and for
any s, 0 ≤ s ≤ bm−1

2 c. Recall that here we took into account that the condition
0 ≤ s ≤ bm−1

2 c is obtained from the conditions for the parameter s of both the
Plotkin and the BQ-Plotkin constructions.

�
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