S@©MR ISSN 1813-3304

Siberian Electronic Mathematical Reports
http://semr.math.nsc.ru

997 12, 929, 144-144 (2015) VIIK 519.725
DOI 10.17377/semi.2015.12.xxx MSC 94B60

MINIMUM WEIGHT BASES FOR QUATERNARY
REED-MULLER CODES

F.I. SOLOV’EVA

ABSTRACT. The quaternary Plotkin and BQ-Plotkin constructions giving
the families of quaternary Reed—Muller codes were presented in 2009.
The Gray map image of the obtained Zj-linear codes have the same
parameters and fundamental properties as the codes in the classical
binary linear Reed—Muller family. We have found one more general proper-
ty for the families of quaternary Reed—Muller codes that is common
with binary Reed—Muller codes: all these quaternary codes have bases of
minimum weight codewords. The bases are constructed by induction.
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1. INTRODUCTION

A basis of a linear code is called a minimum weight basis if it consists of codewords
of minimum nonzero weight. The problem of finding a short representation of group
(cyclic) codes is important in coding theory, in graph theory, in cryptography and
in testing theory. It concerns to the questions of compact storage of codes, the
reconstructions from their minimum distance graphs or designs, for fast isomorphism
testing of strongly regular graphs. See the papers [6, 7] and the list of references
there for more details. Many good linear or cyclic codes have minimum weight bases
such as Hamming, Reed—Solomon, some extended BCH, Griesmer codes, ets., see
a short survey in [7].

In [10, 11] some quaternary constructions generalizing the quaternary Plotkin
construction given in [12] were presented. Two families of quaternary Reed—Muller
codes were constructed in [10, 11] and it was proved that under the Gray map the
corresponding Z4-linear codes have similar properties (length, dimension, minimum
distance, inclusion and duality relationship) as the classical binary linear Reed—
Muller (RM) codes but these codes are not linear. Moreover the families contain
the Z4-linear Hadamard codes and Z4-linear extended 1-perfect codes classified by
Krotov in [2, 3]. It was established in [1] that the minimum distance graph of any
perfect binary code is connected. The analogous result is true for extended perfect
binary code, see [5]. Therefore we have the existence of minimum weight bases for

© 2020 F. I. Solov’eva.
The work is supported by RFBR (grant 19-01-00682).

1



2 F. I. SOLOV'EVA

any quaternary perfect code that is included in the class of quaternary Reed—Muller
codes. The structures and dimensions of the kernels of the codes in the families were
investigated in [9]. Classification of ranks of some of these Z4-linear codes was done
in [8].

All necessary definitions could be found in [11]. Here we recall some of them. Let
74 be the ring of integers modulo four and Z2 be the set of all quaternary words of
length N. The Lee weight of elements in Z, is wr,(0) = 0,wr(1) = wz(3) = 1 and
wr(2) = 2. The Lee weight wy (u) of a word in Z}' is the addition of the Lee weights
of all its coordinates. The Lee distance d,(u,v) between two words u,v € ZY is
defined as dr,(u,v) = wr(u—v). A nonempty subset C of ZY' is a quaternary code
and a subgroup of ZY is called a quaternary linear code. A quaternary linear code
being a subgroup C of Z}' is isomorphic to an abelian structure of type ZJ x Zj.
Therefore |C| = 274°. Such code C is called a quaternary linear code of type (N;~,0)
and its binary image C = ¢(C) under the Gray map is called a Z4-linear code of
type (N;,0).

In [11] combining two constructions | Z! | nonequivalent families of quaternary
linear Reed—Muller codes for each value of m and 0 < r < m were proposed. For
fixed m and r the families were distinguished by their abelian structure. This fact
was emphasized by using subindexes s from the set {0, ..., LmT’lj }, so for fixed m,
r and s we have the code RM(r, m).

Recall [4] that the classical binary linear Reed-Muller code RM (r,m) has length
n = 2™; the minimum Hamming distance d = 2™~ "; dimension k = > _, ("").
For 0 < r < m the code RM(r,m) is the dual code of RM(m — 1 — r,m) and
RM(r—1,m) C RM(r,m). The code RM(m —2,m) is a linear code of parameters
(2™, 2™ —m —1,4) which is equivalent to the extended Hamming code of the same
length and the code RM(1,m) is equivalent to the linear Hadamard code. The
code RM (m,m) consists of the set of all binary vectors of length 2™ and the code
RM (0, m) is the repetition code of length 2.

The binary Reed—Muller codes have one more fundamental property: they have
minimum weight bases, see [4], §13.5. In the paper we investigate if such property
inherent for the families of quaternary linear Reed—Muller codes from [10, 11]. It
is proved that all these quaternary codes not only have bases of minimum weight
codewords but the bases could be constructed iteratively. From graph theory point
of view it means that the minimum distance graph of any such code is connected, so
we generalize the result of the paper [5] given for quaternary codes with parameters
of extended perfect binary codes.

2. PLOTKIN AND BQ-PLOTKIN CONSTRUCTIONS

Plotkin construction. Recall the definition of quaternary Plotkin construction
[10, 11] that produces quaternary Reed—Muller codes.

The construction is inductive and for the induction base we take the codes for
m = 1, so the case of codes of binary length n = 2. The quaternary linear Reed—
Muller codes RM((0,1) and RM(1,1) are the repetition code with only one
vector 2 of type (1;1,0) and the whole space Z., i.e. a quaternary linear code of
type (1;0, 1) respectively. These codes, RM(0,1) and RMq(1,1), after the Gray
map, give binary codes with the same codewords that the corresponding codes
RM (r,1). The generator matrix of RM(0,1) is ( 2 ) and the generator matrix of
RMo(1,1)is (1 1).
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Let RMg(r,m — 1) and RMs(r — 1,m — 1) be any two quaternary linear
RM codes of types (N;7; 1,05 ,,—1) and (N;97_4 1,071 ,,,—1) of lengths
N = 2772 sizes 2% and 2F -1, code distances 2~ "~! and 2™~ respectively,
where k, = >0_o ("7") and k,—y = 37— (™) In [11] it was established that for
any r and m > 2, 0 < r < m, the code obtained by using the Plotkin construction

(1) RMs(r,m) = {(u1]u; +uz) : uy € RM,(r,m—1), ug € RM;(r—1,m—1)},

0 < s < |27l with the exception m odd and s = (m — 1)/2 is a quaternary
linear code of type (2N; 7} ,,,, 65 ,,,), Where v, =2, 1 +77 1,1 and 6, =
08 14051 m_1- The length of the code is 2N = 2!, the number of codewords
2% where k =Y., ("), the code distance 2™~ and it is true that RM(r—1,m) C
RM(r,m). For r = 0, the code RM(0,m) is the repetition code with only one
nonzero codeword equaled the all twos vector.

BQ-Plotkin construction. Another construction presented in [10, 11] is the qua-
ternary BQ-Plotkin construction.

Let G4, G and G¢ be generator matrices of the quaternary linear codes A, B
and C, respectively. The code BO(A, B,C) obtained by the BQ-Plotkin construction
is the quaternary linear code generated by the matrix

Ga Ga Ga Ga
0 Gp 205 30}
0 0 G Gs |’
0 O 0 Ge

here Gy is the matrix obtained from Gp after switching twos by ones in their vz
rows of order two and Gp is the matrix obtained from Gg after removing their vz
rows of order two. The quaternary linear code BO(A, B,C) is of type (4N;~,d),
where v = v4 + ¢ and § = 04 + 8 + 205 + d¢. The binary length of the code is
n = 8N the size is 274° and the minimum Lee distance d = min{4d 4, 2dg, dc}.
Now let us consider the definition of quaternary linear Reed—Muller codes given
by the BQ-Plotkin construction. Let RMs_1(r,m — 2), RMs_1(r — 1,m — 2)

and RM,_1(r—2,m—2), 0< s < Lmz_lj, m > 3 be any three quaternary

linear RM codes of types (N;~S7L ., 6571 ), (N;~:Zt o5t ) and

rm—2 Y rm—2 r—1lm—2"r—1m-—2

(N;~v5~, 6 a ) of length N = 2™73; binary length n = 2™~2; number

—2,m—2>"r—2,m-—2
of codewords 2%, 2k—1 and 2%—2; minimum distances 2™~"=2, 2m—"=1 and 2™~ "

respectively. Here k, = 3°7_ ("72), kro1 = Soig (M73) and ko = 300 (79).

7 l

Let Gs(r,m), 0 <r < m — 1 be the matrix

Gs—1(r,m —2) Gs—1(r,m —2) Gs—1(r,m —2) Gs—1(r,m —2)
9 0 L (r=1,m—2) 26! (r—1,m—2) 3G._,(r—1,m—2)
) 0 0 Got(r—1,m—2) Ge 1(r—1,m—2)
0 0 0 Go—1(r—2,m —2)

For any r and m > 3, 0 < r < m — 1 the RM,(r,m) code, 0 < s < [51] is
defined by the given above BQ-Plotkin construction

(3) RMs(r,m) =BO(RM._1(r,m —2),RM._1(r—1,m —2), RMs_1(r — 2,m — 2))
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with the generator matrix Gs(r, m). It is a quaternary linear code of type (4N; ¥,
87 m), where

s _ s—1 s—1 s _ o gs—1 s—1 s—1 s—1
77“,m - 7r,m—2 + 7r—2,m—2’ 67",m - 5r,m—2 + ’Yr—l,m—Q + 26r—1,m—2 + 5r—2,m—2'

Its binary length is n = 2; the number of codewords 2, where k = Z <Zn>, the
i=0
minimum distance 2™~" and RM,(r — 1,m) C RMg(r,m).

To be coherent with the construction, for r = —1, the code RM(—1, m) coincides
with the all zero codeword code, the code RM(0,m) is the repetition code with
only one non zero codeword equaled the all twos quaternary vector. For r =m — 1
and r = m, the codes RMs(m — 1,m) and RM;(m,m) are the even weight
code and the whole space Zimfl respectively. The following generator matrices:
(2...2 ) and Iym-: satisfy the property to have minimum weight rows for the
codes RM;(0,m) and RM,(m,m) respectively, see [11]. The generator matrix
Gs(m — 1,m) will be recursively obtained by using the BQ-Plotkin construction
BORMs_1(m —2,m —2),RMs_1(m —2,m — 2),RM,_1(m — 3,m — 2)).

To obtain the code RM;(1,3) we have to apply the BQ-Plotkin construction.
Then for m > 4 using the Plotkin construction we can build the two families of
codes RM(r,4) for s = 0,1, 0 < r < 4 from the codes in the families RM(r, m),
where s € {0,1}, applying the Plotkin construction for m = 3 or the BQ-Plotkin
construction for m = 2. The code RM(r,5) only can be obtained applying the
Plotkin construction, RMs(r,5) only can be obtained applying the BQ-Plotkin
construction, but RM;j(r,5) can be obtained using either the Plotkin or the BQ-
Plotkin construction.

Note that for the Plotkin construction we have 0 < s < LmT_lJ with the exception
m odd and s = (m—1)/2 and for BQ-Plotkin construction it is true 0 < s < [ 2],
Hence combining the Plotkin and the BQ-Plotkin construction we obtain LmTHJ
nonequivalent families of quaternary linear Reed—Muller codes RM (r, m) for each
valueof m > 2and 0 <r <mand 0 < s < LmT_lj The codes are distinguished
by their abelian structure. The subindex s from the set {0,..., | ™2} is used to
specify the code RM(r, m) for fixed m, r.

3. MINIMUM WEIGHT BASES FOR RM(r,m)
Denote by Bs(r,m) a basis of the code RMg(r,m).

Theorem 1. Let for any r and m > 2,0 <r <m and for any s, 0 < s < LmT*lJ
with the exception m odd and s = (m—1)/2 the codes RM(r,m—1) and RM(r—
1,m — 1) be two quaternary linear RM codes having minimum weight bases. Then
the quaternary linear code RMg(r, m) obtained by the Plotkin construction (1) has

a minimum weight basis.

Proof. Let the sets Bs(r,m — 1) and Bs(r — 1,m — 1) (with the exception for s
mentioned in the statement of the theorem) be the minimum weight bases for
quaternary codes RM,(r,m —1) and RM(r —1,m —1), 0 < s < |™=2]. By the
condition of the theorem the bases Bs(r,m — 1) and Bs(r — 1, m — 1) have weights
equaled 2™~17" and 2™~ respectively, where |By(r,m — 1)] = >7_; (") and
|Bs(r —1,m —1)| = Z:;()l (m._l). By the Plotkin construction (1) the subset

K3

B = {(z|z)|z € Bs(r,m — 1)} U{(0ly)|y € Bs(r — 1,m —1)}
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of the code RM(r, m) is linearly independent and

T

4) Bl =|Bs(r,m —1)| 4+ |Bs(r —1,m —1)| = Z (T) = dim(RM(r,m)).

=0

From w((z|z)) = 2™~ ", w((0ly)) = 2™ " and (4) we conclude that the set of
codewords B = B,(r,m) is a minimum weight basis of the code RM(r, m). O

Theorem 2. Let for any m >3 andr, 0 <r <m—1and any 0 < s < LmTflJ
the codes RMs_1(r,m —2), RMs_1(r —1,m —2) and RM,_1(r —2,m — 2)
be any three quaternary linear RM codes having minimum weight bases. Then the
quaternary linear code RM(r,m) obtained by the BQ-Plotkin construction (3) has
a minimum weight basis.

Proof. Let for any r < m — 2 the sets Bs_1(r,m — 2), Bs_1(r — 1,m — 2) and
Bs_1(r—2,m—2) be minimum weight bases for quaternary codes RM_1(r, m—2)
and RM,_1(r —1,m —2) and RM,_1(r —2,m —2), 0 < s < [51] of types
(V5 ﬁ,:J—zaaﬁ,;ml—z): (NWf:im—yéf«j,m—z) and (NWi:%,m—mdf«:im—z) respecti-
vely. By the condition of the theorem the bases Bs_1(r,m—2), Bs_1(r—1,m—2) and
Bs_1(r —2,m — 2) have minimum weights 2m~"=2 2m~"=1 and 2™~" respectively.
Here [B,_i(r,m — 2)| = S0_, ("72), |Beoi(r — Lm — 2)] = Y025 (™) and
[Boa(r —2,m —2)| = 5070 (7).

Providing some equivalent transformations for rows of the generator matrix (2)
we construct a minimum weight basis for the code RM(r,m). Let us consider the

submatrices

(5) G=(0 G, (r—1,m—=2) 2G,_(r—1,m—-2) 3G, (r—1,m-2))
and
(6) G"=(0 0 Ga(r—1,m—2) Go1(r—1,m—2))

of the matrix (2). Without loss of generality the rows of G’ and G” could be
written in such a way that the rows of G’ corresponding to the quaternary part of
the submatrix Gs_1(r — 1, m — 2) coincides with Gs_1(r — 1,m — 2). So we have

M G = 0 g:371(/r717m72) 2Q371(r71,m—2) 3§571(r71,m72)
0 gAsfl(’rf 1,m72) 2gA371(T’7 1’m72) 3@571(747 1’m72) .

Recall that by the construction of RM_1(r —1,m — 2) the submatrix g},l(r —
1,m—2) of G’ contains 7::},771—2 rows of the matrix G,_1 (r—1, m—2) after switching
twos by ones in all its binary rows. Adding any ith row, i € {1,2,..., 6i:im72 of
the matrix (6) to the ith row of the matrix (7) over Z, we obtain

® G- 0 Goa(r—1,m=2) 3G a(r—1,m—2) 0
N0 Gea(r—1,m—2) 2G.1(r—1,m—2) 3G 1(r—1,m—-2) )

As the result we have the following generator matrix of the code RM(r,m)
that is equivalent to the matrix (2):
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gs—l(rym*Q) Ags_l(r,ﬂ’L*Z) Ags_l(T,m*Z) gs—l(rzm72)
0 QAS_1(7‘71,m72) SCZS_l(rfl,m72) R 0
9) 0 Gei1(r—1,m—2) 2Gs_1(r—1,m—2) 3Ge_1(r—1,m—2)
0 0 Goi1i(r—1,m—=2) Ge_1(r—1,m—2)
0 0 0 Gs—1(r —2,m —2)

Let us calculate the Lee weights of the rows of the matrix (9) to show that they
are of minimum weight 2™,

By the condition of the theorem the Lee weight of any row of the submatrix
Gs_1(r,m — 2) is 2™~ "=2. Therefore the Lee weight of any row of the submatrix

(10) ( Gomi(r,m—2) Ge_1(r,m—2) Gs_1(r,m—2) Ge_q(r,m—2))

is 4.2m =2 = gm-r,

For the submatrix

(0 Geoi(r—1,m—2) 3Gs1(r—1,m—-2) 0)

of the matrix G using the condition of the theorem the Lee weight of any row of
this submatrix is 2 - 2m~""1 = 2m—", R

By the condition of the theorem and by the structure of the matrix Qs_l(r -
1,m — 2) the Lee weight of any of its ’yﬁ:imf2 rows is minimum equaled 2™m~"2,
Hence the Lee weight of any row in the matrix

(0 Gorlr—1m—2) 26 1(r—1,m—-2) 3G, 1(r—1m—-2))

is 2m—r=2 4 2. 9m-r=2 4 9m—r=2 — om—r Therefore each row of G has the Lee
weight 27",
For the submatrices
(0 0 Gou(r—1,m—=2) Goa(r—1,m—-2))
and
( 0 0 0 Gs1(r—2,m-—2) )
by the condition of the theorem we have the Lee weights of any of their rows

gm—r=l 4 gm=r=1 — 9m=r and 2™~ respectively. Hence all rows of the generator
matrix (9) of the code RM;(r,m) have minimum weight equaled 2™". O

Theorem 3. For anyr and m > 2, 0 <r <m and for any s, 0 < s < L’”T_IJ the
quaternary linear code RM(r,m) has a minimum weight basis.

Proof. The proof will be done by induction on m > 2. Note that by the BQ-Plotkin
construction (3) the subindex of the obtained RM codes changes from s — 1 for
initial the codes to s for the resulting codes and there are no such changes for s for
the Plotkin construction. Hence we consider for the induction base not only case
m = 2 but also m = 3, where the BQ-Plotkin construction stated to be valid and
we have RMy(1,3) # RM;(1,3).

For m = 2, s = 0 it is evident that the bases By(0,2) = {(2,2)}, Bo(1,2) =
{(1,1),(0,2)} and By(2,2) = {(1,0), (0,1)} are of minimum weights for RM,(0, 2),
RMo(1,2) and RM(2,2) = Z3 respectively.

Let us consider case m = 3, s = 0. It is easy to see that
By(0,3) ={(2,2,2,2)}, By(2,3) = {(0,1,0,1),(1,0,1,0),(0,0,1,1),(0,0,0,2)} and
Bo(3,3) = {(1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1)} are minimum weight bases
for the codes RM(0,3), RMq(2,3) and RM(3,3) = Z3 respectively.
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The code RMy(1,3) could be constructed from the codes RMoy(1,2) and
RM(0,2) by the Plotkin construction (1) and the minimum weight basis is
Bo(1,3) = { ()| € Bo(1,2)} U {(0ly)ly € Bo(0,2)} =
{(1,1,1,1),(0,2,0,2), (0,0,2,2)}.

Let now consider case m = 3, s = 1. It is easy to check that RM;(r,3) =
RMqy(r,3) for r € {0,2,3}.

The code RM;1(1,3) could be constructed from the codes RMy(1,1) and
RMp(0,1) by the BQ-Plotkin construction using the generator matrix (2). The
generator matrix of RM;(1, 3) is equivalent to the matrix

11 11
( 01 2 3 > ’
Then B4(1,3) = {(1,1,1,1),(0,1,2,3)} is a minimum weight basis of the code
RM;(1,3).
Using this induction base combining Plotkin and BQ-Plotkin constructions by
Theorems 1 and 2 we construct iteratively a minimum weight basis of the quaternary

linear code RM(r,m) for any r and m > 2, 0 < r < m and for any s, 0 < s <

| -1 ]. Recall that here we took into account that the condition 0 < s < [Z51]

is obtained from the conditions for the parameter s of both the Plotkin and the
BQ-Plotkin constructions.
O
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