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Îáðàòíûå è íåêîððåêòíî ïîñòàâëåííûå çàäà÷è ñôîðìóëèðîâàííûå è ðàçâè-
òûå â ðàáîòàõ îòå÷åñòâåííûõ ìàòåìàòèêîâ, ÿâëÿþòñÿ áûñòðî ðàçâèâàþùèìñÿ
íàïðàâëåíèåì èññëåäîâàíèé, [1] � [3]. Ôàêòè÷åñêè îíè îáóñëîâëåíû ñîçäàíè-
åì íîâûõ ìàòåìàòè÷åñêèõ ìîäåëåé åñòåñòâåííûõ è ñîöèàëüíî-ýêîíîìè÷åñêèõ
ïðîöåññîâ ïî äàííûì íàáëþäåíèé â óñëîâèÿõ ÷àñòè÷íîé èëè ïîëíîé íåîïðåäå-
ëåííîñòè.

Ñëîæíûå è íåñòàíäàðòíûå ïî ñâîåé ìàòåìàòè÷åñêîé ñóùíîñòè ñ øèðîêèì
ñïåêòðîì ïðèìåíåíèé îáðàòíûå è íåêîððåêòíûå çàäà÷è âî ìíîãîì, êàê ïðåä-
ñòàâëÿåòñÿ, áóäóò îïðåäåëÿòü ðàçâèòèå êàê ñàìîé ìàòåìàòèêè, òàê è ïðèëî-
æåíèé � èäåíòèôèêàöèè, ïðîãíîçà, ìîíèòîðèíãà, óïðàâëåíèÿ, ðàñïîçíàâàíèÿ
îáðàçîâ è äðóãèõ.

Îòìåòèì íåêîòîðûå îáùèå ïîëîæåíèÿ, ðàññìàòðèâàÿ èõ êàê ðóêîâîäñòâî ê
äåéñòâèþ â ïðîáëåìàõ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ â óñëîâèÿõ íåîïðåäå-
ëåííîñòè.

Ïðåäñòàâëÿåòñÿ ÷ðåçâû÷àéíî âàæíûì ìàêñèìàëüíîå è ñèñòåìàòè÷åñêîå èñ-
ïîëüçîâàíèå òåîðèè è ïðàêòèêè ïðåäûñòîðèè ïðèðîäíûõ è ñîöèàëüíî-ýêîíî-
ìè÷åñêèõ ÿâëåíèé ñ îñíîâíîé öåëüþ ïîñòðîåíèÿ àäåêâàòíûõ ìàòåìàòè÷åñêèõ
ìîäåëåé ýòèõ ÿâëåíèé.
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Êëàññè÷åñêèìè ïðèìåðàìè ÿâëÿþòñÿ îïðåäåëåíèå È.Íüþòîíîì ãðàâèòàöè-
îííîãî ïîòåíöèàëà íà îñíîâå çàêîíîâ Êåïëåðà, ïîñòðîåíèå Äæ.Ôîððåñòåðîì
óðàâíåíèé ìèðîâîé äèíàìèêè íà äàííûõ 1900�1970 ãîäîâ è äðóãèå, [4, 5].

Â ýòîé ñâÿçè æåëàòåëüíî ñèñòåìàòèçèðîâàòü ïîëó÷åííûå ê íàñòîÿùåìó âðå-
ìåíè ìàòåìàòè÷åñêèå ìîäåëè òåîðèè îáðàòíûõ çàäà÷, èäåíòèôèêàöèè, ðàñïî-
çíàâàíèÿ îáðàçîâ, óñòàíîâèòü áîëåå òåñíûå ñâÿçè ìåæäó äèñêðåòíîé è íåïðå-
ðûâíîé ìàòåìàòèêîé, íàïðèìåð, ñ ïîìîùüþ ïðîèçâîäÿùèõ ôóíêöèé, [6], óêà-
çàòü íîâûå êîíêðåòíûå ðàçäåëû ìàòåìàòèêè, íåïîñðåäñòâåííî ñâÿçàííûå ñ ìî-
äåëèðîâàíèåì íà îñíîâå îáðàòíûõ è íåêîððåêòíûõ çàäà÷.

Òàêæå âàæíûìè ÿâëÿþòñÿ ñèíåðãåòè÷åñêèå ïðèíöèïû ýâîëþöèîííûõ íåëè-
íåéíûõ ïðîöåññîâ, ó÷èòûâàþùèå èåðàðõèþ ÿâëåíèé è çàâèñèìîñòü ñëîåâ èåðàð-
õèè äðóã îò äðóãà, â íåêîòîðîì ñìûñëå, ïîäîáíûì îáðàçîì, [7, 8].

Â äàííîì ñëó÷àå íåîáõîäèìà äåòàëèçàöèÿ ÿâëåíèÿ. Ìàòåìàòè÷åñêè ýòî ìî-
æåò îçíà÷àòü ââåäåíèå ïàðàìåòðà èåðàðõèè â èñêîìûå ìàòåìàòè÷åñêèå ìîäåëè.
Òàêèì îáðàçîì âîçíèêàþò íîâûå îáðàòíûå è íåêîððåêòíûå çàäà÷è ñ ïàðàìåò-
ðîì, êîòîðûå íóæäàþòñÿ â äàëüíåéøåì ðàçâèòèè è ïðèìåíåíèè.

Â ýòîé ñâÿçè îòìåòèì, ÷òî çàâèñèìîñòü íà÷àëüíî-êðàåâûõ äàííûõ îò ïàðà-
ìåòðà (äåòàëèçàöèÿ) ïîçâîëÿåò íàõîäèòü ôóíêöèè èñòî÷íèêîâ, ñèìâîëû îïå-
ðàòîðîâ, êîýôôèöèåíòû óðàâíåíèé, çàâèñÿùèå íå òîëüêî îò ïðîñòðàíñòâåííûõ
èëè ÷àñòîòíûõ õàðàêòåðèñòèê, íî è îò âðåìåíè, ÷òî ÿâëÿåòñÿ íîâûì ýëåìåíòîì
èññëåäîâàíèÿ îáðàòíûõ è íåêîððåêòíûõ çàäà÷, [9] � [12].

Ïðåäñòàâëÿåòñÿ èíòåðåñíûì è ïåðñïåêòèâíûì àëãåáðàè÷åñêèé ïðèåì êîí-
ñòðóêòèâíîãî ïîèñêà ìàòåìàòè÷åñêèõ ìîäåëåé, îñíîâàííûé íà ðàñøèðåíèè ïðî-
ñòðàíñòâ, ðåøåíèé, ïåðåìåííûõ è ò.ï., â ÷àñòíîñòè, êîìïëåêñèôèêàöèè ñ èñ-
ïîëüçîâàíèåì äîñòèæåíèé òåîðèè àíàëèòè÷åñêèõ ôóíêöèé, íàïðèìåð, ñâÿçàí-
íûõ ñ àíàëèòè÷åñêèì ïðîäîëæåíèåì.

Õîðîøèì êëàññè÷åñêèì ïðèìåðîì ýòîìó ÿâëÿåòñÿ íàïðàâëåíèå, ðàçâèòîå
ïîä ðóêîâîäñòâîì èòàëüÿíñêîãî ìàòåìàòèêà Ë. Ôàíòàïüå, ñîçäàâøåãî øêîëó
êîíñòðóêòèâíîãî ïîñòðîåíèÿ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé àíàëè-
òè÷åñêèìè ìåòîäàìè, [13].

×òî êàñàåòñÿ áîëåå êîíêðåòíîé ïðàêòè÷åñêîé äåÿòåëüíîñòè, òî îòìåòèì çíà-
÷èìîñòü êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ñ èñïîëüçîâàíèåì ëîãè÷åñêèõ ñèìâîëü-
íûõ èñ÷èñëåíèé � êàê äåéñòâåííîå ñðåäñòâî ÷èñëåííîãî ðåøåíèÿ ìíîãîìåðíûõ
îáðàòíûõ çàäà÷ ñ ïîìîùüþ êîìïüþòåðíûõ ïàëåòîê, ìèíèìèçàöèé, ñïëàéíîâ è
òîìó ïîäîáíîå. Îñíîâîé ïðè ýòîì ìîãóò ñëóæèòü ôîðìóëû è ñïîñîáû ïîëó-
÷åíèÿ ôîðìóë äëÿ ðåøåíèé è êîýôôèöèåíòîâ ýâîëþöèîííûõ óðàâíåíèé. Íà-
ó÷íîå íàïðàâëåíèå óïîìÿíóòûõ îáùèõ ïîëîæåíèé ìîæíî íàçâàòü àíàëèòè÷å-
ñêèì ðàñïîçíàâàíèåì îáðàçîâ, ïîä÷åðêèâàÿ ýòèì ïðèîðèòåòíîñòü ïðèìåíåíèÿ
îáøèðíîé òåîðèè ôóíêöèé è äèôôåðåíöèàëüíûõ óðàâíåíèé, ñì. [14] � [20].

Â íàñòîÿùåé ðàáîòå ýòè îáùèå ïîëîæåíèÿ èëëþñòðèðóþòñÿ ïðèìåðàìè ïðåä-
ñòàâëåíèé ðåøåíèé ýâîëþöèîííûõ óðàâíåíèé è ñèñòåì ñ ïàðàìåòðîì.

1. Ïðåäñòàâëåíèÿ ðåøåíèé ýâîëþöèîííûõ óðàâíåíèé ñ ïàðàìåòðîì

Â äàííîì ðàçäåëå ïðèâåäåíû ôîðìóëû äëÿ ðåøåíèé ýâîëþöèîííûõ óðàâ-
íåíèé ñ ïàðàìåòðîì, íà îñíîâå êîòîðûõ âûïèñàíû óðàâíåíèÿ àíàëèòè÷åñêîãî
ðàñïîçíàâàíèÿ îáðàçîâ.

I. Ïóñòü B(ξ, t), ξ ∈ Rn, t ≥ 0, B(ξ, 0) = 0 � áåñêîíå÷íî äèôôåðåíöèðó-
åìàÿ êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ, F (ξ, y), ŵa(ξ, y), ξ ∈ Rn, α ≤ y ≤ β �
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íåïðåðûâíûå êîìïëåêñíîçíà÷íûå ôóíêöèè, a, α, β � ïîñòîÿííûå. Ïîëîæèì

B(ξ, t) =
t∫
0

Ã(ξ, τ)dτ è áóäåì ñ÷èòàòü ôóíêöèþ Ã(ξ, t) =
∂B

∂t
ñèìâîëîì îïåðà-

òîðà A(t): A(t)eiξx = eiξxÃ(ξ, t).
Áóäåì ñ÷èòàòü, ÷òî âåêòîðíîå çíà÷åíèå ŵa(ξ, p), à òàêæå ŵb(ξ, p) � íåïðå-

ðûâíû â çàìêíóòîé îáëàñòè |ξ| ≤ R0, äëÿ ëþáîãî p, α ≤ p ≤ β, òàê ÷òî ôóíêöèè
wa(x, p) =

∫
|ξ|≤R0

ŵa(ξ, p)eixξd ξ � öåëûå ýêñïîíåíöèàëüíîãî òèïà.

Òåîðåìà 1. Ôóíêöèè

(1) w(x, p, t)

=

∫
|ξ|≤R0

epB(ξ,t)

 β∫
α

t∫
a

eB(ξ,τ)(y−p)dτF (ξ, y)dy + e−B(ξ,a)pŵa(ξ, p)

 eiξxdξ,

(2) λ(x, t) =

∫
|ξ|≤R0

 β∫
α

eB(ξ,t)yF (ξ, y)dy

 eiξxdξ

óäîâëåòâîðÿþò ýâîëþöèîííîìó óðàâíåíèþ ñ ïàðàìåòðîì p, α ≤ p ≤ β,

(3)
∂w

∂t
= pA(t)w + λ(x, t)

è äàííûì

w|t=a = wa(x, p) =

∫
Rn

ŵa(ξ, p)eiξxdξ, w|t=b = wb(x, p) =

∫
Rn

ŵb(ξ, p)e
iξxdξ.

Â ñèëó òåîðåìû 1 äëÿ òîãî, ÷òîáû íàéòè ðåøåíèå w(x, p, t) è ôóíêöèþ èñ-
òî÷íèêà λ(x, t) ïî ôîðìóëàì (1), (2) íóæíî çíàòü ôóíêöèè F (ξ, y), B(ξ, t),
B(ξ, 0) = 0. Èìåÿ ýòî ââèäó áóäåì ïðåäïîëàãàòü, ÷òî èçâåñòíû äîïîëíèòåëüíî
ê wa(x, p) óñëîâèÿ w|t=c = wc(x, p), w|t=b = wb(x, p), a < c < b. Ïîäñòàâëÿÿ
ïîñëåäîâàòåëüíî çíà÷åíèÿ t = c, t = b â (1), ïîñëå îáðàùåíèÿ ïðåîáðàçîâàíèÿ
Ôóðüå, îêàçûâàåòñÿ, ïîëó÷èì äâà óðàâíåíèÿ îòíîñèòåëüíî ôóíêöèé F (ξ, y),
B(ξ, t):

ŵb(ξ, p)e
−B(ξ,b)p − ŵa(ξ, p)e−B(ξ,a)p =

β∫
α

F (ξ, y)

 b∫
a

eB(ξ,τ)(y−p)dτ

 dy,(4)

ŵc(ξ, p)e
−B(ξ,c)p − ŵa(ξ, p)e−B(ξ,a)p =

β∫
α

F (ξ, y)

 c∫
a

eB(ξ,τ)(y−p)dτ

 dy.(5)

Òàêèì îáðàçîì àíàëèòè÷åñêîå ðàñïîçíàâàíèå îáðàçîâ (â óðàâíåíèè (3) âñå ýëå-
ìåíòû w, A, λ íåèçâåñòíû) ïî äàííûì wa(x, p),wc(x, p), wb(x, p) ñâåäåíà ê óðàâ-
íåíèÿì (4), (5). Çàìåòèì, äëÿ êàæäîãî ôèêñèðîâàííîãî ξ ∈ Rn íåëèíåéíàÿ
ñèñòåìà óðàâíåíèé (4), (5) îäíîìåðíà.

Ïðèâåäåì îïåðàòîðíûå ôîðìóëû â ñëó÷àå, êîãäà A � ëèíåéíûé îãðàíè÷åí-
íûé îïåðàòîð, íå çàâèñÿùèé îò t, à èìåííî ïóñòü E � áàíàõîâî ïðîñòðàíñòâî è
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A � ëèíåéíûé îãðàíè÷åííûé îïåðàòîð èç E â E, íå çàâèñÿùèé îò t. Ðàññìîò-
ðèì îáðàòíóþ çàäà÷ó ñ ïåðåìåííûì ïàðàìåòðîì p: íàéòè w(p, t) ∈ E, λ(t) ∈ E,
a ≤ t ≤ b, α ≤ p ≤ β òàêèå, ÷òî

(6)
∂w

∂t
= pAw + λ(t), w|t=a = wa(p), w|t=b = wb(p),

ãäå wa(p), wb(p) � çàäàííûå ýëåìåíòû ïðîñòðàíñòâà E, çàâèñÿùèå îò ïàðàìåòðà
p, α ≤ p ≤ β.

Òåîðåìà 2. Åñëè F (y) ∈ E � ðåøåíèå îïåðàòîðíîãî óðàâíåíèÿ ïðè çàäàííîì
îïåðàòîðå A

e−bpAwb(p)− e−apAwa(p) =

β∫
α

 b∫
a

eτ(y−p)Adτ

F (y)dy,

òî

w(p, t) = etpA

 β∫
α

t∫
a

eτ(y−p)AF (y)dτdy + e−paAwa(p)

 ,
λ(t) =

β∫
α

eytAF (y)dy

óäîâëåòâîðÿåò óðàâíåíèþ
∂w

∂t
= pAw + λ(t) è äàííûì w|t=a = wa(p), w|t=b =

wb(p).

Àíàëîãè÷íî (4), (5), ïðåäïîëàãàÿ èçâåñòíûì ýëåìåíò w|t=c wc(p) ∈ E, ìîæíî
ïðèâåñòè óðàâíåíèÿ îòíîñèòåëüíî ýëåìåíòà F (y) è îïåðàòîðà A, à èìåííî,

e−bpAwb(p)− e−apAwa(p) =

β∫
α

 b∫
a

eτ(y−p)Adτ

F (y)dy,

e−cpAwc(p)− e−apAwa(p) =

β∫
α

 c∫
a

eτ(y−p)Adτ

F (y)dy.

Â äàííîì ñëó÷àå â óðàâíåíèè (6) âñå ýëåìåíòû w, A, λ àïðèîðè èçâåñòíûìè íå
ïðåäïîëàãàþòñÿ.

II. Ðàññìîòðèì ýâîëþöèîííîå óðàâíåíèå ñ äðóãîé ôóíêöèåé èñòî÷íèêà è
äàííûìè óïðàâëåíèÿ, çàâèñÿùèìè îò ïàðàìåòðà p, à èìåííî

∂w

∂t
= pA(t)w + λ(x, p)f(t, p), w|t=a = wa(x, p), w|t=b = wb(x, p),

ξ ∈ Rn, α ≤ p ≤ β.
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Òåîðåìà 3. Ïðè çàäàííûõ ôóíêöèÿõ f(t, p), B(ξ, t) =
t∫
0

Ã(ξ, τ)dτ ,

b∫
a

epB(ξ,τ)f(τ, p)dτ 6= 0 ôóíêöèè

w(x, p, t) =

∫
|ξ|≤R0


ep[B(ξ,t)−B(ξ,a)]

b∫
t

epB(ξ,τ)f(τ, p)dτŵa(ξ, p)

b∫
a

epB(ξ,τ)f(τ, p)dτ

+

ep[B(ξ,t)−B(ξ,b)]
t∫
a

epB(ξ,τ)f(τ, p)dτŵb(ξ, p)

b∫
a

epB(ξ,τ)f(τ, p)dτ

 eixξdξ,

λ(x, p) =

∫
|ξ|≤R0

epB(ξ,b)ŵb(ξ, p)− epB(ξ,a)ŵa(ξ, p)
b∫
a

epB(ξ,τ)f(τ, p)dτ

eixξdξ

óäîâëåòâîðÿþò ýâîëþöèîííîìó óðàâíåíèþ ñ ïàðàìåòðîì p

∂w

∂t
= pA(t)w + λ(x, p)f(t, p)

è äàííûì

w|t=a = wa(x, p) =

∫
|ξ|≤R0

ŵa(ξ, p)eixξdξ, w|t=b = wb(x, p) =

∫
|ξ|≤R0

ŵb(ξ, p)e
ixξdξ.

Òàêæå êàê è âûøå, ÷òîáû íàéòè ðåøåíèå w(x, p, t) è ôóíêöèþ èñòî÷íèêà
λ(x, p)f(t, p) (f(t, p) � çàäàííàÿ íåïðåðûâíàÿ ôóíêöèÿ) ïî ôîðìóëàì òåîðå-

ìû 3 íóæíî çíàòü ôóíêöèþ B(ξ, t) =
t∫
0

Ã(ξ, τ)dτ , îïðåäåëÿþùóþ ñèìâîë Ã(ξ, t)

îïåðàòîðà ïî ôîðìóëàì
∂B

∂t
= Ã(ξ, t) A(t)eiξx = eiξxÃ(ξ, t) Â ýòîé ñâÿçè áóäåì

ïðåäïîëàãàòü, ÷òî äîïîëíèòåëüíî ê äàííûì wa(x, p), wb(x, p) çàäàíî óñëîâèå
w|t=c = wc(x, p), a < c < b. Ïîäñòàâëÿÿ t = c â ôîðìóëó äëÿ w(x, p, t) òåîðå-

ìû 3, ïîëó÷èì óðàâíåíèå íà B(ξ, t) =
t∫
0

Ã(ξ, τ)dτ

ŵc(ξ, p) =

ŵa(ξ, p)ep[B(ξ,c)−B(ξ,a)]
b∫
c

epB(ξ,τ)f(τ, p)dτ

b∫
a

epB(ξ,τ)f(τ, p)dτ

+

ŵb(ξ, p)e
p[B(ξ,c)−B(ξ,b)]

c∫
a

epB(ξ,τ)f(τ, p)dτ

b∫
a

epB(ξ,τ)f(τ, p)dτ

.

òî åñòü óðàâíåíèå íà ñèìâîë Ã(ξ, t) îïåðàòîðà A(t), ñì. òàêæå [14].
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2. Î êîððåêòíîñòè ôîðìàëüíûõ ôîðìóë

Ôîðìóëû òåîðåì 1, 2, 3 íîñÿò ôîðìàëüíûé õàðàêòåð. Îãðàíè÷èìñÿ çäåñü
îäíèì äîñòàòî÷íûì ðåçóëüòàòîì êîððåêòíîñòè ôîðìóë òåîðåìû 1, ïðåäïîëàãàÿ
èçâåñòíûì ñèìâîë îïåðàòîðà A(t). Ïîäîáíûå äîñòàòî÷íûå óñëîâèÿ â äðóãèõ
ñëó÷àÿõ àíàëîãè÷íû, [15], ñì.òàêæå [16, 17].

Ïóñòü D ⊂ Rn � îáëàñòü âåùåñòâåííîãî åâêëèäîâîãî ïðîñòðàíñòâà Rn, n ≥
1, ïåðåìåííûõ x = (x1, x2, . . . , xn), (p, t) � ïåðåìåííûå, c ≤ p ≤ d, 0 ≤ a ≤ t ≤ b.

Îáîçíà÷èì ÷åðåç {W} � ìíîæåñòâî êîìïëåêñíîçíà÷íûõ ôóíêöèé w(x, p, t),
x ∈ D ⊂ Rn, c ≤ p ≤ d, a ≤ t ≤ b òàêèõ, ÷òî

w(x, p, t) =

∫
|ξ|≤R0

ŵ(ξ, p, t)eixξ,

ãäå ŵ(ξ, p, t) íåïðåðûâíà ïî ξ ∈ Rn ñ êîìïàêòíûì ôèêñèðîâàííûì, íàïðèìåð,
íîñèòåëåì K = {ξ : |ξ| ≤ R0} ⊂ Rn ïî ïåðåìåííîé ξ è äîñòàòî÷íî ãëàäêàÿ ïî
ïåðåìåííûì (p, t). Òàêèì îáðàçîì äëÿ âñåõ (p, t), c ≤ p ≤ d, a ≤ t ≤ b w(x, p, t)
ÿâëÿåòñÿ öåëîé ôóíêöèåé ýêñïîíåíöèàëüíîãî òèïà ïî ïåðåìåííîé x ∈ D.

Ïóñòü A(t) � ëèíåéíûé îïåðàòîð èç {W} â {W}, äåéñòâóþùèé ïî ïåðåìåí-
íîé x è èìåþùèé áåñêîíå÷íî äèôôåðåíöèðóåìûé ñèìâîë

Ã(ξ, t) : A(t)eixξ = eixξÃ(ξ, t), t ≥ 0, ξ ∈ Rn.

Ïîëîæèì B(ξ, t) =

t∫
0

Ã(ξ, τ)dτ .

Ðàññìîòðèì ëèíåéíóþ îáðàòíóþ çàäà÷ó ñ ïåðåìåííûì ïàðàìåòðîì p: íàéòè
ôóíêöèè

w(x, p, t) ∈ {W}, λ(x, t) ∈ {W}, ∂λ

∂p
= 0,

òàêèå, ÷òî

∂w

∂t
= pA(t)w + λ(x, t),(7)

w|t=a = wa(x, p), w|t=b = wb(x, p),(8)

ãäå wa(x, p) ∈ {W}, wb(x, p) ∈ {W} çàäàííûå öåëûå ôóíêöèè ïî x, x ∈ D,
çàâèñÿùèå îò ïàðàìåòðà p, c ≤ p ≤ d. Çàìåòèì, â ñîîòâåòñòâèè ñ óñëîâèÿìè
îáðàòíîé çàäà÷è èìååì

wa(x, p) =

∫
|ξ|≤R0

ŵa(ξ, p)eixξdξ, wb(x, p) =

∫
|ξ|≤R0

ŵb(ξ, p)e
ixξdξ,

îòñþäà ñëåäóþò ðàâåíñòâà

ŵa(ξ, p) =
1

(2π)n

∫
Rn

w̃a(x, p)e−ixξdx, ŵb(ξ, p) =
1

(2π)n

∫
Rn

w̃b(x, p)e
−ixξdξ,

ãäå w̃a(x, p), w̃b(x, p) àíàëèòè÷åñêîå ïðîäîëæåíèå íà Rn öåëûõ ôóíêöèé
wa(x, p), wb(x, p), x ∈ D, c ≤ p ≤ d.

Íåïîñðåäñòâåííî ïðîâåðÿåìûé ðåçóëüòàò ñôîðìóëèðîâàí íèæåñëåäóþùåé
òåîðåìîé.
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Òåîðåìà 4. Åñëè F (ξ, y) ∈ {W} è ÿâëÿåòñÿ ðåøåíèåì äëÿ êàæäîãî ξ ∈ Rn
óðàâíåíèÿ òèïà ñâåðòêè ïî ïåðåìåííîé y

ŵb(ξ, p)e
−B(ξ,b)p − ŵa(ξ, p)e−B(ξ,a)p =

d∫
c

F (ξ, y)

 b∫
a

eB(ξ,τ)(y−p)dτ

 dy,
òî ôóíêöèè

w(x, p, t) =

∫
|ξ|≤R0

eB(ξ,t)p

 d∫
c

F (ξ, y)

t∫
a

eB(ξ,τ)(y−p)dτdy + ŵa(ξ, p)e−B(ξ,a)p

 eixξdξ,

λ(x, t) =

∫
|ξ|≤R0

d∫
c

F (ξ, y)eB(ξ,t)ydy eixξdξ

ïðèíàäëåæàò {W}, óäîâëåòâîðÿþò ýâîëþöèîííîìó óðàâíåíèþ (7) è äàí-
íûì (8).

Ïóñòü äâàæäû äèôôåðåíöèðóåìàÿ ôóíêöèÿ F (y, p, t), y ∈ R1, t ≥ 0 � ÿâëÿ-

åòñÿ ðåøåíèåì óðàâíåíèÿ
∂2F

∂y2
= p

∂F

∂t
, ãäå p � ïåðåìåííûé ïàðàìåòð, aij(x, t),

aij = aji, i, j = 1, 2, . . . , n � ïðîèçâîëüíûå âåùåñòâåííûå ôóíêöèè ïåðåìåííûõ
x ∈ D ⊂ Rn, t ≥ 0, D � îáëàñòü â Rn, à v(x, t) � äâàæäû äèôôåðåíöèðóå-
ìàÿ ïðîèçâîëüíàÿ âåùåñòâåííàÿ ôóíêöèÿ ýòèõ æå ïåðåìåííûõ. Èìååò ìåñòî
ôîðìóëà

Òåîðåìà 5. Ôóíêöèÿ w(x, t) = F (v(x, t), p, t), x ∈ D ÿâëÿåòñÿ ðåøåíèåì óðàâ-
íåíèÿ 2-ãî ïîðÿäêà ñ ïàðàìåòðîì p

(9) p

 n∑
i,j=1

aij
∂v

∂xi

∂v

∂xj

2

∂w

∂t
=

 n∑
i,j=1

aij
∂v

∂xi

∂v

∂xj

 n∑
i,j=1

aij
∂2w

∂xi∂xj
+

+

p
 n∑
i,j=1

aij
∂v

∂xi

∂v

∂xj

 ∂v

∂t
−

n∑
i,j=1

aij
∂2v

∂xi∂xj

 n∑
i,j=1

aij
∂v

∂xi

∂w

∂xj

ñ êîýôôèöèåíòàìè, íå çàâèñÿùèìè îò ôóíêöèè F (y, p, t).

Äîêàçàòåëüñòâî. Ïóñòü w(x, t) = F (v, p, t). Èìååì
∂w

∂t
= F ′y(v, p, t)

∂v

∂t
+

∂F

∂t
(v, p, t),

∂w

∂xj
= F ′y(v, p, t)

∂v

∂xj
,

∂2w

∂xi∂xj
= F ′′yy(v, p, t)

∂v

∂xi

∂v

∂xj
+ F ′y(v, t)

∂2v

∂xi∂xj
.

Ïîäñòàâëÿÿ ýòè äàííûå â (9), ñ ó÷åòîì óðàâíåíèÿ äëÿ F (y, p, t) ëåãêî óáåäèòüñÿ
â ñïðàâåäëèâîñòè òåîðåìû 5. �

Óðàâíåíèå (9) ìîæíî çàïèñàòü â âèäå

pλ1(x, y)
∂w

∂t
= λ2(x, y)

n∑
i,j=1

aij(x, t)
∂2w

∂xi∂xj
+

n∑
j=1

µj(x, y)
∂w

∂xj
,
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ãäå

λ1(x, y) =

 n∑
i,j=1

aij
∂v

∂xi

∂v

∂xj

2

, λ2(x, y) =

n∑
i,j=1

aij
∂v

∂xi

∂v

∂xj
,

µj(x, y) =

p
 n∑
i,j=1

aij
∂v

∂xi

∂v

∂xj

 ∂v

∂t
−

n∑
i,j=1

aij
∂v

∂xi

∂v

∂xj

 n∑
i=1

aij
∂v

∂xi

è ïðè
n∑
i=1

aijξiξj > 0 ïîëó÷àåòñÿ ïàðàáîëè÷åñêîå óðàâíåíèå.

Òàê êàê óðàâíåíèå (9) ëèíåéíî, òî öåëåñîîáðàçíî è ÷àñòî íåîáõîäèìî ïðåä-
ñòàâëÿòü åãî ðåøåíèå â âèäå w(x, t) = F (v(x, y), p, t) + w̃(x, p, t), ãäå w̃(x, p, t) �
ëþáîå ðåøåíèå (9). Òàêèì îáðàçîì ïîëó÷àåòñÿ îáùåå ðåøåíèå óðàâíåíèÿ (9) ñ
êîýôôèöèåíòàìè, îïðåäåëåííûìè aij , bkl, v ïî âûïèñàííûì ôîðìóëàì.

Çàìåòèì, ôîðìóëû òåîðåìû 5 äàííîãî ðàçäåëà ìîãóò áûòü èñïîëüçîâàíû
äëÿ ïðàêòè÷åñêîãî ïðèìåíåíèÿ ê êîíêðåòíûì çàäà÷àì èäåíòèôèêàöèè ñ âîç-
ìîæíûì èñïîëüçîâàíèåì ñèìâîëüíîãî èñ÷èñëåíèÿ.

3. Çàìå÷àíèÿ ïî òåîðèè èäåíòèôèêàöèè

Îáùàÿ çàäà÷à èäåíòèôèêàöèè � óñòàíîâëåíèå íåèçâåñòíîãî îáúåêòà ïî åãî
ïðèçíàêàì. Â òàêîé îáùåé ïîñòàíîâêå ïîíÿòèå èäåíòèôèêàöèè âêëþ÷àåò â ñåáÿ
îáðàòíûå çàäà÷è è ðàñïîçíàâàíèå îáðàçîâ. Îñíîâíûå ìàòåìàòè÷åñêèå ïðîáëå-
ìû èäåíòèôèêàöèè äèíàìè÷åñêèõ ñèñòåì, â ÷àñòíîñòè, óïðàâëåíèÿ, êîíòðîëÿ,
ïðîãíîçà è ò.ï. íåïîñðåäñòâåííî ñâÿçàíû ñ íîâûì ìàòåìàòè÷åñêèì ìîäåëèðîâà-
íèåì â óñëîâèÿõ íåîïðåäåëåííîñòè, êîãäà ÷àñòè÷íî èëè ïîëíîñòüþ íåèçâåñòíû
ýâîëþöèîííûå óðàâíåíèÿ ðàññìàòðèâàåìûõ ñèñòåì.

Â äàííîé ðàáîòå îáîáùàåòñÿ íà ñèñòåìû óðàâíåíèé îäíîìåðíûé èçâåñòíûé
ðåçóëüòàò [18], ñóòü êîòîðîãî çàêëþ÷àåòñÿ â ñëåäóþùåì. Ðàññìàòðèâàåòñÿ ýâî-
ëþöèîííîå óðàâíåíèå ñ ïàðàìåòðîì p, α ≤ p ≤ β, α, β � ôèêñèðîâàííûå
ïîñòîÿííûå,

∂w

∂t
= pA(t)w(x, t, p) + λ(x, t),

ñ äàííûìè w|t=a = wa(x, p), w|t=b = wb(x, p)
(10)

a è b � ôèêñèðîâàííûå ïîñòîÿííûå, a < b,
∂λ

∂p
= 0, A(t) � ëèíåéíûé îïåðàòîð,

äåéñòâóþùèé ïðè ëþáîì a ≤ t ≤ b ïî ïåðåìåííîé x ∈ Rn è èìåþùèé ñèìâîë

A(t)w =

∫
Rn

∂B(ξ, t)

∂t
ŵ(ξ, t, p)eixξ dξ, ãäå w(x, t, p) =

∫
Rn

ŵ(ξ, t, p)eixξ dξ.

Îêàçûâàåòñÿ, èìååò ìåñòî ôîðìàëüíûé ðåçóëüòàò â âèäå.

Òåîðåìà 6. Ïóñòü wa(x, p) =

∫
|ξ|≤R0

ŵa(ξ, p)eixξ dξ, wb(x, p) =

∫
|ξ|≤R0

ŵb(ξ, p)e
ixξ dξ, ãäå ŵa(ξ, p), ŵb(ξ, p) � íåïðåðûâíûå ôóíêöèè, çàäàí-

íûå â çàìêíóòîì ìíîæåñòâå |ξ| ≤ R0 äëÿ ëþáîãî p, α ≤ p ≤ β à ôóíêöèè
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F (ξ, y) è B(ξ, y) ñâÿçàíû äëÿ êàæäîãî ξ ∈ Rn óðàâíåíèåì òèïà ñâåðòêè

β∫
α

 b∫
a

e(y−p)B(ξ,τ)dτ

F (ξ, y)dy = e−pB(ξ,b)ŵb(ξ, p)− e−pB(ξ,a)ŵa(ξ, p).

Òîãäà ôóíêöèè w(x, p, t), λ(x, t), îïðåäåëåííûå ôîðìóëàìè

w(x, t, p) =
1

2

∫
|ξ|≤R0

epB(ξ,b)

[ β∫
α

 t∫
a

e(y−p)B(ξ,τ)dτ −
b∫
t

e(y−p)B(ξ,τ)dτ

F (ξ, y)dy

+e−pB(ξ,b)ŵb(ξ, p) + e−pB(ξ,a)ŵa(ξ, p)

]
eixξd ξ,

λ(x, t) =

∫
|ξ|≤R0

 β∫
α

eyB(ξ,t)F (ξ, y)dy

 eixξd ξ,

óäîâëåòâîðÿþò óðàâíåíèþ (10) è äàííûì.

Ïðåäñòàâëÿåò èíòåðåñ îáîáùåíèå ðåçóëüòàòà òåîðåìû 6 íà ñèñòåìû ýâîëþ-
öèîííûõ óðàâíåíèé, à èìåííî:

Ïóñòü B(ξ, t) = (Bik(ξ, t)), i = 1, 2, . . . , N , k = 1, 2, . . . , N � íåïðåðûâ-
íî äèôôåðåíöèðóåìûå ìàòðèöû N -ãî ïîðÿäêà, N ≥ 1 � ôèêñèðîâàííîå öå-
ëîå ÷èñëî, ξ ∈ Rn, a ≤ t ≤ b. Äëÿ âåêòîðíîãî íåïðåðûâíîãî èñòî÷íèêà
λ(x, t) = (λ1(x, t), . . . , λN (x, t)) ðàññìîòðèì ñèñòåìó ýâîëþöèîííûõ óðàâíåíèé
ñ ïàðàìåòðîì p ñ âåêòîðíûìè äàííûìè

(11)
∂w

∂t
= pA(t)w + λ(x, t), w|t=a = wa(x, p), w|t=b = wb(x, p)

α ≤ p ≤ β, x ∈ Rn, ãäå A(t) � ëèíåéíûé îïåðàòîð, äåéñòâóþùèé ïî ïåðåìåííîé

x ∈ Rn ïðè a < t < b èìåþùèé ìàòðè÷íûé ñèìâîë
∂B(ξ, t)

∂t
, òî åñòü A(t)w =∫

|ξ|≤R0

∂B(ξ, t)

∂t
ŵ(ξ, t, p)ei(x,ξ) dξ, ãäå w(x, t, p) =

∫
|ξ|≤R0

ŵ(ξ, t, p)ei(x,ξ) dξ.

Òàêèì îáðàçîì, çàâèñèìîñòü îò âðåìåíè ñèìâîëà
∂B(ξ, t)

∂t
ÿâëÿåòñÿ îïðåäå-

ëÿþùèì.

Òåîðåìà 7. Ïóñòü wa(x, p) =

∫
|ξ|≤R0

ŵa(ξ, p)eixξ dξ, wb(x, p) =

∫
|ξ|≤R0

ŵb(ξ, p)e
ixξ dξ � âåêòîð -ôóíêöèè ïðè íåïðåðûâíûõ â çàìêíóòîé

îáëàñòè |ξ| ≤ R0 äëÿ ëþáîãî p, α ≤ p ≤ β, ïðè ýòîì B(ξ, t) ñâÿçàíû äëÿ
ëþáîãî ξ ∈ Rn ñ âåêòîðîì F (ξ, y), F (ξ, y) = (F1(ξ, y), F2(ξ, y), . . . , FN (ξ, y)),
èíòåãðàëüíûì óðàâíåíèåì òèïà ñâåðòêè

β∫
α

 b∫
a

e(y−p)B(ξ,τ)dτ

F (ξ, y)dy = e−pB(ξ,b)ŵb(ξ, p)− e−pB(ξ,a)ŵa(ξ, p).
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Òîãäà âåêòîð-ôóíêöèè w(x, p, t), λ(x, t)

w(x, t, p) =
1

2

∫
Rn

epB(ξ,b)

[ β∫
α

 t∫
a

e(y−p)B(ξ,τ)dτ −
b∫
t

e(y−p)B(ξ,τ)dτ

F (ξ, y)dy

+e−pB(ξ,b)ŵb(ξ, p) + e−pB(ξ,a)ŵa(ξ, p)

]
eixξd ξ,

λ(x, t) =

∫
Rn

 β∫
α

eyB(ξ,t)F (ξ, y)dy

 eixξd ξ

óäîâëåòâîðÿþò óðàâíåíèþ è äàííûì (11).

Íåîáõîäèìî èññëåäîâàòü êîððåêòíîñòü óêàçàííûõ âûøå ôîðìóë. Ïåðâîå,
÷òî íóæíî ñäåëàòü � ýòî èçó÷åíèå èíòåãðàëüíîãî óðàâíåíèÿ òèïà ñâåðòêè â
çàâèñèìîñòè îò ïàðàìåòðà ξ ∈ Rn â îäíîìåðíîì è ìíîãîìåðíîì âàðèàíòå. Â
ðàáîòå [19] èññëåäîâàíû âîïðîñû ïðåäñòàâëåíèÿ â çàâèñèìîñòè îò ïàðàìåòðà
ξ ∈ Rn.

Íåîáõîäèìî èññëåäîâàòü êîððåêòíîñòü ïðåäñòàâëåíèé â âèäå èíòåãðàëîâ.
Äëÿ ýòîãî äîñòàòî÷íî, ÷òîáû ìàòðèöà B(ξ, t) áûëà äîñòàòî÷íî ãëàäêîé, â ÷àñò-
íîñòè, áåñêîíå÷íî äèôôåðåíöèðóåìîé, à âåêòîðíûå äàííûå ŵa(ξ, p), ŵb(ξ, p)
íåïðåðûâíî äèôôåðåíöèðóåìû ïî p è êðîìå òîãî ôèíèòíû ïî ξ. Íàïðè-

ìåð, âûïîëíåíû âåêòîðíûå óñëîâèÿ wa(x, p) =

∫
|ξ|≤R0

ŵa(ξ, p)eixξ dξ, wb(x, p) =

∫
|ξ|≤R0

ŵb(ξ, p)e
ixξ dξ, ãäå ŵa(ξ, p), ŵb(ξ, p) íåïðåðûâíû â çàìêíóòîé îáëàñòè

|ξ| ≤ R0, R0 > 0 äëÿ ëþáîãî p, α ≤ p ≤ β.

4. Çàäà÷è äëÿ ñïåöèàëüíîãî èñòî÷íèêà

Ðàññìîòðèì çàäà÷ó èäåíòèôèêàöèè ïðè ñïåöèàëüíîì èñòî÷íèêå è íåçàâèñè-
ìîñòè ñêîðîñòè çâóêà è äàâëåíèÿ îò t, [21, 22]. Íàéòè â îáëàñòè D ⊂ Rn ïðè
a ≤ t ≤ b áåñêîíå÷íî-äèôôåðåíöèðóåìûå êîìïëåêñíîçíà÷íûå ôóíêöèè w(x, t),

λ(x), µ(x),
∂λ

∂t
= 0,

∂µ

∂t
= 0 òàêèå, ÷òî

∂2w

∂t2
+Aw(x, t) = λ(x)f(t) + µ(x)ϕ(t),(12)

w|t=a = wa(x),
∂w

∂t

∣∣∣∣
t=a

= w′a(x), w|t=b = wb(x),
∂w

∂t

∣∣∣∣
t=b

= w′b(x).(13)

Çäåñü A � ëèíåéíûé, íå çàâèñÿùèé îò t, îïåðàòîð, äåéñòâóþùèé ïî ïåðåìåííîé
x = (x1, x2, . . . , xn) ∈ D ⊂ Rn, f(t) 6= 0, ϕ(t) 6= 0 èçâåñòíûå íåïðåðûâíûå
ôóíêöèè, a < b � ôèêñèðîâàííûå ïîñòîÿííûå, Rn � âåùåñòâåííîå åâêëèäîâî
ïðîñòðàíñòâî.

Ñäåëàåì íåñêîëüêî çàìå÷àíèé îòíîñèòåëüíî ïîñòàíîâêè çàäà÷ èäåíòèôèêà-
öèè (12), (13). Ïðåæäå âñåãî îòìåòèì ñìûñë îïåðàòîðà A â (12). Ðàçóìååòñÿ A

ìîæåò áûòü ãèïåðáîëè÷åñêèì îïåðàòîðîì, A = −
n∑
j=1

aij(x)
∂2

∂x2j
−

n∑
i=1

ai(x)
∂

∂xi
,
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ãäå aij(x), aij = aji, ai � áåñêîíå÷íî äèôôåðåíöèðóåìûå ìàòðèöû m-ãî ïî-
ðÿäêà ñ óñëîâèÿìè ãèïåðáîëè÷íîñòè. Ïðèìåðîì ÿâëÿåòñÿ ñèñòåìà óðàâíåíèé
òåîðèè óïðóãîñòè, èçâåñòíàÿ êàê ñèñòåìà óðàâíåíèé Ëàìå. Ïðè ýòîì, åñëè
äîïóñòèòü êîìïëåêñíîçíà÷íîñòü êîýôôèöèåíòîâ aij , ai, òî ìîæíî ãîâîðèòü
îá îïåðàòîðàõ Øð¼äèíãåðà. Îïåðàòîð A ìîæåò áûòü è äèôôåðåíöèàëüíî-
ðàçíîñòíûì, êîòîðûé äåéñòâóåò ïî ïåðåìåííîé x = (x1, x2, . . . , xn) è íå çàâèñèò
îò t.

Ïåðåìåííàÿ t â ýâîëþöèîííîì óðàâíåíèè (12) íå îáÿçàíà áûòü âðåìåíåì, íî
ìîæåò èì áûòü.

Åñëè ýòî äåéñòâèòåëüíî òàê, òî åñòü, åñëè t � âðåìÿ, òî ïîñòàâëåííàÿ îáðàò-
íàÿ çàäà÷à (12), (13) ìîæåò èíòåðïðåòèðîâàòüñÿ êàê ïåðåâîä ñóáñòàíöèè w(x, t)
èç îäíîãî ñîñòîÿíèÿ (wa, w

′
a) â äðóãîå ñîñòîÿíèå (wb, w

′
b), òî äàííàÿ îáðàòíàÿ

çàäà÷à èíòåðïðåòèðóåòñÿ êàê çàäà÷à óïðàâëåíèÿ ïåðåâîäà ñîñòîÿíèÿ (wa, w
′
a) â

ñîñòîÿíèå (wb, w
′
b); ïðè ýòîì óïðàâëÿþùèìè ïàðàìåòðàìè ÿâëÿþòñÿ ôóíêöèè

λ(x), µ(x) ïðè çàäàííûõ f(t), ϕ(t).
Åñëè æå t ïðîñòðàíñòâåííàÿ ïåðåìåííàÿ, à âåêòîð x ñîäåðæèò êîìïîíåíòó

âðåìåíè, òî åñòü â íîâûõ ïåðåìåííûõ ïóñòü t = z, à x = (x1, x2, . . . , xn−1, τ) ãäå
τ � âðåìÿ, à x′ = (x1, x2, . . . , xn−1) � êîîðäèíàòû, òî óðàâíåíèå (12) ñ äàííûìè
(13) èìååò âèä

∂2w

∂z2
+Aw = λ(x′, τ)f(z) + µ(x′, τ)ϕ(z),

w|t=a = wa(x′, τ),
∂w

∂z

∣∣∣∣
t=a

= w′a(x′, τ), w|t=b = wb(x
′, τ),

∂w

∂z

∣∣∣∣
t=b

= w′b(x
′, τ)

è îáðàòíàÿ çàäà÷à â äàííîì ñëó÷àå ñîñòîèò â ïîèñêå äâèæóùåãîñÿ èñòî÷íèêà,
îïðåäåë¼ííîãî ôóíêöèÿìè λ(x′, τ), µ(x′, τ) ïðè çàäàííûõ f(z) 6= 0, ϕ(z) 6= 0,
õàðàêòåðèçóþùèõ ïîëîæåíèå è ïðè èçâåñòíûõ äàííûõ (wa(x′, τ), w′a(x′, τ)),
(wb(x

′, τ), w′b(x
′, τ)). Ðàçóìååòñÿ îïåðàòîð A íå çàâèñèò îò ïåðåìåííîé z.

Ñíà÷àëà ñäåëàåì îáùåå çàìå÷àíèå îòíîñèòåëüíî îïåðàòîðíûõ ôîðìóë, êî-
òîðûå áóäóò ïðèâåäåíû â äàëüíåéøåì. Ïóñòü F (z, t) öåëàÿ ôóíêöèÿ ïî ïåðå-

ìåííîé z, òî åñòü F (z, t) =
∞∑
k=0

Fk(t)zk ñ äîñòàòî÷íî ãëàäêèìè Fk(t), a ≤ t ≤ b

è ïóñòü A � îãðàíè÷åííûé îïåðàòîð. Îïåðàòîð F (A, t) =
∞∑
k=0

Fk(t)Ak ÿâëÿåòñÿ

òàêæå îãðàíè÷åííûì äëÿ êàæäîãî t, a ≤ t ≤ b. Ðàññìîòðèì âûðàæåíèÿ ïå-
ðåìåííîé z, èç êîòîðûõ, ïîäñòàíîâêîé îïåðàòîðà A âìåñòî z áóäóò ïîëó÷åíû
íóæíûå íàì îïåðàòîðíûå âûðàæåíèÿ. Îáîçíà÷èì ÷åðåç ∆(z) ôóíêöèîíàëüíûé
îïðåäåëèòåëü

∆(z) =

∣∣∣∣∣∣∣∣
b∫
a

1√
z

sin
√
z(r − p)f(p)dp,

b∫
a

cos
√
z(r − p)f(p)dp

b∫
a

1√
z

sin
√
z(r − p)ϕ(p)dp,

b∫
a

cos
√
z(r − p)ϕ(p)dp

∣∣∣∣∣∣∣∣ .
Îïðåäåëèòåëü ∆(z) íå çàâèñèò îò ïåðåìåííîé r, ÷òî ëåãêî ìîæíî ïðîâåðèòü
äèôôåðåíöèðîâàíèåì ïî r. Äàííîå îáñòîÿòåëüñòâî óäîáíî ïðè âûáîðå r â êà-
÷åñòâå a èëè b â äàëüíåéøåì.

Íàïðèìåð, åñëè f(τ) = δ(τ − τ0), ϕ = δ(τ − τ1), t0 ∈ (a, b), t1 ∈ (a, b), òî

∆(z) =
1√
z

sin
√
z(t1 − t0).
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Äàëåå ââåäåì ôóíêöèè, çàâèñÿùèå îò äàííûõ è ïåðåìåííîé z

P fa = wa

b∫
a

cos
√
z(r − p)f(p)dp− w′a

b∫
a

1√
z

sin
√
z(r − p)f(p)dp,

Pϕa = wa

b∫
a

cos
√
z(r − p)ϕ(p)dp− w′a

b∫
a

1√
z

sin
√
z(r − p)ϕ(p)dp,

P fb = wb

b∫
a

cos
√
z(r − p)f(p)dp− w′b

b∫
a

1√
z

sin
√
z(r − p)f(p)dp,

Pϕb = wa

b∫
a

cos
√
z(r − p)ϕ(p)dp− w′b

b∫
a

1√
z

sin
√
z(r − p)ϕ(p)dp.

(14)

Ôîðìàëüíàÿ ïîäñòàíîâêà â óêàçàííûå ôîðìóëû âìåñòî ïåðåìåííîé z îïåðàòî-
ðà A ïðèâîäèò ê òåîðåìå 8, äàþùåé ðåøåíèå (12), (13).

Òåîðåìà 8. Ñëåäóþùèå ôîðìóëû

(15) w(x, t) =

= ∆−1(A)


∣∣∣∣∣∣
b∫
t

(
√
A)−1 sin

√
A(t− p)f(p)dp

b∫
t

(
√
A)−1 sin

√
A(t− p)ϕ(p)dp

P fa Pϕa

∣∣∣∣∣∣ +

+

∣∣∣∣∣∣
t∫
a

(
√
A)−1 sin

√
A(t− p)f(p)dp

t∫
a

(
√
A)−1 sin

√
A(t− p)ϕ(p)dp

P fb Pϕb

∣∣∣∣∣∣
 ,

λ(x) = ∆−1(A)(Pϕb − P
ϕ
a ),

µ(x) = ∆−1(A)(P fb − P
f
a )

äàþò ôîðìàëüíîå ðåøåíèå çàäà÷è (12), (13).

Äîêàçàòåëüñòâî. Ñíà÷àëà ïîêàæåì, ÷òî ïðè t = a, w(x, a) = wa(x), à ïðè
t = b, w(x, b) = wb(x). Èìååì ïî ôîðìóëå òåîðåìû 8

w(x, a) = ∆−1(A)

∣∣∣∣∣∣
b∫
a

(
√
A)−1 sin

√
A(a− p)f(p)dp

b∫
a

(
√
A)−1 sin

√
A(a− p)ϕ(p)dp

P fa Pϕa

∣∣∣∣∣∣ .
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Ïîäñòàâëÿÿ âûðàæåíèÿ äëÿ P fa , P
ϕ
a èç (14) â ôîðìóëó äëÿ wa(x) ïîëó÷àåì

w(x, a) =

= ∆−1(A)


∣∣∣∣∣∣∣∣
b∫
a

(
√
A)−1 sin

√
A(a− p)f(p)dp

b∫
a

(
√
A)−1 sin

√
A(a− p)ϕ(p)dp

wa
b∫
a

cos
√
A(a− p)f(p)dp wa

b∫
a

cos
√
A(a− p)ϕ(p)dp

∣∣∣∣∣∣∣∣
−

∣∣∣∣∣∣∣∣
b∫
a

(
√
A)−1 sin

√
A(a− p)f(p)dp

b∫
a

1√
A

sin
√
A(a− p)ϕ(p)dp

w′a

b∫
a

(
√
A)−1 sin

√
A(a− p)f(p)dp w′a

b∫
a

(
√
A)−1 sin

√
A(a− p)ϕ(p)dp

∣∣∣∣∣∣∣∣


= ∆−1(A)

∣∣∣∣∣∣∣∣
b∫
a

(
√
A)−1 sin

√
A(a− p)f(p)dp

b∫
a

(
√
A)−1 sin

√
A(a− p)ϕ(p)dp

wa
b∫
a

cos
√
A(a− p)f(p)dp wa

b∫
a

cos
√
A(a− p)ϕ(p)dp

∣∣∣∣∣∣∣∣
= wa(x)∆−1(A)∆(A) = wa(x),

â ñèëó òîãî, ÷òî

−

∣∣∣∣∣∣∣∣
b∫
a

(
√
A)−1 sin

√
A(a− p)f(p)dp

b∫
a

(
√
A)−1 sin

√
A(a− p)ϕ(p)dp

w′a

b∫
a

(
√
A)−1 sin

√
A(a− p)f(p)dp w′a

b∫
a

(
√
A)−1 sin

√
A(a− p)ϕ(p)dp

∣∣∣∣∣∣∣∣ = 0.

Àíàëîãè÷íî,

w(x, b) =

= ∆−1(A)

∣∣∣∣∣∣
b∫
a

(
√
A)−1 sin

√
A(b− p)f(p)dp

b∫
a

(
√
A)−1 sin

√
A(b− p)ϕ(p)dp

P fb Pϕb

∣∣∣∣∣∣
= wb(x).

Äèôôåðåíöèðóÿ ïî t îäèí ðàç ôóíêöèþ w(x, t) òåîðåìû 8, ïîëó÷àåì ðàâåí-
ñòâî

∂w

∂t
= ∆−1(A)


∣∣∣∣∣∣
b∫
t

cos
√
A(r − p)f(p)dp

b∫
t

cos
√
A(r − p)ϕ(p)dp

P fa Pϕa

∣∣∣∣∣∣ +

+

∣∣∣∣∣∣
t∫
a

cos
√
A(r − p)f(p)dp

t∫
a

cos
√
A(r − p)ϕ(p)dp

P fb Pϕb

∣∣∣∣∣∣
 .



ÔÎÐÌÓËÛ Â ÒÅÎÐÈÈ ÈÄÅÍÒÈÔÈÊÀÖÈÈ 1535

Ïîäñòàâëÿÿ çäåñü t = a ñ ó÷åòîì ñîîòíîøåíèé (13) èìååì

∂w

∂t

∣∣∣∣
t=a

=

= ∆−1(A)


∣∣∣∣∣∣∣∣

b∫
a

cos
√
A(a− p)f(p)dp

b∫
t

cos
√
A(a− p)ϕ(p)dp

wa(x)
b∫
a

cos
√
A(a− p)f(p)dp wa(x)

b∫
a

cos
√
A(a− p)ϕ(p)dp

∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣
b∫
t

cos
√
A(a− p)f(p)dp

b∫
t

cos
√
A(a− p)ϕ(p)dp

w′a(x)
b∫
t

(
√
A)−1 sin

√
A(a− p)f(p)dp wa(x)′

b∫
t

(
√
A)−1 sin

√
A(a− p)ϕ(p)dp

∣∣∣∣∣∣∣∣


= ∆−1(A)

∣∣∣∣∣∣∣∣
b∫
t

cos
√
A(a− p)f(p)dp

b∫
t

cos
√
A(a− p)ϕ(p)dp

w′a(x)
b∫
t

(
√
A)−1 sin

√
A(a− p)f(p)dp w′a(x)

b∫
t

(
√
A)−1 sin

√
A(a− p)ϕ(p)dp

∣∣∣∣∣∣∣∣
= ∆−1(A)∆(A)w′a(x) = w′a(x)

Àíàëîãè÷íî ïðè t = b èìååò ìåñòî ðàâåíñòâî
∂w

∂t

∣∣∣∣
t=b

= w′b(x). Äèôôåðåíöèðóÿ

äâà ðàçà ïî t ôîðìóëó (15) äëÿ w(x, t), ïîëó÷àåì ðàâåíñòâî

∂2w

∂t2
=

= ∆−1(A)

{∣∣∣∣∣∣−
b∫
t

(
√
A)−1A sin

√
A(t− p)f(p)dp −

b∫
t

(
√
A)−1A sin

√
A(t− p)ϕ(p)dp

P fa (A) Pϕa (A)

∣∣∣∣∣∣
+

∣∣∣∣ f(t) ϕ(t)
P fa (A) Pϕa (A)

∣∣∣∣
+

∣∣∣∣∣∣−
t∫
a

(
√
A)−1A sin

√
A(t− p)f(p)dp −

t∫
a

(
√
A)−1A sin

√
A(t− p)ϕ(p)dp

P fb (A) Pϕb (A)

∣∣∣∣∣∣
+

∣∣∣∣ f(t) ϕ(t)

P fb (A) Pϕb (A)

∣∣∣∣
}

= −Aw + f(t)λ(x) + ϕ(t)µ(x).

�

5. Àíàëèòè÷åñêèå ïðåäñòàâëåíèÿ ðåøåíèé äëÿ ýâîëþöèîííûõ

óðàâíåíèé

Ðàññìàòðèâàåòñÿ ìíîãîìåðíàÿ îáðàòíàÿ çàäà÷à äëÿ ýâîëþöèîííîãî óðàâíå-
íèÿ: íàéòè êîìïëåêñíîçíà÷íûå ôóíêöèè w(x, t), λ(x), µ(x),

∂λ

∂t
= 0,

∂µ

∂t
= 0, x ∈ Rn, a ≤ t ≤ b,
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òàêèå, ÷òî

∂2w

∂t2
+Aw(x, t) = λ(x)f(t) + µ(x)ϕ(t),(16)

w|t=a = wa(x),
∂w

∂t

∣∣∣∣
t=a

= w′a(x), w|t=b = wb(x),
∂w

∂t

∣∣∣∣
t=b

= w′b(x).(17)

Çäåñü A � ëèíåéíûé îïåðàòîð, äåéñòâóþùèé ïî ïåðåìåííûì x = (x1, . . . , xn)

âåùåñòâåííîãî åâêëèäîâîãî ïðîñòðàíñòâà Rn è èìåþùèé ñèìâîë Ã(ξ), ξ ∈ Rn:

Ã(ξ) ∈ C∞(Rn), Aeixξ = eixξÃ(ξ).

Äèôôåðåíöèðóåìûå ôóíêöèè f(t), ϕ(t), wa(x), w′a(x), wb(x), w′b(x), x ∈ Rn
è ïîñòîÿííûå a, b ïðåäïîëàãàþòñÿ èçâåñòíûìè. Îáðàòíàÿ çàäà÷à (16), (17)
ìîæåò èíòåðïðåòèðîâàòüñÿ êàê çàäà÷à óïðàâëåíèÿ ïðè ïåðåâîäå ñîñòîÿíèÿ
(wa(x), w′a(x)) â ñîñòîÿíèå (wb(x), w′b(x)) ïðè ýòîì óïðàâëåíèåì ÿâëÿþòñÿ ôóíê-
öèè λ(x), µ(x), x ∈ Rn.

Ââåäåì îáîçíà÷åíèÿ, ïîëàãàÿ

(18) ∆(ξ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

b∫
a

sin

√
Ã(ξ)(r − p)√
Ã(ξ)

f(p)dp,
b∫
a

cos

√
Ã(ξ)(r − p)f(p)dp

b∫
a

sin

√
Ã(ξ)(r − p)√
Ã(ξ)

ϕ(p)dp,
b∫
a

cos

√
Ã(ξ)(r − p)ϕ(p)dp

∣∣∣∣∣∣∣∣∣∣∣∣∣
,

(19)

Pαr = ŵr(ξ)

b∫
a

cos

√
Ã(ξ)(r − p)α(p)dp− ŵ′r(ξ)

b∫
a

1√
Ã(ξ)

sin

√
Ã(ξ)(r − p)α(p)dp.

Â ýòèõ ôîðìóëàõ | · | îçíà÷àåò îïðåäåëèòåëü, ÷èñëî r ìîæåò ïðèíèìàòü äâà
çíà÷åíèÿ: a ëèáî b, ôóíêöèÿ α(p) ìîæåò ðàâíÿòüñÿ f(p) ëèáî ϕ(p), a ≤ p ≤ b,
ôóíêöèè ŵr(ξ), ŵ

′
r ÿâëÿþòñÿ îáðàçàìè Ôóðüå wa(x), w′a(x) è wb(x), w′b(x) ïðè

r = a è r = b ñîîòâåòñòâåííî, ò.å.

wr(x) =

∫
|ξ|≤R0

ŵr(ξ)e
ixξ dξ, w′r(x) =

∫
|ξ|≤R0

ŵ′r(ξ)e
ixξ dξ

ñ íåïðåðûâíûìè ŵr(ξ), ŵ
′
r(ξ) â çàìêíóòîé îáëàñòè |ξ| ≤ R0. Èìååò ìåñòî ñëå-

äóþùàÿ òåîðåìà

Òåîðåìà 9. Ïóñòü â (17) ôóíêöèè wa(x), w′a(x), wb(x), w′b(x) ïðèíàäëåæàò
êëàññó öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà è ïóñòü âûïîëíåíî ñîîòíî-
øåíèå

∆(ξ) 6= 0, ∀ξ ∈ Rn.
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Òîãäà ñóùåñòâóåò öåëîå ïî x ðåøåíèå îáðàòíîé çàäà÷è, îïðåäåëåííîå ôîðìó-
ëàìè

w(x, t)

=

∫
|ξ|≤R0


1

∆(ξ)

∣∣∣∣∣∣∣∣
b∫
t

sin(

√
Ã(ξ)(t− p))√
Ã(ξ)

f(p)dp
b∫
t

1√
Ã(ξ)

sin

√
Ã(ξ)(t− p)ϕ(p)dp

P fa Pϕa

∣∣∣∣∣∣∣∣
+

1

∆(ξ)

∣∣∣∣∣∣∣∣
t∫
a

sin(

√
Ã(ξ)(t− p))√
Ã(ξ)

f(p)dp
t∫
a

1√
Ã(ξ)

sin

√
Ã(ξ)(t− p)ϕ(p)dp

P fb Pϕb

∣∣∣∣∣∣∣∣
 eixξ dξ,

λ(x) =

∫
|ξ|≤R0

[
Pϕb (ξ)

∆(ξ)
− Pϕa (ξ)

∆(ξ)

]
eixξ dξ,

µ(x) =

∫
|ξ|≤R0

[
P fa (ξ)

∆(ξ)
−
P fb (ξ)

∆(ξ)

]
eixξ dξ.

Ïðåäïîëîæèì òåïåðü, ÷òî x ∈ D ⊂ Rn, ãäå D � îáëàñòü ñ ãëàäêîé ãðàíèöåé,
è áóäåì ñ÷èòàòü, ÷òî îïåðàòîð A â (16) ìîæåò çàâèñåòü îò x, íàïðèìåð,

A =

n∑
i,j=1

aij(x)
∂2

∂xi∂xj
+

n∑
j=1

bj
∂

∂xj
.

Ïóñòü Tk(x) è λk � ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà
A

ATk + λkTk = 0, x ∈ D,
ïîä÷èíåííûå íåêîòîðîìó ãðàíè÷íîìó óñëîâèþ, íàïðèìåð, Tk|∂D = 0. Îêàçû-
âàåòñÿ, ñóùåñòâóåò àíàëîã ôîðìóë òåîðåìû 9 äëÿ îáðàòíîé çàäà÷è (16), (17) â
äàííîì ñëó÷àå, êîãäà îïåðàòîð A çàâèñèò îò x ∈ D ⊂ Rn.

Ïðåäïîëîæèì, ÷òî äàííûå (17) îáðàòíîé çàäà÷è (16), (17) ïðåäñòàâëÿþòñÿ
â âèäå

wa(x) =

∞∑
k=1

akTk(x), w′a(x) =

∞∑
k=1

a′kTk(x),

wb(x) =

∞∑
k=1

bkTk(x), w′b(x) =

∞∑
k=1

b′kTk(x),

ãäå ak, a
′
k, bk, b

′
k � ïîñòîÿííûå.

Ââåäåì ïîñëåäîâàòåëüíîñòè ∆k è P
α
rk

∆k(z) =

∣∣∣∣∣∣∣∣
b∫
a

sin
√
λk(r − p)√
λk

f(p)dp,
b∫
a

cos
√
λk(r − p)f(p)dp

b∫
a

sin
√
λk(r − p)√
λk

ϕ(p)dp,
b∫
a

cos
√
λk(r − p)ϕ(p)dp

∣∣∣∣∣∣∣∣ ,
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Pαrk = rk(ξ)

b∫
a

cos
√
λk(r − p)α(p)dp− r′k(ξ)

b∫
a

1√
λk

sin
√
λk(r − p)α(p)dp, . . . ,

r = a, b, k = 1, 2, ïîäñòàâëÿÿ â (18), (19) âìåñòî ñèìâîëà Ã(ξ) ñîáñòâåííîå
çíà÷åíèå λk îïåðàòîðà A, à âìåñòî ôóíêöèé ŵr(ξ), ŵ

′
r(ξ) � ïîñòîÿííûå ak, a

′
k

ïðè r = a è ïîñòîÿííûå bk, b
′
k ïðè r = b. Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà

Òåîðåìà 10. Ïóñòü ∆k 6= 0, k = 1, 2, . . .. Òîãäà ñëåäóþùèå ôîðìóëû

w(x, t) =

∞∑
k=1

 1

∆k

∣∣∣∣∣∣
b∫
t

sin(
√
λk(t− p))√
λk

f(p)dp
b∫
t

1√
λk

sin
√
λk(t− p)ϕ(p)dp

P fak Pϕak

∣∣∣∣∣∣ +

+
1

∆k

∣∣∣∣∣∣
t∫
a

sin(
√
λk(t− p))√
λk

f(p)dp
t∫
a

1√
λk

sin
√
λk(t− p)ϕ(p)dp

P fbk Pϕbk

∣∣∣∣∣∣
Tk,

λ(x) =

∞∑
k=1

{
Pϕbk
∆k
−
Pϕak
∆k

}
Tk,

µ(x) =

∞∑
k=1

{
P fak
∆k
−
P fbk
∆k

}
Tk.

äàþò äëÿ ôîðìàëüíîå ðåøåíèå w(x, t), λ(x), µ(x) îáðàòíîé çàäà÷è (16), (17).

Çàìå÷àíèå. Åñëè f(t) = δ(t− t0), ϕ(t) = δ(t− t1), ãäå δ(t) � äåëüòà-ôóíêöèÿ
Äèðàêà, òî

∆k =
1√
λk

sin[
√
λk(t1 − t0)],

è â ýòîì ñëó÷àå ÷èñëîâîå óñëîâèå
√
λk(t1 − t0) 6= mπ, ãäå m � öåëîå ÷èñëî,

ÿâëÿåòñÿ óñëîâèåì óïðàâëÿåìîñòè. Â ÷àñòíîñòè, ïðè
√
λk = k, ÷èñëî

1

π
(t1− t0)

íå äîëæíî áûòü ðàöèîíàëüíûì.
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