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HOMOGENIZATION OF A SUBMERGED
TWO-LEVEL BRISTLE STRUCTURE
FOR MODELING IN BIOTECHNOLOGY

S.A. SAZHENKOV, E.V. SAZHENKOVA

ABSTRACT. The effective macroscopic model describing reciprocal mo-
tion of viscous weakly compressible fluid and two-level hierarchical fine
bristle-like elastic structure is derived from microstructure via the Allaire-
Briane homogenization method. This new model naturally generalizes
the well-known system constructed by K.-H. Hoffmann, N. Botkin and
V. Starovoitov for description of fine periodic elastic structures in fluids
(2005). In applications, the established model can be used, for exam-
ple, in description of airflow near surface of plant’s leaf, in simulation
of epithelium surfaces of blood vessels, and in design of biotechnological
devices operating in liquids.

Keywords: homogenization, periodic structure, compressible fluid,
elastic solid, Navier-Stokes equations, Lamé’s equations, biotechnology,
bionics

INTRODUCTION

In the present article, the linearized mathematical model of reciprocal motion of
a viscous weakly compressible fluid and a linear elastic plate with attached bristles
is considered. The precise basic formulation of the fluid-structure interaction is
given further in Sec. 1 following the original outline in [12, Sec. 2.1]. It is called
Model A. We bring this formulation to a dimensionless form in Sec. 2. In Sec.
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3, we define a fine bristle-like elastic structure attached to the plate in the full
detail. Without loss of generality, we assume that, in dimensionless variables, the
viscous fluid and the elastic plate with attached bristles occupy the 3D unit cube
Q={x e€R?: 0<x1,79,x3 < 1}. The plate lays on the bottom of the cube and
fills in the layer Q, = {z € Q: 0 < 23 < A} (A = const < 1). The bristles are
modeled as elastic cylinders that are very frequently periodically located on the flat
upper surface of the plate, perpendicularly to this surface. Presence of cylinders
of the two distinct sizes is assumed. The shorter and thinner cylinders are located
one or several orders more frequently than the taller and thicker ones. The heights
of the cylinders are fixed and equal to é, and §*, where §, < 6* and A + §* < 1.
The distance between the symmetry axes of two neighboring tall cylinders is £. At
the same time, the distance between the symmetry axes of two neighboring short
cylinders is €2. Here ¢ < 1 is a small positive dimensionless parameter.

The fluid motion is described by the classical non-stationary Stokes equations
and the motion of elastic body obeys the classical non-stationary Lamé equations of
linear elasticity. On the fluid-solid interface, continuity of the velocity field and the
normal tension field is prescribed. The system consisting of the Stokes and Lamé’s
equations and the fluid-solid interface conditions is endowed with the set of initial
(in time t) conditions and boundary conditions on 92. The distributions of velocity
u. = u.(x,t) and pressure p. = p.(x,t) in the fluid phase and the distribution of
displacements v. = v.(x,t) of the elastic particles are the sought functions in the
system.

In this article, the above described dimensionless model incorporating the small
parameter ¢ is called Model A.. Existence and uniqueness of weak solutions for
any fixed £ > 0 follow from the well-known results established in [20, Chap. 1,
Sec. 9.1], see in Sec. 2. In this formulation, each bristle is distinguished. Therefore
Model A, describes the microscopic behavior of the mechanical system under study.

The aim of the present work is to fulfill and justify the homogenization procedure,
i.e., to pass to the limit in Model A, as € \, 0, and to derive a closed system
of effective relations that describe the behavior of the mechanical system on the
macroscopic level. To this end, firstly, in Sec. 2, the unified formulation is set up
in terms of the sought velocity field u. in the whole continuum, like in [20, Ch. 1,
Sec. 9.1]. Secondly, in Sec. 4, we recall and, in Sec. 5, apply the Allaire-Briane
homogenization method and derive the three-scale homogenized system of equations
and boundary conditions for the triple consisting of the macroscopic velocity u,
mesoscopic velocity w(!), and the microscopic velocity u(?). In Sec. 5, this system
is called Model H-3sc. Thirdly, in Secs. 6-12, we fulfill the full asymptotic
decomposition, which consists in the gradual scale separation. As the result, we
construct the desired effective limiting model for the macroscopic velocity u solely.
This model describes evolution of the mechanical system on the macroscopic level.
It is a natural generalization of the Hoffmann-Botkin-Starovoitov system [12, Sec.
5.1], and we call it Model HBS.

Model HBS consists of Lamé’s equations of the pure elastic component that
occupies layer 2, the two systems of non-classical non-local in time integro-
differential equations of viscoelastic layers Q5, == {x € Q: A < 23 < A+ 4.}
and Qs+ :={x € Q: A+, <x3 <A+ §*}, the classical Stokes equations of the
pure fluid component Qg := {x € Q: A+ §* < x5 < 1}, and the set of the natural
conditions on the discontinuity surfaces {& € Q: z3 = A}, {&x € Q: x5 = A+ 0.},
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and {x € Q: x3 = A+ §*}. Its full formulation is given in Sec. 12 and is written
in the form of the system (12.2a)-(12.2s). Further, in Sec. 13, we formulate and
prove the theorem on existence and uniqueness of weak solutions of Model HBS.
In Sec. 14, we make some concluding remarks about the computational algorithm
based on Model HBS and possible applications of Model HBS in biotechnology and
bionics.

In the end of this introduction, we would like to notice that the content of the
article involves very many notations and technical calculations, which is a usual
thing in studies of homogenization problems. Therefore, for convenience of reading
we add two appendices in the end of the article. In Appendix A, we briefly recall
the notions and properties of the convolution integrals and the Laplace transform.
In Appendix B, we aggregate the list of almost all notation used in the article.

1. BASIC FORMULATION OF FLUID-STRUCTURE INTERACTIONS

In this section, we state the basic formulation of the initial-boundary value prob-
lem in the dimensional independent and sought variables.

MoODEL A. (THE DIMENSIONAL FORM.) Let Q = (0,L)3 be divided into
two disjoint subdomains Qr and g and the Lipschitz boundary I' between them,
so that the fluid occupies Q2 and the plate with attached bristles occupies 2g. The
fluid motion is governed by the non-stationary Stokes equations

(1.1a) prOu = =V,p+divy (P : Veu) + prpf, x€Qp, t>0,

(1.1b) Yop = —divyu, x € Qp, t>0.

The motion of the elastic body is governed by the non-stationary Lamé equations
(1.1c) ps0fv = div,(G : V,v) + psf, x€Qg,t>0.

On T, the fluid-solid system obeys the continuity conditions for velocities and nor-
mal tensions:

(1.1d) oov=u, =zl t>0,
(1.1e) (G:Vyv)n = (—pl+P,:Veu)n, xzel, t>0.

This system is endowed by imposing initial data for ¢ = 0 and conditions on the
fixed boundary 9€2:

(1.1f) u|i—o = u’(x), plimo =1°(x), =€ Qp,

(1.1g) v]i—o = V0(x), Ov|i—o = w’(x), x € Qsg,
(1.1h) u(z,t) =ul (z,t), = €dQNINE, t >0,

(1.1i) v(x,t) =0, x€dIQNINg, t> 0.

In (1.1a)-(1.1i) the velocity field uw = u(x,t) in the fluid, the displacement field
v = v(x,t) in the elastic body, and the pressure distribution p = p(x,t) in the
fluid are the unknown functions; n is the unit normal vector to surface I' pointing
into Qp; pr and pg are the given densities of the fluid and elastic components,
respectively; prpf and pgf are external forces; the coefficient ~ characterizes the
compressibility of the fluid; the fourth-rank tensor P, = (P7*) is the viscous stress
tensor in the fluid defined by the relation

(1.2) P.:Vyu= (Adivy w)l + 2uD,(u),
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ie.,
3
P.=Mel+2u > I,
m,n=1
or, in the component-wise form,
3
’ SimBin + Ombin OkmOim + OOk
ZJklZ)\(;“(S ) imYjn gmYin “kmCin mCkn
P* i Kl T Mm;ZI 5 5

Here, the unit second-rank tensor I has the components I;; = d;;, where d;; is the
Kronecker symbol, and the second-rank tensor J™" is defined by the formula

e, e, +e,Re,

= > ;

or, in the component-wise form,
J™")ij = OimOin + OjmOin ; dmbin ;=123
By e,, (m = 1,2,3) we denote the standard Cartesian basis vectors in R3. Thus
(em)j = Om;- The strain velocity tensor D,(u) has the components
Dyij(u) = (1/2) (@cjui + @ciuj) , 4,7 =1,23.

The quantities A and p are the positive bulk and dynamic viscosity coefficients of
the fluid, respectively. The components G*! of the elastic stiffness tensor G can
be arbitrary up to base restrictions so that any anisotropic solid can be considered.
We have

3
(g : vrv)ij = Z gijkl arlvlm
k=1
the components G**! are constant; and the symmetry condition
(13) gijkl _ gljlk _ gklz_j — gjikl7 ’i,j, k,l — 17 2’ 3’

and the positive-definiteness condition

3
(1.43) (g : X) X = Z Qijleleij Z O7 VX = (Xij)i,j:1,2,3 S R3X3,
i,j,k,l1=1
3
(1.4b) Z Gk X1, X, = 0 if and only if X + X5 =0, Vk,1=1,2,3,
4,4,k l=1

are fulfilled. Demands (1.3), (1.4a), and (1.4b) perfectly meet the fundamental
principles of Newtonian mechanics.

Notation 1. In this section and further in the article, we use the conventional
notation for the inner products of fourth-rank tensors and 3 x 3-matrices and for
the dyads of 3 x 3-matrices and vectors. More precisely, A : B is the inner product
(convolution) of a fourth-rank tensor A and a 3 x 3-matriz B. It is the 3 X 3-matriz
defined by the formula

A:B= ( Z Aijlekz> )
i,j=1,2,3

k,1=1,2,3
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The inner product (convolution) of two 3 x 3-matrices B and C is the scalar defined
by the formula

In particular, we have

3 3
(A:B):C= Y  AMBuCy;, IB?=B:B= )Y BB, trtB=B:I
i,7,k, =1 i,j=1
for all fourth-rank tensors A and 3 x 3-matrices B and C.
The dyad B ® C of two 3 x 3-matrices B and C is the fourth-rank tensor defined
by the formula
B® C = (Bij Cki)ijki=123
and the dyad a @b of two vectors a and b is the 3 x 3-matriz defined by the formula
a® b= (aibj)i7j=172,3.
In particular, we have
BRC):A=(C:A)B, (a®b)c=(b-c)a
for all 3 x 3-matrices A, B, and C, and for all vectors a, b, and c.
Notation 2. Throughout the whole article we deal with symmetric 3 X 3-matrices,

say, X = (X;j)i j=1,2,3 such that X;; = X;;. We denote the class of these matrices
by R3><3

symm *

The following technical lemma will be quite useful in some further considerations.
Lemma 1. Let a constant fourth-rank tensor € = (€W*), ., 143 satisfy the
positive definiteness conditions

3
(QE : X) X = Z @ijleleij Z 07 VX = (Xij)i,j:1,2,3 S RgXS,
i,4,k, =1
and
3
(1.5) > @MXXi; =0 if and only if X+ Xy, =0, Vk,1=1,2,3.
iyj k=1

Then there exists a constant ce > 0 such that
(€:X):X>celX|?, VX eRYS

symm*
Proof. Notice that for symmetric matrices X due to (1.5) we have that
3
(1.6) (€:X):X= > @MX,X;; =0 if and only if X =0.
1,4,k =1
Now the proof of the lemma can be constructed by contradiction.

Let us suppose that such a constant cg > 0 does not exist. Then for each
¢ > 0 there exists X¢ # 0 such that 0 < (€ : X¢) : X¢ < £[X¢|? or, equivalently,
0 < (&:We): We <& for We = X /|Xe|. (Notice that [W¢| = 1.) Passing to
the limit as & — 04 and using local compactness of the unit sphere in R3*3, we
conclude that there exists W, € R332 such that W, g_>0 W, in R3*3 |[W,| =1

—

symm

and (& :W,): W, =0, which contradicts (1.6). The lemma is proved. O
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The following property of the elastic stiffness tensor G is an immediate conse-
quence of this lemma.

Corollary 1. There exists a constant cg > 0 such that
(1.7) (G:X):X>cg|XP?, VX =(Xij)ij=1.23 € Rimm-

2. DIMENSIONLESS FORM OF MODEL A. NOTION OF WEAK SOLUTION

Our aim in this article is to apply the homogenization procedure to Model A in
the case when the shape of Qg includes the fine bristle-like structure, which depends
on the small dimensionless parameter € > 0, i.e., to pass to the limit, as € \, 0. In
line with this, primarily, we bring Model A to a dimensionless form and absorb the
interface conditions on I' in the equations by introducing a uniform description of
the both phases, as in [20, Ch. 1, Sec. 9.1].

Namely, choose the edge L (measured, for example, in meters: m) of the cube
Q, a characteristic duration of physical processes T4 (s), the atmosphere pressure
Pse (kg-m™1-s72), the acceleration of free fall g (m - s~2), and the mean density
of air pe. (kg-m™2) at the temperature 273 K under atmosphere pressure as the
characteristic scales of length, time, pressure, density of mass distributed forces,
and density of matter, respectively. Introduce the dimensionless independent and
dependent variables (with primes) by the formulas

L
(2.1) x=Lx, t=714t, u=-—"u, v=ILv, p=pp,

TSC
the given dimensionless vector of distributed mass forces, the elastic stiffness tensor,
the mean densities of the solid and the fluid at rest, and the initial and boundary
data (all with primes), respectively, by the formulas

F=af, G=pG, ps=psPs PF=pPscPrs
2.2 L ’ ’ ’ L ’ L ’
(2:2) W= 2w =10, P =pp”, w'= —w®, uf = L
TSC TSC TSC

the dimensionless ratios by the formulas

pscL2 PscgL A M
= 95 F =" ay) = ) Q= ) Oy = VP sc
PscTse Psc TscPsc TscPsc

and the dimensionless viscous stress tensor by the formula

(2.3) «a,

3
(2.4) P =anI@l+2a, » Il

m,n=1

Now multiply (1.1a) and (1.1¢) by L/pse, (1.1b) by 74, and (1.1d), (1.1f)1, (1.1g)a,
and (1.1h) by 74 /L, and divide (1.1e) by ps.L, (1.1f)2 and (1.2) by pge, and (1.1g)1
and (1.1i) by L. After this, substitute (2.1)-(2.4) into the resulting equations and
then omit primes. Thus Model A is brought to the dimensionless form.

MoODEL A. (THE DIMENSIONLESS FORM.) Let Q = (0,1)? be divided into
two disjoint subdomains Qg and g and the Lipschitz boundary I between them,
so that the fluid occupies the subdomain Q, and the plate with attached bristles
occupies the subdomain Qg. Let 7' = const > 0 be a given moment of time. It
is necessary to find a velocity field u: Qr x (0,T) — R3, a pressure distribution
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p: Qp x (0,T) — R, and a displacement field v: Qg x (0,T) — R3 satisfying the
equations

(2.5a) arproir = =Vup + divy (P : Veu) + apprf, x € Qp, t € (0,T),

(2.5b) P :Vou = (apdivy w)l + 2a,D,(u), x€Qp, te(0,7T),
(2.5¢) a,Op = —divyu, x€Qp, te(0,7),

(2.5d) arps0?v = div,(G : V,u) + appsf, x€Qg, te(0,T),
the interface conditions

(2.5€) ov=u, xel,te(0,T),

(2.51) (G:Vyo)yn=(—pl+P:Vyun, zel,te(0,T),
the initial conditions

(2.5g) uli—o = u’(x), pl=o =p"(x), xcQp,

(2.5h) V|imo = v°(x), Ov|i=o = w'(x), =€ Qsg,

and the conditions on the fixed boundary 02

(2.51) u(z,t) =ul (z,t), xe€dQNIQp, te(0,T),
(2.5)) v(x,t) =0, x€dNNIg, te (0,T).

Definition 1. We assume that Qg and Qp depend on a small positive dimension-
less parameter : Qp = Q% and Qg = Q%. In line with this, the dimensionless
form of Model A incorporating € is named Model A..

It is necessary to introduce the proper notion of weak solution to Model A.,
uniform in the whole unit cube . To this end, let us follow [12, Sec. 2.2] and [20,
Sec. 9.1]. Introduce the Volterra operator J:

¢
(2.6) (Jrw)(t) = / w(s)ds.

0
Then equation (2.5d) and condition (2.5h); can be equivalently rewritten as

a,psOu = div, (G : J;V,u) +dive(G : V,v°) + appsf.

Here u = 0;v is the velocity vector. Analogously, with the help of (2.6), equation
(2.5¢) and condition (2.5g)s can be rewritten in the equivalent form

p= fa,;l div, Jyu + p°.
We accept the following two assumptions on the initial data in Model A..
Assumption 1. We suppose that the initial data for velocity

0 €
o/, | ul(x) for ze€Q5%,
wi(z) = { wl(z) for z €O,
given in the whole cube ), does not depend on . In other words, we impose an

independent of € uniform initial velocity field u® on .

Assumption 1 is consistent with the requirement that the initial velocity field is
continuous in the whole cube .
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Assumption 2. Also we suppose that the initial distributions of pressure p° and
the initial displacement v° are defined in the whole cube 2, do not depend on ¢,
and along with u® satisfy the compatibility condition

(2.7) —pI+P:Vu’ =G :V, 0" Ve

Relation (2.7) expresses continuity of the initial stress in the whole cube Q.
Now introduce into considerations the characteristic function of domain Q%:

{1 for @€ Qs

2.8 (x) =
28 Y@ =10 for zen)0s.

Taking into account this notation, we rewrite the system (2.5a)-(2.5j) as the
uniform momentum equation with the discontinuous coefficients in the whole €2:

o piou = diVI(Mévmu + Mg) +applf, €, t>0,

where

(2.9) MV,u=x"P:Vyu+ (X ' Tol+ (1-x°)G) : /i V,u,
(2.10) pi = X"pr + (1= Xx)ps;

(2.11) MY = —xp° T+ (1 — x°)G : V',
supplemented with the set of initial and boundary data

(2.12) ulmg =u’, TEQ,

(2.13) u(x,t) = u*(x,t) for (z,t) € 902 x (0,T),

where u* = u*(z,t) is a given vector-function, which is defined in the whole closed
space-time domain €2 x [0, 7] and satisfies the boundary condition

’U,F(:I)ﬂf) for (l‘l,xg) € (Oa 1)2, T3 = 17 le [OaTL
and for (z1,72) € 8(0,1)2, z3 € (A, 1), t € [0,77;

0 for (x1,12) € 9(0,1)2, 23 € (0,A], t €[0,T),
and for (x1,72) € (0,1)%, 23 =0, t € [0,T].

Now we are in a position to introduce a notion of weak solution to Model A..

(2.14)  utlpg =

Definition 2. Function u. = u.(x,t) is o weak solution of Model A., if it
satisfies the reqularity demands

u. € L0, T; L2(Q)*) N L2(0,T; HY(0%)%),  Jyu. € L=(0,T; H'(Q)?),
conditions (2.12) and (2.13) in the trace sense, and the integral equality

T
/O /Q (—anqu O+ [MLVue + ML Vo — applf - so) dadt
(2.15)

— [ arpi(@)u’() - p(a,0)de
Q

for all smooth test vector-functions ¢ = @(x,t) vanishing in the neighborhood of
the plane {t = T} and the boundary OS).

Existence and uniqueness of weak solutions to Model A, is justified standardly
for linear evolutionary problems. Quite similarly to [20, Ch. 1, Sec. 9.1], we
establish that the following result is valid.
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Proposition 1. Whenever u® € L2(Q)3, v € H}(Q)3, p° € L*(Q), f € L*(Q x
(0,7))3, u* € C?(Qx[0,7T))3, for any fized ¢ > 0 there exists a unique weak solution
u, to Model A..

Moreover, the energy estimate

ess sup (||ug(t)||2La(Q)s + HID)E((JtuE)(t))||iz(92)3><3>
te(0,T)
(2.16) e
+/ ||D$(u€(t))H%2(Q})3X3 dt < Cy
0

and the additional estimate

esssup [|(Jeue)(1)l| 1 (s < O,
te[0,T]

hold true, where the constants Cy and Cy depend only on |[u®| 20z, ||’UOHH%(§2)3,

2% L2(0)s 1 F 2% (0,1))3, and 1w [l 2@ 0,77)2» and do not depend on e.

In [12, Th. 2.6], the stronger estimate for the weak solution u., than in Propo-
sition 1, was established. Namely, the following assertion holds true.

Proposition 2. Suppose, in addition to the hypothesis of Proposition 1, that
u’ € HY(Q)3, dive(x*P : Vou® + M2) € L2(Q)3,  f, 0f € L*(2 x (0,T))3.
Then the weak solution of Problem A. satisfies the bound

(2.17) €8S sup (H(’)tug(t)||L2(Q)s + vaue(t)HLQ(Q)Bxis) < 027
te(0,T)

where the constant Cy has the same properties, as Cy and Cy. In particular, Cs
does not depend on ¢.

Remark 1. We emphasize that one of the reasons why Cs does not depend on &
is that, due to Assumption 2, the expression X°P : V,u' + MY, in fact, does not
depend on ¢.

3. FINE GEOMETRY OF THE MICROSTRUCTURE

Let us define the geometrical forms of 25 and Q% precisely. By this we introduce
a two-level bristle structure. Assume that taller bristles are located e-periodically
and shorter bristles are located e2-periodically in z; and z». Parameter ¢ is small
and positive: € > 0, ¢ < 1. In order to describe exact locations of the bristles, we
introduce the pattern mesoscopic cell ¥ = (0,1) x (0, 1) and the pattern microscopic
cell © = (0,1) x (0,1), each consisting of the two nonempty subdomains and the
interface between these subdomains:

Y=YpUXgUIly, ©6=0pU0BgUTe.

Here Xg is the orthogonal projection of a taller bristle onto the flat surface {z3 = A}
of the plate Q) taken in e~! : 1 scale, i.e., ! -times stretched. Analogously, Og
is the orthogonal projection of a shorter bristle onto the flat surface {x3 = A} of
the plate Q) taken in €72 : 1 scale.

We assume that both ¥ g and ©g are simply connected sets with smooth bound-
aries, each of them being locally situated on one side of the boundary. For simplicity,
suppose that Xg and ©g do not have common points with 9% and 00, respectively
(see Figs. 1 and 2).
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ki
—_

G

Xp

FI1GURE 1. Mesoscopic pattern cell

by

(]

O

Further, let us denote T = (x1,22), ¥ = (y1, 2
consideration the characteristic functions ¢ = ((y) and ¥ = ¥(Z) of the sets Xr
and O, respectively:
~ . 1 for gy € Xp, ~ 1 for z € O,
(3.1) ((y) = O () = PR,
0foryge X\ Zr, 0for z€ O\ OF.

Extend functions ¢ and ¢ onto the whole spaces R2 and R% 1-periodically.

Using the above introduced constructions, we set up the refined geometrical
structure of domains Qg = Q% and Qp = Q% as follows.

Let A = const > 0 be the sickness of the plate {2, without taking bristles in
account. Let 6* = const > 0 and J, = const > 0 be the heights of taller and
shorter bristles, respectively. We assume that §* + A < 1. Define the characteristic
function x(z) = x*(x) of domain Qr = Q% (in line with (2.8)) as follows:

(5.2) @ =¢ (L) v (Zaa).
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where
1 for F*+A<z3<1,

(3.3) ¢ (::,x;),) = Z(j) for A<ax3<d*+ A,
0 for 0<xz3 <A,

1 for 0, +A<z3 <1,

(3.4) ¢(;JQ:: @(ﬁ) for A <3 <6, +A,
e
0 for 0<xz3 <A.

Thus, the structure of 2§ and % is introduced. It is loosely shown on Fig. 3.

Jllzl

FI1GURE 3. Plate with the bristles and the fluid flow

4. THE ALLAIRE-BRIANE THREE-SCALE CONVERGENCE METHOD

Our aim now is to pass to the limit in the integral equality (2.15) as ¢ \, 0. This
limiting passage is based on the Allaire-Briane three-scale convergence method.
We formulate the fundamentals of this method in the form adapted to the problem
under consideration.

Proposition 3. (G. Allaire, M. Briane, [1, Th. 2.4].) Let {w.}. 0 be a
bounded sequence in L?(2x (0,T))3. Then there exist a subsequence from {w.}-~o
(still denoted by {w.}-~0) and a vector-function

w=w(x,7,2, 1), wecl*QxXx0x(0,T))>3

such that the limiting relation

T ~ o~

r &
li 1) - L2t ) dedt
fy et (a5 St

(4- ].)
/H / /} / ( ? :-'77 ‘AZ7 t) : (P (dfa /y\a z’\’ t) dwd@dfdt
Q (C]
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holds true for all siooth and 1-periodic in y = (y1,y2) and z = (21, 22) test vector-
functions p = p(x, Y, z,1).

Definition 3. ( [1, Defn. 2.3].) If (4.1) holds then we say that the sequence
{wc}o\ 0 converges in the three-scale sense to w:

w, — w in the 3-sc. sense.
e\0

Proposition 4. (i) (|21, Sec. 3].) The three-scale limit is unique, i.e., if sequence
{w:}oo0 C L2(Q x (0,T))® converges in the three-scale sense to vector-functions
Wi, Wiy € L2(Q XX x O x (0,T))3 then wy = W a.e. in Q2 x X x O x(0,T).
(i) ([1, Th. 2.6].) Let sequences {w.}. , and {V,w:}_ o be bounded in
L?(Q x (0,T))3. Then there ezist a subsequence from {we}\o (still denoted by
{w:}\ o) and a triple of vector-functions w = w(z,t), w1 = wi(z,y,t) and
wo = wa(x, Y, 2,t) such that
w € LQ(O,T; Hl(Q)3), w1 = (wu,wlg,O), wo = (’w21,’w22,0),
wi € L*(Q x (0,T); (Hy (D)/R)?),  ws € L2(Q x 3 x (0,T); (H (©)/R)?),
and w. — w, Vyw, — Vow + Vgw, + Vzws in the 3-sc. sense.
N0 N0

(iii) ([1, Th. 4.6].) Let sequences {w:}.\ o and {V,w:} o be bounded in
L%2(Q x (0,7))3. Let x° be defined by formula (3.2). Then there exist a subse-
quence from {w5}5\0 and functions w = w(x,t), w; = wi(x,y,t) and wy =
wa(x, Y, Z,t), with the same reqularity properties as in assertion (ii), such that

XFwe E\J—g x(z,y, 2)w(x,y,z,t) in the 3-sc. sense,
e Vw, 6\—6 x(x,y,2)(Vow + Vgw, + Vzws) in the 3-sc. sense,

where x is the characteristic function of the set Qpx Ypx O, i.e.,

(4.2) X(x, Y, 2) = (73,9, 2) = (Y, 23)¢(2, x3),
where

1 for "+A<azz<],
(4.3) (Goas) =1 (@) for A<wg<d*+A,
0 for 0<ux3 <A,

and

1 for 0, +A<z3 <1,
(4.4) P(Z,x3) =< P(Z) for A<az3<6,+A,
0 for 0<ux3<A.

In the formulation of Proposition 4 and further in the article, the standard
notation for the spaces of periodic functions, which have gradients, is in use.

Notation 3. By H;(E)/R and Hﬁl(@)/R we denote the spaces of functions belong-
ing to HY(X) and H'(O), being 1-periodic in y and Z, respectively, and satisfying
the following calibration conditions:

me@=a Awaﬁ:u



HOMOGENIZATION OF A SUBMERGED TWO-LEVEL BRISTLE STRUCTURE 1371

By Vg and V3 we denote the gradient operators

82!1 821
(4.5) Vg=| 0y, |, Vz=| 0,
0 0

5. THE LIMITING PASSAGE IN MODEL A, As €\, 0.
THREE-SCALE HOMOGENIZED EQUATIONS

On the strength of Propositions 1-4, we conclude that the family {u.} ., of
weak solutions of Model A, has the following properties.

Proposition 5. There exist a subsequence {ug}s\o from the family of weak solu-
tions of Model A. and vector-functions

u = u(x,t), uM) = u(l)(:c, Y, t), u® = 4® (z,9,2,t)

such that
(5.1) we L®0,T; HY(Q)%), dmu € L>(0,T;L*(Q)*),
(5.2 u® € I2(9 x (0,T); (HX(D)/R)?),
(5.3 u® € 139 x 5 x (0,T); (HL(©)/R)),
U, E@ u in the 3-sc. sense and weakly in L*(2 x (0,T))3,

Jiue QD Jyw in the 8-sc. sense and strongly in L*(Q x (0,T))3,
Vdiu, 5\—6 Vidiu + Vthu(l) + Vthu(Q) in the 3-sc. sense,
Veu, E\‘—S V.u + Vgu(l) + Vgu@) in the 3-sc. sense,
xFue E@ x(z3,Y, 2)u(x,t) in the 3-sc. sense,
X Jrue 6\—)() x(z3,Y, 2)(Jyu)(x,t) in the 3-sc. sense,
XV Jiue §> x(z3,9,2)(VyJiu + Vg,]tu(l) + Vthu(z)) in the 3-sc. sense,
X“Vau. —> x(x3,Y, 2)(Vu + VAu(l) + Vzu®) in the 3-sc. sense.

Remark 2. Due to the Rellich theorem [18, Ch. 1, Sec. 6] and bounds (2.16) and
(2.17), the subsequence u. converges to u strongly in L*>(Q x (0,T))3, in fact.

Now insert the test vector-function ¢ = ¢°(x,t) of the form
(54) (Pg(mat) = ¢($,t) + 5¢1 (SC, th) + 52¢2 <$7 ga ;1;7t)
into (215) In (54)5 ¢ = ¢($,t), ¢1 = ¢1(wagat) and ¢2 = ¢2("B7§/\7 '/Z\at) are

arbitrary smooth test vector-functions such that ¢, ¢, and ¢, vanish in a neighbor-
hood of 9Q and the section {t = T}, ¢, is 1-periodic in g, and ¢, is 1-periodic in
y and z. Pass to the limit as € \, 0. Using Proposition 5, we derive the integral
equality

(5.5)
T
f L {0
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+ [Mt (Vou + Vauh) + Vzu®) + MO] Ve —appf- 4)} dzdydadt

T
0 QJxJo

T
0 QJEJO

:///anu0~¢|t:0 dzdydx.
aJnJe

Here the linear operator M" is defined by (2.9), with x = x(z3,¥, Z) on the place
of x¢. The viscous stresses have the forms

P Viulh) = (ay divg uM)I + 20, Dg(u?),
P Vzu? = (ay dive u?) + 20, Dz (u®),

where
(5.6)
Dgi1(¢) Dgia(e) 0 Dz11(¥) Dzi2() 0
DQ(‘P) = D§21(‘P) Dgzz(‘P) 0 ) DEWJ) = Dz21() Dzoa(vp) 0 )
0 0 0 0 0 0
oo o Opr g OU OUn
(5.7) divgp = o + Oy’ divey = 0o + 92

for arbitrary admissible vector-functions ¢ = ¢(y) and ¥ = ¥(2). By p we denote
the homogenized three-scale density:

(5.8) p(x,,2) = p(x3,9,2) = x(23,9,2)pr + (1 — x(23,9,2)) ps.

The matrix-valued function M is defined by (2.11), with x = x(r3,¥, %) on the
place of x°.

Remark 3. Since ¢, ¢, and ¢, are arbitrary, in the sense of distributions, (5.5) is
equivalent to the system consisting of the macroscopic integro-differential equation

o (p)sxe Oru — div, { / / [Mt(vzu + VauV + Vzu®) + Mo] dsdg}
> JO

= aF<p>E><(~)f7 (wat) €0 x (OvT)v

(5.9)

the mesoscopic integro-differential equation
(5.10)

divg {/ {Mt(vzu + Vau + Vzu®) + I\\/JIO] dz} =0, (z,t,7) € Wx(0,T)x 3,
©

the microscopic differential equation
(5.11)

divg {Mt(V,;u + Vgu(l) + Vgu@)) + MO} =0, (x,t,9,2) € 2 x (0,T) x ¥ x O,
and the initial condition

(5.12) uli=o = u’(x), x €.

This system is supplemented with the boundary condition

(5.13) u=u* for x€d, te(0,T),
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and the periodicity conditions for the mesoscopic velocity u(!) and the microscopic
velocity u(?:

(5.14) u® = u(l)(as,ﬁ, t) is 1-periodic in Y,
(5.15) u® = u@(x,g,2,t) is I-periodic in § and Z.

In (5.9) and further in the article, by (p)snxeo the mean value on ¥ x © of the
three-scale density p is denoted, i.e.,

(5.16) (P)sxo(es) = /E /@ p(es,9, 2)dZd7,

or, in the detailed form,

pr for x3e (A+46"1),
_ ) po for xse(A+5*’A+5*]
(P)exe(r3) = po for x3€[AA+0.]
ps for w3 €(0,A),

where

(5.17) o= 0={e

are the mean values of E and zz, respectively, and

(5.18) po =0pr+ (1 —0)ps, po=00pp+(1—00)ps

are the constant mean densities of the averaged viscoelastic medium in Qs+« and
Q5. , respectively.

Definition 4. System (5.9)-(5.15) is the closed three-scale homogenized model of
the fluid-structure interactions. Let us call it Model H-3sc.

Theorem 1. Assume u’ € H'(Q)3, v € H}(Q)3, p® € HY(Q), f,0.f € L*(Q x
(0,7))3, u* € C?(Q x [0,T))3, and Assumptions 1 and 2 hold; then there exists a
unique weak solution {u,u™ u®} to Model H-3sc.

Definition 5. The triple of vector-functions {u,u™, u} is a weak solution of
Model H-3sc, if it satisfies inclusions (5.1)-(5.3), the boundary condition (5.12)
in the trace sense, and the integral equality (5.5) for arbitrary smooth test vector-
functions ¢ = P(x,t), ¢; = d)l(w»gv t), and ¢y = d)Q(wvgv z, t) such that ¢, ¢y,
and ¢4 vanish in a neighborhood of 00 and the section {t = T}, ¢, is 1-periodic
iny, and ¢, is 1-periodic in y and Z.

Proof of Theorem 1. Existence of weak solutions {u,u"), u(®} has already been
proved by means of the above fulfilled limiting passage as € \, 0. Let us turn to
justification of the umqueness assertlon

Let {w., ult ,u* )} and { U, ull ,u**)} be two weak solutions of Model H-3sc
corresponding to the same set of initial and boundary data uo MPC, and w*. Denote
U = Uy — Uy, v .= (1) Sk) and U® . (2) u**. Subtract (5.5) with
{u**,uil* ,u**)} from (5.5) with {u*,u* ,u*Q)} to get
(5.19)

[ Lo

+ M (VU +VaUY + VU : (Vg + Vo, + V2¢2)} dzdgdzdt = 0.
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Remark that ¢; € L*(Q x (0,T); H} (2)?), ¢, € L*(Q x X x (0,7); H}(0)?),
and ¢ € L*(0,T; H'(Q)?), such that ¢lsq = @li=r = 0, are admissible test
vector-functions for (5.5) and (5.19). Now, let us follow the track of considerations
in [20, Ch. 2, Sec. 5.2]. Fix s € (0,T]. Fix arbitrary se., s € (0, 3), 3. < .
Take a continuous piece-wise linear function 6, on [0, »] such that 6,,(t) = 1 if
+(2/m) <t < 32— (2/m), and O, (t) = 0if t > 32, —(1/m) and t < 3¢, +(1/m).
Take a regularizing sequence w,, € C§°(R) such that
wn(t) = wn(=1t), wn(t) >0, / wn(t)dt =1, suppw, C |::L’ 1:| .

oo n
For n > 2m, set ¢,,, = ((0,,U) * wy, * wy )by, (m,n € N), where the asterisk *
means the integral convolution in ¢ on the whole space R, i.e.,

(P xT)(t) = = / O(t — 7)¥(r)dr for integrable ® and P.
R

(Remark that this is not the same convolution integral as in Definition A.1 in
Appendix A.) Substitute ¢,,,, for ¢ into (5.19). Clearly, this choice of test vector-
function ¢ is valid. Furthermore, in (5.19) take ¢p; = U and ¢y = U?, which is
also a valid choice of the test vector-functions due to the remark stated after (5.19).

Applying the arguments of [20, Ch. 2, Sec. 5.2], after some technical transformat-
ions and passage to the limit as n " 0o, m 7 00, 3, \( 0 and .. ~ » (success-
ively), we arrive at the integral identity

(5.20) ;L%@hm@ﬂU@MWM

+/ ///Mt(sz+ng“>+ng(2>):
0 QJEJo

(VU + VgUW + VU dzdgdadt

1

_ 5/Qa.r<p>zx@(m3)\U(:B,0)|2d:c —0.

Representing M' (V,U+VgU M +V:U®@) in the detailed form, using the symmet-
ry conditions (1.3) and the initial conditions Ul—g = UV |,—g = UP|;—o = 0, we
rewrite (5.20) as follows:

(5.21) ;Lm@hw@ﬂU@%WW

1 / / / Xa [ (div, U + divg UY + dive U?) | dzdgda
/// (1-x g T (D, (U) + (U(l))+Dg(U(2)))] :
.J%(]D) (U) +Dg(UY) + Dx(U?)) dzdgdx
+ ax / i / / / X|div, U + divg UV + div; U® |*dzdgdadt

—|—2au/ ///X|]D) ) + Dg(UW) + Dx(U?) [ dzdgdzdt = 0,

Ve (
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Every integral in (5.21) is nonnegative. For the third integral this is true due to
nonnegativity of the tensor G (see (1.4a)), and for the remaining integrals this is
quite evident. Hence all integrals in (5.21) vanish. This immediately yields that
U =0, i.e., Uy = Uys. Next, introducing U = 0 into (5.21) we derive that

Dg(UD) +Dz(UP) =0 for ae. (x,7,2,t) € Q2 x X x O x(0,T).
Represent this identity in the form

1 (2) 3U 1) o
=0 =1,2
(o e izt

k=1
or, 1t/)\rieﬂy, Dg(UA(Q) + (VgU(l))E) = 0. Resolving this expression as equation
Dz(U) = 0 for U = UP + (VgU(l))E, we arrive at the system of two scalar
equalities:

2 6U(1)

(2) +Z ay
k

k=1

-~

2 (OO VIPS
R ou,” (x,y,t . N
U (2,9, 2,t) + Y —L = @90 Cyle, g, )z + Caa. G, 1),

U1 =
k=1 Oy
~ oUu, ' (x,y,t ~ ~
UQ:UQ(Q)( +ZM k:_CS(wayut)Zl+C4(wuy7t)7
k=1

with some functions C3 and Cj.
Because of 1-periodicity of U® in 2 we deduce
oy _oavy) o ot ougY
oy ’ y2 ’ ’ y2 oy

(5.22)

for a.e. (x,y,t) € AxXx(0,T), and therefore U(2) UQ(Z) = Cy. As/ U®Pdz=0
e

the latter implies U® = 0, i.e., u? = u?. Finally, from (5.22) it follows that
UY does not depend on 7, which along with / UWdg = 0 yields that UV = 0,
b

ie. uil) = ufik) Thus the uniqueness assertion in Theorem 1 is proved. O

The further aim of our research is to separate macroscopic, mesoscopic, and
microscopic scales from each other. In the modern homogenization theory, this
procedure is called the asymptotic decomposition. In this article, we fulfill and
rigorously justify the complete asymptotic decomposition.

6. ASYMPTOTIC DECOMPOSITION I: THE MICROSCOPIC CELL PROBLEMS

We will seek for a representation of the vector-function w(? in the form

3 (1)
~ o~ an 6'(141 ~ i~ A~
(6.1) u?(x,g,2,t) = Z [(8%(.%,16) + a, (a:,y,t))Zoj(y,z,xg)
ij= J

J
)

J=1
t 6uz 8 : N ij i~ o
+/0 (ax] (w7 T) + ayJ (%?J,T))Zl (y7 Z,t - T, x3)d7':|

oY i
Y(x)Zy(y,2,t L(x)ZY (9,2t
p (.’B) 2(y5z7 7$3) + Z ,’E(m) 3 (y,Z, 75':3)7
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where

(6.2) Z§ (G, 2, 23) == C(U, 23) Z(y (2, w3) + (1 — (U, 73)) ZG) (2, w3),
(6.3) ZV(§. 2t w3) = (U, 23) Z5(Z, t,w3) + (1 — (U, 23)) 2 (3., 3),
(6.4) Z5(y, 2,1, x3) := ((Y,23) Z20(2, t,23) + (1 — (Y, 23)) Z21(Z, ¢, 23),
(6.5) Z{(y, %t 1’3) = ((U,23) 25 (2,1, 3) + (1 — (U, 23)) 25, (2,1, 23).

Here w and u"), along with the vector-function _u(2), constitute the weak solution
of Model H-3sc. Vector-functions Zg,, Zg, Z%,, ZY\, Z3,, Z3, (i,j = 1,2,3),
Z 99, and Zo; are the sought functions.

In (5.5), take the test vector-functions ¢, ¢, and ¢, of the following form:

Opao(x, Y, t)

VD g1 (2),

(;5(.’13,t) = Oa ¢1(m7g7t) = 07 ¢2(.’B,'Z/\, ’/Z\at) =
where ¢oq is an arbitrary smooth 1-periodic in g scalar function, vanishing in a
neighborhood of 9§ and the section {t = T}, and ¢, is an arbitrary 1-periodic
in z smooth vector-function. After quite routine but rather lengthy calculations
involving the use of Proposition A.1 (see in Appendix A), we arrive at the integral
equality

3 a? 32
///2/92 0,01 6yjat)x

3,j=1

3

X

X(z3,9,2 (06,\5ij5kz + 0, (03051 + 0310,
1

=

1

Oba1k
azl

+ axdp divy Zgj + QOzMngl(Zéj))

Sl G w0

X Z x(z3,Y, 2) (aA5ij5kl + o, (00t + Gitdjx)
k=1

(2)pao(x, Y, t)dzdydzdt

a¢21k
82:[

+ axdp divs ZY + Q%ngl(zgj)) (2)é20(, 3, 0)dZdgda

LLLEG
zJe 5T 837] dy;

3 3 8Z1.7
x Z{ 25,5, 2){ ;" Y (SuGpadinsa + Sy 5 —)

k,l=1 p,q=1

+ andp divs Z7 (9, 2,0, 23) + 20, Dz (ZU(@ z,0,z3)) } X

8¢21k
azl

(2)¢20(z, Y, t)} dzdydxdt
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/ /// ng Z;‘yj)i 1= x(w3,9, %))

k,i=1

OZG N 9¢
klpq ) ) Op 21k , ~ ~ ~ g~
X E : g (61175311—"_ 824 ) 821 (z)(bgo(w,y,t)dzdyd:cdt

p,q=1
5uZ oulV N
(@,7) + i (@,5,7) )
L ([ G+ i)
3 079
X Z { 3, y7 |:a)\6k:l dng Ttl(:/y\v Ea t— T, .133)
k=1
BZ” PN . i~
+ QOz#ngl( 5 (y,z,t —, xg)) + a;ldkl divy Z7(y,z,t — 1, .Tg)i|

3 YA
+(1—x(x3,5.2)) > ghr 6Zp(y,2,t—7, xg)}ah') X

pg=1 a

8 > ~ ~ g~
X ¢21k(Z)¢20(:B7y,t)dzdydazdt
aZl
3
///pO Z 1’37:% |: 5kl+OZ)\5kldngZ2(§,,’z\,O7x3)
@Iz Je k=1

0 ~ PN
221 ()00 ., 5,0)dEd il

+ QQyDEkl (ZQ(:'/]; ,/Z\, 07 1'3)):| }

NI AT

0Zsy , . .
{ $3ay7 [2auD2k1< ('%2 (y,z t 1’3))
k,l=1

Zy, . . _ . PO
+ a)dp divg %( , 2, t,x3) + a,ylékl divg ZQ(y,z,t,xg)l

3

1377

PO 0oy . . 0 ~ PO
+ (1= x(3.9,2) Y G102 tx3>} P2k (2o (3,5, ) dEd Gt

z 0z
p,q=1 a t

SLLE

X E ( x?nya |:05)\6kl diVE Z?(ﬁ» anaxB) +2auD2kl(Z‘§,j(/y\a 2,0,133)):|
k,l=1
a1k

+ (1= x(rs, 5.2)) M) T2

L

0z 1 . PPN
W(y,z t xg)) +a O dive Z; (y,z,t,xg)}

(2)p20(x, 7, 0)dZdydz
3 ij

PPN . 0Z3 .
) Z {X($3yy72) |:a/\6kl dlvf Ts(ywzatvx?))

k,l=1

5

+ 20‘#D2kl (
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+(1 - 1'3, y7 Z gklpq y? 2,t,.%‘3)} 8¢21k (2)¢20(w7:’3a t)dgd:_{/\dl’dt =0.

pg=1 (9zl

From the structure of this integral equality it is clear that it holds true indepen-
dently of any possible values of u, u™, v, and p° if ZY, Z%, Z5, and Z¥ satisfy
the following integral equalities for all adm1551ble test vector-functions ¢oy:

©0) [ x(es.g. 2 {01+ 20,37 + axldiv 27 (§.2.22)
(C]

+20,D2(Z5 (5, x))}:]l])g(q&m)df:o, VieES, Vaselo,1];

(6.8) /@ (1 x(e3,5.2) {6+ (17 + V22 (5.5.25)) } : VedpidZ =0,

V§eX, Vaselo1];

(6.9) / x(as, 5, 2) {0 (3 + divs 2§ (5,2, 23) ) 1+ axldivs 27 (5, 2,0,25)
©
+20,D2(Z% (5, 2,o,x3))} Da(¢p)dZ=0, VGeX, Vazelo,1]:

1] 1]

z z
©10) [ [xtes. 5.2 {onl dive "2 @2 t00) + 20,05 (TH- @2 )
+ a;lﬂ dng lej(ga 27 ta x?))} : v2¢21
+ (1= X(@,5,2){G: V22V (5. 2.t,03) } : Vaohoy | dZ =0,

Vte (0,T), VygeXx, Vzzel0,1];

(6.11) / (3,7, 2){—]1 + axll divs Z5(5, 2,0, 23) + 20,Dz(Z5(F, 270,x3))} :
€]
Dz(¢pyy)dz =0, VyeX, Vasel0,1];

~ . 0Zy, . . 0Zy , . .
(612) /@ {X(IBayaz){akl leg #(yvzvta IB) + 20‘“]])2(67;(1% Z,t7l’3))
+ 0 T divs Z5(5,2,t,23) | : Ve,
+ (1 - X(w?)ag? 2)){g : VEZQ(:;J\’ 2,1‘:7.'1}3)} : v2¢21i|d2: Oa

Vte (0,T], VyeXx, Vz3el01];

(6.13)
/ |:X(IL'3, gv 2){@)\]1 dng Z;,J (:’77 Ea 0, xd) + ZQMDE(Z? (ijv 27 07 ‘TB))} : D2(¢21)
e

+(17 (:13373/7 ){g Jl]} v ¢21:|d2—0 V’ZJ\GE, vxSG[Oal];
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1] 1]

PPN . 0Z3 . 0Z3 . .
(6]‘4) / |:X(1'3,y, Z){O{)\H dlvf 3 (y7z7t7 Ig) + 2a/LD2< 3 (y7z7t7 Ig))
o ot

ot
+ 0 Tdivs Z5 (3. 2,6, 3) | + Ve

+ (1= X(22.5.2)){G : Vs2{ (5.2, t,25) | : Vi | dZ = 0,
Vte (0,T], VyeXx, Vazzel01].

In (6.8) and (6.13) we have remarked that G : (e; @ ;) = G : J¥, due to (1.3).
Notice that (6.12) and (6.14) formally coincide.

Remark 4. Since the vector-function z — u'® (z, 9, 2,t) belongs to (Hj (©)/R)*
for a.e. (x,y,t), the vector-functions Z(i)j, Zij, Zy, and Zéj should belong to
(H/(©)/R)? as vector-functions of Z.

Taking into account this remark, on the basis of (6.7)-(6.14) we formulate the
problems on the pattern cell © for finding the independent of the time variable
t vector-functions Zé{), Z%\t:o, Zo|t=0, and Z%hzo, and the time-dependent
vector-functions Z%, Zao, and Z3, for t > 0. For the functions Z%,, Z%7, Zo,
and Z7| we show that all of them should be taken identically equal to zero.

At first, we formulate the problem for the vector-function z — Z%(E7 x3).

Notice that, for x3 € (0,A), the integral equality (6.7) turns into the trivial
identity 0 = 0, since x(x3,y,2z) = 0. Therefore it holds true for any Zéj, in
particular, for Z = 0. The integral equality (6.8) also holds true for

Z(§:2,75) =000 $x 0 x (0,4,

since x(z3,9,2) = ((y,z3)¥(Z,23) = 0 for x3 € (0,A) and ¢4, is a 1-periodic
vector-function. Analogously, (6.7) and (6.8) are valid if

Zéj(g’27x3) =0on X x O x (A+6*51)7

since X(xl’n:'/]a 2) = C(ga 553)1#(27 5E3) =1 for T3 € (A + 5*3 ]-)7 X(x3aijv 2) = C(?/J\, 1'3)
for x3 € (A + 0., A+ 6*], and ¢ is a 1-periodic function. -

Inserting (6.2) into (6.7) we conclude that the vector-function z — Zg,(Z, z3)
should resolve the following Stokes system in O for x3 € [A, A + §,]:

(6.15a) / {aAa,»jI[ + 20,9 + I divs Z§) (2, 3)
OF
+ 20Dz (Z5(2,75)) } : Da(d21)dZ =0, Vb, € H}(O)?,

(6.15b) Z§ (-, x3) € (H}(O)/R)®, Vas < [A,A+34,].
Inserting (6.2) into (6.8), we deduce the integral equality for ZY, in Og and for
Zg in ©:
©16 @) [ {6 (9 +VeZh(E )} Vegudz
CX]

(1 C(@ws) /

{G: (19 +V22(2,29) } : VatroydZ =0,
(C]
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Vye, Vaos € [A, A+ 6,

Set -

Z§ (z,23) =0o0n O x [0,1].
With this choice of Z/}, on the strength of 1-periodicity of ¢y, = ¢ (2), by Green’s
formula we deduce that the second integral in (6.16) vanishes. Consequently, the
vector-function z — Z{jj,(2, 3) must satisfy the integral equality

(6.17) / {g (I +V2Zi (3, zg))} Vo dZ =0,
Os
Vo € H (), Vasze[AA+6]

Thus, the vector-function 2 — Z (2, 23) should be a weak solution of the Dirichlet
problem for the linear elasticity equation:

divgy {g : (VQZB%(E, x3) +Jij)} =0 on Og,

(6.18) ZBJO(,/Z\,.IP,)’&,@S =Zg (%, x3)|a@F\a@7

Zg (- ws) € H (05)®, A<m3<A+34,.

In this formulation, Z& (Z, x3)|8®F\a@ is the trace of the solution of the system

(6.15a)-(6.15b) on the interface between Op and ©g. Notice that the vector-
function 2 — Zi (2, x3), defined by the solutions of the problems (6.15a)-(6.15b)
and (6.18) on the whole pattern cell ©, is 1-periodic and belongs to H!(©)? due to
the boundary condition (6.18)s.

Now we are in a position to formulate the first of the problems on the microscopic
pattern cell O.

Problem Z1. It is necessary to find a vector-function 2 — Zg (2, x3) (i,j =
1,2, 3), which vanishes for x5 € (0, A)U(A+J,,1), satisfies the regularity condition

(6.19) Z§ (-, x3) € (H}(©)/R)?, x5 € [A, A+,

and resolves the Stokes system (6.15a)-(6.15b) and the linear elasticity problem
(6.18) in the weak sense, i.e., in the sense of the integral equality (6.17).

Remark 5. From the above outline it is clear that if Zé{, is the solution of Problem
Z1 and Z{, is identically equal to zero then the vector-function Z defined by
equality (6.2) satisfies (6.7) and (6.8) (i,5 =1,2,3).

Remark 6. On the strength of the well-known theory of generalized solutions of
boundary value problems in mathematical physics [18, 19], Problem Z1 has the
unique weak solution for every xs € (0,1).

The formulations of the rest of the problems on the pattern cell © are constructed
by means of the similar arguments as for Problem Z1. Therefore we omit the de-
tails and just state these problems and the results on their well-posedness.

Problem Z2. It is necessary to find a vector-function 2 +— Z%(2,0,z3)
(i,7 = 1,2,3), defined in O©p for all z3 € [0,1], which vanishes for all z3 €
(0, A) U (A + 6., 1), satisfies the regularity condition

Zij(‘)('voax:.%) € (Hj:tl(@F)/R)3a x3 € [AaA+5*]a
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and the integral equality
(6.20) /@ {0 (5 + dive Z(2.0) 1+ anldiv 23 (2.0.2)
+20,Dz(Z3)(2,0,75)) } : D1 )dZ = 0,

Vo € Hﬁl(@)gv Vs € [A A6
In (6.20), Zé{) is the solution of Problem Z1.

Remark 7. If Z¥ (2,0, x3) = 0 and the vector-function z — Z¥(2,0,x3) is the so-
lution of Problem Z2 then the vector-function Z (z,0,z3) defined by (6.3) satisfies
(6.9) (i,j =1,2,3).

Problem Z3. Tt is necessary to find a vector-function (2,t) — Z% (2, t,x3)
(i,7 = 1,2,3), defined in © x (0,7T) for all 3 € [0,1], which vanishes for z5 €
(0, A) U (A + 64, 1), satisfies the regularity condition

(6.21a) Z (-, x3) € L=(0,T; (HH(©)/R)*) N H(0,T; H} (OF)),
the integral equality

1] 1]

A VA
(6.21b) /@ {a,\H divs 2 02, t,25) + 2%1@2(%(2 ¢, xg))

+ a5 Idivs Z)(2,t, w3>} : Dz(y;)dz

+/ {Q:VgZ%(E,t,mg,)}:ng)21d220,
O5

Vo € H(O) forae. te(0,T], x3€[AA+0]
and the initial condition
(6.21c) Z{ (2.t a3)|,_y= Z1(2,0,23) for 2€Op, z3€[AA+6],
where 2 — Z% (2,0, 23) is the solution of Problem Z2.

Remark 8. In the sense of distributions, the integral equality (6.21b) is equivalent
to the system consisting of the Stokes equations

: az% ~ ; az?(l) ~ —17 33 i (5
divg {Zauﬂ)g(w(z,t, l‘g))-i-a)\HdIVg W(z, t,r3)+a; Tdivg Zlo(z,t,xg)} =0,

zZ€0Op, t>0,
(written in terms of the ‘displacements’ Z%}, the linear elasticity equations
divg {g : VgZ%(E,t,xg)} =0, z€0Og, t>0,
and the interface condition
ij

0z YA
{QaMDg(Wm(z,t,m» + a)Idivg 8t10 (z,t,x3)

, t>0.

+ a;l]l divs Z% (2t 963)} ne
905

= [g : VgZ%(E,t,xg)} ne

90 \0O
Here and further in Sec. 6, by ng we denote the unit outward normal to 00g. The
initial condition (6.21c) is understood in the trace sense.
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Remark 9. If Zﬁ(?, t,z3) =0 and Z% is the solution of Problem Z3 then the
vector-function Z7 defined by (6.3) satisfies (6.10) (i,5 =1,2,3).

Problem Z4. It is necessary to find a vector-function z — Z5(Z,0,x3), defined in
OF for all x5 € [0,1], which is identically equal to zero for z3 € (0, A)U (A +6,,1),
satisfies the regularity condition

ZQO(',O,SUg) S (Hﬁl(@F)/R)S7 T3 € [A;A+6*]7

and the integral equality
/ {41 + axldivs Zao(2, 0, 23) + 20,z (220 (2,0, xg))} - Dz (g, )dZ = 0,
OF
Vo € Hi (0)?, Vase[AA+6,]

Remark 10. If Z%(2,0,23) = 0 and the vector-function 2 — Z5(2,0,x3) is
the solution of Problem Zj then the vector-function Z;j(2,07.’173) defined by (6.4)
satisfies (6.11) (1,5 =1,2,3).

Problem Z5. It is necessary to find a vector-function (2,t) — Zso(2, t, x3), defined
in ©® x (0,7) for all 3 € [0,1], which is identically equal to zero for z3 € (0,A) U
(A + 64, 1), satisfies the regularity condition

(6.23a) Zoo(- - w3) € L%(0,T; (Hy (©)/R)*) N H'(0,T; H (©F)*),
the integral equality
(6.23b)
0Z3 . . 0Zy 17 4 ~ ]
/@F{2aMDz (W(z,t, :cg)) + a1 divg W(z,t,xg) + a Tdivz Zgo(z,t,:zrg)} :
: Dz (g )dZ

+/ {g : VQZQO(,/Z\,t,l'g)} : Vg(],’)gldfz O,
Og

Vo € Hﬁl(@)g’ forae. t € (0,7], Va3 € [AA+6],
and the initial condition
Zzo(,/z\,t,l'g = Z20(2,0,1'3) for z € @F, T3 € [A,A + (5*],

where zZ +— Zog(Z,0,x3) is the solution of Problem Z4.

Mo

Remark 11. If Zé{) is the solution of Problem Z5 and ZY, is identically equal to
zero then the vector-function Z3 , defined by (6.4), satisfies (6.12) (i,5 =1,2,3).

Problem Z6. It is necessary to find a vector-function 2 +— Z%(2,0,x3)
(i,j = 1,2,3), defined in ©p for all 3 € [0,1], which vanishes for all x3 €
(0, A) U (A + 64, 1), satisfies the regularity condition

Z3(-,0,3) € (H}(OF)/R)’, @3 € [A,A+4.],
and the integral equality

620) [ {20uDs(Z5(2.0.20) + arldive Z5(5.0,09)} : De(n)i2
OF

+/ {G:J9}:Vz¢ydz =0, Ve, € H(O)®, Vasze[A A+
Os
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Remark 12. In the sense of distributions, (6.24) is equivalent to the mized bound-
ary value problem for the linear elliptic equation:

divz [QQMDQ(Z%(E, 0,73)) + anldivs Z5) (2, o,xg)} =0, Z€Op,
= (g . J”) e )

[2%}1)2(230(2, 0,23)) + axldivs Z5) (2,0, x3)} ne
90 -\00 905

Z5(-,0,23) € (H; (©)/R)’.

Remark 13. If the vector-function z — Z,(2,0,x3) is the solution of Problem Z6
and Z3,(2,0,x3) is identically equal to zero then the vector-function Z5 (2,0, xz3),
defined by (6.5), satisfies (6.13) (1,5 =1,2,3).

Problem Z7. It is necessary to find a vector-function (Z,t) — Z%(E, t,xs) (4,5 =

1,2, 3), defined in the space-time parallelepiped © x (0,7T) for all z3 € [0, 1], which

is identically equal to zero for x3 € (0,A) U (A + 6,,1), satisfies the regularity

condition

(625)  Zi(-ws) € L0, T; (HL(©)/R)) N H' (0, T HL(Or)),

the integral equality (6.23b) (with Z%, on the place of Zy) and the initial condition
Z(Z,t,x3) im0 = Z5)(2,0,23) for 2€ Op, 3 € [A, A+,

where the vector-function 2 +— Z% (2,0, 23) is the solution of Problem Z6.

Remark 14. If ZY, is the solution of Problem Z7 and ZY, is identically equal to
zero then the vector-function Z35, defined by (6.5), satisfies (6.14) (i,5 =1,2,3).

Remark 15. Quite similarly as for Problem Z1, we have that each of Problems Z2,
Z4, and Z6 has a unique weak solution due to the well-known theory of generalized
solutions of equations of mathematical physics [18,19]. Existence and uniqueness
of weak solutions of Problems Z3, Z5 and Z7 is justified quite similarly to the well-
posedness result for the cell problems in [10, Lem. 10].

Remark 16. Since J* = J7%, §;; = §;;, and the elastic stiffness tensor G is symmet-

ric, the solutions of the cell problems Z% possess the symmetry property Z?o = Zﬁ)
(k=0,1,3,4;j=123).

Remark 17. Notice that the vector-functions Zé%, Z%, Zog, and Z% do not vary
with change of x5 on the segment {A < z3 < A+ 4.}, i.e.,

0Zy,  0ZY,  0Zy IZE

8:53 8373 8.’173 8$3 fOT‘ 3 € [ ’ + ]

since the given data in Problems Z1-Z7 do not vary with change of xs on this
segment.

Let us complete outline in Sec. 6 by the following observation.

Remark 18. We have established that if Z(%, Z%|t:0, Z%, Zolt=0, Z20,
Z =0, and ZY, are the solutions of Problems Z1-Z7, respectively, then (6.6) holds
true independently of the possible values of the vector-functions w and u") and the
macroscopic boundary conditions (5.12)-(5.13). In particular, this means that the
solutions of Problems Z1-Z7 fully define dynamics of the mechanical system on the
microscale, i.e., on the characteristic scale of the shorter bristles.
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7. TWO-SCALE HOMOGENIZED COEFFICIENTS AND THEIR PROPERTIES

In this and the next sections, using the solutions of Problems Z1-Z7 we derive a
two-scale system of equations for the two sought vector-functions u = u(x,t) and
u® = uM(z, g, t). This system does not incorporate variable z explicitly, which
means separation of the microscopic scale from the meso- and macroscopic ones in
the homogenized description of the mechanical system. The microscopic velocity
u® and the variable 2 get sublimed in the coefficients of the two-scale model.

With account of the identities Z§} = 0, Z}}, =0, Z3; = 0, and Z%, = 0, the
representation (6.1) takes the form

3 (1)
Ou; ou; iy
@) 52 1) — (5 i i -~ ij (o
1) u?(@g.z) c<y,z3>”§_jl[( g (040) + 5 @ ,0)) 26, 00)
+/0 (8l'j (x,7) + By, (m,y,T))Zlo(z,t—T,:cg)dT}

R R R 3. 00 o

+ C(y7 $3)p0($)Z20(za t7 .’173) + C(y7 1'3) Z a?z(w)Z?O(z7 t’ 1’3).
igj=1 "7

In (5.5), we take ¢, = 0 and insert (7.1). Taking into account (1.3), (2.9), (2.11),
(4.2)-(4.4), (5.8), Remark 16, and assertion (iii) of Proposition A.1, and properly
collecting terms, after simple but rather lengthy calculations, we establish that, for
arbitrary test vector-functions ¢ = ¢(x,t) and ¢, = ¢,(x,y,t) such that ¢ and
¢, vanish in the neighborhood of 9 and the section {¢ = T'}, and ¢, is 1-periodic
in g, the integral equality

w2 [ [{rariiseots uten -0t
+ [ [Ao(@i) - (s (uta.) + Dy .5.))
+ Bo(@.73) : (D ((Jew)(@,1)) + Dy (Jru)(.5.1)) )
" /Ot As(Gozt 1) (D (. 7)) + By (u (@,5.7)) ) dr

—l—/o Bi(g,z3,t — 1) : [Dy((Jru)(z,7)) + Dg((JTu(l))(&'g,T))]dT
+F0(37,w7t)] : (Dx(¢(w,t)) + Dy (¢ (2,7, t)))dg} dxdt

T
_ / / ar(p)sxo(@s)f - ¢ dedt + / ar (s xo(z3)u’ () - $(x, 0)de
0 Q Q

holds true. Here the fourth-rank tensors Ag, By, A1, and Bi, and the matrix F°
are defined via the solutions of the microscopic cell problems by the formulas
3

(7.3) Ao, 25) = (G s) [ax T & ((W)e(ws) [+ D (B divs ZG") o ws) ™)

m,n=1

3
+ 2OZM Z <<1/)>@($3)Jmn + <$D2(Z6%”)>e(x3)) ® J’mn:|7

m,n=1
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(7.4)
3
Bo(§,a) = ((5.35) [0 1@ (We(za) I+ Y (b divs 25" ) (x2) 1)
3 ) m,n=
Ly (g (- ¢)D2(Zg6n)>@(l‘3)) ®Jm”} + (1 — (e (r3)¢(Y, 553))97
m,n=1
3
(75)  Ai(@ws) = (@) [aa T Y (6 divs 23" o (1) I
3
20, Y (BDs(Z1)g (tas) © T,
m,n=1

3
(76)  BuGws,t) = (Grws)[or 1o S0 (i dive Z5) o (1, 2) ™

m,n=1
+ i— (g (11— TZ)DE(Z%TL»@(t’mD ®"Hmn}’

(7.7)

FO(, @,1) = (G 2s) [P (@) (0 (D divs Z20) o (£, 23) T+ 204, ($ Dz(Z20)) (1, 25)
+ 05 M divs L Za0) e (b as) T+ G : (1= D)D2(JiZ20) ) (6, 23) — (W)o(3)T)

0
vy,

+Z o0xy,

m,n=1
—1/7 7 mn . 7 mn
+ oy N D divs L 25 o (tas) T+ G : (1 — O)Ds(J, 25 )>e(t,x3))}
+ (1= (W)o(@s) (@ 73)) G : Var.
In the component-wise form, (7.3)-(7.7) are as follows (7,4, k,l =1,2,3):
(7.8)

AT G, 23) = (@ 3) [0ndis (e (aa)d + D (D dive Z55") g (w) (™))

m,n=1

+20, Y <<¢>@($3) T"™)i; + @Dzij(z%"»@(x?»))(Jm")kl}7

m,n=1

(z) (m@ dive Z5) o (1, 23) T+ 20, (D D2(Z55)) o (t, 3)

(7.9)

3
BY* (g, x3) = (G, x3) [04;1 0ij <<¢>®(3€3) O + Z <1Z divz Zgy") o (3) (Jm”)kl)

m,n=1

" Z (i G (1= D) Dy (25" o (0)) 0" + (1= (9o 03) (G 22) 6

m,n=1 q,r=1
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3
(710) Aijkl(’ga Zs3, t) = C(:_{/\7 .’L‘3) |:Ol)\(57,] Z <w dng Z{%n>(__)(t7 .273) (J"ln)kl

m,n=1

3
2, Y (§Daig(Z15)g (b w) I,

m,n=1
3
(7.11) B;J’”(gj,xg,t):g(g,xg)[a;léij Z (¥ divs ZT5" ) o (t,23) (J™" )aa
m,n=1

+ 23: (23: Uqr DEqT<Z1r(L)n)>@(t,x3)) (Jmn)kl}’

mmn=1 q,r=1

(7.12)
FO (y,w t) = C(y,xg){p (x )(oz,\<z/J divg Z20> (t,x3) 0;j

+204#<"(/} Dz” ZQO > t SUg +Oz <1)[) diVEJtZ2O>@ t,xg) 5ij

£ 3 g (- D ) Dy (i Zo0)) o (1 23) — (o (x3) 33 )

q,r=1

1o} 0 > mn > mn
+ Z ’Um (CC)(O()\<1/} d1V2Z30 >®(t,$3) 51'3' +2a,u<7/}D2ij(Z30 ) e(t,l’g)

3
oy (D dive JZR") o (tas) 6y + > GH((1— @)ngr(Jtzgg"»G(t,xg))}

q,r=1

,UO
+ (1= Wo(an) (@.22)) Z gim

L (x).

ox,
Furthermore, let us write out (7.3)-(7.7) in more detail, inserting (4.3) and (4.4)
and using the property that Z3)", Z7y", Z20, and Z5" vanish for z3 € (0,A) U
(A +6,,1). We get

(7.13)

3
aI® I+ 2ay, Z I @ Jm for x3 € (A+6%,1),

m,n=1

3
Ao(g,23) = 3 (D) (axﬂ ®I+2a, Y I Jm") for z3 € (A + 6., A + %),
m,n=1

()AL for z3 € [A, A +4,],
0 for z3 € (0,4),

where
3
(7.14) ALY ay1e (014 Y (6 divs 25, I
m,n=1

3

+20, > (017 + ($D2(Z5)) ) © I

m,n=1
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;11[@]1 for x3 € (A+6%1),
o' Tl + (1- f € (A +6,,A+6%],
(7.15) Bo(y,z3) = E(y) (1-C@)G for e ]
(@B (1—9@( )G for x5 €[AA+6,],
G for 3 € (0,4),
where
d i -~
(7.16) Bl o' 1e (01+ > (4 divs Zg") o 1)
m,n=1
3 ~
+ > (9:(1-Dp=(Z5M)e ) © I
m,n=1
C@HAL@) for a3 €A A+6,],
(7.17) A(G, 73, ) = { 0 for a3 € (0,A)U (A +36.,1),
where
(7.18)
3
Al )Y a1 Z ) divg Z) o (0 I + 20y, > (0D2(ZT)) o (1) @ ™™
m,n=1 m,n=1
_ [ C@Bl(t) for wse A A+6,]
(7.19) Bi(#,s5,t) = { 0 for w5 € (0,A)U (A +35.,1),
where
3
(7.20) Bl() ™ o' 1e 3 (§dive 20" o (H) I
m,n=1
+ Z (6: (1= DP=(Z1)e 1) @ I
m,n=1
(7.21)

—p°(x)l for w3 € (A+5%1),
@@+ (1-C(@)G : Var® for a3 € (A+6,, A+ 07,
3

@m0 = (@) (P @E - Y DR @Eg ) + (1 - 8@)g Vo

m,n=

for x3 € [A, A+ 4.,
G:V,0? for z3€(0,A),

where
(7.22) FO(t) “ ax(d divs Zao)g (t) I + 20, (P Ds(Z20)) ()
o Y0 divs 1 Z20) o () I+ G : (1 — 9)Dz(JeZ20))o () — 1
and
(723)  FU(0) Y a9 dive Z5") o (0 1+ 20, (0 D2(Z55")) o (1)
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+ar (0 dive LZ5) o D1+ G : (1 = 0)D2(SZ5")) (1),
m,n =1,2,3.

Remark 19. Due to Remark 17, the tensors .A(’;, B(’;, A{(t), and B{(t), and the
matrices F{(t) and FQ1™(t), defined in (7.13)-(7.22), do not depend on x3.

sol
We establish the following main properties of the two-scale coefficients.

Proposition 6. (i) The tensor-valued functions
AO = 'A'O(:i/\v 1'3), BO = BO(:Z/\a 33‘3), Al = Al('ga 1‘3,t), Bl = Bl(ga 1‘37t)7

and the matriz-valued function F° = FO(yg,x,t) satisfy the reqularity conditions

(7.24) Ay, By, Ay, By, and F® are 1-periodic in 9,
(7.25) Ay, By € L°(X x (0,1))3%3x3%3,
(7.26) Ay, By, 04 AL, 0By € L=(3 x (0,1) x (0,7))37373x3,
(7.27) FO 9, F% € L°°(X x (0,T); L*(92))3*3.

(ii) The tensor-valued function Ay satisfies the finiteness property
(7.28) Ay =0 for (g,23) € (X x [0,A)) U (Zs x [A, A+ 5%]),

the symmetry property

(7.29) AGKL = ATRL— A0k — ARy (o) € D x [0,1), Vi, jk,l=1,2,3,
and the uniform positive definiteness property:

there exists a constant Cs >0 such that (A(g,z3) : X) : X > C5[X[?,
VX e R3X3 V(y,z3) € (Zp X [A, A+ 5] U(E x [A+%,1)).

symm

(7.30)

(iii) The tensor-valued function

(7.31)  H (G, 23) < s Ag(G, x3) + Bo(F, 73) + sA1(§, 73, 5) + By (G, 23, 5)

satisfies the symmetry properties

(7.32) HE IR = IR — ik (g as) € B x [0, 1], Vs >0,
Vi, 5k, 1=1,2,3, and
(7.33) (H:X):W=(H:W):X, VX, WeR¥3 |

and the uniform positive definiteness property:
there exists a constant C§ >0 such that (H*(y,x3): X): X > C5|X|?,
VX e R3X3 Y (y,r3) € ¥ x [0,1], Vs>0.

symm

(7.34)

(iv) For a.e. (g,x,t) € ¥ x Q x [0,T] matriz FO(y, x,t) is symmetric.

Notation 4. In (7.31), by A, and By the respective Laplace transforms in t of A,
and By are denoted. It is assumed that Ay and By vanish fort > T.
Recall that the Laplace transform of a function ¢(t) is defined by the formula

(7.35) D(s) = L[g](s) = /000 o(t)e stdt, s>0.

Some basic facts about the Laplace transform and the inverse Laplace transform are
given in Appendixz A in the end of the article.



HOMOGENIZATION OF A SUBMERGED TWO-LEVEL BRISTLE STRUCTURE 1389

Proof of Proposition 6. (i) The periodicity conditions (7.24) hold since the
characteristic function ¢ is 1-periodic in ¥ in representations (7.3)-(7.7) (equiv-
alently, in (7.8)-(7.12)). The regularity properties (7.25)-(7.27) hold true due to the
regularity properties (6.19), (6.21a), (6.23a), and (6.25) of the functions Z§j,, Z%
Z 0, and Z3g, respectively, and due to the conditions p° € L?(Q) and v° € H*(Q2)3,
imposed in the assumptions of Propositions 1 and 2.

(ii) The finiteness property (7.28), the symmetry property (7.29) for (g, z3) €
¥ x ((0,A)U (A +64,1)), and the uniform positive definiteness property (7.30) for
(", z3) € (Zp x (A+ 6, A+ %)) U(E x [A+0%,1)) directly follow from (7.13).

In order to establish (7.29) and (7.30) for x5 € [A, A + 4], we recall the formu-
lation of Problem Z1. Substituting ¢, = Zk5 (2, x3) for the test vector-function
into (6.15a), which is legal, we deduce

(7.36) / (akéij divs ZE + 20,17 : Dz(ZK)
OF
+aydivs Z5) dive ZE + 20,D2(Z) - D2<zgg>) dz = 0.

Here, using the symmetry property Zgy" = Z;)" (see Remark 16), we can represent

3
(7.37) / OQ\(Sij dng Zgé dE = Z akéijémchnl(zZ dng Zgén>@
Or m,n=1

3

:O[A(S,LJ Z <'l’/'}\ lengén>®(Jmn)kl;

m,n=1

(7.38) / 20, J9 : Dz (ZE)dZ = / 20, Dz (Z8h)dZ
OF ©

F

3 3
=20, Y (¥ Dzi;(Z55")) o0mkdnt = 20 Y (¥ Dzij(Z55")) 6 (3™ -
m,n=1 m,n=1

Inserting (7.37) and (7.38) into (7.36), we arrive at the identity

3 3
xdi; Z (¥ dive Zgy") o (™™ )k + 201 Z (¥ Dzi;(Z55")) 6 I™" aa
m,n=1 m,n=1

= —ax(¥ divz Z§) divs Zgh)e — 20, (v Dz(Z5) : D2(ZE0)) e 6,5,k 1 = 1,2,3.

Now, inserting this into (7.8) we establish the following representation for Ay on
Y X [A A+ 0,

o~

(7.39) A7 (G, x3) =((9) (akeaijakl + 20,037 ) g — ax (¥ divz Z§) divs Z5)
— 20, (P Ds(Zi}) : D=(Z8)) ), irdikil=1,2,3.

Due to the symmetry property Z% = Z%, from (7.39) we immediately deduce
(7.29) on X x [A, A + 6,].
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Further, multiplying (7.36) by EXinkl, where X = (X;;) € R¥X3  is arbitrary,

symm

and taking the sum in 4,5, k,! from 1 to 3, on ¥ x [A, A 4 4.] we get the identity

3 3
(7.40) @) / {oz,\ terng( 3 XMZ’&’)> +20,X : Dg( 3 XklZ’gé)
O

k=1 k=1

3 3
F oy div;( 3 Xijzg{)) div;( 3 XklZ’gé)

i,j=1 k=1
3 - 3
20,0z (Y Xi;2%) 1 D= (D Xuzbh)]az = o.
ij=1 k=1

Multiplying (7.8) by X;; X and taking the sum in 4, j, k, ! from 1 to 3, we get

(7.41)
3

(A : X): X = Z(g)/ [oo\ trX tr X + 20, X : X+ ) teriv;( Z XklZgé)
OF k,l=1

3
+20, X : Dg( 3 XklZ’gé)]d,% on ¥ x [A, A+ 5,
k=1

Now, by swapping the left and the right hand sides in (7.40) followed by adding
(7.41), we establish the identity

3
2
dive (Y Xuzb) + trX‘
k=1

(142) (Ao:%) X =@ [ [on

3 2
+ 20, ’D;( 3 X,dz’gg) +X‘ ]dz on ¥ x [A, A+ 5]
k=1
From this representation it is clear that (LAp : X) : X > 0 for all symmetric X € R3*3
for x5 € [A, A + §,]. Further, notice that, due to Lemma 1, the property (7.30) is
equivalent to the following one:

(Ap:X):X>0, VXeRX3

symm

(Ap:X):X=0and X € R**3 if and only if X =0.

symm
Now, the strict positive definiteness property (7.30) for Ay (with 3 x [A, A+ d.])
is justified by the contradiction method, following the lines of [10, Lem. 8] (see
also [24, proof of Th. 2]). Suppose that for some X € R332 such that X # 0, the
equality (Ap : X) : X = 0 takes place. Hence due to (7.42) one has
3
(7.44) Dg( 3 XuzZ(z, x3)) = X, 2€0Op x3€[AA+4].
k=1

(7.43)

3
This equality immediately implies that the sum Z XklZgé(E, x3) is linear in

k=1
2

z, that is, has the form ¢¢ + chzk, where ¢ (k = 0,1,2) are some constant
k=1
vectors. However, on the strength of 1-periodicity of Z’Sé in z and the condition
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that the set U (OF + k) C R? is connected (see Sec. 3), this is possible only if

kez?
¢, = 0 for £ = 1,2. From this and equality (7.44) it follows that X = 0, which

contradicts the initial assumption X # 0. Therefore (7.43) holds true. Hence
by Lemma 1 the uniform positive definiteness property (7.30) is valid for .4, for
(U, z3) € Bp x [A, A+ 0,]. Thus the proof of assertion (ii) is completed.

(iii) Substituting (7.13), (7.15), (7.17), and (7.19) into (7.31) and using linearity
of the Laplace transform and formula £[1](s) = 1/s (see assertions (i) and (iv) of
Proposition A.3), we arrive at the following representation for H*® (s > 0):

(7.45)
3

s(a,\]I@)IH— 2a, S I @Jmn) +a '@l for zs € (A +67,1),
m,n=1
N 3
sC@) (I @T+20, > I @)

HE (7, = ~ man=s .
(¥, 23) (@' T1+ (1-¢())G  for z3 € (A+6.,A 467,

PN PN PN P v >~ ~7at
sC@)A] +C@)BE + (1 - 00@))G + sC(@)Ai (s) + ((@)Bi (s)
for x5 € [A, A+ 4.],
G for z3 € (0,A).
By the straightforward calculation, we easily deduce that (7.32)-(7.34) follow for
(9,23) € 2 X ((0,A) U (A + b4, 1)) directly from (7.45).
Now let us establish (7.32)-(7.34) for (y,z3) € ¥ x [A, A + d,], which requires

further careful and rather lengthy calculations. Applying the Laplace transform in
t to the integral equality (6.21b) we get

(7.46)

/ {soo\ﬂ div;?fé(?, s,x3) — anldivy Z9 (2,0, 23) + 2504#ID)2(71%(2, s,23))
OF
—20,D(Z)(2,0,35)) + ' Tdivs Z10 (2, 5,2) | : Da(hy,)dZ

+/ {6:D:(Z10(2.5,25)) } : Dx(¢1)d2 = 0,
[CX
Voo € HH(O), Vs>0, Vaze[AA+6]

Next, we multiply (6.15a) by sX;; and (6.17), (6.20), and (7.46) by X;;, where
X = (X;;) € R3S is arbitrary. We take the sum of the resulting equalities
considering the test vector-functions ¢,; are the same, and then take the sum in
i and j from 1 to 3. Suitably aggregating the terms and remarking that all terms
with the initial function Z7}(Z,0,z3) cancel, we write out the resulting equality as

follows:

(7.47) /@ { (sax +a3")[aivs( 23: Xij (24 +Z3) ) + trX]T

4,j=1

+2sa, [Ds( 23: Xij (Z8 + Z10) ) +X| } : Ds(¢)dz

,j=1
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3 ..
+/ {6:[p=( Y Xui(28 + Z0) ) + %]} : Da(¢u)az = 0.
Os =1
In view of the further technical manipulations, let us substitute m and n for ¢ and

3 ..
j in (7.47). After this, let us take ¢y = Z Wi, (Zé% +711]0), which is a legal
ij=1
choice of a test-function. Here W = (W;;) € R3S | is taken arbitrarily. Thus, from
(7.47) we derive the integral identity

(7.48)

/@ {(sax+a7") [divs( i Xon(Z55" +Z35") ) + 00X T
F

m,n=1

3 3 g
250, [D2( Y K20 +Z00)) + X} D2 S0 W28 + 7))z
m,n=1 i,j=1

+ /6 {g: [Dg(milemn(Z%’L +Z5)) +X|} :Ds(ﬁj Wi (25 + Z1y))dz = 0

s 4,j=1

for s > 0 and z3 € [A,A + 0,]. Now applying the Laplace transform in ¢ to
(7.10) and (7.11) and combining the results with (7.8) and (7.9), we write out the
expression for the components of H* in ¥ x [A, A+4,] as follows (¢, j,m,n = 1,2, 3):

(7.49)
M (G ) =
= SAY™ G, w3) + BY" (G, w5) + A (G ws, ) + B (G, s, )
=((®) /@ ) {% (sax+a5") (&,m +dive (25 + 7’{3”))
+ 250, ((J'”")ij + Dz (Z0 + 7;’;”)) } dz
+ 2(17)/@ { 23: G Dz (Z0 + Z1g ) + g”’m”} dz + (1-{(G)) g™,

S qr=1

In order to establish this representation, we have noticed in (7.9) that

(1-60@)G"™" = ¢(@) (1 —6)G7™" + (1 - (@)™

@) [ gz + (1= {@)g
S

Due to the symmetry properties of Z", Z74", and G, see Remark 16 and identity
(1.3), from (7.49) it is clear that (7.32) holds true for (g,z3) € ¥ x [A, A + 4,].
Let X = (Xj;) € RIS and W = (W;;) € RS be arbitrary. Multiplying

(7.49) by X,,,,W;; and taking the sum in ¢, j,m, and n from 1 to 3, we get
(7.50) (H°:X): W=

=E(7§)/@ {(saﬂra;l)[diw( 23: an(Zg’B”Jr?’fE")) +trX}]I

m,n=1
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+ 250, {Dg( Zs: X (2007 +7§'3”)) +XH W dz

+Z@>/@ {g: [ps( 23; X (257 + Z05")) + %] } - Waz
+(1-C@)(G:X): W, Y (F,a3) €S x[AA+6]

Further, we multiply (7.48) by ¢ and swap the left and the right hand sides. After
this, adding the resulting equality to (7.50) we establish the representation

(7.51)
(H?:X): W=
- Z(??)/@ {(sa)\ +at) [divg( i Xonn (Z35" + Z%n)) + trX} X

3 ..
x [dive( D Wiy (28 +Z) ) + W]
ij=1
, B J
+ 250Dz Y X (255" + Z00) ) +X] :

m,n=1

: [Dg(i Wi (Z +7ﬂ))> +W}}d2

ij=1

220 [ {9:[pe( X o (735 4 7)) 4]}

m,n=1
a3 Wi (24 Z0)) + W] 2+ 0BG )W
i,j=1

V(§,23) €T % [A,A +6,].

From this representation and identity (1.3) it follows that (7.33) holds true on
Y X [A, A+ 6] for s > 0.
Finally, inserting W := X into (7.51) we obtain the identity

(7.52)

(%s;x):X:E(g)/@ { (s +a51)aivs( i X (205 + Z35") ) +trX‘2

m,n=1

Ds ( ZB: X (Z55 + Z37)) +X‘2} dz

m,n=1

+ 25,

3

+Z(z7)/@s{g: [D:( S X285y +Z35")) + %]}

m,n=1
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3 ..
2 (Y X (28 + Zin) ) + X| a2
i,j=1
+(1-C@)G:X): X, V(5,7 23) € (0,400) x T x [A, A +4,].

From (7.52) due to non-negativeness of G it follows that the quadratic form
X+ (H° : X) : X is nonnegative for (y,z3) € X x [A, A + 4.]. Keeping track of
justification of (7.30), in the case when (g, x3) € X x [A, A + d,], we conclude that
(H°:X): X =0for X € R3X3 if and only if X = 0. On the strength of Lemma, 1,

symm
from this it follows that (7.34) holds true on ¥ x [A, A + §,]. Thus assertion (iii)
is completely proved.

(iv) The symmetry property of matrix F° follows from (7.12) due to the sym-
metry property (1.3) of the tensor G. Proposition 6 is proved. g

Corollary 2. The following assertions hold true.
(1) The constant tensor .Ag defined in (7.14) satisfies the symmetry property
Agijkl _ Agjikl _ Agjilk _ A(J)‘klij Vi jkl=1,23,
and the positive definiteness property
(Al X)X > C5|X]2 VX e R¥? (X is symmetric).

(ii) The tensor-valued function

s (2 T —f =/ P
Hj(Y) = ((U) (sA] + Bf + A (s) + By (5)) + (1 - 6C(9)) G,
which is the restriction of H® on [A, A+4.], admits the symmetry properties
HIH =1 =1V (Gas) € S x [A, A+ 6], Vs >0,
and

(H5:X): W= (H}:W):X, VX WeRYP

symm

and the uniform positive definiteness property:
there exists a constant C§ > 0 such that (H3(g,x3) : X) : X > C§|X]?,
VX e R3X3 V(y,r3) €D x [A,A+6,], Vs>D0.

symm

The constant C§ is the same as in assertion (iii) of Proposition 6.
6
iii) Matrices FO(t) and FO7"(t) (m,n = 1,2,3) are symmetric and satisfy the
f

sol
reqularity conditions
(7.53) F¢,Fop™ € W (0,T) (m,n=1,2,3).
Proof. All assertions directly follow from Proposition 6. (]

8. FORMULATION OF THE TWO-SCALE HOMOGENIZED MODEL — MODEL H-2sc

Due to arbitrariness of the test vector-functions ¢ and ¢, using Green’s theorem
we conclude that, in the sense of distributions, the integral equality (7.2) is equival-
ent to the system consisting of the macroscopic integro-differential equation

(8.1a)

ar(p)sxe Oru — div:,c{/E [.AO : (]D)m(u) + ]D)g(u(l))) + By : (ID)x(Jtu) + ID)@(Jtu(l)))
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t
+/ Ai(t —7) : (De(u(r)) + Dg(uM(r)))dr
0
t
f/BMPW%{RMLWUD+DdmeXﬂHM+Fﬂ@}=aMMm@ﬁ
0

(2,6) € [2\ ({25 = A} U{ws = A+ 6.} U s = A+57})| x (0,7),
the mesoscopic integro-differential equation

(8.1b)  divy [AO : (Da(u) + Dg(u™)) + By ¢ (Do (Jru) + Dg(Jru®))

+ ; Ai(t—1): (Dx(u(r)) —|—]D)g(u(1)(7')))d7'

+ /0 Bi(t— 1) {Dy ((Jru) (7)) + Dy ((JruM)(7)) }dr + FO] =0,
(x,t,9) € 2 x (0,T) x X,

the following conditions on the strong discontinuity sections {x3 = A}, {z3 =
A+ 6.}, and {z5 = A+ 6*}:
(8.1¢)

{/2 [AO : (Dy(u) + Dg(u™)) + Bo : (De(Jeu) + Dg(Jul))

+ / Ay(t— 1) 5 (Dy(u(r)) + Dy(u)(r))dr
0

0

—|—/ Bi(t—17): {]D)x((JTu)(T)) + Dg((JTu(l))(T))}dT + ]Fo}dﬁ} 83|w3:zék)+0
- {/ [AO D (Da(w) + Dg(ul)) + By : (Do (Jyu) + Dy(Jrul))
)
+/ Ai(t—7) s (Da(u(r)) + Dg(uM(r)))dr
0

+ /0 Bi(t— 1) : {Da((Jru)(7)) + Dy ((Jru)(r)) }dr + FO} dg} €3]y 0t g

ze(0,1)* te0,T], k=1,2,3,
where
eV =A, 2P =Ate, 2V =A+e,
and the initial condition (5.12).
We supplement the system (8.1a)-(8.1c) & (5.12) with the boundary condition
(5.13) for u and by the periodicity condition (5.14) for uw(!). Considering the tensors
Ay, By, Aj, and B; and the matrix F© given, we obtain that the system (8.1a)-

(8.1c) & (5.12)-(5.14) constitutes the closed two-scale homogenized model of the
fluid-structure interactions.

Definition 6. We call the system (8.1a)-(8.1c) & (5.12)-(5.14) Model H-2sc.

We naturally formulate the notion of weak solution of Model H-2sc as follows.
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Definition 7. The pair of vector-functions {u, uY'} is a weak solution of
Model H-2sc, if it satisfies the inclusions (5.1) and (5.2), the boundary condition
(5.13) in the trace sense, and the integral equality (7.2) for arbitrary sufficiently
smooth test vector-functions ¢ = ¢(x,t) and ¢y = ¢, (x,y,t) such that ¢ and P,
vanish in a neighborhood of Q) and the section {t = T}, and ¢, is 1-periodic in y.

Remark 20. Substituting (5.8), (7.13), (7.15), (7.17), (7.19), and (7.21) into equ-
ation (8.1a), we unfold this equation as the compressible Stokes system

o, proiu — divy, (ZaMDm(u) + ay Idivy, u + a;l Idiv, Jyu — ]Ipo) =apprf
in {0<z,za<1}x{A+5 <ax3<1}x(0,T),
the nonclassical integro-differential momentum equation of linear viscoelasticity

s poditt — o divy {mmz(u) + andiv, w+ a7 Tdiv, Jyu — I po}
— (1 - 0)div, [g Dy (Ju) + G : Vm'vo}
— div, [20,({Dg(u™))  + ax 1{CdivgulV)y, + a3 T(Cdivg Jul),
+G: (1= ODg(Ju™)) | = arpof

in {0<z,z2 <1} x{A+6 <z3<A+6}x(0,T),

the nonclassical integro-differential momentum equation of linear viscoelasticity with
the memory of shape

t
arpediu — o divy [Ag; Dy () + B Dy (Jouw) + / Al (t — 7) : Dy (u(r))dr
0
3

t
+/ Bi(t—7) : Do ((Jru)(r))dr +p°F P + > (0e, 00, )F "
0

m,n=1

—(1—=o06)div, [g Dy (Jru) + G Vz'uo]
— div, [ A : (CDg(u),, + BY : ((Dg(Ju)),,
+/ Al(t—7): <E[D)g(u(1)(7-))>2dr+/IB{(t— 7) : (EDg((J;u®)(7)))dr
0 0
+6: (11— 60)Dg(Jeu))y| = arpof

in {0<z,22 <1} x{A<z3<A+40,}x(0,T),
and Lamé’s system of linear elasticity
arpsOu — divy, (g Dy (Jru) + G Vz'uo) = appsf
in {0<z,z0 <1} x{0<z3<A}x(0,T).
9. WELL-POSEDNESS OF MODEL H-2scC

By the considerations fulfilled in Secs. 5-8 we have proved the following existence
result.

Proposition 7. Assume that the tensor-valued functions Ay, Bg, A1, and B,
and the matriz-valued function FO are given by the formulas (7.3)-(7.7), where the
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vector-functions Z(", ZT", Zao, and Z5" are defined as the solutions of Problems
Z1-Z7, and v° € H(Q)3 and p° € H*(Q) in (7.7) are given.

Then, for any given u® € HY(Q)3, u* € C%(Q x [0,T))3, f € L*(Q x (0,7))3
such that u®(z) = u*(x,0) for x € 0Q and O, f € L*(Q x (0,T))3, there ezists at
least one weak solution of Model H-2sc in the sense of Definition 7.

Assumptions on the tensors and the matrix F® in Proposition 7 mean that the
coefficients in (8.1a) and (8.1b) are defined by the specific microstructure and there-
fore are specific. In a sense, the existence result in Proposition 7 strongly depends
on the microstructure given in the layer {A < x3 < A + 4.}, since the coefficients
in (8.1a) and (8.1b) explicitly depend on Z{{", Z7y", Z20, and Z%;". Furthermore,
the limiting passage in Model A, as € \, 0 followed by the asymptotic decomposi-
tion leads merely to the existence result, while the question of uniqueness remains
open.

The following theorem asserts the existence and uniqueness of weak solutions to
Model H-2sc. We emphasize that these existence and uniqueness results hold true
independently of whether Model H-2sc is connected with the certain microstructure
via representations (7.3)-(7.7), or not.

Theorem 2. Assume that the tensor-valued functions Ag, By, A1, and By and
the matriz-valued function F° in equations (8.1a) and (8.1b) are given and have
the properties, stated in assertions (i)-(iv) of Proposition 6. Let all of them be, in
principle, irrelevant to the data given for Model A..

Then, for any given u® € HY(Q)?, u* € C*(Q x [0,T))3, f € L*(Q x (0,T))3
such that u®(x) = u*(x,0) for x € 0N and O;f € L*(Q x (0,T))3, there exists a
unique weak solution of Model H-2sc in the sense of Definition 7.

Proof. We divide the proof into five steps.

Step 1. Let us formulate the definition of weak solution of Model H-2sc in an
alternative way, which is equivalent to Definition 7 and is more preferable for jus-
tification of the theorem for technical reasons.

We integrate by parts in the first integral in the left-hand side of (7.2), which
makes sense due to (5.1)2, then in (7.2) we take the test vector-functions of the
form ¢(x,t) = £(t)P(x) and ¢, (x,y,t) = £(t)P1(x, y). Due to arbitrariness of &,
from (7.2) we derive the integral equality

00 [ {arlpsco@) dute.s) - Bla)
+ [ [40@.a9) : (Ouula. )+ Dy(u (. 5.1)
+ Bo(Gas) < {D: (Jrw)(@, 1) + Dy ((Jiu)(@,5.1))}
+ /Ot Ay (G, w3, — 1)« (Dy(u(z, 7)) + Dg(u(z, g, 7)))dr
+ /Ot Bi(g, x5, t — 1) {D((Jru)(z, 7)) + Dg((SruV)(z, g, 7)) }dr
+F(5.2,8)] ¢ (Do(@(@)) +Dy(@1(2,§)))d } da

= /Qap<p>gxe(x3)f(:c,t) - ®(x)dx for a.e. t €[0,T],
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where ® and ®; are sufficiently smooth test vector-functions such that ® and ®,
vanish in a neighborhood of 912, and ®; is 1-periodic in .

Also, let us notice that (5.12) holds in the strong trace sense due to the bounded-
ness of ||Oyu| r=(,r;r2(0)3) (see inclusion (5.1)2). Thus we make the following
conclusion.

Remark 21. The pair of vector-functions {u,u)} is a weak solution of Model
H-2sc in the sense of Definition 7 if and only if it satisfies inclusions (5.1) and
(5.2), the initial condition (5.12) and the boundary condition (5.13) in the strong

trace sense, and the integral equality (9.1) for a.e. t € [0,T] for all admissible test
vector-functions ® and 1.

Step 2. On the strength of the initial condition (5.12) and the property of absolute
continuity of the Lebesgue integral with respect to the limits of integration [27,
Exercise 1.6.49(vi)], from (9.1) it follows that

(9.2) /Q Lar (o) (rs) drul, D)o - B(x)
+ [ [40@.29) : (0w @) + Dyl (2. 5.0)
+F(§,2.0)] : (D.(®(2)) +Dy(1(2,§)))df } de
- [ arlp)sro) f(@.0)- B(z)do
“tind = [ [ [Baiea): (Ba((a.0) + Bp((u) e 5.0)
+ /Ot Ay (G, x3,t —7) : (Dy(u(z, 7)) +]D)g(u(1)(:c,§, 7)))dr
+ /OtBl(gj, w3, t —7) : {De ((Jrw)(, 7)) + Dg((JruV)(z, 7, 7))}d7} :

(D (®(x)) + Dg(@l(w,g)))dgdw} —0.

Further, differentiating (9.1) with respect to ¢ and using assertion (ii) of Proposition
A.1, we establish the following integral equality:

(9.3) ar(p)uxe(rs) Owu(x,t) - B(x)dz

dt Jo
+%/Q/E[AO(@$3) : (Dx(u(w,t))+]Dg(u(1)(a:,§,t)))} .

L (Do(B(2)) + Dy(P1(, ) dy da
+/Q/Z{Bo(?7,$3) : (Dm(u(w,t))+D§(u(1)($’gvt»)

+ /t 6A1(’/y\a$37t - T)
; ot

 (Da(ule, 7)) + Dy(u (2,5, 7)))dr

+ A1 (7, 25,0) : (Dy(u(z,t)) + Dg(u (x, g, t)))
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t
+ [ Bi@ast—1): (Bafule. ) + Dy(u(e. 5,7)dr
0
+OF (G @,1)| + (D2 (®() + Dy(®1(2,9))) dy da

= /QCVF<P>Exe($3)5tf(w»t) - ®(x) de.

This integral equality is understood in the sense of distributions on [0, T7.

Step 3. We extend all functions in (9.3) for ¢ > T by zero. On the strength of the
well-known properties of the Laplace transform (see in Appendix A), applying the
Laplace transform in ¢ to (9.3), taking into account the given initial data (5.12),
using representation (7.31), and remarking that the integrals containing the term
Ai (Y, z3,0) cancel, we arrive at the integral equality

(9.4) /Q{aT (p)sxo(zs)(s’a(z,s) — su’(z) — 8t“(w7t)|t:0) - ®(x)
n / [H (@, 23) - (Do(@(w, 5)) + Dy(a® (e, §, 5)))

+5F (G2, 5) — Ao(G,23) : (Do (u'(2)) + Dg(u? (z,§,0)))
~F'(§,2.0)] : (Du(8()) + Dy(®1(2,§)))dg | do

= /Qap<p>gx(_)(x3)(sf(:c,s) — f(x,0)) - ®(x)de, Vs>0.

Combining (9.4) and (9.2) and slightly re-arranging terms, we get the integral
equality

(9.5) /Qoz7<p>2x@(m3)52ﬁ(m, s) - ®(x)dx

+/Q/Z[HS(,@,Q:3) : (Dx(ﬁ(az,s))+Dg(ﬁ(1)(m,ﬂ,s)))] :
D (D2(®(2)) + Dy (®1 (2, 1)) dy da

= s/ﬂ(phxe(xg)(afuo(w) +arf(x, 5)) - ®(x)dx

_ s/ﬂ/zﬁo(@a:,s) : (D4 (®(z)) + Dg(®1(x,y)))dyde, Vs> 0,

where the test vector-functions ® and ®; meet the regularity requirements from
(9.1). Moreover, we can omit the demand that ®; = 0 in a neighborhood of 09,
using the standard density arguments.

Step 4. On this step we aim to prove that for an arbitrarily fixed s > 0 there exists
a unique pair {@, @)} satisfying the regularity requirements (-, s) € H*(Q)? and
aM(.,-,s) € L*(; (H}(X)/R)?), the boundary condition @ = @* on 9§ in the
strong trace sense, and the integral equality (9.5) for all admissible test vector-
functions ® and ®;. To this end, we implement the Lax-Milgram theorem [4, Th.
4.6]. The variable s plays the role of a parameter in this formulation.

We introduce the Hilbert space

H = Hy(Q)? x L*(Q; (H] (X)/R)?)
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equipped with the norm

1/2
1Bl = (B1l13 00 + 1b2 320y symm )+ ¥ B = (brba) € H.

We clarify that b; € H}(Q)? and by € L2(€); (Hﬁl(E)/R)d) here.
Next, we introduce the bilinear form a®: H x H +— R and the linear functional
I'*: ‘H — R by the formulas

a*(B,W) = / or (P (@s)br () - wy (z)daw

+ [ [ @) (el0s() + Dy(bae. 7)) :
L (Dy(wi(2)) + Dg(wa(, 7)) dy da,
VB:(bl,bQ)GH, VW:(wl,’UJg)él}'l

and

(W) .= s/ (p)sxo(zs) (e u’(z) + apf(z,s) — ars@*(z,s)) - wi(z) dz

/ / [5F (5,2, ) + H°(§, 73) : Dal@)] : (D (w1 (@) + Dy (wale, §))) dG dec,

= (wy,wsy) € H.

In terms of a® and T'® the question of finding the pair {@, @M} satisfying (9.5)
and the above stated set of requirements is formulated as the following variational
problem:

Find U = (U,,U,) € H satisfying the variational equation

06 U W) (W), YW = (wy,w0) € 1.

Upon finding such a U, it simply suffices to set @ := U; + @* and @(!) := U.,.
Let us find out the properties of a® and I'® sufficient for the well-posedness

of problem (9.6). Due to (7.24)-(7.26) we have that H® € L>(X x (0,1))3x3%3x3

Vs > 0. Using this, (7.32), the Cauchy-Bunyakovsky inequality, and the inequalities

4
9.7) 0< < ,PS <2 2 Yay € R,
(9.7 0= max (p)sxe(rs) < max{pr, ps) Zak < Zak a

we construct the estimate

52/9a7<p>gxe(x3)b1(w) cwi (x)de

. (732)
|a (BvW)| =

—|—/Q/Z[7—[8(?7,:63):(Vzb1(w)+ng2(:c,g7))}:(Vmwl(x)+vgw2(m7g))dgdw

< s*a, max{pr, ps}||bil 2 [|wi 22 ()
+ HHS ||Loo(2><(011))3><3><3><3 ||V$b1 +ng2|\L2(QX2)3X3 ||wa1 +v,g’lU2HL2(QXE)3><3
< max {s2anp, s2arps, H?-LSHLOQ(EX(OJ)):;xsxsXs} X

X (b1l 2 (@3 + [IVabillL2@ysxs + [[Vgball 2 (@xmysxs + (b2l L2(@xmys)

X ([lwillz2ys + IVawi || L2 @ysxs + IVgwallL2@xsysxs + [[wallz2(axmys)
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<dmax {*arpr, s*arps, |H|| L (mx(0,1))x3x3x3 | | Blla [[W ],
VB = (b,bs) eH, VW =(wi,w2) €H, Vs>0.

This estimate yields that
(9.8) the bilinear form a° is continuous on H x H for all s > 0.

In order to proceed further, let us notice that the identity

(9.9) / / D (b1 () + Dy(ba(e, §))Pdg da

- / Dy (b1 () s + / / Dy (ba (. §)) 2 dee

holds for any B = (by,bs) € H, due to the identities /D (b2(g))dy = 0 and
by

dy = 1. The former holds due to Green’s formula and 1-periodicity of bs in y.

b
Also, let us recall the well-known Korn and Poincaré inequalities.

Lemma 2. (THE FIRST KORN INEQUALITY.) Assume O is a connected
bounded open set in RY with Lipschitz continuous boundary 0O; then

(9.10) V2@l L2(oyvxn < \@HDm((ﬁ)HL?(O)NXN, V¢ € Hy(O)N
Proof of this lemma can be found in [22, Ch. I, Sec. 2.1].

Lemma 3. (THE KORN INEQUALITY FOR THE PERIODIC CASE.) Assume
K = (0,1)N; then there ezists the constant cx = cx(K) such that

(9.11) b1l ey < exlDg(d) ey, Ve € (Hy (K)/R)Y
Proof of this lemma can be found in [22, Ch. I, Sec. 2.3].

Lemma 4. (POINCARE INEQUALITY.) Let O be a connected bounded open set
in RY such that 0O is Lipschitz continuous. Then there exists a constant co such
that

(9.12) lDllL20)y < collVadl2oyvxn, Ve Hg(O)N
Proof of this lemma can be found in [4, Ch. 3, Sec. 3.3].

Using (7.34), (9.9), and Lemmas 2-4, for an arbitrary B = (b;,b2) € H we
establish the following estimate:

o*(B, B) = / (oo (@s)[b (@) ?dz

/ / *(§,25) : (Du(by () + Dy(ba(e, §)))] -
: (D (b (2)) + Dg(ba(x, )))dy da

(7.34) N N
SV ey / / ID, (b () + Dy (ba(, §))|2dijdac

063 [ pater@iae+ /Q | st i
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1

! s 1 2 1 2

Z 06 §||be1HL2(Q)3><3 + CTHbQHL2(Q§(Hﬁl(E)/R)3)
K

12 1 2 1 2
> Cg m”blnHé(Q) + g”bQHLQ(Q;(Hg(Z)/RP) B
(O (OF
> min {627 26} 1B
2(1+cg)  cx
This estimate yields that
for s > 0 the bilinear form a® is H-elliptic
2(1+¢)’ ok
Finally, on the strength of the assumptions in the theorem imposed on the given
data, using the standard technics we get the estimate

(9.14) (W) < Cg [[Wlly, YW EeEH, Vs>,

where the positive constant C§ depends on s, a., ar, pr, ps, ||u0|\L2(Q)3,

||.f||L2(Q><(O,T))37 Hu*HCl(ﬁX[O,T])37 and HFOHLOO(EX(O,T);L?(Q))- This estimate yields
that

(9.13) ) , .
with the constant C'7 := min

(9.15) the linear functional I'* is continuous on H for s > 0, and ||T'¥|3~ < Cj.

On the strength of (9.8), (9.13), (9.14), and (9.15), by the Lax-Milgram theorem
we conclude that there exists the unique solution U € H to the variational problem
(9.6), and this solution admits the estimate

(9-16) U3 < (1/COIT* - < C5/C7, 5> 0.

Hence there exists the unique pair of functions @ = U (x; s) + @*(x, s) and @) =
Us(z, y; s) satisfying the integral equality (9.5), the boundary condition @(x, s) =
@*(x,s) on 0N for s > 0, and the set of the regularity requirements formulated at
the beginning of step 4.

Step 5. In completion of the proof of the theorem, we rely on the theory of inverse
Laplace transform. On the strength of the bound (9.16), there exist the inverse
Laplace transforms in s of U; and U, which are given by the Bromwich integrals
(for details, see Appendix A):

1 31+i00
LU (2, t) = —/ U, (x;s)eds,

270 S, —ioo

_ R 1 s1+1i00 R .
L7 U)(2,9,t) = Tm/ Us(x,y; s)eds,

where s; > 0 is an arbitrarily fixed real value. Applying the inverse Laplace trans-
form in s to (9.6) and fulfilling the steps 1-3 of the present proof in the reverse
order, we conclude that the pair of functions u = L£71[U,](x,t) + u*(x,t) and
ul) = L71U,](x, 9, 1) is a weak solution to Model H-2sc in the sense of Definition
7. At the same time, we notice that the formal application of the Laplace transform
in ¢ to (9.3) is rigorous, in fact.

Finally, the solution {u, u(l)} is unique due to one-to-oneness of £ and £71.

Theorem 2 is proved. [

1—100
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10. ASYMPTOTIC DECOMPOSITION II: THE MESOSCOPIC CELL PROBLEMS

We will seek for the representation of the vector-function (! in the form

3
N Ou; ij i~
0.0 wW@ g =Y S @)Y (G )

ij=1 "7

3 t
Ou; ”
S Lt — 7)Y (G
+ /0 oz, (¢, t — 7)Y (y, 7, 23)dr

ij=1

3
+ p0($)Y2("l’j7 t? $3) + Z

ij=1

8’1}? i r~
ey (:B)Yi’)y (ya t7 .’173)-
J

Here uw and u®) constitute the weak solution of Model H-2sc in the sense of Def-
inition 7. Vector-functions Y, YV, Y5 (i,j = 1,2,3), and Y, are the sought
functions.

Remark 22. Since the vector-function y — u(Y)(x,7,t) belongs to (H,(2)/R)?
for a.e. (x,t) € Q x (0,T), the vector-functions Yéj, Yij, Y., and ng should
belong to (H;(E)/R)?’ as vector-functions of Y for a.e. (z3,t) € (0,1) x (0,T).

Assuming that Yij, Y., and Yéj admit the Laplace transform in ¢, from (10.1)
we derive the equivalent representation for the image with respect to the Laplace
transform:

3 _
u(l) (1137 Y, S) = Z %(mv S) [YOJ (ya £C3) + Yzlj (yv 5, xS)} + po(x)YQ(yv S, £C3)
ij=1 """
oY —ij N
+ 8.’L‘(x)Y3 (y,57x3)7 (m,y) EQXE; 5> 0.
ig=1 "7

In order to find Yéj, Yij, Y, and ng, we use the integral equalities (9.2) and
(9.5). Let us recall that (9.2) and (9.5) directly follow from the integral equality
(7.2) in Definition 7. Derivation of (9.2) and (9.5) from (7.2) was fulfilled in full
detail within steps 1-3 of the proof of Theorem 2.

At first, we substitute (10.1), (7.13), (7.21), ® = 0, and ®4(x, Y) := ¢11(x)d15(Y)
into (9.2), where ¢1; is an arbitrary smooth scalar test function and ¢, is an arbi-
trary test vector-function belonging to M, (X)*. Thus we get the integral equality

(10.2)

1 3 8ui 3 . )
/{o<m17m2<1} /A+6*{ 21 &Cj (ZL',O) /E {(ODJI@H-F 20, Z JM R J ) :

2,7 m,n=1

(17 + Dy (Y (5,2)))] : Dgl612(0))d5

3
+p0(m)/z{<a>\ﬂ®ﬂ+2au Z Jm”®Jm”) :Dg(Y2(y,0,23))

m,n=1

— 1] Dy(12(5))dy
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2 o? 3
+ ax;(w)/x{(a,\ﬂ(@}l—&-2au > J’””®Jm") :Dg(YgJ(g,o,x?,))} :

i,5=1 m,n=1

:Dgwu(m)dﬁ} o () dvs 4

Ato 3 aul 3
+/{0<IM2<1}/ {2—21 oz, (m,O)/ZFKa,\M@]I—kQau Z "™ & ):

A6 ¥ m,n=1

(19 + DY (5,2))) | : Dg(bro(®))dg
3

#1'@) [ [(aro1+20, 2 el By, 0.03)
— 1] : Dg(612(8))dG
+¢;1 5 (@) /ZF[(a,\]I®]I+2aMmZn;1J ©J ) :
Dy (Y5 (3,0,23))|  Dg(10(8))d5
2 00 g o R
+3 g [ 16371 Dyl f o ) iz
+/ /A+6*{ 23: Ou; (@ 0)/ [AL - (3 4 Dy (Y (§,23)))] -
{0<z1,22<1} JA ij=1 8xj ’ p . Y 0% .

: Dg(¢12(y))dy

T () / [A] - Dy (Y2(5.0,23)) + F0)] : Dy(drs()d5

3 'UQ - . .
+ Y ) - (513)/Z [A] : Dg(YH (§,0,23)) + Foig (0) — 0G : I7] : Dg(b1(5))dg

3. 90 y
Y 2 / G : 1] :Dgwu@))da} b11() ds d5

ij=1 Oz,
AL 3 g0 ) o )
+/ / { Z 371(33)/ [Q : “]]”] : D§(¢12(y))dy}¢11(w) dzs dx = 0.
{o<azr@a<1} o [T OFj 5

In (10.2), using Green’s theorem and 1-periodicity of ¢;5, we notice that
(10.3)

/Z{(aﬂl ®I1+2a, i Jmn ®Jm"> :Ji]} :Dg(d12(Y))dy =0, i,j=1,2,3,

m,n=1

(10.4) /E I:Dy(h1(@))dg =0,

(10.5) / [G:19] : Dy($ro(@)dG =0, ij=1,2.3,
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(10.6) / [G:19] : Dy(rs@)d5 =) [ [6:19] : Vybro(@)dG

Xs

- [ [6:5)61(05) mslogdog, i=123

Here ny = (ny1,nx2,0) is the unit outward normal to the boundary of domain
Y5 C %, and dog stands for an infinitesimal element of 0¥ p.
With account of (10.3)-(10.6), equality (10.2) takes the following form:

(10.7)
3

1 3 8u2 . o
/{0<w1,w2<1} /A+5*{ Z:l al’j (m70>/2|:(01)\ﬂ®}1+20[” Z J ®J ) :

] m,n=1

: Dg(Y{ (5.29))] : Dy(1a(9)dG

3
+p0(m)/z{(a,\]l®]l+2au Z Jm"®Jmn):Dg(Y2('§,0aiE3))} : Dy (912(y))dy
m,n=1

3

3
8’09 mn mn '\ .
+i§::1 Bz; (w)/z{(aﬂ@ll—i—?ozﬂmzn:_lj ®J ) .
Dg(¥(3.0.09))] : Dg(613())05 | om(@) dos 4@
A4-6* 3 3
ou;
+ d ,0/ I®1+ 2, Jmr e Jmnr)
/{O<zl,x2<1} /A+6* {”z_:l Oz (,0) ZF{(O[/\ “ Z )

m,n=1

(17 4+ Dy (Y (5,3))) |  Dg(a(@))d5

3
—i—po(:c)/E {(a)\ﬂ®]l+2au Z J"L"®Jm”) :Dg(Y2(y,0,23))

m,n=1

1 : Dg(1,(5)) 45

+jz_la;j(:v)(/2F[(a>\]I®]I+2a# > rrer)

i, m,n=1

:Dg(YY (3,0,25))| : Dg(612(8))d5

+ /azs (G :17]¢15(0g)- nE(Ug)dO'g) } ¢11(x) dog dx

3

’ /{o@l,xm} / H*{ 2 S;‘ (.0) /E (A - (19 + Dy (Y (5,25)))]

A ij=1
: Dg(912(Y))dy

() / (AL - Dy(Y2(.0,23)) + FI(0)] : Dy(b12(9))dG
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> o) y
+ 2 2; (w)/2 [AJ : Dy (Y5 (§,0,25)) +Fe7(0)

-0G:J]: Dg(qbu(ﬂ))d;i]} b11(x) drz dZ = 0.

From the structure of this integral equality it is clear that it holds true independ-

ently of any possible values of the vector-functions u and vY and the scalar function

p? if the vector-functions Y, Ya|i—0, and Y3 |1—¢ satisfy the identities

(10.8)  Y{ =Yalimo =Y |—0 =0 for (g, 23) € T x ((0,1) \ [A, A +67]),

and the following integral equalities:

(10.9)

/ [(a;ﬂ@ﬂ—i— 20, Z I @ Jm") :(JY + Dy (Y (7, 953)))} :Dg(d12(y))dy =0,
ZF

m,n=1

(10.10) L[4 07+ 250 @) By(rald)) g =0
Vo, € HH(S)?, Vase[AA+64];
(10.11)
[ (e rs20, 3 5m):Dg 0t 0.0) 1] Byt o

v¢12€Hﬁl(E)37 VI3€(A+5*,A+5*]7

(10.12) /EF [A{)' :Dg(Y2(y,0,23)) + 1F‘}(0)] : Dg(12(y))dy =0,

Vo, € Hi(X), VaselAA+04.];

(10.13)
3
/E [(mnmm% 3 JI’””@J]’”") :Dg(ng(ﬁ,o,ze,))} : Dg(¢12(9))dy
F m,n=1

+ / [(g : Jij)qblz(ag)} -nx(og)dog =0,
0Xs
Vo, € HI(S)?, Vas € (A+6,A+0;

(10.14) / [A :Dg (Y5 (5,0,25)) +F2(0) — 0G : J9] : Dg(by5(9))dy = 0,
Vo, € Hi(E)?, Vg e[AA+6].

At second, we substitute representation (7.45) (for x3 € (0, A)U (A + 04, 1)), the
image of (7.21) with respect to the Laplace transform in ¢, ® = 0, and @ (x,y) =
11(x)p12(Y) into (9.5). Here, as before, ¢1; is an arbitrary smooth scalar test
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function and ¢, is an arbitrary test vector-function belonging to Hﬁl(E)?’. Thus
we get the integral equality

(10.15)

1 3 =
/ Jo S
{O<:c1,x2<1} A4 =1 axj

.3

X/ZHs(a)\]I(@H—f—Qa# 23: I @) +ar 1o 1}

m,n=1

(19 4 Dy (Y (5,20)) + Dy (VY (55,29)) )| 5 Dgl12(8))dG
+p0(:c)/z{{s<a>\]l®]l—l—2a# 23: Jm"®Jm"> +a;1]l®]l} :Dg(Y2(y, s, 23))

m,n=1

~ 1] : Dy(612(8))d5

> oY 3 o
+i;16xj(:c)/z{{s<a>\]l®]l+2a# Z 7" % J )

m,n=1

o7 Te T} : Dg(Vy (G, s,25))] Dg((ﬁw(ﬂ))dﬂ} b11(@) des dB

Ar 3L ou,
+ / / { o s)
{0<z1,22<1} JA40, 'jzzl 8xj

11

~
A~

x /E[{f(ﬁ) (s|art @1+ 2, 23: eI + o e ) + (1- {5)6) -
m,n=1
(17 4+ Dg (Y @, 3)) + Dy (Y @ 5,2))) | : Dyle1a()d

+p°(m)/2[{5(§) {3<0¢,\H®H+2au 23: Jm”®Jm”)+a;1H®H}
m,n=1

o~

+ (1= C@)9} : D5 (Va(@.5.03) -
3 00 ~ 3
+ > D (m)/z[{c@) [5<04>\]I®]I+2au > Jm"®Jm”) +a;111®11}
igj=1 "1 m,n=1
+(1-{@)9} : Dy (Y3 @.5.2))

+(1- Z@))g : "Hij} : D@(‘ﬁlz@))d?j} ¢11(x) dos dx

A0, 3 Ol
+ / / { )
{0<z1,22<1} JA ’LZ 833j

=1

(@)1) : Dg(a()d

< [ [ @) 174 DV @) + Dy (V) . 00)] | Dy(02@)d

+p°(=) / [ (@, 25) : Dy (Vo (@, 5,23)) + sC@)F} ()] : Dy(h1(5))dg
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2 oY R i
+ Z al'j (x) /2 |:H (y’l‘?’) Dg(Y?) (y75,.’153))
+ 5(5@) (Ffﬁf(s) - éag : .,]w>+ %g : J]U)} : Dg((bu(g))d?’j} 11 () dus 4T
RN . (Tid ij~
+ /{o<g;1,m2<1}/o {%;1 oz, (x,s) /Z {g (39 + Dy (Y (9, 23))

+Dg(Y (@,5,23))) | : Do)

(=) / (G : Dy (Va(@,5,23))] : Dy(h12(5))dG

+ 23: i (m)/z[g : JY —HDg(?;j(ﬂ, s,xg))] :

o0x;
ij=1"""7

: D@((ﬁu@))@}%ﬂﬂ:) duydd —0. Vs> 0.

Let us consider the first integral in (10.15). In this integral, using Green’s theo-
rem and 1-periodicity of ¢4, we obtain that

(10.16)

/z: Hs(a,\ﬂ QI+ 2a, 23: I Jm") + Oz;1H ® ]I} : Ji]} : Dg(12(y))dy = 0,

m,n=1

i,j=1,2,3, s>0.

With account of (10.4), (10.5), and (10.16), equality (10.15) takes the following
shorter form:

(10.17)

/{o<$1,x2<1} /AJH;*{}ZI oz, (CB,S)/EHS<0<>\]I®]I+204# Z J"meJ )

2] m,n=1

+ a;1H®]I} : (Dg(Yéj(??, 3)) JrID)g(?ij(il\»S,zS)))} : Dg(912(y))dy

3
+p0(33)/2{{5(a,\]1®}1+2au > e )

m,n=1

+a; 1@ 1} Dy(Va(F,5,2))| : Dgld10(8))dy

3 81}0 3
+ Z 8:;]- (m)/EHS(aAMQ}HZ% Z Jm”®Jm”>

i,j=1 m,n=1

+ a3 10 1} s D (VY (3.522) | Dy(15())d5 | oni (o) doa a3

A+45* 3 Ol
+f / { (.5)
{0<a1,22<1} J A6, z_: Ox;

i,j=1
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x /E[{Z(g) (S(aﬂ@}l—&- 2, 23: Jmn ®Jmn) n a;lmﬂ) +(1- Z@))g} :
(1Y 4+ Dy (Y §,23)) + Dg(V7 (@, 5.25))) | : Dg(a()dG

+p°($)/2HE@)(s(aﬂ@HZ% 23: I ) + a1 )
+(1-@)9} : Dg(Va (@ 5.23)) — (@)1] : Dy(12(9)) dg
S oY

+ P 8xj (113) /E {{E(g) (S (Oé,\]I ® I+ 20, m’zizl ™ Jmn) + 04,;1]1 ® ]I)

+ (1 C@)9} : Dy(Y5 @.5.25)) — C@)G:17 | :Dgwu@))dg} o1 (@) dos d3

A+6. 3 Ot
+ / / { “(x, 5)
{0<z1,2<1} JA lz_: 6%‘]‘

=1

< [ [ @) (394 D5(VE @.00) + D (V) @ 00) | Dig(h02(d) 05

+1°(x) / (@, 25) : Dg(Va(d, 5,2)) + sC@)F (5)] : Dy(h1()dy

~ o N
+ gx; (:c)/z[w(g, 23) : Dg(Y3 (9, 5,23))

—0ij

+88) (5Fi(6) ~ 06 :37)] + Dg(613())05 | om(@) o 4@

As 3 _
3u,~

+f JHE
{0<z1,m2<1} JO ”2::1 Ox;

< [[o: DoV @.00) + DV @o.09) |+ Dylb12(6))5

+17(@) [ [0:D5(Va(@s.2))] : Dy 12(6)d5

3
oY —ij PR ~
+ 3 @) [[[6:D5(VY @) 5D§(¢12(y))dy}¢11(m)d$3 @ = 0.
ig=1 "1
From the structure of this integral equality it is clear that it holds true independ-
ently of any possible values of u, v%, and p° if the vector-functions Y§, Y, Y,
and Y75 satisfy the identities (10.8); and

(1018) ¥ =V, =Y3 =0 for (§,s,3) € = x (0,400) x ((0,1)\ [A, A+5*]),

and the following integral equalities:
(10.19)

/E HZ(??) (s (oz,\]l ® 1+ 2a,, 23: ™ @ Jm") +a;'I® ]1) +(1- E(g))g} :

m,n=1
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(39 +Dg (Y (@, 25)) +D(VY (35, 3)) )| : Dgl12(®))dg = 0,
Vo, € HH(E)?, Vs>0, Vaze (A+6.,A+6",

(10.20)

/E @ 2) : (17 + Dy(Y (§,23)) + Dy (VY (3 5,23)) )| + Dgl(baa(@)d =0,
Vo, € Hi (D), Vs>0, Vage|AA+6];

(10.21)
/2 HZ@) (s (a,\l 1+ 20, mijl 7 g Jmn) talle ]I)

+(1-C@)6}  Dg(Va(d,5,73)) — (@] : Dy(h12(8))dG =0,
Vo, € HI(E)?, Vs>0, Vaze(A+6,A+6;

1022) [ [#G02) Dy (V@ s.00)) + sC@F(5)] : Dy(12(5)5 =0
Y, € Hul(E)S, Vs>0, Vaze[A A+6.];

(10.23)
/Z Hf(ﬁ) (s (Oé)\]I T+ 20, mil " .,]Im”) +o;'1® ]I)

+ (1- ()6} : Dg(YY (@ 5.2) = C@)G : 17 : Dy(1(5))dg = 0,

Vo € Hﬁl(E)S, Vs>0, Vasze (A+d, A+
(10.24)

o —ij ~ o = 0ij Iy PR
[ [ G0) D5 (73 G 5.22)) +800) (Tl (9-06:09) | Dyl 12(@)5 = 0,
Vo, € HI(Z)®, Vs>0, Vase[AA+6,]

Now we aim to formulate the problems for determination of Yf)j , Yij , Yo, anq
Y. We start with the notice that the integral equality (10.19) holds true if Y'§/
and 711] satisfy the following three integral equalities:

(10.25)
/ [((fj)s(cm]l@ [+ 2, Z Jmn ®Jmn> : (Jz] + Dy (Y (g, m,)))] :
b

m,n=1

: Dg(¢12(y))dy = 0,
Yy € Hﬁl(Z)g, Vs>0, Vasze (A+d, A+

1020 [ [1-8@)8+ (17 + (v @) | Dylbra(@)ag =0
Vo, € HH(D)?, Vs € (A+6,A+ 6



HOMOGENIZATION OF A SUBMERGED TWO-LEVEL BRISTLE STRUCTURE 1411

and

(10.27) /E C@os wen : (19 + By (Vi (§.22))

3
+ {Z(i]) (S {CVA]I@]I—l—Qa# Z Jmn ®Jmn] +C¥;1]I®]I)
m,n=1
+ (1= @)} : Dy (VY (@, 5.25))| : Dy(12(5))dg =,
Vo, € HI(S)?, Vs>0, Vaze (A+06,A+6

Analogously, we substitute the representation of H°(y,z3) (see (7.45)) into
(10.20) and then notice that (10.20) holds true if Y/ and Y7 satisfy the following

three integral equalities:
(1028) s / C@)AL: (17 + Dy (Y (5,25)) )| + Dy(12(5))dg = 0,
Vo, € HH(E)?, Vs>0, Vaze[AA+4];

(10.29) / (1= C@)g : (17 +Dg(Y §,23) )| : Dg(ba(@)d =0,
Y g € Hﬁl(Z)S, Vs € [A) A+ 4.];

and
(10.30) /E Co) B+ -0)6) : (39 + Dy (v (@.22)))

+H (G, 2s) : Dy (Y (@, Sa$3))} : Dg(12(y))dy =0,
Vo, € Hi(X)?, Vs>0, Vaze[AA+4,]

Indeed, summing up (10.25), (10.26), and (10.27), we get (10.19), and summing
up (10.28), (10.29), and (10.30), we get (10.20).

Remark 23. The integral equality (10.25) is equivalent to (10.9), and the integral
equality (10.28) is equivalent to (10.10). The integral equalities (10.26) and (10.29)
coincide except for the matter that (10.26) is set on the segment {A + 6, < x5 <
A+ 6*} and (10.29) is set on the segment {A < x3 < A+ 0,}.

Oun the basis of identity (10.8);, the integral equalities (10.9), (10.10), (10.26),
and (10.29), and Remarks 22 and 23, we formulate the cell problem on X for deter-
mination of Y} = Y (g, z3) as follows.

Problem Y1. It is necessary to find a vector-function y + Yéj(ﬂ, x3) (i,7 =
1,2,3), defined in the pattern cell ¥ for all 3 € [0,1], which vanishes for all
xz3 € (0,A) U (A + 6*,1), satisfies the regularity condition

(10.31) Y (,23) € (Hf (Z)/R)®, a3 € [AA+67,
and the integral equalities (10.9), (10.10), (10.26), and (10.29).

Proposition 8. Assume that the tensor A{; in the formulation of Problem Y1 is
given and has the properties stated in assertion (i) of Corollary 2; then Problem Y1
has the unique solution.
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Proof. In view of (10.31), the vector-function ¥ on Xz should meet the demand
(10.32) Y (- 23) € HE(SF)®, 3 € [A, A+

Due to the properties of A{; (in assertion (i) of Corollary 2), the system (10.10) &
(10.32) for x3 € [A, A+ d,] is the standard variational elliptic problem. Therefore,
applying the Lax-Milgram theorem, by means of the standard considerations we
conclude that this problem has a solution Y§ (-, x3) on Xp for z3 € [A, A+4,] and
this solution is unique up to an arbitrary fixed constant.

Further, the integral equality (10.26) supplemented with the Dirichlet condition

(10.33) Y (,23)] yn = Y (§23) | o, e @3 € [A A+,

is the standard variational elliptic problem on Xg for z3 € [A,A + d,]. Here
Yéj{aEF\ax is the trace of the solution of the system (10.10) & (10.32) on 0¥g. On
the strength of the theory of generalized solutions of boundary value problems in
mathematical physics [18,19], there exists the unique solution of (10.26) & (10.33).

Thus we construct the solution Yéj on the whole cell ¥. Due to the boundary
condition (10.33) we have that Y € H} (%)%, Calibrating so that (Y (-,23))y, = 0
we obtain the unique solution of Problem Y1 for z3 € [A, A + §,]. Here we addi-
tionally notice that if Y'§/ resolves (10.26) & (10.33) then Y + ¢ resolves (10.26)
supplemented with the boundary data Yéj ‘ BZF\82+C’ where c is an arbitrary con-

stant, which allows calibration on the whole .
3

Analogously, since the fourth-rank tensor a)\I® I+ 2« Z J7 @ J™ is sym-
m,n=1

metric and positive definite, the system (10.9) & (10.32) for x3 € (A + 0., A + §*]

is the standard variational elliptic problems, as well. Keeping track of the above

consideration, this time with (A + 4., A+§*] on the place of [A, A+4,] and (10.29)

on the place of (10.26), we conclude that there exists a unique solution of Problem

Y1 for x3 € (A + d., A + 6*]. By this we complete the proof of Proposition 8. [

Next, we formulate the cell problems on ¥ for determination of the independent
of ¢ vector-functions Y's|;—o = Y'2(9, 0, z3) and Y5 |10 = Y5 (¥, 0, 23) on the basis
of identities (10.8)2 3, the integral equalities (10.11)-(10.14) and Remark 22 in the
quite natural way as follows.

Problem Y2. It is necessary to find a vector-function g — Y2(9y,0,x3), defined
in X for all 23 € [0, 1], which vanishes for all z3 € (0, A)U(A+ 6%, 1), satisfies the
regularity condition

(10.34) Yo(-,0,23) € (H{ (SF)/R)*, a3 € [A, A+ 657,

and the integral equalities (10.11) and (10.12).

Problem Y3. It is necessary to find a vector-function y ng(ﬂ,o,a:g) (1,5 =
1,2,3), defined in Xp for all x3 € [0, 1], which vanishes for all 3 € (0,A) U (A +
0*,1), satisfies the regularity condition

(10.35) Y3(-,0,23) € (H{ (Sp)/R)*, a3 € [A, A+ 57,

and the integral equalities (10.13) and (10.14).

Proposition 9. Assume that the tensor Ag and the matrices IFJ? and IFSO;Z in

the formulations of Problems Y2-Y38 are given and have the properties stated in
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assertions (i) and (ii) of Corollary 2; then each of Problems Y2-Y3 has a unique
solution.

Proof. Justification of this proposition is analogous to the proof of Proposition 8.
Namely, due to the properties of .A(; , ]FJQ(O) and Fsogl] , we have that the systems
(10.12) & (10.34) and (10.14) & (10.35) for x3 € [A, A + §,] are the standard
variational elliptic problems. Therefore, applying the Lax-Milgram theorem, by
means of the standard considerations we conclude that these problems have unique

solutions Y5(-,0,z3) and Yéj(-,O,xg), respectively, for x5 € [A, A + 4,].
3

Analogously, since the fourth-rank tensor a)\I® I+ 2« Z Jm @™ is sym-
m,n=1
metric and positive definite, we have that the systems (10.11) & (10.34) and (10.13)
& (10.35) for x5 € (A4 0., A+5*] are the standard variational elliptic problems, as
well. Therefore, as before, we conclude that these problems have unique solutions
Y2(-,0,23) and Y3 (-, 0, 23), respectively, for z3 € [A + 0., A + §*].
This observation completes the proof of Proposition 9. O

Further, let us consider each of the integral equalities (10.27), (10.30), (10.21)-
(10.24) as the variational equation, where g — 7?(1’}, s,23), Y — Y2(¥,s,x3), and
Yy 7? (Y, s, x3) are the sought vector-functions, s > 0 and z3 € [A, A + 67| are
real parameters, and Y'§ (i,j = 1,2,3) is given as the solution of Problem Y1.

Proposition 10. The following assertions hold true.

1) For any fized pair of parameters (s,x3) € (0,400) X (A + 0., A + 6*], the

(i) y fized p P : g ;
variational equation (10.27) has a unique solution 711](~, s,x3) belonging to
(H;(Z)/R)B’ i,j=123.

(if) For any fived pair of parameters (s, x3) € (0,+00) X [A, A +4.], the variat-
ional equation (10.30) has a unique solution Y (-,s,x3) belonging to
(H}(2)/R)?, 0,5 =1,2,3.

(iii) For any fized pair of parameters (s,x3) € (0,400) X (A 4 6., A + §*], the
variational equation (10.21) has a unique solution Y o(-, s, x3) belonging to
(H; (¥)/R)*.

(iv) For any fized pair of parameters (s,z3) € (0,400) X [A, A+ 4], the variat-
ional equation (10.22) has a unique solution Y (-,s,x3) belonging to
(H{ (Z)/R)?.

v or any fized pair of parameters (s,x3) € +00) X + 04 + the
variational equation (10.23) has a unique solution Y5 (-, s, 23) belonging to
(H{(2)/R)*, i,j =1,2,3.

(vi) For any fized pair of parameters (s,x3) € (0,+00) X [A, A +0.], the variat-
ional equation (10.24) has a unique solution 7?(', s,x3) belonging to
(H{(2)/R), i,j =1,2,3.

Proof. Due to assertion (iii) of Proposition 6, representation (7.45), the regularity
condition (10.31), and assertion (ii) of Corollary 2, we have that each of the variat-
ional equations (10.27), (10.30), (10.21)-(10.24) is a standard variational elliptic
problem. Therefore, applying the Lax-Milgram theorem, by means of the standard
considerations we conclude that each of these equations has a unique solution. Thus
all assertions of Proposition 10 hold true. (]
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As the result of the above considerations, we have formulated the cell problems
on ¥ in terms of the images with respect to the Laplace transform in ¢ of the sought
vector-functions Y/, Y5, and Y. More certainly, the system (10.18); & (10.27)

& (10.30) is the cell problem for determination of Y1 = LYY (i,j = 1,2,3),
the system (10.18)5 & (10.21) & (10.22) is the cell problem for determination of
Y., = L[Y 3], and the system (10.18)3 & (10.23) & (10.24) is the cell problem for
determination of Y = L[Y] (i,j = 1,2,3). In this line, Proposition 10 is the
assertion on existence and uniqueness of these problems.

Now let us transform these formulations into the boundary value problems for
the sought vector-functions Y7, Y5, and Yy themselves. For s > 0, we divide
(10.27) by s and apply the inverse Laplace transform £~! in s. Using the basic
properties of £~1, we arrive at the variational equation

(10.36) /E K@) {ar @en: (17 + Dy (VY (3,25)))

3
n (a,\H®H+2au > J’”"@Jm") Dy (YT (F.t,23))

m,n=1

o (L8 1) : Dy (LY Y) (@, 22) |
+ (1= (@) : Dy (LY )@, t,3)) |  Dg(aa(®))d = 0,
Ve, € HH(S)?, Vi€ [0,T], Vas € (A+ 6, A+0%], Vi, j=1,2,3.

Further, dividing by s (for s > 0), substituting (7.45) for H°, and applying the
inverse Laplace transform £~! in s, from (10.30) we deduce the variational equation

(10.37) /Z [Z@) (Bl +(1-0)9) : (17 + Dg(Y§ (g, 73)))
(@) { AL Dg(YT(@.t,20)) + B Dy (1Y V)@ t,9))
+/ [A](t —7) + (J,B])(t —7)] :Dg(y?(g,T,xS))dT}
0
+(1-00@)G : Dy((HY ), t,29)) | : Dy(e12(5))dg = 0,

v¢12 € Hﬂl(z)gv Vi e [OvT]v sz € [A7A+5*]7 VZ,] = 13233'

Having equations (10.36) and (10.37) derived, we are in a position to formulate
the problems of finding Y/ (4,0, z3) and Y% (g, t,z3) for t > 0 (i, = 1,2, 3).
We substitute ¢ = 0 into (10. 36) and (10. 37) Thus we set up the followmg

Problem Y4. It is necessary to find a vector-function § — Y7 (g,0,23) (i,j =
1,2,3), defined in the set X5 for all x3 € [0, 1], which vanishes for all 25 € (0, A)U
(A + 6*,1), satisfies the regularity condition

(10.38) Y7 (-,0,23) € (H} (Sp)/R), Vas€[A A+57],
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and resolves the variational equations
(10.39)

/Ep{oql(}l@}l) (19 4+ Dy (Y (§.2) )

3
(oAl @T+2a, > I @I™) i Dg(Y{(5,0,25)) } : Dg(ea(8)dy =0,

m,n=1

v¢12€Hﬁl(E)3) V$3€(A+6*,A+5*], Viaj:1a2a35

and
(10.40) /ZF [(Bg +(1-6)G) : (Jij + D5 (Y (3, mg)))
+ AL Dy (Y (5,0,2)) | + Dg(aa(®)d =0,
Vi, € Hi(X)?, Vaze[AA+4.], Vij=1,23.

Further, for ¢ > 0 we set up the following.

Problem Y5. It is necessary to find a vector-function (g,t) — Y7 (g, t,23) (i,j =
1,2,3), defined in the set ¥ x (0, 7] for all z3 € [0, 1], which vanishes for all z3 €
(0, A) U (A + 6%, 1), satisfies the regularity condition

(10.41) YV (- ws) € L0, T; (HY (R)/R)*) N HY(0,T; H (SF)*)

for x5 € [A, A + §*] and resolves the variational equations (10.36) and (10.37).

In (10.39), (10.40), (10.36), and (10.37), the function Y'§ (i,j = 1,2,3) is the
solution of Problem Y1.

Now we divide each of the variational equations (10.21)-(10.24) by s (for s >
0) and, after this, apply the inverse Laplace transform £~! in s. Also, in these
transformations of (10.22) and (10.24) we use the explicit representation (7.45) of
the tensor H*. Thus we derive the four variational equations (see equations (10.43),
(10.44), (10.46), and (10.47) below), in which terms we formulate the problems of
determining Y5 and Yy (4,5 =1,2,3) for ¢ > 0 as follows.

Problem Y6. It is necessary to find a vector-function (y,t) — Yo (¥, t, z3), defined
in the set ¥ x (0, T] for all z3 € [0, 1], which vanishes for all z3 € (0, A)U(A+6*,1),
satisfies the regularity condition

(10.42) Yo(-, - a3) € L®(0,T; (Hy (X)/R)*) N HY(0,T; H, (Sr)°)

for all z3 € [A, A + §*] and resolves the variational equations
R 3
(10.43) / [g(g){ (a,\]l ©l+2a, Y I™ ®Jmn) Dy (Y@, t,5))
z m,n=1

+al(IeT): ID)g((Jth)(gj,t,mg))}
+ (1= (@)G : Dy (1Y 2)(@:t. 7)) — C@)| : Dy(12(5))dg =0,

Vo, € HI (), Vte(0,T], Vase (A+d,A+06",
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and

(10.44) /[ 9){ AL Dy(Y(G.t,25)) + B : Dy (1Y 2)(@.1,25))

+/ (Al =)+ (1B~ 7)) : Dy (Y@, 72))dr |
0

+ (1= 08(@)G : Dy((LY2)(@:t.23)) | : Dyl ()5

+ [ Q@Fpo) : Dy(@ua(a)as — 0.

Vo, € Hi(E)?, Vte(0,T], Vase|AA+6]
Problem Y7. It is necessary to find a vector-function (y,t) — Yéj(;lj, t,xs) (4,5 =
1,2,3), defined in the set ¥ x (0,7 for all z3 € [0, 1], which vanishes for all z3 €
(0, A) U (A4 6%, 1), satisfies the regularity condition

(10.45)
Y3 (- as) € L(0,T; (H (S)/R)*) 0 HY(0,T; H} (Sp)?), Va € [A, A+ 57,

and resolves the variational equation

(10.46)
3

/JZ@){(%H@H—F%M > Jm”®Jm") Dy (YY (@t 3))

m,n=1
o7 1D : Dy((hY )@t 2s)) }
+ (1= @) : Dy (1Y) @ ths)) = L@)G 1Y | : Dyl () = 0,
Vo, € Hi(X)®, Vte(0,T], Vase (A+d,A+05,
and the variational equation
1047) [ [C@{A]: D (¥ @ t.20)) + B s Dy (1Y) @)
=
t ..
+ / (A{(t —7) + (J,BH)(t - T)) Dy (Y5 (g, 7, xg))dT}
0
+(1-08(@)G : Dg((HY Y@ t, xg»} : Dg(612(5))dy
+ [ C@) (L) - 96 37) s Dy(1a(@)dg =0
Vo, € Hi(X)?, Vte (O,T], Vs € [A A+,
Proposition 11. Let Yf)j (i,7 = 1,2,3) be the solution of Problem Y1. Assume
that the tensors A}, BY, Al (t), and B](t) and the matrices F{ and F2 in the

formulations of Problems Y4-Y7 are given and have the propertzes in items (i)-(iii)
of Corollary 2; then each of Problems Y4-Y7 has a unique solution.

Proof. On the strength of Proposition 10 and one-to-oneness of £ and £~!, each of
the variational equations (10.36), (10.37), (10.39), (10.40), (10.43), (10.44), (10.46),

and (10.47) has a unique solution. Furthermore, on the strength of linearity and
one-on-oneness of £ and £, identities (10.18) yield that Y, Y5, and Y3 vanish
for all z3 € (0,A) U (A + 6%, 1), which completes the proof. O
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Remark 24. Since Ji = Jﬂ and Ff” = FY% the solutions Yéj = ng(g, x3),
YV =YYy, t,a3), and Yy = Y (y,t,x3) (t € [0,T]) possess the symmetry
property Y, =YY" (k=0,1,3, 1,5 =1,2,3).
Remark 25. Notice that the vector-functions Yf)j, Yij, Y., and ng do not vary
with change of x5 on the intervals (A, A + 0,) and (A + ., A+ 0%), i.e.,
oYy oYY oYy, oYy
61'3 o 3333 - (933‘3 h (91'3

=0 forzs e (AA+38)U(A+d, A+,

since the given data in Problems Y1-Y7 do not vary with change of x5 on (A, A+4.)
and on (A4 0., A +6%).

Remark 26. We have established that if Yf)j, Yij, Y., and Yéj are the solutions
of Problems Y1-Y7 then equalities (10.7) and (10.17) hold true independently of
the values of the vector-function u and the macroscopic boundary conditions (5.12)-
(5.13). In particular, this means that the solutions of Problems Y1-Y7 fully define
dynamics of the mechanical system on the mesoscale, i.e., on the characteristic
scale of the taller bristles.

11. MACROSCOPIC EFFECTIVE COEFFICIENTS AND THEIR PROPERTIES

In this and the next section, with the help of solutions of Problems Y1-Y7,
from the equations of Model H-2sc we derive the system of effective homogenized
macroscopic equations for the macroscopic velocity w = u(x,t). This system does
not incorporate the variable 4 explicitly, which means separation of the mesoscopic
scale from the macroscopic one in the homogenized description of the mechanical
system. The mesoscopic velocity u(!) and the variable g get sublimed in the coeffic-
ients of the macroscopic equations.

In (7.2), we take ¢, = 0 and substitute representation (10.1) for u(!). Taking into
account (7.21), Remarks 24-26, and assertions (i) and (iii) of Proposition A.1 and
properly collecting terms, after considerably simple but rather lengthy calculations,
we establish that the integral equality

(11.1) /OT /Q{faﬂp)gxe(xg)u(m,t) - Od(, 1)

+ (V(ws) : Dalu(@, 1)) + E(ws) : D ((Jyu) (=, 1))
n /OtKl(t —7,23) : Dy (ule, 7)dr
+ /Ot /OTI Ot — ', 7 — r,23) : Do (u(w, 7))drdr’
+ /Ot /OT/ Wit — 7,7 — 7.23) : Dy ((Jou) (@, 7)) drdr’
By (t,20)p° (@) + Folt,75) : Da(0(w)) ) : D(p(, 1)) bt
~ [ [ ariseotesste.0 - ot Dz
+ /Q o {p) e rs)ul (@) - Bl 0)dx
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holds true for an arbitrary smooth test vector-function ¢ = ¢(«, t) vanishing in the
neighborhood of boundary 02 and section {t = T'}. Here the fourth-rank tensor-
valued functions V, &€, K, @, W, and F,, and the matrix-valued function F, are
defined via the solutions of Problems Y1-Y7 by the formulas

3
(112)  V(s) = (Ao(-x3))g + > (Aol x3) : Dg(YHI(-, 23)) )y @ IP,
3
(11.3)  E(ws) = (Bo(-,23)) + > (Bo(-,a3) : Dg(YH(-,23)) )y ® IP9,
3
(11.4) K(t,z3) = Z <A0(7x3) : Dﬂ(Ylfq('vtv z3))>2 ® ¥
Pg= \
+ <A1(',t,$3)>2 + Z <A1(',t,{£3) : D@(qu(’xd))>2 ®Jpq7
3
(11.5) Q(t,T, .173) = Z <BO('7 3'33) : DQ(YI{Q(" T, x3))>2 ® J¥
p,q=1

3
+ ) (A o) Dg(YYI( 7 23)) )y, @ TP+ (Ba(- 7, 23) )y,

p,q=1
3
+ Z <Bl('77—7 .%'3) : Dg(YZO)q(’x3))>Z ®Jpq’
p,q=1
3
(11.6)  W(t,m25) = > (Bi(-t,x3) : Dg(Y1(-, 7, 23)) )y, @ I,
p,q=1
3
(1L7)  Fult,ws) = Y (Aol ws) : Dg(YE( t,25)) )y, @ I
p,q=1

3
+ 3 (Bo(ws) s Dy (LY (1, 25)) )y, © I
qu?’— t
+ Z /0 <Al(.’t - .733) : Dg(qu('v T, x3))>2 ® JP dr

p,q=1

3 t
> /0 (Bi(t = 7m3) : Dy ((J-YE) (7, 23)) ) @7 dr

p,q=1

+ <.7:2(',t,$3)>2,
where

(11.8a) FO(g,t,x3) = 0 for x5 € (A + 6%, 1),
(11.8Db) FoG,t,x3) = (1 - ((9))G for 3 € (A + 6., A+ "],
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(11.8¢) Fog,t,x3) = Z F(t) @ JP7 + (1 - 0((9))G
p,q=1

for x5 € [A, A +4,],
(11.8d) FoUy, t,x3) = G for z3 € (0,A),
and
(11.9)
Fp(t7l'3) = <A{)(,.’L‘3) : Dg(YQ(-,t,irg))>E + <Bo(~71'3) : Dg((Jth)(-7t,x3))>E

b [ At ) Bt 2)) b
+ /O (Bi(yt —7,23) : Dg((J;Y ) (-, 7, 23)) )y dr + (B (-1, 2) ),

where
—I for xz3€ (A+6%1),
—((@)1 for w3 € (A+6., A+,
CHFNL) for a3 € [AA+6]
0 for z3€(0,A).

In the component-wise form, (11.2)-(11.10) are as follows (k,I,m,n =1,2,3):
(11.11)

Vklmn(x3):<AIOclmn(.’z3 Z <Akllj Z‘S yij(YO( zs))>Z(JPQ)mn’
4,,p,q=1
3 .
MM (25) = (BE™(- (23))5 + Z <B§lw('vx3)D1§ij(qu('ax3))>2(°ﬂpq)mm
1,5,p,q=1
3 ..
KFmn(t mg) = > (AGY (- 3) Dy (Y11, 23)) )5y (7)) i
,5,p,g=1
3 ..
+<Alflmn(',t7.');‘3)>g+ Z <A11€“](-,t7.%‘3)D.gij(Y <~7$3))>E<Jpq)mm
4,7,p,q=1
QU 7z = 37 (BRI 2 Doy (VI 20) ) (P
%,7,p,9=1
3 ..
+ > (ATt 2s) Dy (YR (, 7, 23)) ) (P g + (BE™ (7, 23)) 5
i,jp,q—l
—+ Z kl” T,$3)D§ij(qu(',$3))>Z(Jpq)mn7
4,5,p,9=1
3

Wklmn(t,T,l‘g): Z <Bkllj( t )Drgij(qu('vTvx3))>z(v]]pq)mn7

,7,p,q=1
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3
(11.12)  Fimi(tag) = Y (AG™ (5 23) Dgig (Y5 1, 25)) ) (37

4,J,p,q=1

+ Z (B§' (-, 23) Dgi; (JY D) (., 23)) s (FPD) e

4,J,p,q=1

+ Z / (AV9 (-t — 7, 23) Dgiy (VB 7,23)) )y (3P o d

,J,p,q=1

+ Z /Bkl” ,t —7,23) Dgij (J:YE) (-, 7,23)) ) . (3P o A

,7,p,q=1

(PR ),
where
0 for =z3€ (A+6%1),
(1= C@)GHm for w3 € (A+ 8, A+,
FIHGotiws) = § CHEL™) 0 (0) + (1= (D)o (@) G
for x3 € [A, A+ 6.,
gklmnfor x5 € (0,A),

and
3 ..
(11.13) Fpr(t x3) = Z (AG' (-, 23)Dgi; (Yol t,23)) )y,
ij=1
3 ..
n Z <B§m(-,xg)Dgij((JtY2)('7t7$3))>g
‘,j—l
+ Z / Akh] -7, $3)Dﬂij(Y2(.7T7x3)>>2 dT
i,7=1
+ Z / (BY'" (-t — 7,23)Dygij (J; Y 2) (-, 7, 23)) ), dT
i,j=1
+ <F£kl('7ta 13)>27
where
—0p; for x3 € (A+d%1),
. C( >6kl for ,’L‘3€(A+(5*,A+(5*],
(1114) Fg?kl(yvtvxl’)) =

C@FPu(t) for zs€[AA+04.],
0 for z3€(0,A).

Furthermore, let us write out (11.2)-(11.7) and (11.9) in more detail, using the
property that Y57, Y17 Y5, and Y7 (p,q = 1,2, 3) vanish for z3 € (0,A) U (A +
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0*,1) and inserting (7.13)—(7.23), (11.8) and (11.10). We get
3
al@l+20, Y I™@IJ™ for wsc(A+6%1),

m,n=1
3

o l@I+20a, » I @I +V,
m,n=1
(11.15)  V(z3) = for x3 € (A+ 0., A+ 5%,
3
ol @ 1+ 2000, Y I™@I™ +VE,,

m,n=1

for 3 € [A, A+ 4],
0 for z3€(0,A),

where

(11.16)
3

Vo= ax{C() divg YI(-,23))y, @ I
p,q=1
3

3
+ 3 200 > () Dy (YHI(,28)) ) d™" @ I79, w5 € (A+ 8., A 467,

p,q=1 m,n=1
and

3
(11.17) Vo =ocole Y (d()dive Zpy' (-, 23)) I™"

m,n=1

m,n=1

3 3
+ 3 [(perl @ T+ anle Y- (B()divs Zg" (- 25)) oI

p,q=1 m,n=1

3
+ 2ay, Z (QJMH + <’$()D2( Brén(7x3)>>®) ®J7nn) :
m,n=1

o~

(LD (Y () )| @I, w5 € [A,A+0.];

a;1]1®]1 for x3€ (A+06"1),

oo I@ I+ (1 —0)G + EG,, for x5 (A+6,,A+6",
o0 @I+ (1—00)G + EJ,, for x5 € [AA+5,],
G for xz3€(0,A),

(11.18) E(x3) =

where
(11.19) €= D {[C()as @I+ (1-C())G] : Dg(YE(-,a3)) )y ® I,

x3 € (A + 5., A+ 67,
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3
(11.20) &2, = ca 1@ Z <$(~)div; Z (-, x3) ) I
3
3
3 ([0far e (014 X B0 avs 2 )™
pq3 ) o
+ 30 (940 - D025 (1 29)) ) @ I
m,n=1

+(1-00())8] : Dy(YE(,a3)))_ @I, w3 € [A A+

0 for =€ (A+5%1),
KKo(t) for xz5€ (A4 6, A+40"],

(11.21) Klt 2a) = KOt) for a3 € [AA+6.]
0 for z3€(0,A),
where
3 3
(11.22) K7°(t)= > {(a,\ﬂ®ﬂ+2au > Jm"®Jm”):
p,q=1 m,n=1

(CORg(YY (- taa))y | @17, a5 € (A+d., 8+,

(11.23) K°(t) = 23: Ha,ﬂl@(ﬁl—k f: <1Z(-)div2Z6%"(~7m3)>9Jm")

+ 20y 23; (ew + <1Z(')D2(ZS'6"(-,x3))>@) ®Jm"} :

o~

: < (')Dg(qu(~,t71'3))>E} ® JP4

3

+a(a,\]l® 3 (D) dive Z (-t 23)) I
m,n=1

+ 20, Z (21 t,3)) @ I

m,n=1
3 3 N
+ 3 (I Y0 (D) divs Z5 (-t ws)) I
p,q=1 m,n=1

+ 20, Z (275 ( t,xg))>@®Jmn):

m,n=1

o~

(O (VB (29)))g| @179, ws € 1A, A +4;
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0 for z3€ (A+6%1),

Q7(r) for mze (A4, A+,
3

(11.24) Q(t,mx3) =4 QJ(m)+ > (Q7(t): Q¥(r)) @ I¥

p,q=1

for x5 € [A, A+ 0.,

0 for =z3€(0,A),

where 3
(11.25) Q7(r)= Y <(Z(.)a;111®]1+ (1- E(-))g) Dy (Y1, a,~3))>E ® J¥9,
p,q=1
xr3 € (A—F(S*,A—F(S*],
(11.26) QJ(r) = <[Z(.){a;111® (911+ 3 <1Z(.)div£zgg"(.,x3)>eﬂm”)

N i (9: (1= d()D=(Z5" (-, 25)))g ) @ T |

m,n=1

+ (10006 DY (7)) @ I

3
tolar'le Y (B0)dive Z5 (.7 23)) I

3
+ 30 (9 ((1 = BO)P=(ZT (7 2)))g ) © I }
m,n=1
3 3
" Zl{{a')’lﬂ@ Zl<’l//;(')dngZ%n(~,T,x3)>®Jmn

3
+ 3 (G:((1-d0)D=(Z55 (- myws)))e) © T}
(CODg (¥ (as)g | @, € (A A+

(11.27) Q{(t) =axI® D (()divz ZJ" (.t 23)) o I™"

205, > (POD2(Z7 (- tas)))e @I, 23 € [AA+4];

(11.28) Q¥(7) = (C()Dg(YRI(, 7 23)) )y @3 € [A, A +4,];
0 for z3€(0,1)\[A, A+,

B 3

(11.29) W(t, 1,a3) = Z (Wf(t) : qu(ﬂ) @I for x5 € [A,A+3,]

p,q=1
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where

3
(11.30) W/(t)=a;'T® > ((-)divg Z15" (-, 23)) o I™"

3
+ 30 (6 (1= dNDZH ( wa))e) @ I, wy € [AA+E,
m,n=1

and QP9(7) is given by formula (11.28);

0 for z3€(A+0"1),

(1=0)G+F.on(t) for x3€ (A+0,,A+05",
(1-00)G+FL.,..(t) for x3€[AA+6],

G for x3€(0,A),

(11.31)  F,(t,xs) =

where
(11.32)
f\?—corr(t) =
3 3
= Z [(aA]I®]I+2a# Z Jmn ®Jmn) : <E(')Dg(qu(~,t, x3))>2] ® JPe
pvg_g A m,n= )
32 {(C0n3 1814 (1= 80)9) D ((F 103) ) 0 T
| x3 € (A + 8, A+ 67,
and
(11.33)
3 3
]:VHCOI'I'(t) = Z [{a)\]l@ <0H+ Z <1ZJ\() divg Za%n(',mg)>gjm")
3
#2030 (00 (FODS(Z ())o) @37}

m,n=1

o~

: <<(')D§(Y§q('7 t, x3)) >E} ® JPd

+ 23: ([¢0){ar e (61+ 23: (D) divs Z5" (,25)) o™

p,g=1 m,n=1

3
+ 30 (9 (1= d()D=(Z5 (1)) ) @37
m,n=1
+ (1= 08())8]  Dg((AYE) (- t,29) ) 371
3

+ 23: /;Kmm S (D) dive ZT5 (ot — 7w3) ) I

p,q=1 m,n=1
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+ 20, Z (27 (-, xg))>@®Jm”) :

m,n=1

(SO (Y, 723)) )| @ 37dr

Py / 01 S (B0 dive 2t - o))

p,q=1 m,n=1

3 (94 (1 TPt ras))o) 0T}

m,n=1

(DG (Y5 (7 23)) >2} ® Jdr

3
+0 3 (@) divs ZE (1 3)) L + 20, (DD (Z5( . 25) g,

p,q=1

+a 1<¢ dive(J: Z5) (-, t7x3)>®11+g:<(1—&(-))D;((Jtzgg)(.,t,xg))>®)®JW,

—I for z3€(A+d%1),

—0 T+ FJ o (t) for x3€ (A6, A+,
—00T+FY 0(t) for z3€[AA+6,],

0 for z3€(0,A),

(11.34) F,(t,z3) =

where

3
(11.35) Fleon(t) = (aﬂmm% ) Jmnmmn) (DG (Yot s)) )

m,n=1
+ ({0518 1+ (1= {())6] : Dg((hY2)(, t.29)) )
x5 € (A +0,, A+ 6%,

and
(11.36)
Fl core(t) = [oal® (0T + 3 ($() divs Z5" (- 25)) o)

m,n=1

t20, 32 (017 + (BOD(Z(73))e ) ©I™] - (COBG(Ya(1t,7) )

m,n=1

e far1e (014 3 (B)dive 25 Coa)od™)
m,n=1

s (6: (1 = P0)D=AZ55" . 23)) ) © I}

m,n=1

+ (1= 080G : Dg((Y2) (- tra) )
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3

t
+A{MM@ZI@mmwz%%¢—nm»ﬂm

+ 20, Z Z’fé"(-,tfr, 133))>@ ®Jm”} Z<Z(')D§(Y2(',T,l‘3))>zd7'
/{ _1H® Z legZ%n(-,t—T,$3)>eJmn

3
+ 3 (9 (1= dON)D(ZT (-t = 71))) ) @I

: (CODg((JrY 2)(, 7 23)) )T
+ 0(ax<$(') divg Zoo (- t, 333)>9]I + 2au<$(')D2(Z20(" t, x?’)»@
oy ((

) diva(J:Z20) (st w8) ) I+ G+ (1= 9()) Dz (T Z20) (-1, xg))>e),
23 € (A, A +6,].

Remark 27. Due to Remarks 17 and 25, the tensors Vcorr, VA 8;’0”, £l are

constant and the tensors IC7 (t), ICQ( t), Q7(7), QO( ), Ql( ), W ( )y F o corr(t)s

v-corr
.’Ff corr (1), and the matrices QP(7), Fo . (t), F¢ (t) depend only ont (orT).

p-corr p-corr

Proposition 12. (i)  The tensor-valued functions ¥V = V(z3), € = E(x3),
K=Kt z3), @ = Q(t,7,23), W = W(t,7,23), and F, = F,(t,x3) and the
matriz-valued function F,, = Fy,(t, z3) satisfy the following regularity conditions:

(11.37) V, £ € L°(0,1)3*373%3,

(11.38) K, Fo, OIC, 0 F, € L((0,T) x (0,1))>73%3,
(11.39) Q W, 8,Q € L™((0,T) x (0,T) x (0,1))#**<3,
(11.40) Fp, 0F, € L=((0,T) x (0,1))>*%.

(i)  The tensor-valued function V satisfies the finiteness property
(11.41) V=0 for z3¢€(0,4),
the symmetry property
(11.42) YUkl — pitkl — piitk — Prij -y gy € 0,1], Vi, 4k, 0 =1,2,3,
and the uniform positive definiteness property:
(11.43) there exists a constant Co > 0 such that (V(z3) : X) : X > Cy[X]?,

VX eRYS ., VaseSx[A1]L

(iii)  The tensor-valued function

(11.44)

9°(23) =5V (w3) + E(23) + sK(5,23) + Luge(ass, arer (€)Q (s)

+ 1z3e(A,A+5*](w){§g(S) + i [(Séf(s) + Wf(s)) : @pq(s)} ® Jpq}

p,q=1
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satisfies the symmetry properties

(11.45)  H3 Uk = gsdikl — gsiilk vy € [0,1], Vs>0, Vi, j,k1=1,23,
5.%) - W — (65 - : 3x3

(11.46)  (H°:X):W=(H":W):X, VX,WeR .

and the uniform positive definiteness property:

(11.47)  there exists a constant C5y > 0 such that ($H°(x3) : X) : X > C50|X/?,

VX e R3X3 Va3 €10,1], Vs>0.

symm?

(iv) For a.e. (t,z3) € (0,T) x (0,1) the tensor F,(t,z3) satisfies the symmetry
properties
(11.48) Fukl — prikl — Fiilk =g g k1 =1,2,3,
(11.49) (Fo:X):W=(F, : W):X, VX, WeRY3 .

v) For a.e. (t,x3) € (0,T) x (0,1) the matrix F,(t, z3) is symmetric.

p

Notation 5. In (11.44) and further, by 1;,c7 we denote the indicator function of

the set I:
1 if x3€Z,
1“61(“”):{ 0 z}c v ¢ T

Proof of Proposition 12 is analogous to the proof of Proposition 6. Let us divide it
into five steps.

(1) Inclusions (11.37)-(11.40) directly follow from (11.2)-(11.10), (10.31), (10.34),
(10.35), (10.38), (10.41), (10.42), (10.45), (7.53), and Remark 25.

(ii) The finiteness property (11.41) immediately follows from (11.15). Also, the
properties (11.42) and (11.43) follow for z3 € (0,A) U (A + 6*,1) directly from
(11.15). In order to establish (11.42) and (11.43) for z3 € [A, A 4 §*], we recall the
integral equalities (10.9) and (10.10) from the formulation of Problem Y1. Using
(7.13), we give the uniform formulation of (10.9) and (10.10) in terms of Ag as
follows:

[ [ 4000 : (77 + DV @.22))) | - Dyl 7)) = 0,

Vo, € H(E)?, Vg e [AA+6

Here we re-assign indices (i,7) to (k,l) for technical reasons, and take the test
vector-function ¢ = Y (¥, x3), which is legal. Thus we get

(11.50) / [Ao(@,s) : (17 + Dy (Y (@, 2))) | Dy (Y5 (@, 2))d =0,
b
Vk,l,mn=1,2,3 Vazec[A A+,

or, equivalently in the component-wise form,

3
> [ A7 @) (M), Dy (V5" G.)d5

1,5,p,qg=1

3
. / AP (G, 23) Dgpy (Y5 (@, 23)) Dygiy (Y™ (G, 23)) 4 = 0,
i,3,p,q=1"%

Vk,,mmn=123 Vaz3€[A A+
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Calculating the sum in p and ¢ in the first integral and using the symmetry of Ay,
see (7.29), we arrive at the equality

(11.51) Z/A”“ )Dgi; (Y 5" (5, 23))dg

7,7=1

. / PG, 23) Dypa (Y5 (G, 23)) Dy (YT (G 23)) g,
4,J,p,q=1

Vi, l,mn=123 Vas€[A A+

Calculating the sum in p and ¢ in (11.11) and using the symmetry properties Y§' =
Y and (7.29) and Remark 24, we represent
(11.52)

VIR () = /Aklmn(y’x?, dy + Z / A (G, 23) Dgii (Y 5" (5, 73) ) dy.

3,j=1

Combining (11.51) and (11.52) we establish the following representation for the
components of V on [A, A + §*]:

(11.53)  VHmn(g / Aktmn (G 20)d

Z /Am)q y,$3)Dypq(Yo (9, 23)) Dgi; (Y™ (g, 3))dy,

4,5,p,q=1
Vk,I,mmn=1,2,3 Vas€[A A+
Using again (7.29) and Remark 24, from (11.53) we immediately deduce (11.42) on
[A, A+ 0%].
Further, multiplying (11.50) by Xy Xy, where X = (X3;) € RY<3 | is arbitrary,

and taking the sum in k,!,m, and n from 1 to 3, on [A, A+ ¢*], we get the identity
(11.54)

[ [Aatgas) - (42 (i XuY ' (G,23)))] Dy ( 5 X Y5 (G 23) ) d§

k=1 m,n=1
=0.
Multiplying (11.11) by XX, and taking the sum in k,1,m, and n from 1 to 3,

we arrive at the identity
(11.55)

(V:X);X:/Z[Ao(g,xg);x} ;ng+/[,40 ]D%(Z X YH y,xg)” . X d7,

k,l=1
Vag € [A, A+ 6.

Now, by swapping the left and the right hand sides in (11.54) followed by adding
(11.55), we establish that

(V(xg):X):X:/E[AO(y,xg) (X—HD)A(Z XuY{(g,05)) )]

k,i=1
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: [X—HD)?;( 23: anYg""(g,xg))] dy
m,n=1
30) 05/’X+D (Z XYk (wg))’ dg, Vs €[A A+

k,l=1

Thus (V(x3) : X) : X > 0 for all X € R¥X3 | for z3 € [A, A+6*]. At last, the strict
positive definiteness property (11.43) on [A, A 4 §*] is justified quite analogously
to the proof of the positive definiteness of the tensor Ay in Proposition 6. By this,

the proof of assertion (ii) is complete.

(iii) By the straightforward calculation, we easily deduce that the properties
(11.45), (11.46), and (11.47) follow for 3 € (0, A) U (A + §*,1) directly from (1.3),
(1.7), (11.15), (11.18), (11.21), and (11.44).

Now let us establish (11.45)-(11.47) for x5 € [A, A + 6.

At first, we consider the case when x3 € (A + d,, A+ 6*]. Recall that (10.19) is
the sum of (10.25) (or, equivalently, (10.9)), (10.26) and (10.27). Therefore it holds
true due to Proposition 8 and item (i) of Proposition 10. We multiply (10.19) by
Xij, where X = (X;;) € R3¥3 is arbitrary, and take the sum in i and j from 1 to

3. Using (7.45), we write out the resulting equality as follows:

(11.56) /E{’H (y,x3) : (X—HD)A(Z Xi5( Y’ (y,$3)+Y1 (v, s, md)))>} :

,j=1

Dﬁ(‘f)m(@)d?j =0

for all 3 € (A + 04, A+ 0*] and s > 0.
Let W = (W) € R3X3  be arbitrary. Inserting

symm

3
. okl
b1p = E W (Y6 (7, 23) + Y (4, 5,23))
fel=1

into (11.56), which is the legal choice of test vector-function, we get the identity
(11.57)

/Z{'Hq(y,x:s (X—HD) (Z ng ’!J,:E3)+Y (y,s,x;;))))};

4,j=1
> <5kl
Dy (Y0 W(YH @ 5) + V1 (§,5,29)) ) dg = 0,
k,l=1
Vs € (A+46.,A+0%], Vs>0.

Next, substituting (11.15), (11.16), (11.18), (11.19), (11.21), (11.22), and (11.25)
(restricted to (A 4 d., A + 6*] x {0 < s < +00}) into (11.44), we establish the
representation

(11.58)
3

H°(x3) = s (aoo\]l QI+ 200, Z Jrr e g

m,n=1
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3

/ [ Z 9) divg (Y5U(g,23) + Y1 (Y, 8, 23)) @ JP?

+ Z 2o Z C(@) Dgn (Y55, 1?3)+qu(§,s,x3))3m"®JPQ}dg>

p,q=1 m,n=1

+aa_1]l®]l+ (1-0)G

/ Z oS I@l+ (1-((g ))g) Dy (Y5 (Y, 23) + Y (U, 5, 23)) @ JPIdy.

p,q=1

Using (7.45), representation o = <E> = / A(ﬁ)dg/j, and representation (11.58), we
by
3) :

write out the quadratic expression ($° X) : W on the segment (A+6,, A+0%]

as follows:
(11.59)

(9°(x3) : X) : W =so(artr X tr W + 20, X : W)

3 ..
+/2{7'L (Y, x3) (X+D <Z X (Y§ (g,23) + Y7 (3, 8,563))))} : Wdy,
ij=1
Vaz € (A+0,A+6%], Vs>0, VX,WeR>3

symm*

Now, by swapping the left and the right hand sides in (11.57) followed by adding
(11.59), we establish the representation

(11.60)

(3'38(303) : X) W= sa(a,\ tr X tr W+ 20, X : W)

o[ (@) [ 35X (V@00 + VY @5.00) ]}

1,j=1
2 <5kl
: [W+Dg( Z Wi (Y’gl(’y\, 1’3) +Y, (ﬂ,s,xg)))}dg/],
k=1
Va3 € (A+0,A+6"], Vs>0 VX WeR33

symm*

The symmetry properties (11.45) and (11.46) on the segment (A + d., A + 0*] for
s > 0 follow immediately from the above representation due to (7.32) and (7.33).
Finally, inserting W := X into (11.60) we establish the inequality

($9°(23) : X) : X = so (o] tr X[* + 2, |X]?)

o [ (@) [ 3 X (V@00 + V@ 500) ]}

4,j=1

3
(x4 ( Y Xu(YE G ws) + 7 (@,5.29)) ) |G
k=1

(7.34)
> so(ax|trX|” + 20, [X]?) > so(ax + 20,) [X]?,
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Vs € (A+0,A+6"], Vs>0 VX WeR33

symm?
which immediately yields that (11.47) holds true for z3 € (A + 0., A 4+ ¢*]. Thus
the properties (11.45)-(11.47) hold true on (A + 4., A + 6*].

At second, we consider the case when x3 € [A, A 4 4,]. Justification of (11.45)-
(11.47) in this case is analogous to the case when z3 € (A + d.,A + ¢*]. We
recall that (10.20) is the sum of (10.28) (or, equivalently, (10.10)), (10.29), and
(10.30). Therefore it holds true due to Proposition 8 and item (ii) of Proposition
10. We multiply (10.20) by X;;, where X = (X;;) € R¥<2  is arbitrary, and
take the sum in ¢ and j from 1 to 3. Thus we arrive at the identity (11.56) on
[A, A +6,] x {0 < s < 400}. Further, inserting

3
b= > WY (G.a5) + Y] (3, 5,3))
k=1
into (11.56) we arrive at (11.57) on [A, A+ d,] x {0 < s < +00}.

Next, suitably combining (7.14), (7.16), (7.18), (7.20), (7.45), (11.15), (11.18),

(11.21), (11.26), (11.27), (11.28), (11.30), (11.44), and the representation o =

Z(ﬁ)dﬂ, we write out the quadratic expression ($°(z3) : X) : W on the seg-
b
ment [A, A + 4,] as follows:
(11.61)

(9°(z3) : X) : W = s00(ax trX tr W + 20, X : W)

+/2{H (Y, x3) : (X+]D (Z X (Y(G,3) + Y, (y,s,xg)))ﬂ : W dy,

i,j=1

Vs € (AA+6,], Vs>0, VX, WeR¥3

symm*
At last, we swap the left and right hand sides in (11.57) (restricted to [A, A +
0] x {0 < s < 400}), add the result to (11.61), and complete justification of
(11.45)-(11.47) (on [A,A +6,] x {0 < s < +00}) quite analogously to the case
(z3,5) € (A+ 8., A+ 6] x (0, +00).

Thus, all assertions of item (iii) are proved.

(iv) The symmetry properties (11.48) and (11.49) directly follow from (11.12)

due to the symmetry of Ay, By, A1, Bi, G, JP4, and F? | see Proposition 6 and
identity (1.3).

(v) The symmetry of F, directly follows from (11.13) and (11.14) due to the
symmetry of Ay, By, A1, and By, and matrix ]FJ?, see Proposition 6. |

sol?

Let us formulate the additional result, which will be useful further.

Proposition 13. Assume that the tensor-valued functions V, €, K, @, W, and
Fo, and the matriz-valued function F), admit the representations (11.15), (11.18),
(11.21), (11.24), (11.29), (11.31), and (11.34), respectively; then assertions (i)-(v)
of Proposition 12 are equivalent to Conditions C1-C5, stated below.

Conditions C1-C5. (Cl) The fourth-rank tensor-valued functions K7, K%, Q°,
Q07 Ql ) ath ’ Wl » v corr7 :F'\? corr? 0 ‘7:v corr? and at]:'v corr belong to the space
L"O(O T)3%3%3x3_ The matrix-valued functions QP4, FZ O F S and
OF? belong to the space L>(0,7T)3*3.

p-corr

p-corr» p corr? p-corr>
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(C2) The constant tensors V7, and V. . satisfy the symmetry properties

oijkl __ yyojgikl _ yyojilk _ yyoklij 0ijkl __ y)0j4ikl _ yy)0jilk _ y)0klij
Vcorr - Vcorr - Vcorr - Vcorr ’ Vcorr - Vcorr - Vcorr - Vcorr ’

1,7, k, 1 = 1,2,3, and the uniform positive definiteness properties: there exists a
constant Cy > 0 such that

200, |X]> + oan | trX]P 4+ (V3 1 X) : X > Co[X[?, VX e RYSS

symm’
2000, [X + ghay| tr X + (Vi 0 X) 1 X > ColX]?, VX e RYS

symm

Here the constant Cy is the same as in (11.43).
(C3) The tensors

3
(1162) ° = s(oaﬂ ©l+20a, > I™ @™+ vgm)
m,n=1
+oo @I+ (1—0)G +E5, + 5K (s) + Q7 (s), s>0,

and

3
(11.63) 95 := s(o@a,\ﬂ ©l+200a, > I™@I™ + vforr)

m,n=1

+ 000 TRT+(1—00)G+ES, + s’ (s)

S99+ Y [(s@/) + W/ () : T(9)] @37, s >0,
p,q=1

satisfy the symmetry properties
HYIM = eI = 3k s >0, Vi, gkl =1,2,3,

M =y =™ Vs> 0, Vigkl=1,23,

(9% :X): W= (95%:W):X, VX,WeRY3 = Vs>0,

symm

(955:X):W=(9H5:W): X, VX, WeRYP & Vs>0,

symm)

and the positive definiteness properties: there exists a constant C7; > 0 such that
(9% :X) : X > C3 X%, (9% :X) : X > C5[X]?, VX eRYE s> 0.

symm
Here the constant Cf, is the same as in (11.47).

(C4) Forae. t € (0,T) the tensors FZ ... (t) and FC _ (t) satisfy the symmetry

properties e
Filom =Flion = Fllow Vijkl1=1,23,
F o = Fdore = Fudons Visji k1 =1,2,3,
(Fieom 1 X) W= (Ffoom : W) : X, VX, WeRYS
(Flloom i X) W= (Floo 1 W) i X, VX, WeRES,

(C5) The matrices Q4(7), FZ ... (t), and F? . (t) are symmetric.

p-corr p-corr

Proof of Proposition 13. On the strength of representations (11.15), (11.18), (11.21),
(11.24), (11.29), (11.31), and (11.34), Conditions C1-C5 are just the paraphrase of
assertions (i)-(v) of Proposition 12. O
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12. FORMULATION OF THE EFFECTIVE MACROSCOPIC MODEL — MODEL HBS

Inserting (5.8), (5.16), (11.15), (11.18), (11.21), (11.24), (11.29), (11.31), and
(11.34) into the integral equality (11.1), and applying formula (A.6) to the terms
containing Q°, Qo‘g , and Wle , we unfold this integral equality as follows:

(12.1)

T 1
/ / / {_anFu O
0 {0<z1,22<1} JA+6*

(a,\H div, u + 20, D, (w) + a5 Tdiv, (Ju) — Hpo) : Dx(d))} dws d dt

At6*
/ / / {—arpau 01
{0<$1,12<1} A+,

+ (UOQ]I divy u + 200, Dy (u) + Vo, - Dy(u) + aa;l]l div, (Jyu)
(170—)g D, ( )+ggorr Df(‘]tu)

—|—/O Ko@t—1):Dy(u(zx,7))dr +/O (Ji—- Q%) (t —7) : Dp(u(x, 7))dr
(T Pl cone(0)P" + (1= 0)G & F e (1)) D (0”) ): D () } s s

T A+,
+/ / / {—arpeu -0i
0 {0<z1,22<1} JA

+ (Uﬁa,\ﬂ divy u + 2000, D, (u) + VO .. Dy(u)+ a&a;l]l div, (Jyu)
(1—060)G : Dy (Jyu) + EX.,, : Dy(Jyu)

/;cetff Dy (u(x ,T))dTJr/(Jt_TQOg)(tf’r):Dm(u(m,’r))dT

0

/ / 23: (g1 (=77 QM(r" ~ 7)) @ Jpq} : Dy (u(z, 7))drdr’

p,q=1
/ / (Wf (t=7): (Jp—r@)(r' = 7)) © I : Dy (u(@, 7))drdr

— (061 T m( NP+ (1= 00)G + F L core(£)) : D (0°) ): Do ()} g s

/ /{0<x1,z2<1} /OA{ QArpst: atd) + g : (]D)x(Jt’u,) + ]D)x(’vo)) :
: Dy (d’)} dxsdzdt

T 1
:/ / / arprf - bdrsda dt
0 {0<z1,22<1} JA46*

T A+S*
+ / / / appof - ey dE dt
0 {0<z1,22<1} J A4,

T A+0,
+/ / / appef - ¢drsdz dt
0 {0<z1,22<1} JA
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T A
+/ / / appsf - ¢ dos di dt
0 {0<zq,22<1}

+ / / arpru’(x) - p(x,0) drs dz
{0<z1,22<1} JA46*
A+6"
+ / arpou’(x) - p(x,0) dos dz
{0<$1,7}2<1} A+0.

A+d
+ / / arpeu’(x) - p(x,0) dos d
{0<11712<1}

A
+/ / a,psu’(z) - P(x,0) dzs dZ.
{0<z1,22<1} JO

Due to sufficient arbitrariness of the test vector-function ¢, the integral equality
(12.1) in the sense of distributions can be equivalently written as the system con-
sisting of the following equations and initial and interfacial conditions.

B InQ={xecQ: A+ <uxz <1}, the fluid motion is governed by the
Stokes system

(12.2a) arppOiu — divy, (’P : Dx(u)) — a;lvx div, Jyu = —=V,p° + apprf.

B InQs-={xecQ: A+0.<zs <A+ "}, the fluid-structure interactions
are governed by the equations of linear viscoelasticity with memory effects

(12.2b) POy — divy (P71 Dy(u)) — divy (G 7 : Dy (Jyu))

*dlvz/ R(t—71):Dy(u(x,7))dr =divy S§ + arpsf,

where

(12.2¢) P =0P+V.,

is the constant effective instantaneous viscous stress tensor in g+,
(12.2d) G7 =00 1@+ (1-0)G+EZ,,

is the constant effective instantaneous elastic stiffness tensor in Qg+,
(12.2¢) R7(t) =K7(1t) + (J:27)(1)

is the time-dependent viscoelastic relaxation tensor in €4+, and
(12.2f) S¢ (@,t) = — (01 = F o ())2° (@) + (1 = 0)G + FY cora (1)) : Da(v”())

is the additional space- and time-dependent partial stress tensor arising from the
initial fluid-structure interactions in Qg-.

B InQ5, ={xec: A<uz;<A+0,}, the fluid-structure interactions are
governed by the equations of linear viscoelasticity with memory effects

(12.2g) a,pgOsyu — div, (’P9 : ID)I(u)) — div, (99 : ]D)m(Jtu))

- divx/o ROt — 1) : Dy(u(e, 7))dr

t 7!
— div, / / RIt —7',7" —7): Dp(u(x,7))drdr’ = div, S{ + arpef,
o Jo
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where

(12.2h) Pl =o0oP + V.

is the constant effective instantaneous viscous stress tensor in 5, ,
(12.2i) G’ =000 101+ (1—00)G + £,

is the constant effective instantaneous elastic stiffness tensor in Q;_,
(12.2)) RI(t) =K (1) + (J:Q4)(1)

is the time-dependent first viscoelastic relaxation tensor in g, ,

3
(12.2k)  R(ti.t2) = Y. [Qf(tl):@pq(tz)Jer(tl) : (JtzQ”q)(tg)} ® Jrd

p,q=1

is the time-dependent second viscoelastic relaxation tensor in €5, , and
(12'21) S()Q<w, t) = - (O-HH - F[?— corr(t))po(w) + ((1 - Ue)g +‘7:\?— corr(t>) : DIE(U()(:L.))

is the additional space- and time-dependent partial stress tensor arising from the
initial fluid-structure interactions in Qs .

B InQ,={zxecQ: 0<uz3< A}, the motion of elastic plate is governed by
the Lamé system of linear elasticity

(12.2m) arpsOiu — div, (Q : Dx(Jtu)) = div, (g : Dx('vo)) + arpsf.
B The macroscopic velocity satisfies the initial condition
(12.2n) u(z,0) =u’(z), ze€Q,

i.e., the initial condition (5.12).

B Using the standard arguments (see, for example [9, Sec. 11.3] or [28, Sec.
6.2]), from (12.1) we derive the interface conditions on the sections {x3 = A+ §*},
{5 = A+ 6.}, and {3 = A} for the normal stress:

(12.20) {’P : Dy (w) + o Tdiv, Jyu — HPO] e3

r3=A+6*4+0
- [7:0 Dy(u) + G Dy (Jyu)

t
+/ R(t—r7):Dy(u(x,7))dr — Sé’} es for € (0,1),
0

z3=A+06*—0
(12.2p)
[Pf’ Dy (w) + G : Dy (Jyu)

+ /OtR”(t —7) Dy (u(zx, 7))dr — Sé’} €3

x3=A+0,+0

_ [,Pe Dy () + G° : Du(Jru) + /t Rt —7): Dy(u(x,7))dr
0

for z € (0,1),
r3=A+d,—0

t !
+/ / ’R,g(th',T'fT) : Dgﬁ(u(m,T))deSg} es
0o Jo
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and

(12.2q) {’Pe Dy (u) + G%: Dy (Jou) + /Ot Rt —7): Dy(u(z,7))dr

t e
+ RIt—7,7 —7): Dy(u(z,7))dr — S
/0 /0 s(t—71 7" —71) (u(x,7))dr 0} es oAt

- [g ‘D, (Jyu) — G : Dm(v‘))} es for & € (0,1)2.

r3=A—-0

The system (12.2a)-(12.2q) is endowed with the following continuity and bound-
ary conditions on the macroscopic velocity.

B From inclusion u € L>(0,T; H'(Q)3) (see (5.1)), we derive the interfacial
conditions

(12.2r) for z € (0,1)%, te€[0,T], k=123,

pomal 0= Ulpip0 g
where 33:(),1) =A, ng) = A+ 04, and xgg) =A+5%

B  On the outer boundary of €2, the macroscopic velocity satisfies the condition
(12.2s) u=u" for £ €0, te(0,T),

i.e., the boundary condition (5.13), which is inherited from Problems A., H-2sc,
and H-3sc, successively.

Remark 28. P and P? are the restrictions of V to the segments {A+§, < z3 <
A+ 6*} and {A < x3 < A+4.}, respectively; and G and G are the restrictions
of € to the segments {A+0, < 23 < A+06*} and {A < x3 < A+0.}, respectively.

Considering the tensors V e, € forrs K7, 7, F cores Vlorrs € tores K7, Qg
of, W/, and F. .., the matrices FJ .rr, FY .oy, and QPY, the initial displace-
ment distribution v° and the initial pressure distribution p° given, we obtain that
the system (12.2a)-(12.2s) constitutes the closed effective macroscopic homogenized
model of ‘the compressible fluid — two-level fine elastic structure’ interactions, where
u is the sought vector-function.

Definition 8. We call the system (12.2a)-(12.2s) Model HBS after the well-
known homogenized model of ‘the compressible fluid — one-level fine elastic struc-
ture’ interactions derived from the microstructure by K.-H. Hoffmann, N.D. Botkin

and
V.N. Starovoitov in [12].

We naturally formulate the notion of weak solutions of Model HBS as follows.

Definition 9. Vector-function u is a weak solution of Model HBS if it satisfies
inclusion (5.1), the boundary condition (12.2s) in the trace sense, and the integral
equality (12.1) for arbitrary smooth test vector-function ¢ = ¢(x,t) vanishing in
the neighborhood of 02 and the section {t = T}.

13. WELL-POSEDNESS OF MODEL HBS

By the considerations fulfilled in Secs. 5-12, we have proved the following exis-
tence result for Model HBS.
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Proposition 14. Assume that Vo, €., K7, Q7 F oo Viow, 0oy K°,
QS), ng, Wf, .’F'f_corr, FJ cores Fg_corr, and QP? are given by the formulas (11.15)-
(11.36) (or, equivalently, by the formulas (11.2)-(11.10) ), where the vector-functions
Z3, ZV, Zao, Z5), Y, YT, Yo, and Y5 are the solutions of Problems
Z1-Z7 and Y1-Y7. Assume that v° € HY(Q)? and p° € H'(Q) are given in the
integral equality (12.1) and, correspondingly, in equations (12.2a), (12.2f), (12.21),
and (12.2m).

Then, for any given u® € H*(Q)3, u* € C*(Q x [0,T))3, f € L*(Q x (0,7))3
such that u®(x) = u*(x,0) for x € O and 0, f € L*(Q x (0,7))3, there exists at
least one weak solution of Model HBS in the sense of Definition 9.

The assumptions on the tensors and matrices imposed in Proposition 14 mean
that the coefficients of equations (12.2b) and (12.2g) are defined by the specific
mesoscopic and microscopic structures. In this sense, the existence result in Proposit-
ion 14 essentially depends on the mesoscopic and macroscopic structures given in
the layer {A < z3 < A + 0*}, since the coefficients of equation (12.2b) explic-
itly depend on Y (', YT'", Yo, and Y5'", and the coefficients of equation (12.2g)
explicitly depend on Z3", Z1Y", Z2o, Z53", Y, YT, Yo, and Y5'". Further-
more, the limiting passage in Model A, as € \, 0 followed by the two successive
asymptotic decomposition procedures leads merely to the existence result, while
the question of uniqueness remains open.

The following theorem asserts the existence and uniqueness of weak solutions to
Model HBS. We emphasize that these existence and uniqueness results hold true
independently of whether Model HBS is connected with the certain microscopic
and mesoscopic structures via representations (11.15)-(11.36), or not.

Theorem 3. Assume that the tensors V7, .., €., K%, Q°, FC on» Vo .0
820”, Kl Qoe, ng, Wf, and .’Ff_corr, and the matrices FJ_ ..., Fg-com and QP4
are given and meet Conditions C1-C5. Let all of them be, in principle, irrelevant
to the data given for Model A.. Assume that the initial displacement distribution
v € HY(Q)? and the initial pressure distribution p° € H(Q) are given in the
integral equality (11.1) and, correspondingly, (12.2a), (12.2f), (12.21), and (12.2m).

Then, for any given u® € H*(Q)3, u* € C*(Q x [0,T))3, f € L*(Q x (0,7))3
such that u®(z) = u*(x,0) for x € 90 and O, f € L*(Q x (0,T))3, there exists a
unique weak solution of Model HBS in the sense of Definition 9.

Proof. We divide the proof into five steps. It is quite analogous to justification
of Theorem 2 and therefore we outline it in a rather concise way.

Step 1. Let us formulate the definition of weak solution of Model HBS in an alter-
native way, which is equivalent to Definition 9 and is more preferable for justification
of the theorem for technical reasons.

For the sole purpose of brevity, we consider the integral (11.1) instead of its
unfolded version (12.1). We integrate by parts in the first integral in the left-hand
side of (11.1), which makes sense due to (5.1)y, then in (11.1) we take the test
vector-function of the form ¢(x,t) = £(¢t)®(x). Due to arbitrariness of &, from
(11.1) we derive the integral equality

(13.1) /Q{Oér<p>2><e($3) Oru(w,t) - ()

+ [Viws) s e (1) + E(s) : D (S (@,1))



1438 S.A. SAZHENKOV, E.V. SAZHENKOVA
/ K(t—r1,23): Dy(u(zx,7))dr
+ / / Ot —1',7" —71,23) : Dy (u(x, 7))drdr’
o Jo
t T’
+ / / W(t—1', 7" —7,23) : Dy ((Jru)(x,7))drdr’
o Jo

T, (t, 23)p° () + Fot, 23) : Dw(vo(oc))] : Dm(i’(a:))} dz
= /Qap(p>gxg(x3)f(w,t) - ®(x)dx for a.e. t €[0,T],

where ® is a sufficiently smooth test vector-function vanishing in a neighborhood
of boundary 99.

Also, let us notice that the initial condition (12.2n) holds in the strong trace
sense due to the boundedness of ||0;ul|r~(0,7;r2()3) (see inclusion (5.1)2). Thus
we make the following conclusion.

Remark 29. Vector-function w is a weak solution of Model HBS in the sense of
Definition 9 if and only if it satisfies inclusions (5.1), the initial condition (12.2n)
and the boundary condition (12.2s) in the strong trace sense, and the integral equal-
ity (13.1) for a.e. t € [0,T] for all admissible test vector-functions ®.

Step 2. On the strength of the initial condition (12.2n) and the property of absolute
continuity of the Lebesgue integral with respect to the limits of integration, from
(13.1) it follows that

(13.2)
[ {artoseoten gty #@)
+ [V(@s) : Do (@) + Fy(0,23)" (@) + Fo(0,25) : Do (0°()) | : Da(®(2)) | deo

= /QO[F<,D>E><@($3)f(:B,O) - ®(x)dx for a.e. t €[0,T].

Further, differentiating (13.1) with respect to ¢, with the help of assertion (ii) of
Proposition A.1, we establish the integral equality

(13.3)
% | arlp)sxo(ws) Ou(e,) - B(z)de
+% [V(xg } D, (
+/Q[s(x3) / % 723 : Dy (u(z, 7))dr
1+ K(0,23) : D /] o7 = 7,2s) : Dy (u(w, 7))drdr
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+/0 /0 W(t—71',7" —1,23) : Dy(u(x, 7))drdr
+ OF,(t, 3) p°(2) + O F o (t, 23) : Dp(v0(x))| : Dp(®(x))dex
= /QOéF<p>2x®($3)3tf($>t) - ®(x)dx.

This integral equality is understood in the sense of distributions on [0, T].

Step 3. We extend all functions in (13.3) for ¢ > T by zero. On the strength of
the well-known properties of the Laplace transform, applying formally the Laplace
transform in ¢ to (13.3), taking into account the initial data (12.2n), using represent-
ations (11.21), (11.24), (11.29), and (11.44), and remarking that the integrals con-
taining the terms 1C(0, z3) and @/ (0) cancel, we arrive at the integral equality

(13.4) /Q{a7<p>gxg(x3)(52ﬁ(w, s) — su’(z) — Oyu(z, t)|i—0) - B(z)

+ [9°(@3) : Da (@@, 5)) + 5Ty (5, 7)p" ()
+ s Fy(s,23) : D (v () — V(23) : Dy(u’(x))
— Fy(0,25)p (@) = Fo(0,3) : Do(v°(@))] : D (P(a) | da

- /Q ar () (ws) (sF (@, 5) - £(,0)) - (@) dw, Vs> 0.

Combining (13.2) and (13.4) and slightly re-arranging terms, we obtain the integral
equality

(13.5)
/ ar{p)sxe(rs) s*i(x, s) - ®(x) dx + /
Q

) (9 (23) : Da (@, 5)) |+ Da(B())da

= s/ (p)sxo(xs3) [aTuO(m) + ar f(z, s)} - ®(x)dx
Q

= [ [Fuls.a)i(@) + o (s,0) D0 (@)] D (@e)) dm, Vs >0

Step 4. On this step we aim to prove that for an arbitrarily fixed s > 0 there
exists function (-, s) € H'(Q)? satisfying the boundary condition @ = @* = L[u*]
on 99 in the strong trace sense and the integral equality (13.5) for all admissible
test vector-functions ®. The same as on the fourth step of the proof of Theorem 2,
we implement the Lax-Milgram theorem. The variable s in this formulation plays
the role of a parameter.

We introduce the bilinear form b*: Hg(Q)3 x H3(92)? — R and the linear func-

tional A*: H}(Q)? — R by the formulas

b* (P, ®) := 52/§2a7<p>g><@(333)\11(a}) - ®(x)dx

+ /Q {3’33(:03) D, ((x))| : Dy (®(x))dx, V&, ¥ c HLHQ)?,
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and

A(D) := 8/§2<p)gxe(x3)(a7u0(:v) +apf(z,s) — arsu*(x,s))  ®(x)de

— /Q [s?p(s,xg)po(w) + 5 Fy(s,23) : Dy (v0(x))
9 (23) : Dm(ﬂ*(:c,s))} Dy (®(x))de, VB e HE(Q)P.

In terms of b° and A® the question of finding @ satisfying (13.5) and the above
stated set of requirements is formulated as the following variational problem:

Find U, € Hy(Q)? satisfying the variational equation

(13.6) B(UL®) = A%(@), V& e HL ()

Upon finding such Uy, it simply suffices to set @ := U1 + @*.

Let us find out the properties of b° and A® sufficient for the well-posedness of
the problem (13.6). Due to (11.37)-(11.39) we have that $° € L°°(0,1)3%3x3%3,
Vs > 0. Using this, (11.45), (9.7)1, and the Cauchy-Bunyakovsky inequality, we
construct the estimate

(11.45)

b (@, @) 1292 / o (p) e (3) T (1) - B () dae

—&-/Q[ﬁs(ms) : Vx‘I’(fB)} : Vo ®(2)de

< s”ar; max{pr, ps} [|¥| L2 (s 1B |2 (03
+ 19° || oo (0,1)8x3x3x3 [ V2 ¥ || 2 ()oxs [ Vo @[ L2 (@)3xs
< max{szafpp, s2arpg, ||.68‘|Loc(0,1)3><3><3><3}><
X (1] 225 + VPl L2323 ) (1@l 208 + V2P| L2(0)373)
< ZmaX{SQOszF, s2arps, HﬁSHLm(O’l)SXSXSXS}X
X ¥l s 1@y, V8, ¥ € Hy()?, Vs >0.
This estimate yields that
(13.7) the bilinear form b* is continuous on Hg (Q)* x H}(Q)3.

Next, using Lemmas 2 and 4 and the positive definiteness of tensor $° (see
(11.47)), for an arbitrary ® € H}(Q)? we establish the following estimate:

b8(¢,<1>)552/aT<p>EX@(x3)|«1>(x)\2dm+/ [9°(3) : Da(@())] : D (@ () der
Q Q
(ran , . (0.10) ¢85 ) (9.12) 5 )

> ClO/QlDI((I)(w))‘ dr > Ty ||Vx‘1>||L2(Q)3x3 2 72(1+C%)H(I)HH(}(Q)3'

This estimate means that for all s > 0
(13.8)

the bilinear form b* is Hj (Q)>-elliptic with the constant C}; := Clo

2(1+¢3)



HOMOGENIZATION OF A SUBMERGED TWO-LEVEL BRISTLE STRUCTURE 1441

Finally, on the strength of the assumptions in the theorem imposed on the given
data, using the standard technics we get the estimate

(13.9) A% (®@)] < CF 1Bl a2 V@ € Hy(R)?, s>0,

where the positive constant C depends on s, ar, ap, pr, ps, [[u’|| L2, 1P° [ L2(0)»
1@ I Fllz@xorys @ ler@agors:  [Fplleomx@uysxs,  and
||.’Fq;||Loc((O’T)X(O’l))SXSXSXB. This estimate yields that

the linear functional A® is continuous on Hj(Q)? for s > 0;
(13.10) ‘ .
moreover, ||A®||g-1(q)s < CTy.
On the strength of (13.7) and (13.8)-(13.10), by the Lax-Milgram theorem we con-
clude that there exists the unique solution U; € H} ()3 to the variational problem
(13.6), and this solution admits the estimate

101l 20 < (1/CI)IA -1 () < CTa/CF, s> 0.

Hence there exists the unique function @ = U (x; s)+u* (x, s) satisfying the integral
equality (13.5), the boundary condition @(x,s) = @*(x,s) for x € 9Q and s > 0,
and the regularity requirement u(-,s) € H'(2)3.

Step 5. Analogously to the fifth step of the proof of Theorem 2, applying the
inverse Laplace transform in s to the variational equation (13.6) and fulfilling the
steps 1-3 of the present proof in the reverse order, we conclude that the function

u(zx,t) = LU (2, t) + u*(x, 1)

is a weak solution to Model HBS in the sense of Definition 9. This solution is unique
due to one-to-oneness of £ and £71.
Theorem 3 is proved. |

14. CONCLUDING REMARKS

The homogenization and asymptotic decomposition procedures provide us with
the following algorithm of determining the effective macroscopic physical charact-
eristics of the reciprocal motion of the fine two-level elastic bristle structure and
the viscous weakly compressible fluid, starting from the microstructure.

(i) Using the given data of the microstructure, solve Problems Z1-Z7 to find
Zgy, Z'Y, Zsg, and Z3),.

(i) Inserting the solutions of Problems Z1-Z7 into (7.14), (7.16), (7.18), (7.20),
(7.22), and (7.23), find the tensors .A(;, Bg, .A{, and B{ and the matrices
IE"?@ and Ff . » respectively.

(iii) Using the tensors .Af, Bf, AJ, and BJ and the matrices F} and F24

sol
obtained on the previous step, solve Problems Y1-Y7 to find Yéj , Yij , Yo,
and Yéj .

(iv) Inserting the solutions of Problems Y1-Y7 into (11.16), (11.17), (11.19),
(11.20), (11.22), (11.23), (11.25)-(11.28), (11.30), (11.32), (11.33), (11.35),
and (11.36), calculate the homogenized macroscopic tensors and matrices
Vi Vioms Eloms Evors K7 K, Q7 QF, QF, Qv1, WY, FI 0,

'7:\/9— corr’ ]:FI()T— corr’ and ]}'?g— corr? respeCtively'

(v) Provided with the data obtained on the previous step, solve Problem HBS
to find the macroscopic velocity distribution w.
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This five-step algorithm is quite possible to implement either numerically, or, for
the most simple forms of ©g and ¥g and given boundary data, even analytically.
In contrast, Model A, with a small ¢ is inaccessible for practical analysis due to
the enormous amount of necessary calculations.

The interim homogenized Models H-3sc and H-2sc also worth consideration in
line with a possible numerical analysis.

Notice that discarding the layer Q% in Model HBS followed by the matching
of the interfacial conditions, we arrive exactly at the Hoffmann-Botkin-Starovoitov
equations [12], which should have been expected. The difference between the appro-
aches in the present article and in [12] is that we formulate the cell problems
(Problems Z1-Z7 and Y1-Y7) using the well-known old-fashioned straightforward
asymptotic decomposition routine, which ascends to the classical works [14,23], in
turn, in [12], in order to solve the cell problem, the authors construct and use a
new rather subtle method based on the semigroup theory.

Finalizing this research, let us expose some ideas about possible applications
of Model HBS in biology, biotechnology, and bionics. Notice that Model A has
a rather long history of applications in modeling of biological systems. Therefore
its modifications to specific topics in biology and biotechnology are in demand, as
well (see, [5,15] and references therein). Model HBS can be applied to a study of
aerodynamics in a neighborhood of a plant leaf with trichomes being taken into
account. Trichomes are bristles (fuzz) on a leaf epithelium. Clearly, this question
lays in the field of continuum mechanics. More precisely, it is natural to simulate a
leaf with trichomes as an either elastic or absolutely rigid plate with pins attached
to it immersed into an air flux. In this framework, a rather simple model proposed
in S. Goldstein’s monograph [11, Secs. 53 and 145] is still in demand. In this
model, a laminar flow around a thin plate with one perpendicularly welded pin is
considered. The air blows in parallel to the plate. The conditions for a flow to stay
laminar after passing by the pin are found. Originally, the model in [11, Secs. 53
and 145] arose in the wing theory and did not belong to biology. Nevertheless, in
a number of works (for example, see [25]), this model was successfully adapted for
airflow by a leaf with trichomes of the same length. In [25], numerical simulations
for some plants were conducted. These simulations were very simple and consisted
of explicit algebraic calculations with a help of an ordinary scientific calculator.
They allowed to find critical lengths of trichomes and wind speeds, for which the
airflow sustains a laminar regime. Worth to remark that it is impossible to study
turbulent flows within this framework. In the general case, trichomes on the same
leaf of a plant may belong to different types depending on length and form. In
a number of works (for example, see [8]), it was noticed that the quantities of
trichomes of different lengths have different orders — there are considerably many
shorter trichomes per just one long trichome. In this view, the approach elaborated
in [25] is not suitable, in general. At the same time, the proposed in the present
article Model HBS covers the two-lengths case well enough. Besides, since Model
HBS is derived on the base of rather general physical hypotheses, it is applicable
for both laminar and turbulent regimes of airflow.

Also Model HBS somewhat extends mathematical modeling of biosensors. Mat-
ter is that the design of the original Hoffmann-Botkin-Starovoitov system [12, Sec.
5.1] ‘was motivated by modeling a surface acoustic wave sensor based on the gener-
ation and detection of horizontally polarized shear waves (see [3]). Acoustic shear
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waves are excited through an alternate voltage applied to electrodes deposited on a
quartz crystal substrate. The waves are transmitted into a thin isotropic guiding
layer covered by a thin gold film that contacts a liquid containing a protein to be
detected. The protein adheres to a specific receptor (aptamer) placed on the surface
of the gold film. The arising mass loading causes a phase shift in the electric sig-
nal to be measured by an electronic circuit. One can impress the aptamer-protein
layer as a periodic bristle or pin structure on the top of the gold film contacting
with the liquid. The thickness of the aptamer-protein layer is about 4 nm, and the
number of bristles per surface unit is enormous large. Therefore, the direct numeri-
cal modeling of such a structure using fluid-solid interface conditions is impossible.
Proper models can be derived using the homogenization technique along with the
strict treatment of the solid-fluid interface’ (citation from [12, Introduction]).

Finally, let us mention a possible use of Model HBS in bionics (or biomimicry).
Biomimicry describes processes in which the ideas and concepts developed by nature
are implemented into technology. In line with the observations in [16], bristles in
general have a strong influence on the plate wettability: the plate surfaces may be
super-hydrophobic, self-cleaning (super-oleophobic), and low adhesive, which often
are very advantageous features of materials. Two-level (hierarchical) roughness
structures are typical for super-hydrophobic surfaces in nature. In [2, Sec. 42.4.3],
the question about how to generate a two-level super-hydrophobic surface is discuss-
ed in detail. Highly likely, Model HBS may be helpful in such design.

APPENDIX A. NOTIONS AND SOME PROPERTIES OF
THE CONVOLUTION INTEGRALS AND THE LAPLACE TRANSFORM

In this appendix, for convenience of reading, we recall the definitions and some
properties of convolution integrals and the Laplace transform, which are systematic-
ally used throughout the article. We introduce the notion of convolution integral
with the truncated integration limit, which is the important particular case of the
general definition [13, Ch. 1, Sec. 1.3].

Definition A.1. For functions ® = ®(t), U = U(t) supported on [0,+00), their
convolution integral is

(A1) (PxU)(t) = /0 O(t — 7)¥(7)dr.

The convolution integral of ® and ¥ exists if ®, ¥ € L'(R,), and in this case
® %V e LYRy) [26, Ch. 1, Th. 1.3]. In particular, ® * ¥ is well defined for
piece-wise continuous ® and ¥ with bounded supports. The following properties of
the convolution integral are valid for sufficiently regular functions ®, ¥: R, — R.

Proposition A.1. (i) (Commutativity.) (P*xU)(¢t) = (UxP)(t) or, equivalently,

t t
(A.2) / O(t — 1)U (r)dr = / O(T)U(t — 7)dr.
0 0
(ii) (Relationship with differentiation.) Assume either ®, or ¥, or both ®
and V are differentiable; then

(A.3) % /0 Ot —7)U(r)dr = /0 Ot — T)%E_T)dT + ©(¢)¥(0)
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and (or)
Lod(t — )
(A.4) — / (t—7)¥(r)dr = /0 T\II(T)dT + O(0)U(t).
(iii) (Relatlonshlp with integration.)
(A.5) / / (' — 7)U(7)drdt’ */0 O(t — 7)(J, V) (7)dr,
(A.6) /0 Bt — 7)(J, T)(r)dr — /0 (T ®)(t — 7)U(7)dr.

Here J. is the Volterra operator, see (2.6).
Proof. (i) Changing the variable of integration to 7/ = ¢t — 7 the result holds.
(i) We recall the well-known formula from integral calculus [7, Ch. 14, § 1, Th. 6]:

b(t) b(t) .
(A7) % o W(t,T)dT—/(t) %drjtb’(t)wg,b(t))—a’(t)W(t,a(t)),

where a and b are differentiable on an interval [0, T] and W and 0,W are integrable
n (0,7) x (c—,c4),

c = mln{tér[l&%] a(t), tél[lol%] b(t)}7 cy = max{trerfaa)qg} a(t), tIer[l(i}é] b(t)}.
Taking a(t) = 0, b(t) = t, and W(t,7) = ®(t — 7)¥(7) from (A.7) we immediately
deduce (A.4). Taking a(t) = 0, b(t) = t, and W(t,7) = ®(7)¥(¢t — 7) followed by
using the commutativity property (i), from (A.7) we deduce (A.3), which completes
the proof of assertion (ii).

(iii) In (A.3) we substitute J,¥ for ¥ and ¢’ for t. Next, we notice that
(J-¥)(0) = 0 and integrate the resulting equality in ¢’ from 0 to ¢, which im-
mediately yields (A.5). Next, in the left hand side of (A.6) set ¢ = J;® so that
® = d¢/dt and integrate by parts to get the desired identity. (Il

In this article, we use the Laplace transform in the time variable ¢ € R only.

Definition A.2. ([17, Sec. 6.1], [6, Ch. XVI, § 1, formula (1.18)].) If »(t)
is a function defined for all t > 0, its Laplace transform is the integral

+o00
(A.8) #(s) = Lll(s) = /0 o(t)e*tdt, s> 0.

Proposition A.2. ([17, Sec. 6.1]) The Laplace transform ezists for any function,
which is integrable over every finite interval 0 < t < I, and which, as t /" 400,
does not grow faster than some exponential function. This last condition is more
precisely stated by

(A.9) lp(t)| < MePt ast 7 +o0,
where M and [ are some real positive numbers.
For functions F' = F(s) from a rather wide class (details see in [6, Ch. XVI, §1,

Th. 2]), there exists the inverse Laplace transform £71[F](t) = ¢(t). It is given by
the Bromwich integral [6, Ch. XVI, § 1, formula (1.30)] (or, [18, Ch. 4, Sec. 7]):

S1+i00
(A.10) LTYF|(t) = L/ F(s)e®'ds,

270 S, —ioo
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which is a contour integral on the complex plane, where s; > 0 is an arbitrarily
fixed real value. Both £ and £~! are one-to-one mappings, and we have

(A1)  L£7YL[R)(t) = o(t), L[LT'[F]](s)=F(s) for admissible ¢ and F.

The Laplace transform and the inverse Laplace transform possess many remark-
able properties. We state here just those of them that are relevant to our work.

Proposition A.3. (i) (Linearity.) Both £ and L~ are linear mappings.

(ii) (Relation with differentiation.) Assume function ¢ = (t) is differenti-
able and @(s) = L[p](s); then
(412 £[2]) = sp() -0, £[EE](5) = 52p(5) — 5(0) - L0

' dt ’ dt? dt "

(iii) (Relation with the convolution integral.) Let ® = ®(t) and ¥ =
W(t) be two arbitrary functions each possessing a Laplace transform so that ®(s) =
L[®](s) and V(s) = L[V](s). Then, under certain conditions,

(A.13) c [ /0 t Ot — T)xp(T)dT] (s) = B(s)T(s),
whence
(A.14) /Ot Bt — 7)U(r)dr = L' [3 T (1).

(iv) (Transforms of unity and the Dirac delta-function.)
(A.15) L[1](s) = % s>0, whence L" E] (t) =1,
(A.16) L[0](s) =1, s>0, whence LT[1)(t) =6(t).

In (A.16) both latter and former equalities are understood in the distributions sense.

Proof. Assertions (i)-(iv) are well-known in the theory of the Laplace transform,
see, for example, [6, Ch. XVI, §1], [17, Sec. 6.1]. O

APPENDIX B. NOMENCLATURE

In this appendix, we put the list of almost all used notations in the article.

Roman Symbols

Notation Description Introduced in
Ao, Ay effective two-scale tensors (7.3), (7.5)
.Ag, A{ tensors derived from microstructure (7.14), (7.18)
By, B, effective two-scale tensors (7.4), (7.6)
B!, B! tensors derived from microstructure (7.16), (7.20)
D, symmetric part of the gradient V, Section 1
Dy, Dz symmetric parts of Vg and Vg, resp. (5.6)
& effective instantaneous elasticity tensor (11.3)
gl instantaneous elasticity corrector term (11.20)

on [A, A+ 4.]
E7 instantaneous elasticity corrector term (11.19)

on (A48, A+6"
€em Cartesian basis vector in R3 Section 1
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tensors derived from the meso- and
microstructures

tensor derived from the meso- and
microstructures

tensor derived from the meso- and
microstructures

matrices derived from the meso- and
microstructures

effective two-scale matrix

matrices derived from microstructure
tensor derived from the meso- and
microstructures

tensor derived from the meso- and
microstructures

distributed mass force

elastic stiffness tensor

effective elastic stiffness tensor in Q,
effective elastic stiffness tensor in s«
Laplace image of the principle two-scale
stress tensor multiplied by s

Laplace image of the principle effective
stress tensor multiplied by s
restriction of % to [A, A + ]
restriction of $° to (A + d,, A + §*]
unit 3 x 3-matrix

Volterra operator (primitive of function)
3 x 3-matrix (1/2)(em @ e, + e, ® ey,)
effective relaxation tensor

restriction of IC to [0., A + 4]
restriction of IC to (A + d., A + %]
Laplace transform

inverse Laplace transform

homogenized three-scale uniform stress tensor

uniform stress tensor in microscopic
description

homogenized three-scale partial initial
data for stress

partial initial data for stress

in microscopic description

unit normal to the fluid-structure interface

unit outward normal to 9Xg
dimensionless viscous stress tensor
instantaneous viscous stress tensor in {25,
instantaneous viscous stress tensor in {2s«
pressure

initial pressure distribution

effective relaxation tensor

(11.7), (11.8)
(11.33)
(11.32)

(11.9), (11.10)

(7.7)
(7.22), (7.23)
(11.36)

(11.35)

(11.63)
(11.62)
Section 1
(2.6)
Section 1
(11.4)
(11.23)
(11.22)
(A.8)
(A.10)
after
(5.5)
(2.9)

(5.5)

(2.11)
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Yi, YY,
Y, YY
Zy, Zp,
gZO; ?()
z

tensor derived from the meso- and
microstructures

tensor derived from the meso- and
microstructures

restriction of Q to (A + d., A + 6%]
matrix derived from the meso- and
microstructures

first viscoelastic relaxation tensor in {2,
second viscoelastic relaxation tensor in (25,
viscoelastic relaxation tensor in 24«
homogenized partial stress in 25,
homogenized partial stress in 2«
argument of the Laplace transform image
trace of a matrix

macroscopic velocity vector

initial macroscopic velocity vector
mesoscopic velocity vector

microscopic velocity vector

boundary macroscopic velocity distribution
effective instantaneous viscosity tensor
instantaneous viscosity corrector term
on [A; A +4,]

instantaneous viscosity corrector term
on (A4 by, A+ 0]

macroscopic displacement vector

initial macroscopic displacement vector
effective relaxation tensor

tensor derived from the meso- and
microstructures

macroscopic position vector

vector (1, x2)

solutions of the mesoscopic cell problems

mesoscopic position vector
solutions of the microscopic cell problems

microscopic position vector

(11.26)
(11.27)

(11.25)
(11.28)

(7.35), (A.8)
Notation 1
Introduction
(1.1f), (2.5g)
Introduction
Introduction
(2.14)

(11.2)
(11.17)

(11.16)

Introduction
(1.1g), (2.5h)
(11.6)
(11.30)

Introduction
Section 3
(10.1),

Probl. Y1-Y7
Section 3
(6.2)-(6.5),
Probl. Z1-Z7
Section 3

Greek Symbols

Notation Description Introduced in
ar, ap, ay, positive dimensionless ratios (2.3)

Oy Oy

r,re fluid-structure interface Section 1

A thickness of elastic plate €2p; Introduction
0ij Kronecker’s symbol Section 1

Oy height of a shorter bristle Introduction
o* height of a taller bristle Introduction
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small characteristic parameter of

the periodic structure

extension of E

characteristic function of ¥

pattern microscopic cell

liquid part of ©

elastic part of ©

mean value of 7; on O, i.e., g6 is

the volume fracture of the fluid in s,
homogenized three-scale density

fluid density

density of the elastic body

mean density in s,

mean density in s«

uniform notation for density in 2
mean value of p on ¥ x ©

pattern mesoscopic cell

liquid part of X

elastic part of ¥

mean value of Zon ¥, ie.,

volume fracture of the fluid in Q-
homogenized three-scale characteristic
function of the fluid domain
characteristic function of the fluid domain
in microscopic description

extension of 12

characteristic function of © g

domain of dimensionless macroscopic positions
fluid domain

elastic body

elastic plate without bristles

spatial layer, where the shorter bristles
locate

spatial layer, where the taller bristles locate

Introduction

(3.3), (4.3)
(31);
Section 3
Section 3
Section 3

(5.17)

(5.8)
Section 1
Section 1
(5.18)
(5.18)
(2.10)
(5.16)
Section 3
Section 3
Section 3

(5.17)
(4.2)
(2.8), (3.2)

(3.4), (4.4)
(3.1)2
Introduction
Section 1
Section 1
Introduction
Introduction

Introduction

Some operators and binary operations

Notation Description Introduced in
divg, divergence operators (5.7)
divgy
inner product (convolution) Notation 1
® dyad Notation 1
Vg, Vz gradient operators (4.5)
@ Laplace transform of a function ¢: @ = L[p] (7.35)
(pe mean value of a function ¢ = ¢(Z) on O: (5.17)

(plo = Jo p(2)dZ
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(p)s mean value of a function ¢ = ¢(y) on 3: (5.17)

o)z = Jo v(y)dy

(Poxs mean value of a function ¢ = p(y,2) on X x ©: (5.16)

<<P>Z><@ = ng@ @(:’77 E)dfjd,’i

(1]
(2]

(3]

REFERENCES

G. Allaire, M. Briane, Multiscale convergence and reiterated homogenization, Proc. R. Soc.
Edinb., 126A:2 (1996), 297-342. Zbl 0866.35017

B. Bhushan, Y.C. Jung, M. Nosonovsky, Lotus effect: surfaces with roughness-induced super-
hydrophobicity, self-cleaning and low adhesion, Springer Handbook of Nanotechnology, Part
F: Biomimetics, (B. Bhushan, ed.) 2010, Springer, Berlin, Heidelberg, 1437-1524.

N. Botkin, M. Schlensog, M. Tewes, V. Turova, A mathematical model of a biosensor, 2001
International Conference on Modeling and Simulation of Microsystems, MSM 2001, March
19-21, Hilton Island, SC, USA, Cambridge, MA: Computional Publ., (2001), 231-234.

D. Cioranescu, P. Donato, An Introduction to Homogenization, Oxford University Press,
Oxford, 1999. Zbl 0939.35001

H. Cohen, S.I. Rubinow, Some mathematical topics in biology, Proc. Symp. on System theory,
Polytechnic Press, New York, 1965, 321-337.

R. Dautray, J.-L. Lions, Mathematical analysis and numerical methods for science and tech-
nology. Vol. 5: Evolution problems I, Springer, Berlin, 2000. Zbl 0956.35003

G.M. Fichtenholz, Course of Differential and Integral Calculus, vol. 2, Nauka, Moscow, 1969.
(in Russian).

M.A. Genaev, A.V. Doroshkov, T.A. Pshenichnikova, N.I. Kolchanov, D.A. Afonnikov, Fz-
traction of quantitative characteristics describing wheat leaf pubescence with a novel image-
processing technique, Planta, 236 (2012), 1943-1954.

P. Germain, Cours de mécanique des milieux continus, Tome I: Théorie générale, Masson
et Cie, Paris, 1973. Zbl 0254.73001

R.P. Gilbert, A. Mikeli¢, Homogenizing the acoustic properties of the seabed: part I, Nonlinear
Anal., 40:1-8 (2000), 185-212. Zbl 0958.35108

S. Goldstein (ed.), Modern Developments in Fluid Dynamics. An Account of Theory and
Experiment Relating to Boundary Layers, Turbulent Motion and Wakes. Vol. I, Clarendon
Press, Oxford, 1938. JFM 64.1451.01

K.-H. Hoffmann, N.D. Botkin, V.N. Starovoitov, Homogenization of interfaces between
rapidly oscillating fine elastic structures and fluids, STAM J.Appl. Math., 65:3 (2005), 983—
1005. Zbl 1078.74040

L. Hérmander, The analysis of linear partial differential operators I, Grundl. Math. Wis-
senschaft., 256, Springer, Berlin, Heidelberg, 1983. Zbl 0521.35001

U. Hornung (ed.), Homogenization and porous media, Springer-Verlag, New York, 1997. Zbl
0872.35002

W.-X. Huang, S. Alben, Fluid-structure interactions with applications to biology, Acta Mech.
Sin., 32:6 (2016), 977-979. Zbl 1361.74002

K. Koch, B. Bhushan, W. Barthlott, Multifunctional plant surfaces and smart materi-
als, Springer Handbook of Nanotechnology, Part F: Biomimetics, (B. Bhushan, ed.) 2010,
Springer, Berlin, Heidelberg, 1399-1436.

E. Kreyszig, Advanced Engineering Mathematics, 10th edition, John Wiley & Sons Inc.,
Hoboken, 2011. Zbl 1229.00004

O.A. Ladyzhenskaya, The Boundary Value Problems of Mathematical Physics, Springer-
Verlag, New York, 1985. Zbl 0588.35003

O.A. Ladyzhenskaja, V.A. Solonnikov, N.N. Ural’ceva, Linear and quasi-linear equations of
parabolic type, AMS, Providence, 1968. Zbl 0174.15403

J.L. Lions, Quelques Méthodes de Résolution des Problémes aux Limites Non Linéaire,
Dunod Gauthier-Villars, Paris, 1969. Zbl 0189.40603



1450 S.A. SAZHENKOV, E.V. SAZHENKOVA

[21] D. Lukkassen, G. Nguetseng, P. Wall, Two-scale convergence, Int. J. Pure Appl. Math. 2:1
(2002), 35-86. Zbl 1061.35015

[22] O.A. Oleinik, A.S. Shamaev, G.A. Yosifian, Mathematical Problems in FElasticity and Ho-
mogenization, North-Holland, Amsterdam, 1992. Zbl 0768.73003

[23] E. Sanchez-Palencia, Non-homogeneous media and vibration theory, Lecture Notes in Physics,
127, Springer, Berlin, 1980. Zbl 0432.70002

[24] S.A. Sazhenkov, Effective thermoviscoelasticity of a saturated porous ground, Bulletin (Vest-
nik) of Novosibirsk State University. Mathematics, Mechanics and Informatics Series. 8:2
(2008), 106-130.

[25] M.D.J. Schreuder, C.A. Brewer, C. Heine, Modelled influences of non-exchanging trichomes
on leaf boundary layers and gas exchange, J. Theor. Biol., 210 (2001), 23-32.

[26] E.M. Stein, G. Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton Math-
ematical Series, 32, Princeton University Press, Princeton, 1971. Zbl 0232.42007

[27] T. Tao, An Introduction to Measure Theory, Graduate Studies in Mathematics, 126, AMS,
Providence, 2011. Zbl 1231.28001

[28] R. Temam, A. Miranville, Mathematical Modeling in Continuum Mechanics, Cambridge Uni-
versity Press, Cambridge, 2005. Zbl 1077.76001

SERGEY A. SAZHENKOV

LAVRENTYEV INSTITUTE OF HYDRODYNAMICS,

SIBERIAN DiIVISION OF THE RUSSIAN ACADEMY OF SCIENCES,
15, AcaDp. LAVRENTYEV AVE.,

NovosiBirsk, 630090, Russia

LABORATORY FOR MATHEMATICAL AND COMPUTER MODELING
IN NATURAL AND INDUSTRIAL SYSTEMS,

FacuLty oF MATHEMATICS & INFORMATION TECHNOLOGIES,
AvrtAl STATE UNIVERSITY,

61, LENINA AVE.,

BarNauL, 656049, Russia

Email address: sazhenkovs@yandex.ru

ELENA V. SAZHENKOVA

CHAIR OF MATHEMATICS AND NATURAL SCIENCES,

NovosIBIRSK STATE UNIVERSITY OF ECONOMICS AND MANAGEMENT,
56, KAMENSKAYA STR.,

NovosiBirsk, 630099, Russia

Email address: elsazh1977Qgmail.com



