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HOMOGENIZATION OF A SUBMERGED

TWO-LEVEL BRISTLE STRUCTURE

FOR MODELING IN BIOTECHNOLOGY

S.A. SAZHENKOV, E.V. SAZHENKOVA

Abstract. The e�ective macroscopic model describing reciprocal mo-
tion of viscous weakly compressible �uid and two-level hierarchical �ne
bristle-like elastic structure is derived from microstructure via the Allaire-
Briane homogenization method. This new model naturally generalizes
the well-known system constructed by K.-H. Ho�mann, N. Botkin and
V. Starovoitov for description of �ne periodic elastic structures in �uids
(2005). In applications, the established model can be used, for exam-
ple, in description of air�ow near surface of plant's leaf, in simulation
of epithelium surfaces of blood vessels, and in design of biotechnological
devices operating in liquids.

Keywords: homogenization, periodic structure, compressible �uid,
elastic solid, Navier-Stokes equations, Lam�e's equations, biotechnology,
bionics

Introduction

In the present article, the linearized mathematical model of reciprocal motion of
a viscous weakly compressible �uid and a linear elastic plate with attached bristles
is considered. The precise basic formulation of the �uid-structure interaction is
given further in Sec. 1 following the original outline in [12, Sec. 2.1]. It is called
Model A. We bring this formulation to a dimensionless form in Sec. 2. In Sec.
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3, we de�ne a �ne bristle-like elastic structure attached to the plate in the full
detail. Without loss of generality, we assume that, in dimensionless variables, the
viscous �uid and the elastic plate with attached bristles occupy the 3D unit cube
Ω = {x ∈ R3 : 0 < x1, x2, x3 < 1}. The plate lays on the bottom of the cube and
�lls in the layer Ωpl = {x ∈ Ω : 0 < x3 < ∆} (∆ = const < 1). The bristles are
modeled as elastic cylinders that are very frequently periodically located on the �at
upper surface of the plate, perpendicularly to this surface. Presence of cylinders
of the two distinct sizes is assumed. The shorter and thinner cylinders are located
one or several orders more frequently than the taller and thicker ones. The heights
of the cylinders are �xed and equal to δ∗ and δ

∗, where δ∗ < δ∗ and ∆ + δ∗ < 1.
The distance between the symmetry axes of two neighboring tall cylinders is ε. At
the same time, the distance between the symmetry axes of two neighboring short
cylinders is ε2. Here ε� 1 is a small positive dimensionless parameter.

The �uid motion is described by the classical non-stationary Stokes equations
and the motion of elastic body obeys the classical non-stationary Lam�e equations of
linear elasticity. On the �uid-solid interface, continuity of the velocity �eld and the
normal tension �eld is prescribed. The system consisting of the Stokes and Lam�e's
equations and the �uid-solid interface conditions is endowed with the set of initial
(in time t) conditions and boundary conditions on ∂Ω. The distributions of velocity
uε = uε(x, t) and pressure pε = pε(x, t) in the �uid phase and the distribution of
displacements vε = vε(x, t) of the elastic particles are the sought functions in the
system.

In this article, the above described dimensionless model incorporating the small
parameter ε is called Model Aε. Existence and uniqueness of weak solutions for
any �xed ε > 0 follow from the well-known results established in [20, Chap. 1,
Sec. 9.1], see in Sec. 2. In this formulation, each bristle is distinguished. Therefore
Model Aε describes the microscopic behavior of the mechanical system under study.

The aim of the present work is to ful�ll and justify the homogenization procedure,
i.e., to pass to the limit in Model Aε as ε ↘ 0, and to derive a closed system
of e�ective relations that describe the behavior of the mechanical system on the
macroscopic level. To this end, �rstly, in Sec. 2, the uni�ed formulation is set up
in terms of the sought velocity �eld uε in the whole continuum, like in [20, Ch. 1,
Sec. 9.1]. Secondly, in Sec. 4, we recall and, in Sec. 5, apply the Allaire-Briane
homogenization method and derive the three-scale homogenized system of equations
and boundary conditions for the triple consisting of the macroscopic velocity u,
mesoscopic velocity u(1), and the microscopic velocity u(2). In Sec. 5, this system
is called Model H-3sc. Thirdly, in Secs. 6-12, we ful�ll the full asymptotic
decomposition, which consists in the gradual scale separation. As the result, we
construct the desired e�ective limiting model for the macroscopic velocity u solely.
This model describes evolution of the mechanical system on the macroscopic level.
It is a natural generalization of the Ho�mann-Botkin-Starovoitov system [12, Sec.
5.1], and we call it Model HBS.

Model HBS consists of Lam�e's equations of the pure elastic component that
occupies layer Ωpl, the two systems of non-classical non-local in time integro-
di�erential equations of viscoelastic layers Ωδ∗ := {x ∈ Ω : ∆ < x3 < ∆ + δ∗}
and Ωδ∗ := {x ∈ Ω: ∆ + δ∗ < x3 < ∆ + δ∗}, the classical Stokes equations of the
pure �uid component Ωfl := {x ∈ Ω: ∆ + δ∗ < x3 < 1}, and the set of the natural
conditions on the discontinuity surfaces {x ∈ Ω: x3 = ∆}, {x ∈ Ω: x3 = ∆ + δ∗},
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and {x ∈ Ω: x3 = ∆ + δ∗}. Its full formulation is given in Sec. 12 and is written
in the form of the system (12.2a)-(12.2s). Further, in Sec. 13, we formulate and
prove the theorem on existence and uniqueness of weak solutions of Model HBS.
In Sec. 14, we make some concluding remarks about the computational algorithm
based on Model HBS and possible applications of Model HBS in biotechnology and
bionics.

In the end of this introduction, we would like to notice that the content of the
article involves very many notations and technical calculations, which is a usual
thing in studies of homogenization problems. Therefore, for convenience of reading
we add two appendices in the end of the article. In Appendix A, we brie�y recall
the notions and properties of the convolution integrals and the Laplace transform.
In Appendix B, we aggregate the list of almost all notation used in the article.

1. Basic formulation of fluid-structure interactions

In this section, we state the basic formulation of the initial-boundary value prob-
lem in the dimensional independent and sought variables.

Model A. (The dimensional form.) Let Ω = (0, L)3 be divided into
two disjoint subdomains ΩF and ΩS and the Lipschitz boundary Γ between them,
so that the �uid occupies ΩF and the plate with attached bristles occupies ΩS . The
�uid motion is governed by the non-stationary Stokes equations

ρF∂tu = −∇xp+ divx(P∗ : ∇xu) + ρFf , x ∈ ΩF , t > 0,(1.1a)

γ∂tp = −divx u, x ∈ ΩF , t > 0.(1.1b)

The motion of the elastic body is governed by the non-stationary Lam�e equations

(1.1c) ρS∂
2
t v = divx(G : ∇xv) + ρSf , x ∈ ΩS , t > 0.

On Γ, the �uid-solid system obeys the continuity conditions for velocities and nor-
mal tensions:

∂tv = u, x ∈ Γ, t > 0,(1.1d)

(G : ∇xv)n = (−p I + P∗ : ∇xu)n, x ∈ Γ, t > 0.(1.1e)

This system is endowed by imposing initial data for t = 0 and conditions on the
�xed boundary ∂Ω:

u|t=0 = u0(x), p|t=0 = p0(x), x ∈ ΩF ,(1.1f)

v|t=0 = v0(x), ∂tv|t=0 = w0(x), x ∈ ΩS ,(1.1g)

u(x, t) = uF (x, t), x ∈ ∂Ω ∩ ∂ΩF , t > 0,(1.1h)

v(x, t) = 0, x ∈ ∂Ω ∩ ∂ΩS , t > 0.(1.1i)

In (1.1a)-(1.1i) the velocity �eld u = u(x, t) in the �uid, the displacement �eld
v = v(x, t) in the elastic body, and the pressure distribution p = p(x, t) in the
�uid are the unknown functions; n is the unit normal vector to surface Γ pointing
into ΩF ; ρF and ρS are the given densities of the �uid and elastic components,
respectively; ρFf and ρSf are external forces; the coe�cient γ characterizes the

compressibility of the �uid; the fourth-rank tensor P∗ = (Pijkl∗ ) is the viscous stress
tensor in the �uid de�ned by the relation

(1.2) P∗ : ∇xu = (λ divx u)I + 2µDx(u),
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i.e.,

P∗ = λ I⊗ I + 2µ

3∑
m,n=1

Jmn ⊗ Jmn,

or, in the component-wise form,

Pijkl∗ = λ δijδkl + 2µ

3∑
m,n=1

δimδjn + δjmδin
2

δkmδln + δlmδkn
2

.

Here, the unit second-rank tensor I has the components Iij = δij , where δij is the
Kronecker symbol, and the second-rank tensor Jmn is de�ned by the formula

Jmn =
em ⊗ en + en ⊗ em

2
,

or, in the component-wise form,

(Jmn)ij =
δimδjn + δjmδin

2
, i, j = 1, 2, 3.

By em (m = 1, 2, 3) we denote the standard Cartesian basis vectors in R3. Thus
(em)j = δmj . The strain velocity tensor Dx(u) has the components

Dxij(u) = (1/2)
(
∂xj

ui + ∂xi
uj
)
, i, j = 1, 2, 3.

The quantities λ and µ are the positive bulk and dynamic viscosity coe�cients of
the �uid, respectively. The components Gijkl of the elastic sti�ness tensor G can
be arbitrary up to base restrictions so that any anisotropic solid can be considered.
We have

(G : ∇xv)ij =

3∑
k,l=1

Gijkl ∂xl
vk,

the components Gijkl are constant; and the symmetry condition

(1.3) Gijkl = Gijlk = Gklij = Gjikl, i, j, k, l = 1, 2, 3,

and the positive-de�niteness condition

(G : X) : X ≡
3∑

i,j,k,l=1

GijklXklXij ≥ 0, ∀X = (Xij)i,j=1,2,3 ∈ R3×3,(1.4a)

3∑
i,j,k,l=1

GijklXklXij = 0 if and only if Xkl +Xlk = 0, ∀ k, l = 1, 2, 3,(1.4b)

are ful�lled. Demands (1.3), (1.4a), and (1.4b) perfectly meet the fundamental
principles of Newtonian mechanics.

Notation 1. In this section and further in the article, we use the conventional
notation for the inner products of fourth-rank tensors and 3 × 3-matrices and for
the dyads of 3× 3-matrices and vectors. More precisely, A : B is the inner product
(convolution) of a fourth-rank tensor A and a 3×3-matrix B. It is the 3×3-matrix
de�ned by the formula

A : B =

( ∑
k,l=1,2,3

AijklBkl

)
i,j=1,2,3

.
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The inner product (convolution) of two 3×3-matrices B and C is the scalar de�ned
by the formula

B : C =

3∑
i,j=1

BijCij .

In particular, we have

(A : B) : C =

3∑
i,j,k,l=1

AijklBklCij , |B|2 = B : B =

3∑
i,j=1

BijBij , trB = B : I

for all fourth-rank tensors A and 3× 3-matrices B and C.
The dyad B⊗C of two 3× 3-matrices B and C is the fourth-rank tensor de�ned

by the formula
B⊗ C = (Bij Ckl)i,j,k,l=1,2,3,

and the dyad a⊗b of two vectors a and b is the 3×3-matrix de�ned by the formula

a⊗ b = (aibj)i,j=1,2,3.

In particular, we have

(B⊗ C) : A = (C : A)B, (a⊗ b)c = (b · c)a
for all 3× 3-matrices A, B, and C, and for all vectors a, b, and c.

Notation 2. Throughout the whole article we deal with symmetric 3× 3-matrices,
say, X = (Xij)i,j=1,2,3 such that Xij = Xji. We denote the class of these matrices
by R3×3

symm.

The following technical lemma will be quite useful in some further considerations.

Lemma 1. Let a constant fourth-rank tensor E = (Eijkl)i,j,k,l=1,2,3 satisfy the
positive de�niteness conditions

(E : X) : X ≡
3∑

i,j,k,l=1

EijklXklXij ≥ 0, ∀X = (Xij)i,j=1,2,3 ∈ R3×3,

and

(1.5)

3∑
i,j,k,l=1

EijklXklXij = 0 if and only if Xkl +Xlk = 0, ∀ k, l = 1, 2, 3.

Then there exists a constant cE > 0 such that

(E : X) : X ≥ cE|X|2, ∀X ∈ R3×3
symm.

Proof. Notice that for symmetric matrices X due to (1.5) we have that

(1.6) (E : X) : X ≡
3∑

i,j,k,l=1

EijklXklXij = 0 if and only if X = 0.

Now the proof of the lemma can be constructed by contradiction.
Let us suppose that such a constant cE > 0 does not exist. Then for each

ξ > 0 there exists Xξ 6= 0 such that 0 < (E : Xξ) : Xξ < ξ |Xξ|2 or, equivalently,
0 < (E : Wξ) : Wξ < ξ for Wξ = Xξ/|Xξ|. (Notice that |Wξ| = 1.) Passing to
the limit as ξ → 0+ and using local compactness of the unit sphere in R3×3, we
conclude that there exists W∗ ∈ R3×3

symm such that Wξ −→
ξ→0

W∗ in R3×3, |W∗| = 1

and (E : W∗) : W∗ = 0, which contradicts (1.6). The lemma is proved. �
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The following property of the elastic sti�ness tensor G is an immediate conse-
quence of this lemma.

Corollary 1. There exists a constant cG > 0 such that

(1.7) (G : X) : X ≥ cG |X|2, ∀X = (Xij)i,j=1,2,3 ∈ R3×3
symm.

2. Dimensionless form of Model A. Notion of weak solution

Our aim in this article is to apply the homogenization procedure to Model A in
the case when the shape of ΩS includes the �ne bristle-like structure, which depends
on the small dimensionless parameter ε > 0, i.e., to pass to the limit, as ε↘ 0. In
line with this, primarily, we bring Model A to a dimensionless form and absorb the
interface conditions on Γ in the equations by introducing a uniform description of
the both phases, as in [20, Ch. 1, Sec. 9.1].

Namely, choose the edge L (measured, for example, in meters: m) of the cube
Ω, a characteristic duration of physical processes τ sc (s), the atmosphere pressure
p sc (kg ·m−1 · s−2), the acceleration of free fall g (m · s−2), and the mean density
of air ρ sc (kg ·m−3) at the temperature 273K under atmosphere pressure as the
characteristic scales of length, time, pressure, density of mass distributed forces,
and density of matter, respectively. Introduce the dimensionless independent and
dependent variables (with primes) by the formulas

(2.1) x = Lx′, t = τ sct
′, u =

L

τ sc
u′, v = Lv′, p = p scp

′,

the given dimensionless vector of distributed mass forces, the elastic sti�ness tensor,
the mean densities of the solid and the �uid at rest, and the initial and boundary
data (all with primes), respectively, by the formulas

(2.2)

f = gf ′, G = p scG′, ρS = ρ scρ
′
S , ρF = ρ scρ

′
F ,

u0 =
L

τ sc
u0′ , v0 = Lv0′ , p0 = p scp

0′ , w0 =
L

τ sc
w0′ , uF =

L

τ sc
uF
′
,

the dimensionless ratios by the formulas

(2.3) ατ =
ρ scL

2

p scτ2
sc

, αF =
ρ scgL

p sc
, αλ =

λ

τ scp sc
, αµ =

µ

τ scp sc
, αγ = γp sc,

and the dimensionless viscous stress tensor by the formula

(2.4) P ′ = αλ I⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn.

Now multiply (1.1a) and (1.1c) by L/p sc, (1.1b) by τ sc, and (1.1d), (1.1f)1, (1.1g)2,
and (1.1h) by τ sc/L, and divide (1.1e) by p scL, (1.1f)2 and (1.2) by p sc, and (1.1g)1
and (1.1i) by L. After this, substitute (2.1)-(2.4) into the resulting equations and
then omit primes. Thus Model A is brought to the dimensionless form.

Model A. (The dimensionless form.) Let Ω = (0, 1)3 be divided into
two disjoint subdomains ΩF and ΩS and the Lipschitz boundary Γ between them,
so that the �uid occupies the subdomain ΩF , and the plate with attached bristles
occupies the subdomain ΩS . Let T = const > 0 be a given moment of time. It
is necessary to �nd a velocity �eld u: ΩF × (0, T ) 7→ R3, a pressure distribution
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p : ΩF × (0, T ) 7→ R, and a displacement �eld v: ΩS × (0, T ) 7→ R3 satisfying the
equations

ατρF∂tu = −∇xp+ divx(P : ∇xu) + αF ρFf , x ∈ ΩF , t ∈ (0, T ),(2.5a)

P : ∇xu = (αλ divx u)I + 2αµDx(u), x ∈ ΩF , t ∈ (0, T ),(2.5b)

αγ∂tp = −divx u, x ∈ ΩF , t ∈ (0, T ),(2.5c)

ατρS∂
2
t v = divx(G : ∇xv) + αF ρSf , x ∈ ΩS , t ∈ (0, T ),(2.5d)

the interface conditions

∂tv = u, x ∈ Γ, t ∈ (0, T ),(2.5e)

(G : ∇xv)n = (−p I + P : ∇xu)n, x ∈ Γ, t ∈ (0, T ),(2.5f)

the initial conditions

u|t=0 = u0(x), p|t=0 = p0(x), x ∈ ΩF ,(2.5g)

v|t=0 = v0(x), ∂tv|t=0 = w0(x), x ∈ ΩS ,(2.5h)

and the conditions on the �xed boundary ∂Ω

u(x, t) = uF (x, t), x ∈ ∂Ω ∩ ∂ΩF , t ∈ (0, T ),(2.5i)

v(x, t) = 0, x ∈ ∂Ω ∩ ∂ΩS , t ∈ (0, T ).(2.5j)

De�nition 1. We assume that ΩS and ΩF depend on a small positive dimension-
less parameter ε: ΩF = ΩεF and ΩS = ΩεS. In line with this, the dimensionless
form of Model A incorporating ε is named Model Aε.

It is necessary to introduce the proper notion of weak solution to Model Aε,
uniform in the whole unit cube Ω. To this end, let us follow [12, Sec. 2.2] and [20,
Sec. 9.1]. Introduce the Volterra operator Jt:

(2.6) (Jtw)(t) =

∫ t

0

w(s)ds.

Then equation (2.5d) and condition (2.5h)1 can be equivalently rewritten as

ατρS∂tu = divx(G : Jt∇xu) + divx(G : ∇xv0) + αF ρSf .

Here u = ∂tv is the velocity vector. Analogously, with the help of (2.6), equation
(2.5c) and condition (2.5g)2 can be rewritten in the equivalent form

p = −α−1
γ divx Jtu+ p0.

We accept the following two assumptions on the initial data in Model Aε.

Assumption 1. We suppose that the initial data for velocity

u0(x) :=

{
u0(x) for x ∈ ΩεF ,
w0(x) for x ∈ ΩεS ,

given in the whole cube Ω, does not depend on ε. In other words, we impose an
independent of ε uniform initial velocity �eld u0 on Ω.

Assumption 1 is consistent with the requirement that the initial velocity �eld is
continuous in the whole cube Ω.
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Assumption 2. Also we suppose that the initial distributions of pressure p0 and
the initial displacement v0 are de�ned in the whole cube Ω, do not depend on ε,
and along with u0 satisfy the compatibility condition

(2.7) −p0I + P : ∇xu0 = G : ∇xv0 ∀x ∈ Ω.

Relation (2.7) expresses continuity of the initial stress in the whole cube Ω.
Now introduce into considerations the characteristic function of domain ΩεF :

(2.8) χε(x) =

{
1 for x ∈ ΩεF ,

0 for x ∈ Ω \ ΩεF .

Taking into account this notation, we rewrite the system (2.5a)-(2.5j) as the
uniform momentum equation with the discontinuous coe�cients in the whole Ω:

ατρ
ε
∗∂tu = divx(Mt

ε∇xu+ M0
ε) + αF ρ

ε
∗f , x ∈ Ω, t > 0,

where

Mt
ε∇xu = χεP : ∇xu+

(
χεα−1

γ I⊗ I + (1− χε)G
)

: Jt∇xu,(2.9)

ρε∗ = χερF + (1− χε)ρS ,(2.10)

M0
ε = −χεp0 I + (1− χε)G : ∇xv0,(2.11)

supplemented with the set of initial and boundary data

u|t=0 = u0, x ∈ Ω,(2.12)

u(x, t) = u?(x, t) for (x, t) ∈ ∂Ω× (0, T ),(2.13)

where u? = u?(x, t) is a given vector-function, which is de�ned in the whole closed
space-time domain Ω̄× [0, T ] and satis�es the boundary condition

(2.14) u?|∂Ω =


uF (x, t) for (x1, x2) ∈ (0, 1)2, x3 = 1, t ∈ [0, T ],

and for (x1, x2) ∈ ∂(0, 1)2, x3 ∈ (∆, 1), t ∈ [0, T ];

0 for (x1, x2) ∈ ∂(0, 1)2, x3 ∈ (0,∆], t ∈ [0, T ],
and for (x1, x2) ∈ (0, 1)2, x3 = 0, t ∈ [0, T ].

Now we are in a position to introduce a notion of weak solution to Model Aε.

De�nition 2. Function uε = uε(x, t) is a weak solution of Model Aε, if it
satis�es the regularity demands

uε ∈ L∞(0, T ;L2(Ω)3) ∩ L2(0, T ;H1(ΩεF )3), Jtuε ∈ L∞(0, T ;H1(Ω)3),

conditions (2.12) and (2.13) in the trace sense, and the integral equality

(2.15)

∫ T

0

∫
Ω

(
−ατρε∗uε · ∂tϕ+

[
Mt

ε∇xuε + M0
ε

]
: ∇xϕ− αF ρε∗f ·ϕ

)
dxdt

=

∫
Ω

ατρ
ε
∗(x)u0(x) ·ϕ(x, 0)dx

for all smooth test vector-functions ϕ = ϕ(x, t) vanishing in the neighborhood of
the plane {t = T} and the boundary ∂Ω.

Existence and uniqueness of weak solutions to Model Aε is justi�ed standardly
for linear evolutionary problems. Quite similarly to [20, Ch. 1, Sec. 9.1], we
establish that the following result is valid.
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Proposition 1. Whenever u0 ∈ L2(Ω)3, v0 ∈ H1
0 (Ω)3, p0 ∈ L2(Ω), f ∈ L2(Ω ×

(0, T ))3, u? ∈ C2(Ω×[0, T ])3, for any �xed ε > 0 there exists a unique weak solution
uε to Model Aε.

Moreover, the energy estimate

(2.16)

ess sup
t∈(0,T )

(
‖uε(t)‖2L2(Ω)3 + ‖Dx((Jtuε)(t))‖2L2(Ωε

S)3×3

)
+

∫ T

0

‖Dx(uε(t))‖2L2(Ωε
F )3×3 dt ≤ C0

and the additional estimate

ess sup
t∈[0,T ]

‖(Jtuε)(t)‖H1(Ω)3 ≤ C1,

hold true, where the constants C0 and C1 depend only on ‖u0‖L2(Ω)3 , ‖v0‖H1
0 (Ω)3 ,

‖p0‖L2(Ω), ‖f‖L2(Ω×(0,T ))3 , and ‖u?‖C2(Ω×[0,T ])3 , and do not depend on ε.

In [12, Th. 2.6], the stronger estimate for the weak solution uε, than in Propo-
sition 1, was established. Namely, the following assertion holds true.

Proposition 2. Suppose, in addition to the hypothesis of Proposition 1, that

u0 ∈ H1(Ω)3, divx(χεP : ∇xu0 + M0
ε) ∈ L2(Ω)3, f , ∂tf ∈ L2(Ω× (0, T ))3.

Then the weak solution of Problem Aε satis�es the bound

(2.17) ess sup
t∈(0,T )

(
‖∂tuε(t)‖L2(Ω)3 + ‖∇xuε(t)‖L2(Ω)3×3

)
≤ C2,

where the constant C2 has the same properties, as C0 and C1. In particular, C2

does not depend on ε.

Remark 1. We emphasize that one of the reasons why C2 does not depend on ε
is that, due to Assumption 2, the expression χεP : ∇xu0 + M0

ε, in fact, does not
depend on ε.

3. Fine geometry of the microstructure

Let us de�ne the geometrical forms of ΩεS and ΩεF precisely. By this we introduce
a two-level bristle structure. Assume that taller bristles are located ε-periodically
and shorter bristles are located ε2-periodically in x1 and x2. Parameter ε is small
and positive: ε > 0, ε� 1. In order to describe exact locations of the bristles, we
introduce the pattern mesoscopic cell Σ = (0, 1)× (0, 1) and the pattern microscopic
cell Θ = (0, 1) × (0, 1), each consisting of the two nonempty subdomains and the
interface between these subdomains:

Σ = ΣF ∪ ΣS ∪ ΓΣ, Θ = ΘF ∪ΘS ∪ ΓΘ.

Here ΣS is the orthogonal projection of a taller bristle onto the �at surface {x3 = ∆}
of the plate Ωpl taken in ε−1 : 1 scale, i.e., ε−1 -times stretched. Analogously, ΘS

is the orthogonal projection of a shorter bristle onto the �at surface {x3 = ∆} of
the plate Ωpl taken in ε−2 : 1 scale.

We assume that both ΣS and ΘS are simply connected sets with smooth bound-
aries, each of them being locally situated on one side of the boundary. For simplicity,
suppose that ΣS and ΘS do not have common points with ∂Σ and ∂Θ, respectively
(see Figs. 1 and 2).
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Figure 1. Mesoscopic pattern cell

Figure 2. Microscopic pattern cell

Further, let us denote x̂ = (x1, x2), ŷ = (y1, y2), ẑ = (z1, z2) and introduce into

consideration the characteristic functions ζ̂ = ζ̂(ŷ) and ψ̂ = ψ̂(ẑ) of the sets ΣF

and ΘF , respectively:

(3.1) ζ̂(ŷ) =

{
1 for ŷ ∈ ΣF ,

0 for ŷ ∈ Σ \ ΣF ,
ψ̂(ẑ) =

{
1 for ẑ ∈ ΘF ,

0 for ẑ ∈ Θ \ΘF .

Extend functions ζ̂ and ψ̂ onto the whole spaces R2
ŷ and R2

ẑ 1-periodically.
Using the above introduced constructions, we set up the re�ned geometrical

structure of domains ΩS = ΩεS and ΩF = ΩεF as follows.
Let ∆ = const > 0 be the sickness of the plate Ωpl without taking bristles in

account. Let δ∗ = const > 0 and δ∗ = const > 0 be the heights of taller and
shorter bristles, respectively. We assume that δ∗+ ∆ < 1. De�ne the characteristic
function χ(x) = χε(x) of domain ΩF = ΩεF (in line with (2.8)) as follows:

(3.2) χε(x) = ζ

(
x̂

ε
, x3

)
ψ

(
x̂

ε2
, x3

)
,
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where

ζ

(
x̂

ε
, x3

)
=


1 for δ∗ + ∆ < x3 < 1,

ζ̂

(
x̂

ε

)
for ∆ ≤ x3 ≤ δ∗ + ∆,

0 for 0 < x3 < ∆,

(3.3)

ψ

(
x̂

ε2 , x3

)
=


1 for δ∗ + ∆ < x3 < 1,

ψ̂

(
x̂

ε2

)
for ∆ ≤ x3 ≤ δ∗ + ∆,

0 for 0 < x3 < ∆.

(3.4)

Thus, the structure of ΩεS and ΩεF is introduced. It is loosely shown on Fig. 3.

Figure 3. Plate with the bristles and the �uid �ow

4. The Allaire-Briane three-scale convergence method

Our aim now is to pass to the limit in the integral equality (2.15) as ε↘ 0. This
limiting passage is based on the Allaire-Briane three-scale convergence method.
We formulate the fundamentals of this method in the form adapted to the problem
under consideration.

Proposition 3. (G. Allaire, M. Briane, [1, Th. 2.4].) Let {wε}ε↘0 be a
bounded sequence in L2(Ω× (0, T ))3. Then there exist a subsequence from {wε}ε↘0

(still denoted by {wε}ε↘0) and a vector-function

w = w(x, ŷ, ẑ, t), w ∈ L2(Ω× Σ×Θ× (0, T ))3,

such that the limiting relation

(4.1)

lim
ε↘0

∫ T

0

∫
Ω

wε(x, t) ·ϕ
(
x,
x̂

ε
,
x̂

ε2
, t

)
dxdt

=

∫ T

0

∫
Ω

∫
Σ

∫
Θ

w(x, ŷ, ẑ, t) ·ϕ (x, ŷ, ẑ, t) dxdŷdẑdt
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holds true for all smooth and 1-periodic in ŷ = (y1, y2) and ẑ = (z1, z2) test vector-
functions ϕ = ϕ(x, ŷ, ẑ, t).

De�nition 3. ( [1, Defn. 2.3].) If (4.1) holds then we say that the sequence
{wε}ε↘0 converges in the three-scale sense to w:

wε −→
ε↘0

w in the 3-sc. sense.

Proposition 4. (i) ([21, Sec. 3].) The three-scale limit is unique, i.e., if sequence
{wε}ε↘0 ⊂ L2(Ω × (0, T ))3 converges in the three-scale sense to vector-functions
w∗,w∗∗ ∈ L2(Ω× Σ×Θ× (0, T ))3 then w∗ = w∗∗ a.e. in Ω× Σ×Θ× (0, T ).
(ii) ( [1, Th. 2.6].) Let sequences {wε}ε↘0 and {∇xwε}ε↘0 be bounded in

L2(Ω × (0, T ))3. Then there exist a subsequence from {wε}ε↘0 (still denoted by

{wε}ε↘0) and a triple of vector-functions w = w(x, t), w1 = w1(x, ŷ, t) and

w2 = w2(x, ŷ, ẑ, t) such that

w ∈ L2(0, T ;H1(Ω)3), w1 = (w11, w12, 0), w2 = (w21, w22, 0),

w1 ∈ L2(Ω× (0, T ); (H1
] (Σ)/R)3), w2 ∈ L2(Ω× Σ× (0, T ); (H1

] (Θ)/R)3),

and wε −→
ε↘0

w, ∇xwε −→
ε↘0
∇xw +∇ŷw1 +∇ẑw2 in the 3-sc. sense.

(iii) ( [1, Th. 4.6].) Let sequences {wε}ε↘0 and {∇xwε}ε↘0 be bounded in

L2(Ω × (0, T ))3. Let χε be de�ned by formula (3.2). Then there exist a subse-
quence from {wε}ε↘0 and functions w = w(x, t), w1 = w1(x, ŷ, t) and w2 =

w2(x, ŷ, ẑ, t), with the same regularity properties as in assertion (ii), such that

χεwε −→
ε↘0

χ(x, ŷ, ẑ)w(x, ŷ, ẑ, t) in the 3-sc. sense,

χε∇wε −→
ε↘0

χ(x, ŷ, ẑ)(∇xw +∇ŷw1 +∇ẑw2) in the 3-sc. sense,

where χ is the characteristic function of the set ΩF× ΣF×ΘF , i.e.,

(4.2) χ(x, ŷ, ẑ) = χ(x3, ŷ, ẑ) = ζ(ŷ, x3)ψ(ẑ, x3),

where

(4.3) ζ(ŷ, x3) =


1 for δ∗ + ∆ < x3 < 1,

ζ̂(ŷ) for ∆ ≤ x3 ≤ δ∗ + ∆,
0 for 0 < x3 < ∆,

and

(4.4) ψ(ẑ, x3) =


1 for δ∗ + ∆ < x3 < 1,

ψ̂(ẑ) for ∆ ≤ x3 ≤ δ∗ + ∆,
0 for 0 < x3 < ∆.

In the formulation of Proposition 4 and further in the article, the standard
notation for the spaces of periodic functions, which have gradients, is in use.

Notation 3. By H1
] (Σ)/R and H1

] (Θ)/R we denote the spaces of functions belong-

ing to H1(Σ) and H1(Θ), being 1-periodic in ŷ and ẑ, respectively, and satisfying
the following calibration conditions:∫

Σ

ϕ(ŷ)dŷ = 0,

∫
Θ

ϕ(ẑ)dẑ = 0.
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By ∇ŷ and ∇ẑ we denote the gradient operators

(4.5) ∇ŷ =

 ∂y1
∂y2
0

 , ∇ẑ =

 ∂z1
∂z2
0

 .

5. The limiting passage in Model Aε as ε↘ 0.
Three-scale homogenized equations

On the strength of Propositions 1-4, we conclude that the family {uε}ε>0 of
weak solutions of Model Aε has the following properties.

Proposition 5. There exist a subsequence {uε}ε↘0 from the family of weak solu-
tions of Model Aε and vector-functions

u = u(x, t), u(1) = u(1)(x, ŷ, t), u(2) = u(2)(x, ŷ, ẑ, t)

such that

u ∈ L∞(0, T ;H1(Ω)3), ∂tu ∈ L∞(0, T ;L2(Ω)3),(5.1)

u(1) ∈ L2(Ω× (0, T ); (H1
] (Σ)/R)3),(5.2)

u(2) ∈ L2(Ω× Σ× (0, T ); (H1
] (Θ)/R)3),(5.3)

uε −→
ε↘0

u in the 3-sc. sense and weakly in L2(Ω× (0, T ))3,

Jtuε −→
ε↘0

Jtu in the 3-sc. sense and strongly in L2(Ω× (0, T ))3,

∇xJtuε −→
ε↘0
∇xJtu+∇ŷJtu

(1) +∇ẑJtu
(2) in the 3-sc. sense,

∇xuε −→
ε↘0
∇xu+∇ŷu

(1) +∇ẑu
(2) in the 3-sc. sense,

χεuε −→
ε↘0

χ(x3, ŷ, ẑ)u(x, t) in the 3-sc. sense,

χεJtuε −→
ε↘0

χ(x3, ŷ, ẑ)(Jtu)(x, t) in the 3-sc. sense,

χε∇xJtuε −→
ε↘0

χ(x3, ŷ, ẑ)(∇xJtu+∇ŷJtu
(1) +∇ẑJtu

(2)) in the 3-sc. sense,

χε∇xuε −→
ε↘0

χ(x3, ŷ, ẑ)(∇xu+∇ŷu
(1) +∇ẑu

(2)) in the 3-sc. sense.

Remark 2. Due to the Rellich theorem [18, Ch. 1, Sec. 6] and bounds (2.16) and
(2.17), the subsequence uε converges to u strongly in L2(Ω× (0, T ))3, in fact.

Now insert the test vector-function ϕ = ϕε(x, t) of the form

(5.4) ϕε(x, t) = φ(x, t) + εφ1

(
x,
x̂

ε
, t

)
+ ε2φ2

(
x,
x̂

ε
,
x̂

ε2
, t

)
into (2.15). In (5.4), φ = φ(x, t), φ1 = φ1(x, ŷ, t) and φ2 = φ2(x, ŷ, ẑ, t) are
arbitrary smooth test vector-functions such that φ, φ1, and φ2 vanish in a neighbor-
hood of ∂Ω and the section {t = T}, φ1 is 1-periodic in ŷ, and φ2 is 1-periodic in
ŷ and ẑ. Pass to the limit as ε ↘ 0. Using Proposition 5, we derive the integral
equality

∫ T

0

∫
Ω

∫
Σ

∫
Θ

{
−ατρu · ∂tφ

(5.5)
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+
[
Mt

(
∇xu+∇ŷu

(1) +∇ẑu
(2)
)

+ M0
]

: ∇xφ− αF ρf · φ
}
dẑdŷdxdt

+

∫ T

0

∫
Ω

∫
Σ

∫
Θ

[
Mt

(
∇xu+∇ŷu

(1) +∇ẑu
(2)
)

+ M0
]

: ∇ŷφ1 dẑdŷdxdt

+

∫ T

0

∫
Ω

∫
Σ

∫
Θ

[
Mt

(
∇xu+∇ŷu

(1) +∇ẑu
(2)
)

+ M0
]

: ∇ẑφ2 dẑdŷdxdt

=

∫
Ω

∫
Σ

∫
Θ

ατρu
0 · φ|t=0 dẑdŷdx.

Here the linear operator Mt is de�ned by (2.9), with χ = χ(x3, ŷ, ẑ) on the place
of χε. The viscous stresses have the forms

P : ∇ŷu
(1) = (αλ divŷ u

(1))I + 2αµDŷ(u(1)),

P : ∇ẑu
(2) = (αλ divẑ u

(2))I + 2αµDẑ(u(2)),

where

Dŷ(ϕ) =

 Dŷ11(ϕ) Dŷ12(ϕ) 0
Dŷ21(ϕ) Dŷ22(ϕ) 0

0 0 0

 , Dẑ(ψ) =

 Dẑ11(ψ) Dẑ12(ψ) 0
Dẑ21(ψ) Dẑ22(ψ) 0

0 0 0

 ,

(5.6)

divŷ ϕ =
∂ϕ1

∂y1
+
∂ϕ2

∂y2
, divẑ ψ =

∂ψ1

∂z1
+
∂ψ2

∂z2
(5.7)

for arbitrary admissible vector-functions ϕ = ϕ(ŷ) and ψ = ψ(ẑ). By ρ we denote
the homogenized three-scale density:

(5.8) ρ(x, ŷ, ẑ) = ρ(x3, ŷ, ẑ) := χ(x3, ŷ, ẑ)ρF +
(
1− χ(x3, ŷ, ẑ)

)
ρS .

The matrix-valued function M0 is de�ned by (2.11), with χ = χ(x3, ŷ, ẑ) on the
place of χε.

Remark 3. Since φ, φ1, and φ2 are arbitrary, in the sense of distributions, (5.5) is
equivalent to the system consisting of the macroscopic integro-di�erential equation

(5.9)
ατ 〈ρ〉Σ×Θ ∂tu− divx

{∫
Σ

∫
Θ

[
Mt(∇xu+∇ŷu

(1) +∇ẑu
(2)) + M0

]
dẑdŷ

}
= αF 〈ρ〉Σ×Θf , (x, t) ∈ Ω× (0, T ),

the mesoscopic integro-di�erential equation
(5.10)

divŷ

{∫
Θ

[
Mt(∇xu+∇ŷu

(1) +∇ẑu
(2)) + M0

]
dẑ

}
= 0, (x, t, ŷ) ∈ Ω×(0, T )×Σ,

the microscopic di�erential equation
(5.11)

divẑ

{
Mt(∇xu+∇ŷu

(1) +∇ẑu
(2)) + M0

}
= 0, (x, t, ŷ, ẑ) ∈ Ω× (0, T )× Σ×Θ,

and the initial condition

(5.12) u|t=0 = u0(x), x ∈ Ω.

This system is supplemented with the boundary condition

(5.13) u = u? for x ∈ ∂Ω, t ∈ (0, T ),
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and the periodicity conditions for the mesoscopic velocity u(1) and the microscopic
velocity u(2):

u(1) = u(1)(x, ŷ, t) is 1-periodic in ŷ,(5.14)

u(2) = u(2)(x, ŷ, ẑ, t) is 1-periodic in ŷ and ẑ.(5.15)

In (5.9) and further in the article, by 〈ρ〉Σ×Θ the mean value on Σ × Θ of the
three-scale density ρ is denoted, i.e.,

(5.16) 〈ρ〉Σ×Θ(x3) =

∫
Σ

∫
Θ

ρ(x3, ŷ, ẑ)dẑdŷ,

or, in the detailed form,

〈ρ〉Σ×Θ(x3) =


ρF for x3 ∈ (∆ + δ∗, 1),
ρσ for x3 ∈ (∆ + δ∗,∆ + δ∗],
ρθ for x3 ∈ [∆,∆ + δ∗],
ρS for x3 ∈ (0,∆),

where

(5.17) σ = 〈ζ̂〉Σ, θ = 〈ψ̂〉Θ
are the mean values of ζ̂ and ψ̂, respectively, and

(5.18) ρσ = σρF + (1− σ)ρS , ρθ = σθρF + (1− σθ)ρS
are the constant mean densities of the averaged viscoelastic medium in Ωδ∗ and
Ωδ∗ , respectively.

De�nition 4. System (5.9)-(5.15) is the closed three-scale homogenized model of
the �uid-structure interactions. Let us call it Model H-3sc.

Theorem 1. Assume u0 ∈ H1(Ω)3, v0 ∈ H1
0 (Ω)3, p0 ∈ H1(Ω), f , ∂tf ∈ L2(Ω ×

(0, T ))3, u? ∈ C2(Ω × [0, T ])3, and Assumptions 1 and 2 hold; then there exists a
unique weak solution {u,u(1),u(2)} to Model H-3sc.

De�nition 5. The triple of vector-functions {u,u(1),u(2)} is a weak solution of
Model H-3sc, if it satis�es inclusions (5.1)-(5.3), the boundary condition (5.12)
in the trace sense, and the integral equality (5.5) for arbitrary smooth test vector-
functions φ = φ(x, t), φ1 = φ1(x, ŷ, t), and φ2 = φ2(x, ŷ, ẑ, t) such that φ, φ1,
and φ2 vanish in a neighborhood of ∂Ω and the section {t = T}, φ1 is 1-periodic
in ŷ, and φ2 is 1-periodic in ŷ and ẑ.

Proof of Theorem 1. Existence of weak solutions {u,u(1),u(2)} has already been
proved by means of the above ful�lled limiting passage as ε ↘ 0. Let us turn to
justi�cation of the uniqueness assertion.

Let {u∗,u(1)
∗ ,u

(2)
∗ } and {u∗∗,u(1)

∗∗ ,u
(2)
∗∗ } be two weak solutions of Model H-3sc

corresponding to the same set of initial and boundary data u0, M0, and u?. Denote

U := u∗ − u∗∗, U (1) := u
(1)
∗ − u(1)

∗∗ and U (2) := u
(2)
∗ − u(2)

∗∗ . Subtract (5.5) with

{u∗∗,u(1)
∗∗ ,u

(2)
∗∗ } from (5.5) with {u∗,u(1)

∗ ,u
(2)
∗ } to get

(5.19)∫ T

0

∫
Ω

∫
Σ

∫
Θ

{
−ατρU · ∂tφ

+ Mt
(
∇xU +∇ŷU

(1) +∇ẑU
(2)
)

:
(
∇xφ+∇ŷφ1 +∇ẑφ2

)}
dẑdŷdxdt = 0.
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Remark that φ1 ∈ L2(Ω × (0, T );H1
] (Σ)3), φ2 ∈ L2(Ω × Σ × (0, T );H1

] (Θ)3),

and φ ∈ L∞(0, T ;H1(Ω)3), such that φ|∂Ω = φ|t=T = 0, are admissible test
vector-functions for (5.5) and (5.19). Now, let us follow the track of considerations
in [20, Ch. 2, Sec. 5.2]. Fix κ ∈ (0, T ]. Fix arbitrary κ∗,κ∗∗ ∈ (0,κ), κ∗ < κ∗∗.
Take a continuous piece-wise linear function θm on [0,κ] such that θm(t) = 1 if
κ∗+(2/m) < t < κ∗∗−(2/m), and θm(t) = 0 if t > κ∗∗−(1/m) and t < κ∗+(1/m).
Take a regularizing sequence ωn ∈ C∞0 (R) such that

ωn(t) = ωn(−t), ωn(t) ≥ 0,

∫ ∞
−∞

ωn(t)dt = 1, suppωn ⊂
[
− 1

n
,

1

n

]
.

For n > 2m, set φmn =
(
(θmU) ∗ ωn ∗ ωn

)
θm (m,n ∈ N), where the asterisk ∗

means the integral convolution in t on the whole space R, i.e.,

(Φ ∗Ψ)(t)
def
=

∫
R

Φ(t− τ)Ψ(τ)dτ for integrable Φ and Ψ.

(Remark that this is not the same convolution integral as in De�nition A.1 in
Appendix A.) Substitute φmn for φ into (5.19). Clearly, this choice of test vector-

function φ is valid. Furthermore, in (5.19) take φ1 = U (1) and φ2 = U (2), which is
also a valid choice of the test vector-functions due to the remark stated after (5.19).

Applying the arguments of [20, Ch. 2, Sec. 5.2], after some technical transformat-
ions and passage to the limit as n ↗ ∞, m ↗ ∞, κ∗ ↘ 0 and κ∗∗ ↗ κ (success-
ively), we arrive at the integral identity

1

2

∫
Ω

ατ 〈ρ〉Σ×Θ(x3)|U(x,κ)|2dx(5.20)

+

∫ κ

0

∫
Ω

∫
Σ

∫
Θ

Mt
(
∇xU +∇ŷU

(1) +∇ẑU
(2)
)

:

:
(
∇xU +∇ŷU

(1) +∇ẑU
(2)
)
dẑdŷdxdt

=
1

2

∫
Ω

ατ 〈ρ〉Σ×Θ(x3)|U(x, 0)|2dx ≡ 0.

RepresentingMt
(
∇xU+∇ŷU

(1)+∇ẑU
(2)
)
in the detailed form, using the symmet-

ry conditions (1.3) and the initial conditions U |t=0 = U (1)|t=0 = U (2)|t=0 ≡ 0, we
rewrite (5.20) as follows:

1

2

∫
Ω

ατ 〈ρ〉Σ×Θ(x3)|U(x,κ)|2dx(5.21)

+
1

2

∫
Ω

∫
Σ

∫
Θ

χα−1
γ

∣∣Jκ(divxU + divŷ U
(1) + divẑ U

(2)
)∣∣2dẑdŷdx

+
1

2

∫
Ω

∫
Σ

∫
Θ

(1− χ)
[
G : Jκ

(
Dx(U) + Dŷ(U (1)) + Dẑ(U (2))

)]
:

: Jκ
(
Dx(U) + Dŷ(U (1)) + Dẑ(U (2))

)
dẑdŷdx

+ αλ

∫ κ

0

∫
Ω

∫
Σ

∫
Θ

χ
∣∣divxU + divŷ U

(1) + divẑ U
(2)
∣∣2dẑdŷdxdt

+ 2αµ

∫ κ

0

∫
Ω

∫
Σ

∫
Θ

χ
∣∣Dx(U) + Dŷ(U (1)) + Dẑ(U (2))

∣∣2dẑdŷdxdt = 0,

∀κ ∈ (0, T ].
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Every integral in (5.21) is nonnegative. For the third integral this is true due to
nonnegativity of the tensor G (see (1.4a)), and for the remaining integrals this is
quite evident. Hence all integrals in (5.21) vanish. This immediately yields that
U ≡ 0, i.e., u∗ = u∗∗. Next, introducing U ≡ 0 into (5.21) we derive that

Dŷ(U (1)) + Dẑ(U (2)) = 0 for a.e. (x, ŷ, ẑ, t) ∈ Ω× Σ×Θ× (0, T ).

Represent this identity in the form

1

2

(
∂

∂zj

[
U

(2)
i +

2∑
k=1

∂U
(1)
i

∂yk
zk

]
+

∂

∂zi

[
U

(2)
j +

2∑
k=1

∂U
(1)
j

∂yk
zk

])
= 0, i, j = 1, 2,

or, brie�y, Dẑ

(
U (2) + (∇ŷU

(1))ẑ
)

= 0. Resolving this expression as equation

Dẑ(Û) = 0 for Û = U (2) + (∇ŷU
(1))ẑ, we arrive at the system of two scalar

equalities:

Û1 ≡ U (2)
1 (x, ŷ, ẑ, t) +

2∑
k=1

∂U
(1)
1 (x, ŷ, t)

∂yk
zk = C3(x, ŷ, t)z2 + C4(x, ŷ, t),

Û2 ≡ U (2)
2 (x, ŷ, ẑ, t) +

2∑
k=1

∂U
(1)
2 (x, ŷ, t)

∂yk
zk = −C3(x, ŷ, t)z1 + C4(x, ŷ, t),

with some functions C3 and C4.
Because of 1-periodicity of U (2) in ẑ we deduce

(5.22)
∂U

(1)
1

∂y1
= 0,

∂U
(1)
2

∂y2
= 0, C3 =

∂U
(1)
1

∂y2
= −∂U

(1)
2

∂y1

for a.e. (x, ŷ, t) ∈ Ω×Σ×(0, T ), and therefore U
(2)
1 = U

(2)
2 = C4. As

∫
Θ

U (2)dẑ = 0

the latter implies U (2) ≡ 0, i.e., u
(2)
∗ = u

(2)
∗∗ . Finally, from (5.22) it follows that

U (1) does not depend on ŷ, which along with

∫
Σ

U (1)dŷ = 0 yields that U (1) ≡ 0,

i.e., u
(1)
∗ = u

(1)
∗∗ . Thus the uniqueness assertion in Theorem 1 is proved. �

The further aim of our research is to separate macroscopic, mesoscopic, and
microscopic scales from each other. In the modern homogenization theory, this
procedure is called the asymptotic decomposition. In this article, we ful�ll and
rigorously justify the complete asymptotic decomposition.

6. Asymptotic decomposition I: the microscopic cell problems

We will seek for a representation of the vector-function u(2) in the form

u(2)(x, ŷ, ẑ, t) :=

3∑
i,j=1

[( ∂ui
∂xj

(x, t) +
∂u

(1)
i

∂yj
(x, ŷ, t)

)
Zij0 (ŷ, ẑ, x3)(6.1)

+

∫ t

0

( ∂ui
∂xj

(x, τ) +
∂u

(1)
i

∂yj
(x, ŷ, τ)

)
Zij1 (ŷ, ẑ, t− τ, x3)dτ

]
+ p0(x)Z2(ŷ, ẑ, t, x3) +

3∑
i,j=1

∂v0
i

∂xj
(x)Zij3 (ŷ, ẑ, t, x3),
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where

Zij0 (ŷ, ẑ, x3) := ζ(ŷ, x3)Zij00(ẑ, x3) + (1− ζ(ŷ, x3))Zij01(ẑ, x3),(6.2)

Zij1 (ŷ, ẑ, t, x3) := ζ(ŷ, x3)Zij10(ẑ, t, x3) + (1− ζ(ŷ, x3))Zij11(ẑ, t, x3),(6.3)

Z2(ŷ, ẑ, t, x3) := ζ(ŷ, x3)Z20(ẑ, t, x3) + (1− ζ(ŷ, x3))Z21(ẑ, t, x3),(6.4)

Zij3 (ŷ, ẑ, t, x3) := ζ(ŷ, x3)Zij30(ẑ, t, x3) + (1− ζ(ŷ, x3))Zij31(ẑ, t, x3).(6.5)

Here u and u(1), along with the vector-function u(2), constitute the weak solution
of Model H-3sc. Vector-functions Zij00, Z

ij
01, Z

ij
10, Z

ij
11, Z

ij
30, Z

ij
31 (i, j = 1, 2, 3),

Z20, and Z21 are the sought functions.
In (5.5), take the test vector-functions φ, φ1, and φ2 of the following form:

φ(x, t) := 0, φ1(x, ŷ, t) := 0, φ2(x, ŷ, ẑ, t) :=
∂φ20(x, ŷ, t)

∂t
φ21(ẑ),

where φ20 is an arbitrary smooth 1-periodic in ŷ scalar function, vanishing in a
neighborhood of ∂Ω and the section {t = T}, and φ21 is an arbitrary 1-periodic
in ẑ smooth vector-function. After quite routine but rather lengthy calculations
involving the use of Proposition A.1 (see in Appendix A), we arrive at the integral
equality

−
∫ T

0

∫
Ω

∫
Σ

∫
Θ

3∑
i,j=1

( ∂2ui
∂xj∂t

+
∂2u

(1)
i

∂yj∂t

)
×

(6.6)

×
3∑

k,l=1

χ(x3, ŷ, ẑ)
(
αλδijδkl + αµ(δikδjl + δilδjk)

+ αλδkl divẑ Z
ij
0 + 2αµDẑkl(Z

ij
0 )
)∂φ21k

∂zl
(ẑ)φ20(x, ŷ, t)dẑdŷdxdt

−
∫

Ω

∫
Σ

∫
Θ

3∑
i,j=1

( ∂ui
∂xj

(x, 0) +
∂u

(1)
i

∂yj
(x, ŷ, 0)

)
×

×
3∑

k,l=1

χ(x3, ŷ, ẑ)
(
αλδijδkl + αµ(δikδjl + δilδjk)

+ αλδkl divẑ Z
ij
0 + 2αµDẑkl(Z

ij
0 )
)∂φ21k

∂zl
(ẑ)φ20(x, ŷ, 0)dẑdŷdx

−
∫ T

0

∫
Ω

∫
Σ

∫
Θ

3∑
i,j=1

( ∂ui
∂xj

+
∂u

(1)
i

∂yj

)
×

×
3∑

k,l=1

[
χ(x3, ŷ, ẑ)

{
α−1
γ

3∑
p,q=1

(
δklδpqδipδjq + δklδpq

∂Zij0p
∂zq

)
+ αλδkl divẑ Z

ij
1 (ŷ, ẑ, 0, x3) + 2αµDẑkl

(
Zij1 (ŷ, ẑ, 0, x3)

)}
×

× ∂φ21k

∂zl
(ẑ)φ20(x, ŷ, t)

]
dẑdŷdxdt
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−
∫ T

0

∫
Ω

∫
Σ

∫
Θ

3∑
i,j=1

( ∂ui
∂xj

+
∂u

(1)
i

∂yj

) 3∑
k,l=1

(
1− χ(x3, ŷ, ẑ)

)
×

×
3∑

p,q=1

Gklpq
(
δipδjq +

∂Zij0p
∂zq

)∂φ21k

∂zl
(ẑ)φ20(x, ŷ, t)dẑdŷdxdt

−
∫ T

0

∫
Ω

∫
Σ

∫
Θ

3∑
i,j=1

(∫ t

0

( ∂ui
∂xj

(x, τ) +
∂u

(1)
i

∂yj
(x, ŷ, τ)

)
×

×
3∑

k,l=1

{
χ(x3, ŷ, ẑ)

[
αλδkl divẑ

∂Zij1
∂t

(ŷ, ẑ, t− τ, x3)

+ 2αµDẑkl

(∂Zij1
∂t

(ŷ, ẑ, t− τ, x3)
)

+ α−1
γ δkl divẑ Z

ij
1 (ŷ, ẑ, t− τ, x3)

]
+
(
1− χ(x3, ŷ, ẑ)

) 3∑
p,q=1

Gklpq
∂Zij1p
∂zq

(ŷ, ẑ, t− τ, x3)

}
dτ

)
×

× ∂φ21k

∂zl
(ẑ)φ20(x, ŷ, t)dẑdŷdxdt

−
∫

Ω

∫
Σ

∫
Θ

p0(x)

3∑
k,l=1

{
χ(x3, ŷ, ẑ)

[
−δkl + αλδkl divẑ Z2(ŷ, ẑ, 0, x3)

+ 2αµDẑkl

(
Z2(ŷ, ẑ, 0, x3)

)]}∂φ21k

∂zl
(ẑ)φ20(x, ŷ, 0)dẑdŷdx

−
∫ T

0

∫
Ω

∫
Σ

∫
Θ

p0(x)

3∑
k,l=1

{
χ(x3, ŷ, ẑ)

[
2αµDẑkl

(∂Z2

∂t
(ŷ, ẑ, t, x3)

)

+ αλδkl divẑ
∂Z2

∂t
(ŷ, ẑ, t, x3) + α−1

γ δkl divẑ Z2(ŷ, ẑ, t, x3)

]

+
(
1− χ(x3, ŷ, ẑ)

) 3∑
p,q=1

Gklpq ∂Z2p

∂zq
(ŷ, ẑ, t, x3)

}
∂φ21k

∂zl
(ẑ)φ20(x, ŷ, t)dẑdŷdxdt

−
∫

Ω

∫
Σ

∫
Θ

3∑
i,j=1

∂v0
i

∂xj
(x)×

×
3∑

k,l=1

(
χ(x3, ŷ, ẑ)

[
αλδkl divẑ Z

ij
3 (ŷ, ẑ, 0, x3) + 2αµDẑkl

(
Zij3 (ŷ, ẑ, 0, x3)

)]
+
(
1− χ(x3, ŷ, ẑ)

)
Gijkl

)∂φ21k

∂zl
(ẑ)φ20(x, ŷ, 0)dẑdŷdx

−
∫ T

0

∫
Ω

∫
Σ

∫
Θ

3∑
i,j=1

∂v0
i

∂xj
(x)

3∑
k,l=1

{
χ(x3, ŷ, ẑ)

[
αλδkl divẑ

∂Zij3
∂t

(ŷ, ẑ, t, x3)

+ 2αµDẑkl

(∂Zij3
∂t

(ŷ, ẑ, t, x3)
)

+ α−1
γ δkl divẑ Z

ij
3 (ŷ, ẑ, t, x3)

]
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+
(
1− χ(x3, ŷ, ẑ)

) 3∑
p,q=1

Gklpq
∂Zij3p
∂zq

(ŷ, ẑ, t, x3)

}
∂φ21k

∂zl
(ẑ)φ20(x, ŷ, t)dẑdŷdxdt = 0.

From the structure of this integral equality it is clear that it holds true indepen-
dently of any possible values of u, u(1), v0, and p0 if Zij0 , Z

ij
1 , Z2, and Z

ij
3 satisfy

the following integral equalities for all admissible test vector-functions φ21:∫
Θ

χ(x3, ŷ, ẑ)
{
αλδijI + 2αµJij + αλIdivẑ Z

ij
0 (ŷ, ẑ, x3)(6.7)

+ 2αµDẑ

(
Zij0 (ŷ, ẑ, x3)

)}
: Dẑ(φ21)dẑ = 0, ∀ ŷ ∈ Σ, ∀x3 ∈ [0, 1];

∫
Θ

(
1− χ(x3, ŷ, ẑ)

){
G :
(
Jij +∇ẑZ

ij
0 (ŷ, ẑ, x3)

)}
: ∇ẑφ21dẑ = 0,(6.8)

∀ ŷ ∈ Σ, ∀x3 ∈ [0, 1];

∫
Θ

χ(x3, ŷ, ẑ)
{
α−1
γ

(
δij + divẑ Z

ij
0 (ŷ, ẑ, x3)

)
I + αλIdivẑ Z

ij
1 (ŷ, ẑ, 0, x3)(6.9)

+ 2αµDẑ

(
Zij1 (ŷ, ẑ, 0, x3)

)}
: Dẑ(φ21)dẑ = 0, ∀ ŷ ∈ Σ, ∀x3 ∈ [0, 1];

∫
Θ

[
χ(x3, ŷ, ẑ)

{
αλI divẑ

∂Zij1
∂t

(ŷ, ẑ, t, x3) + 2αµDẑ

(∂Zij1
∂t

(ŷ, ẑ, t, x3)
)

(6.10)

+ α−1
γ I divẑ Z

ij
1 (ŷ, ẑ, t, x3)

}
: ∇ẑφ21

+
(
1− χ(x3, ŷ, ẑ)

){
G : ∇ẑZ

ij
1 (ŷ, ẑ, t, x3)

}
: ∇ẑφ21

]
dẑ = 0,

∀ t ∈ (0, T ], ∀ ŷ ∈ Σ, ∀x3 ∈ [0, 1];

∫
Θ

χ(x3, ŷ, ẑ)
{
−I + αλI divẑ Z2(ŷ, ẑ, 0, x3) + 2αµDẑ

(
Z2(ŷ, ẑ, 0, x3)

)}
:(6.11)

: Dẑ(φ21)dẑ = 0, ∀ ŷ ∈ Σ, ∀x3 ∈ [0, 1];

∫
Θ

[
χ(x3, ŷ, ẑ)

{
αλI divẑ

∂Z2

∂t
(ŷ, ẑ, t, x3) + 2αµDẑ

(∂Z2

∂t
(ŷ, ẑ, t, x3)

)
(6.12)

+ α−1
γ I divẑ Z2(ŷ, ẑ, t, x3)

}
: ∇ẑφ21

+
(
1− χ(x3, ŷ, ẑ)

){
G : ∇ẑZ2(ŷ, ẑ, t, x3)

}
: ∇ẑφ21

]
dẑ = 0,

∀ t ∈ (0, T ], ∀ ŷ ∈ Σ, ∀x3 ∈ [0, 1];

∫
Θ

[
χ(x3, ŷ, ẑ)

{
αλI divẑ Z

ij
3 (ŷ, ẑ, 0, x3) + 2αµDẑ

(
Zij3 (ŷ, ẑ, 0, x3)

)}
: Dẑ(φ21)

(6.13)

+
(
1− χ(x3, ŷ, ẑ)

){
G : Jij

}
: ∇ẑφ21

]
dẑ = 0, ∀ ŷ ∈ Σ, ∀x3 ∈ [0, 1];
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∫
Θ

[
χ(x3, ŷ, ẑ)

{
αλI divẑ

∂Zij3
∂t

(ŷ, ẑ, t, x3) + 2αµDẑ

(∂Zij3
∂t

(ŷ, ẑ, t, x3)
)

(6.14)

+ α−1
γ I divẑ Z

ij
3 (ŷ, ẑ, t, x3)

}
: ∇ẑφ21

+
(
1− χ(x3, ŷ, ẑ)

){
G : ∇ẑZ

ij
3 (ŷ, ẑ, t, x3)

}
: ∇ẑφ21

]
dẑ = 0,

∀ t ∈ (0, T ], ∀ ŷ ∈ Σ, ∀x3 ∈ [0, 1].

In (6.8) and (6.13) we have remarked that G : (ei ⊗ ej) = G : Jij , due to (1.3).
Notice that (6.12) and (6.14) formally coincide.

Remark 4. Since the vector-function ẑ 7→ u(2)(x, ŷ, ẑ, t) belongs to (H1
] (Θ)/R)3

for a.e. (x, ŷ, t), the vector-functions Zij0 , Z
ij
1 , Z2, and Zij3 should belong to

(H1
] (Θ)/R)3 as vector-functions of ẑ.

Taking into account this remark, on the basis of (6.7)-(6.14) we formulate the
problems on the pattern cell Θ for �nding the independent of the time variable
t vector-functions Zij00, Z

ij
10|t=0, Z20|t=0, and Z

ij
30|t=0, and the time-dependent

vector-functions Zij10, Z20, and Z
ij
30 for t > 0. For the functions Zij01, Z

ij
11, Z21,

and Zij31 we show that all of them should be taken identically equal to zero.

At �rst, we formulate the problem for the vector-function ẑ 7→ Zij00(ẑ, x3).
Notice that, for x3 ∈ (0,∆), the integral equality (6.7) turns into the trivial

identity 0 = 0, since χ(x3, ŷ, ẑ) ≡ 0. Therefore it holds true for any Zij0 , in

particular, for Zij0 ≡ 0. The integral equality (6.8) also holds true for

Zij0 (ŷ, ẑ, x3) ≡ 0 on Σ×Θ× (0,∆),

since χ(x3, ŷ, ẑ) = ζ(ŷ, x3)ψ(ẑ, x3) ≡ 0 for x3 ∈ (0,∆) and φ21 is a 1-periodic
vector-function. Analogously, (6.7) and (6.8) are valid if

Zij0 (ŷ, ẑ, x3) ≡ 0 on Σ×Θ× (∆ + δ∗, 1),

since χ(x3, ŷ, ẑ) = ζ(ŷ, x3)ψ(ẑ, x3) ≡ 1 for x3 ∈ (∆ + δ∗, 1), χ(x3, ŷ, ẑ) ≡ ζ(ŷ, x3)
for x3 ∈ (∆ + δ∗,∆ + δ∗], and φ21 is a 1-periodic function.

Inserting (6.2) into (6.7) we conclude that the vector-function ẑ 7→ Zij00(ẑ, x3)
should resolve the following Stokes system in ΘF for x3 ∈ [∆,∆ + δ∗]:∫

ΘF

{
αλδijI + 2αµJij + αλIdivẑ Z

ij
00(ẑ, x3)(6.15a)

+ 2αµDẑ

(
Zij00(ẑ, x3)

)}
: Dẑ(φ21)dẑ = 0, ∀φ21 ∈ H1

] (Θ)3,

(6.15b) Zij00(·, x3) ∈ (H1
] (Θ)/R)3, ∀x3 ≤ [∆,∆ + δ∗].

Inserting (6.2) into (6.8), we deduce the integral equality for Zij00 in ΘS and for

Zij01 in Θ:

ζ(ŷ, x3)

∫
ΘS

{
G :
(
Jij +∇ẑZ

ij
00(ẑ, x3)

)}
: ∇ẑφ21dẑ(6.16)

+
(
1− ζ(ŷ, x3)

) ∫
Θ

{
G :
(
Jij +∇ẑZ

ij
01(ẑ, x3)

)}
: ∇ẑφ21dẑ = 0,
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∀ ŷ ∈ Σ, ∀x3 ∈ [∆,∆ + δ∗].

Set

Zij01(ẑ, x3) ≡ 0 on Θ× [0, 1].

With this choice of Zij01, on the strength of 1-periodicity of φ21 = φ21(ẑ), by Green's
formula we deduce that the second integral in (6.16) vanishes. Consequently, the

vector-function ẑ 7→ Zij00(ẑ, x3) must satisfy the integral equality∫
ΘS

{
G :
(
Jij +∇ẑZ

ij
00(ẑ, x3)

)}
: ∇ẑφ21dẑ = 0,(6.17)

∀φ21 ∈ H1
] (Θ)3, ∀x3 ∈ [∆,∆ + δ∗].

Thus, the vector-function ẑ 7→ Zij00(ẑ, x3) should be a weak solution of the Dirichlet
problem for the linear elasticity equation:

(6.18)


divẑ

{
G :
(
∇ẑZ

ij
00(ẑ, x3) + Jij

)}
= 0 on ΘS ,

Zij00(ẑ, x3)
∣∣
∂ΘS

= Zij00(ẑ, x3)
∣∣
∂ΘF \∂Θ

,

Zij00(·, x3) ∈ H1
] (ΘS)3, ∆ ≤ x3 ≤ ∆ + δ∗.

In this formulation, Zij00(ẑ, x3)
∣∣
∂ΘF \∂Θ

is the trace of the solution of the system

(6.15a)-(6.15b) on the interface between ΘF and ΘS . Notice that the vector-

function ẑ 7→ Zij00(ẑ, x3), de�ned by the solutions of the problems (6.15a)-(6.15b)
and (6.18) on the whole pattern cell Θ, is 1-periodic and belongs to H1(Θ)3 due to
the boundary condition (6.18)2.

Now we are in a position to formulate the �rst of the problems on the microscopic
pattern cell Θ.

Problem Z1. It is necessary to �nd a vector-function ẑ 7→ Zij00(ẑ, x3) (i, j =
1, 2, 3), which vanishes for x3 ∈ (0,∆)∪(∆+δ∗, 1), satis�es the regularity condition

(6.19) Zij00(·, x3) ∈ (H1
] (Θ)/R)3, x3 ∈ [∆,∆ + δ∗],

and resolves the Stokes system (6.15a)-(6.15b) and the linear elasticity problem
(6.18) in the weak sense, i.e., in the sense of the integral equality (6.17).

Remark 5. From the above outline it is clear that if Zij00 is the solution of Problem

Z1 and Zij01 is identically equal to zero then the vector-function Zij0 de�ned by
equality (6.2) satis�es (6.7) and (6.8) (i, j = 1, 2, 3).

Remark 6. On the strength of the well-known theory of generalized solutions of
boundary value problems in mathematical physics [18, 19], Problem Z1 has the
unique weak solution for every x3 ∈ (0, 1).

The formulations of the rest of the problems on the pattern cell Θ are constructed
by means of the similar arguments as for Problem Z1. Therefore we omit the de-
tails and just state these problems and the results on their well-posedness.

Problem Z2. It is necessary to �nd a vector-function ẑ 7→ Zij10(ẑ, 0, x3)
(i, j = 1, 2, 3), de�ned in ΘF for all x3 ∈ [0, 1], which vanishes for all x3 ∈
(0,∆) ∪ (∆ + δ∗, 1), satis�es the regularity condition

Zij10(·, 0, x3) ∈ (H1
] (ΘF )/R)3, x3 ∈ [∆,∆ + δ∗],
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and the integral equality∫
ΘF

{
α−1
γ

(
δij + divẑ Z

ij
00(ẑ, x3)

)
I + αλIdivẑ Z

ij
10(ẑ, 0, x3)(6.20)

+ 2αµDẑ

(
Zij10(ẑ, 0, x3)

)}
: Dẑ(φ21)dẑ = 0,

∀φ21 ∈ H1
] (Θ)3, ∀x3 ∈ [∆,∆ + δ∗].

In (6.20), Zij00 is the solution of Problem Z1.

Remark 7. If Zij11(ẑ, 0, x3) ≡ 0 and the vector-function ẑ 7→ Zij10(ẑ, 0, x3) is the so-

lution of Problem Z2 then the vector-function Zij1 (ẑ, 0, x3) de�ned by (6.3) satis�es
(6.9) (i, j = 1, 2, 3).

Problem Z3. It is necessary to �nd a vector-function (ẑ, t) 7→ Zij10(ẑ, t, x3)
(i, j = 1, 2, 3), de�ned in Θ × (0, T ) for all x3 ∈ [0, 1], which vanishes for x3 ∈
(0,∆) ∪ (∆ + δ∗, 1), satis�es the regularity condition

(6.21a) Zij10(·, ·, x3) ∈ L∞(0, T ; (H1
] (Θ)/R)3) ∩H1(0, T ;H1

] (ΘF )3),

the integral equality∫
ΘF

{
αλIdivẑ

∂Zij10

∂t
(ẑ, t, x3) + 2αµDẑ

(∂Zij10

∂t
(ẑ, t, x3)

)
(6.21b)

+ α−1
γ Idivẑ Z

ij
10(ẑ, t, x3)

}
: Dẑ(φ21)dẑ

+

∫
ΘS

{
G : ∇ẑZ

ij
10(ẑ, t, x3)

}
: ∇ẑφ21dẑ = 0,

∀φ21 ∈ H1
] (Θ)3 for a.e. t ∈ (0, T ], x3 ∈ [∆,∆ + δ∗],

and the initial condition

(6.21c) Zij10(ẑ, t, x3)
∣∣
t=0

= Zij10(ẑ, 0, x3) for ẑ ∈ ΘF , x3 ∈ [∆,∆ + δ∗],

where ẑ 7→ Zij10(ẑ, 0, x3) is the solution of Problem Z2.

Remark 8. In the sense of distributions, the integral equality (6.21b) is equivalent
to the system consisting of the Stokes equations

divẑ

[
2αµDẑ

(∂Zij10

∂t
(ẑ, t, x3)

)
+αλIdivẑ

∂Zij10

∂t
(ẑ, t, x3)+α−1

γ Idivẑ Z
ij
10(ẑ, t, x3)

]
= 0,

ẑ ∈ ΘF , t > 0,

(written in terms of the `displacements' Zij10), the linear elasticity equations

divẑ

[
G : ∇ẑZ

ij
10(ẑ, t, x3)

]
= 0, ẑ ∈ ΘS , t > 0,

and the interface condition[
2αµDẑ

(∂Zij10

∂t
(ẑ, t, x3)

)
+ αλIdivẑ

∂Zij10

∂t
(ẑ, t, x3)

+ α−1
γ Idivẑ Z

ij
10(ẑ, t, x3)

]
nΘ

∣∣∣∣
∂ΘF \∂Θ

=
[
G : ∇ẑZ

ij
10(ẑ, t, x3)

]
nΘ

∣∣∣∣
∂ΘS

, t > 0.

Here and further in Sec. 6, by nΘ we denote the unit outward normal to ∂ΘS. The
initial condition (6.21c) is understood in the trace sense.
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Remark 9. If Zij11(ẑ, t, x3) ≡ 0 and Zij10 is the solution of Problem Z3 then the

vector-function Zij1 de�ned by (6.3) satis�es (6.10) (i, j = 1, 2, 3).

Problem Z4. It is necessary to �nd a vector-function ẑ 7→ Z20(ẑ, 0, x3), de�ned in
ΘF for all x3 ∈ [0, 1], which is identically equal to zero for x3 ∈ (0,∆)∪ (∆ + δ∗, 1),
satis�es the regularity condition

Z20(·, 0, x3) ∈ (H1
] (ΘF )/R)3, x3 ∈ [∆,∆ + δ∗],

and the integral equality∫
ΘF

{
−I + αλIdivẑ Z20(ẑ, 0, x3) + 2αµDẑ

(
Z20(ẑ, 0, x3)

)}
: Dẑ(φ21)dẑ = 0,

∀φ21 ∈ H1
] (Θ)3, ∀x3 ∈ [∆,∆ + δ∗].

Remark 10. If Zij21(ẑ, 0, x3) ≡ 0 and the vector-function ẑ 7→ Zij20(ẑ, 0, x3) is

the solution of Problem Z4 then the vector-function Zij2 (ẑ, 0, x3) de�ned by (6.4)
satis�es (6.11) (i, j = 1, 2, 3).

Problem Z5. It is necessary to �nd a vector-function (ẑ, t) 7→ Z20(ẑ, t, x3), de�ned
in Θ × (0, T ) for all x3 ∈ [0, 1], which is identically equal to zero for x3 ∈ (0,∆) ∪
(∆ + δ∗, 1), satis�es the regularity condition

(6.23a) Z20(·, ·, x3) ∈ L∞(0, T ; (H1
] (Θ)/R)3) ∩H1(0, T ;H1

] (ΘF )3),

the integral equality

∫
ΘF

{
2αµDẑ

(∂Z20

∂t
(ẑ, t, x3)

)
+ αλI divẑ

∂Z20

∂t
(ẑ, t, x3) + α−1

γ Idivẑ Z20(ẑ, t, x3)
}

:

(6.23b)

: Dẑ(φ21)dẑ

+

∫
ΘS

{
G : ∇ẑZ20(ẑ, t, x3)

}
: ∇ẑφ21dẑ = 0,

∀φ21 ∈ H1
] (Θ)3 for a.e. t ∈ (0, T ], ∀x3 ∈ [∆,∆ + δ∗],

and the initial condition

Z20(ẑ, t, x3)
∣∣
t=0

= Z20(ẑ, 0, x3) for ẑ ∈ ΘF , x3 ∈ [∆,∆ + δ∗],

where ẑ 7→ Z20(ẑ, 0, x3) is the solution of Problem Z4.

Remark 11. If Zij20 is the solution of Problem Z5 and Zij21 is identically equal to

zero then the vector-function Zij2 , de�ned by (6.4), satis�es (6.12) (i, j = 1, 2, 3).

Problem Z6. It is necessary to �nd a vector-function ẑ 7→ Zij30(ẑ, 0, x3)
(i, j = 1, 2, 3), de�ned in ΘF for all x3 ∈ [0, 1], which vanishes for all x3 ∈
(0,∆) ∪ (∆ + δ∗, 1), satis�es the regularity condition

Zij30(·, 0, x3) ∈ (H1
] (ΘF )/R)3, x3 ∈ [∆,∆ + δ∗],

and the integral equality∫
ΘF

{
2αµDẑ

(
Zij30(ẑ, 0, x3)

)
+ αλIdivẑ Z

ij
30(ẑ, 0, x3)

}
: Dẑ(φ21)dẑ(6.24)

+

∫
ΘS

{
G : Jij

}
: ∇ẑφ21dẑ = 0, ∀φ21 ∈ H1

] (Θ)3, ∀x3 ∈ [∆,∆ + δ∗].
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Remark 12. In the sense of distributions, (6.24) is equivalent to the mixed bound-
ary value problem for the linear elliptic equation:

divẑ

[
2αµDẑ

(
Zij30(ẑ, 0, x3)

)
+ αλIdivẑ Z

ij
30(ẑ, 0, x3)

]
= 0, ẑ ∈ ΘF ,[

2αµDẑ

(
Z30(ẑ, 0, x3)

)
+ αλIdivẑ Z

ij
30(ẑ, 0, x3)

]
nΘ

∣∣∣∣
∂ΘF \∂Θ

=
(
G : Jij

)
nΘ

∣∣∣∣
∂ΘS

,

Zij30(·, 0, x3) ∈ (H1
] (Θ)/R)3.

Remark 13. If the vector-function ẑ 7→ Zij30(ẑ, 0, x3) is the solution of Problem Z6

and Zij31(ẑ, 0, x3) is identically equal to zero then the vector-function Zij3 (ẑ, 0, x3),
de�ned by (6.5), satis�es (6.13) (i, j = 1, 2, 3).

Problem Z7. It is necessary to �nd a vector-function (ẑ, t) 7→ Zij30(ẑ, t, x3) (i, j =
1, 2, 3), de�ned in the space-time parallelepiped Θ× (0, T ) for all x3 ∈ [0, 1], which
is identically equal to zero for x3 ∈ (0,∆) ∪ (∆ + δ∗, 1), satis�es the regularity
condition

(6.25) Zij30(·, ·, x3) ∈ L∞(0, T ; (H1
] (Θ)/R)3) ∩H1(0, T ;H1

] (ΘF )3),

the integral equality (6.23b) (with Zij30 on the place of Z20) and the initial condition

Zij30(ẑ, t, x3)|t=0 = Zij30(ẑ, 0, x3) for ẑ ∈ ΘF , x3 ∈ [∆,∆ + δ∗],

where the vector-function ẑ 7→ Zij30(ẑ, 0, x3) is the solution of Problem Z6.

Remark 14. If Zij30 is the solution of Problem Z7 and Zij31 is identically equal to

zero then the vector-function Zij3 , de�ned by (6.5), satis�es (6.14) (i, j = 1, 2, 3).

Remark 15. Quite similarly as for Problem Z1, we have that each of Problems Z2,
Z4, and Z6 has a unique weak solution due to the well-known theory of generalized
solutions of equations of mathematical physics [18, 19]. Existence and uniqueness
of weak solutions of Problems Z3, Z5 and Z7 is justi�ed quite similarly to the well-
posedness result for the cell problems in [10, Lem. 10].

Remark 16. Since Jij = Jji, δij = δji, and the elastic sti�ness tensor G is symmet-

ric, the solutions of the cell problems Zijk0 possess the symmetry property Zijk0 = Zjik0

(k = 0, 1, 3, i, j = 1, 2, 3).

Remark 17. Notice that the vector-functions Zij00, Z
ij
10, Z20, and Z

ij
30 do not vary

with change of x3 on the segment {∆ ≤ x3 ≤ ∆ + δ∗}, i.e.,

∂Zij00

∂x3
=
∂Zij10

∂x3
=
∂Z20

∂x3
=
∂Zij30

∂x3
= 0 for x3 ∈ [∆,∆ + δ∗],

since the given data in Problems Z1-Z7 do not vary with change of x3 on this
segment.

Let us complete outline in Sec. 6 by the following observation.

Remark 18. We have established that if Zij00, Z
ij
10|t=0, Z

ij
10, Z20|t=0, Z20,

Zij30|t=0, and Z
ij
30 are the solutions of Problems Z1-Z7, respectively, then (6.6) holds

true independently of the possible values of the vector-functions u and u(1) and the
macroscopic boundary conditions (5.12)-(5.13). In particular, this means that the
solutions of Problems Z1-Z7 fully de�ne dynamics of the mechanical system on the
microscale, i.e., on the characteristic scale of the shorter bristles.
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7. Two-scale homogenized coefficients and their properties

In this and the next sections, using the solutions of Problems Z1-Z7 we derive a
two-scale system of equations for the two sought vector-functions u = u(x, t) and
u(1) = u(1)(x, ŷ, t). This system does not incorporate variable ẑ explicitly, which
means separation of the microscopic scale from the meso- and macroscopic ones in
the homogenized description of the mechanical system. The microscopic velocity
u(2) and the variable ẑ get sublimed in the coe�cients of the two-scale model.

With account of the identities Zij01 ≡ 0, Zij11 ≡ 0, Z21 ≡ 0, and Zij31 ≡ 0, the
representation (6.1) takes the form

u(2)(x, ŷ, ẑ, t) = ζ(ŷ, x3)

3∑
i,j=1

[( ∂ui
∂xj

(x, t) +
∂u

(1)
i

∂yj
(x, ŷ, t)

)
Zij00(ẑ, x3)(7.1)

+

∫ t

0

( ∂ui
∂xj

(x, τ) +
∂u

(1)
i

∂yj
(x, ŷ, τ)

)
Zij10(ẑ, t− τ, x3)dτ

]
+ ζ(ŷ, x3)p0(x)Z20(ẑ, t, x3) + ζ(ŷ, x3)

3∑
i,j=1

∂v0
i

∂xj
(x)Zij30(ẑ, t, x3).

In (5.5), we take φ2 ≡ 0 and insert (7.1). Taking into account (1.3), (2.9), (2.11),
(4.2)-(4.4), (5.8), Remark 16, and assertion (iii) of Proposition A.1, and properly
collecting terms, after simple but rather lengthy calculations, we establish that, for
arbitrary test vector-functions φ = φ(x, t) and φ1 = φ1(x, ŷ, t) such that φ and
φ1 vanish in the neighborhood of ∂Ω and the section {t = T}, and φ1 is 1-periodic
in ŷ, the integral equality∫ T

0

∫
Ω

{
−ατ 〈ρ〉Σ×Θ(x3)u(x, t) · ∂tφ(x, t)(7.2)

+

∫
Σ

[
A0(ŷ, x3) :

(
Dx
(
u(x, t)

)
+ Dŷ

(
u(1)(x, ŷ, t)

))
+ B0(ŷ, x3) :

(
Dx
(
(Jtu)(x, t)

)
+ Dŷ

(
(Jtu

(1))(x, ŷ, t)
))

+

∫ t

0

A1(ŷ, x3, t− τ) :
(
Dx
(
u(x, τ)

)
+ Dŷ

(
u(1)(x, ŷ, τ)

))
dτ

+

∫ t

0

B1(ŷ, x3, t− τ) :
[
Dx
(
(Jτu)(x, τ)

)
+ Dŷ

(
(Jτu

(1))(x, ŷ, τ)
)]
dτ

+ F0(ŷ,x, t)
]

:
(
Dx
(
φ(x, t)

)
+ Dŷ

(
φ1(x, ŷ, t)

))
dŷ
}
dxdt

=

∫ T

0

∫
Ω

αF 〈ρ〉Σ×Θ(x3)f · φ dxdt+

∫
Ω

ατ 〈ρ〉Σ×Θ(x3)u0(x) · φ(x, 0)dx

holds true. Here the fourth-rank tensors A0, B0, A1, and B1, and the matrix F0

are de�ned via the solutions of the microscopic cell problems by the formulas

A0(ŷ, x3) = ζ(ŷ, x3)
[
αλ I⊗

(
〈ψ〉Θ(x3) I +

3∑
m,n=1

〈
ψ̂ divẑ Z

mn
00

〉
Θ

(x3) Jmn
)

(7.3)

+ 2αµ

3∑
m,n=1

(
〈ψ〉Θ(x3) Jmn +

〈
ψ̂Dẑ(Zmn00 )

〉
Θ

(x3)
)
⊗ Jmn

]
,
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B0(ŷ, x3) = ζ(ŷ, x3)
[
α−1
γ I⊗

(
〈ψ〉Θ(x3) I +

3∑
m,n=1

〈
ψ̂ divẑ Z

mn
00

〉
Θ

(x3) Jmn
)(7.4)

+

3∑
m,n=1

(
G :
〈
(1− ψ̂)Dẑ(Zmn00 )

〉
Θ

(x3)
)
⊗ Jmn

]
+
(

1− 〈ψ〉Θ(x3)ζ(ŷ, x3)
)
G,

A1(ŷ, x3, t) = ζ(ŷ, x3)
[
αλ I⊗

3∑
m,n=1

〈
ψ̂ divẑ Z

mn
10

〉
Θ

(t, x3) Jmn(7.5)

+ 2αµ

3∑
m,n=1

〈
ψ̂Dẑ(Zmn10 )

〉
Θ

(t, x3)⊗ Jmn
]
,

B1(ŷ, x3, t) = ζ(ŷ, x3)
[
α−1
γ I⊗

3∑
m,n=1

〈
ψ̂ divẑ Z

mn
10

〉
Θ

(t, x3) Jmn(7.6)

+

3∑
m,n=1

(
G :
〈
(1− ψ̂)Dẑ(Zmn10 )

〉
Θ

(t, x3)
)
⊗ Jmn

]
,

F0(ŷ,x, t) = ζ(ŷ, x3)
[
p0(x)

(
αλ
〈
ψ̂ divẑ Z20

〉
Θ

(t, x3) I + 2αµ
〈
ψ̂Dẑ(Z20)

〉
Θ

(t, x3)

(7.7)

+ α−1
γ

〈
ψ̂ divẑ JtZ20

〉
Θ

(t, x3) I + G :
〈
(1− ψ̂)Dẑ(JtZ20)

〉
Θ

(t, x3)− 〈ψ〉Θ(x3) I
)

+

3∑
m,n=1

∂v0
m

∂xn
(x)
(
αλ
〈
ψ̂ divẑ Z

mn
30

〉
Θ

(t, x3) I + 2αµ
〈
ψ̂Dẑ(Zmn30 )

〉
Θ

(t, x3)

+ α−1
γ

〈
ψ̂ divẑ JtZ

mn
30

〉
Θ

(t, x3) I + G :
〈
(1− ψ̂)Dẑ(JtZ

mn
30 )

〉
Θ

(t, x3)
)]

+
(

1− 〈ψ〉Θ(x3) ζ(ŷ, x3)
)
G : ∇xv0.

In the component-wise form, (7.3)-(7.7) are as follows (i, j, k, l = 1, 2, 3):

Aijkl0 (ŷ, x3) = ζ(ŷ, x3)
[
αλδij

(
〈ψ〉Θ(x3)δkl +

3∑
m,n=1

〈
ψ̂ divẑ Z

mn
00

〉
Θ

(x3) (Jmn)kl

)(7.8)

+ 2αµ

3∑
m,n=1

(
〈ψ〉Θ(x3) (Jmn)ij +

〈
ψ̂ Dẑij(Z

mn
00 )

〉
Θ

(x3)
)

(Jmn)kl

]
,

Bijkl0 (ŷ, x3) = ζ(ŷ, x3)
[
α−1
γ δij

(
〈ψ〉Θ(x3) δkl +

3∑
m,n=1

〈
ψ̂ divẑ Z

mn
00

〉
Θ

(x3) (Jmn)kl

)(7.9)

+

3∑
m,n=1

( 3∑
q,r=1

Gijqr
〈
(1− ψ̂)Dẑqr(Z

mn
00 )
〉

Θ
(x3)

)
(Jmn)kl

]
+
(
1−〈ψ〉Θ(x3)ζ(ŷ, x3)

)
Gijkl,
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Aijkl1 (ŷ, x3, t) = ζ(ŷ, x3)
[
αλδij

3∑
m,n=1

〈
ψ̂ divẑ Z

mn
10

〉
Θ

(t, x3) (Jmn)kl(7.10)

+ 2αµ

3∑
m,n=1

〈
ψ̂ Dẑij(Z

mn
10 )

〉
Θ

(t, x3)(Jmn)kl

]
,

Bijkl1 (ŷ, x3, t) = ζ(ŷ, x3)
[
α−1
γ δij

3∑
m,n=1

〈
ψ̂ divẑ Z

mn
10

〉
Θ

(t, x3) (Jmn)kl(7.11)

+

3∑
m,n=1

( 3∑
q,r=1

Gijqr
〈
(1− ψ̂)Dẑqr(Z

mn
10 )

〉
Θ

(t, x3)
)

(Jmn)kl

]
,

F 0
ij(ŷ,x, t) = ζ(ŷ, x3)

[
p0(x)

(
αλ
〈
ψ̂ divẑ Z20

〉
Θ

(t, x3) δij

(7.12)

+ 2αµ
〈
ψ̂ Dẑij(Z20)

〉
Θ

(t, x3) + α−1
γ

〈
ψ̂ divẑ JtZ20

〉
Θ

(t, x3) δij

+

3∑
q,r=1

Gijqr
〈
(1− ψ̂)Dẑqr(JtZ20)

〉
Θ

(t, x3)− 〈ψ〉Θ(x3) δij

)

+

3∑
m,n=1

∂v0
m

∂xn
(x)
(
αλ
〈
ψ̂ divẑ Z

mn
30

〉
Θ

(t, x3) δij + 2αµ
〈
ψ̂ Dẑij(Z

mn
30 )

〉
Θ

(t, x3)

+ α−1
γ

〈
ψ̂ divẑ JtZ

mn
30

〉
Θ

(t, x3) δij +

3∑
q,r=1

Gijqr
〈
(1− ψ̂)Dẑqr(JtZ

mn
30 )

〉
Θ

(t, x3)
)]

+
(

1− 〈ψ〉Θ(x3) ζ(ŷ, x3)
) 3∑
q,r=1

Gijqr
∂v0

q

∂xr
(x).

Furthermore, let us write out (7.3)-(7.7) in more detail, inserting (4.3) and (4.4)
and using the property that Zmn00 , Zmn10 , Z20, and Z

mn
30 vanish for x3 ∈ (0,∆) ∪

(∆ + δ∗, 1). We get
(7.13)

A0(ŷ, x3) =



αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn for x3 ∈ (∆ + δ∗, 1),

ζ̂(ŷ)
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

for x3 ∈ (∆ + δ∗,∆ + δ∗],

ζ̂(ŷ)Af
0 for x3 ∈ [∆,∆ + δ∗],

0 for x3 ∈ (0,∆),

where

Af
0

def
= αλ I⊗

(
θ I +

3∑
m,n=1

〈
ψ̂ divẑ Z

mn
00

〉
Θ
Jmn

)
(7.14)

+ 2αµ

3∑
m,n=1

(
θ Jmn +

〈
ψ̂Dẑ(Zmn00 )

〉
Θ

)
⊗ Jmn;
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(7.15) B0(ŷ, x3) =


α−1
γ I⊗ I for x3 ∈ (∆ + δ∗, 1),

ζ̂(ŷ)α−1
γ I⊗ I +

(
1− ζ̂(ŷ)

)
G for x3 ∈ (∆ + δ∗,∆ + δ∗],

ζ̂(ŷ)Bf0 +
(
1− θζ̂(ŷ)

)
G for x3 ∈ [∆,∆ + δ∗],

G for x3 ∈ (0,∆),

where

Bf0
def
= α−1

γ I⊗
(
θ I +

3∑
m,n=1

〈
ψ̂ divẑ Z

mn
00

〉
Θ
Jmn

)
(7.16)

+

3∑
m,n=1

(
G :
〈
(1− ψ̂)Dẑ(Zmn00 )

〉
Θ

)
⊗ Jmn;

(7.17) A1(ŷ, x3, t) =

{
ζ̂(ŷ)Af

1 (t) for x3 ∈ [∆,∆ + δ∗],
0 for x3 ∈ (0,∆) ∪ (∆ + δ∗, 1),

where
(7.18)

Af
1 (t)

def
= αλ I⊗

3∑
m,n=1

〈
ψ̂ divẑ Z

mn
10

〉
Θ

(t) Jmn + 2αµ

3∑
m,n=1

〈
ψ̂Dẑ(Zmn10 )

〉
Θ

(t)⊗ Jmn;

(7.19) B1(ŷ, x3, t) =

{
ζ̂(ŷ)Bf1 (t) for x3 ∈ [∆,∆ + δ∗],
0 for x3 ∈ (0,∆) ∪ (∆ + δ∗, 1),

where

Bf1 (t)
def
= α−1

γ I⊗
3∑

m,n=1

〈
ψ̂ divẑ Z

mn
10

〉
Θ

(t) Jmn(7.20)

+

3∑
m,n=1

(
G :
〈
(1− ψ̂)Dẑ(Zmn10 )

〉
Θ

(t)
)
⊗ Jmn;

(7.21)

F 0(ŷ,x, t) =



−p0(x)I for x3 ∈ (∆ + δ∗, 1),

−ζ̂(ŷ)p0(x)I +
(
1− ζ̂(ŷ)

)
G : ∇xv0 for x3 ∈ (∆ + δ∗,∆ + δ∗],

ζ̂(ŷ)
(
p0(x)F 0

f (t) +

3∑
m,n=1

∂v0
m

∂xn
(x)F 0mn

sol (t)
)

+
(
1− θζ̂(ŷ)

)
G : ∇xv0

for x3 ∈ [∆,∆ + δ∗],

G : ∇xv0 for x3 ∈ (0,∆),

where

F 0
f (t)

def
= αλ

〈
ψ̂ divẑ Z20

〉
Θ

(t) I + 2αµ
〈
ψ̂Dẑ(Z20)

〉
Θ

(t)(7.22)

+ α−1
γ

〈
ψ̂ divẑ JtZ20

〉
Θ

(t) I + G :
〈(

1− ψ̂
)
Dẑ(JtZ20)

〉
Θ

(t)− θ I

and

F 0mn
sol (t)

def
= αλ

〈
ψ̂ divẑ Z

mn
30

〉
Θ

(t) I + 2αµ
〈
ψ̂Dẑ(Zmn30 )

〉
Θ

(t)(7.23)
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+ α−1
γ

〈
ψ̂ divẑ JtZ

mn
30

〉
Θ

(t) I + G :
〈(

1− ψ̂
)
Dẑ(JtZ

mn
30 )

〉
Θ

(t),

m, n = 1, 2, 3.

Remark 19. Due to Remark 17, the tensors Af
0 , B

f
0 , A

f
1 (t), and Bf1 (t), and the

matrices F 0
f (t) and F 0mn

sol (t), de�ned in (7.13)-(7.22), do not depend on x3.

We establish the following main properties of the two-scale coe�cients.

Proposition 6. (i) The tensor-valued functions

A0 = A0(ŷ, x3), B0 = B0(ŷ, x3), A1 = A1(ŷ, x3, t), B1 = B1(ŷ, x3, t),

and the matrix-valued function F 0 = F 0(ŷ,x, t) satisfy the regularity conditions

A0, B0, A1, B1, and F 0 are 1-periodic in ŷ,(7.24)

A0, B0 ∈ L∞(Σ× (0, 1))3×3×3×3,(7.25)

A1, B1, ∂tA1, ∂tB1 ∈ L∞(Σ× (0, 1)× (0, T ))3×3×3×3,(7.26)

F 0, ∂tF 0 ∈ L∞(Σ× (0, T );L2(Ω))3×3.(7.27)

(ii) The tensor-valued function A0 satis�es the �niteness property

(7.28) A0 = 0 for (ŷ, x3) ∈ (Σ× [0,∆)) ∪ (ΣS × [∆,∆ + δ∗]),

the symmetry property

(7.29) Aijkl0 = Ajikl0 = Ajilk0 = Aklij0 , ∀ (ŷ, x3) ∈ Σ× [0, 1], ∀ i, j, k, l = 1, 2, 3,

and the uniform positive de�niteness property:

there exists a constant C5 > 0 such that
(
A0(ŷ, x3) : X

)
: X ≥ C5|X|2,

∀X ∈ R3×3
symm, ∀ (ŷ, x3) ∈ (ΣF × [∆,∆ + δ∗]) ∪ (Σ× [∆ + δ∗, 1)).

(7.30)

(iii) The tensor-valued function

(7.31) Hs(ŷ, x3)
def
= sA0(ŷ, x3) + B0(ŷ, x3) + sA1(ŷ, x3, s) + B1(ŷ, x3, s)

satis�es the symmetry properties

(7.32) Hs ijkl = Hs jikl = Hs jilk, ∀ (ŷ, x3) ∈ Σ× [0, 1], ∀ s > 0,

∀ i, j, k, l = 1, 2, 3, and

(7.33) (Hs : X) : W = (Hs : W) : X, ∀X, W ∈ R3×3
symm,

and the uniform positive de�niteness property:

there exists a constant Cs6 > 0 such that (Hs(ŷ, x3) : X) : X ≥ Cs6 |X|2,
∀X ∈ R3×3

symm, ∀ (ŷ, x3) ∈ Σ× [0, 1], ∀ s > 0.
(7.34)

(iv) For a.e. (ŷ,x, t) ∈ Σ× Ω× [0, T ] matrix F 0(ŷ,x, t) is symmetric.

Notation 4. In (7.31), by A1 and B1 the respective Laplace transforms in t of A1

and B1 are denoted. It is assumed that A1 and B1 vanish for t > T .
Recall that the Laplace transform of a function ϕ(t) is de�ned by the formula

(7.35) ϕ(s) = L[ϕ](s) =

∫ ∞
0

ϕ(t)e−stdt, s > 0.

Some basic facts about the Laplace transform and the inverse Laplace transform are
given in Appendix A in the end of the article.
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Proof of Proposition 6. (i) The periodicity conditions (7.24) hold since the
characteristic function ζ is 1-periodic in ŷ in representations (7.3)-(7.7) (equiv-
alently, in (7.8)-(7.12)). The regularity properties (7.25)-(7.27) hold true due to the

regularity properties (6.19), (6.21a), (6.23a), and (6.25) of the functions Zij00, Z
ij
10,

Z20, and Z30, respectively, and due to the conditions p
0 ∈ L2(Ω) and v0 ∈ H1(Ω)3,

imposed in the assumptions of Propositions 1 and 2.

(ii) The �niteness property (7.28), the symmetry property (7.29) for (ŷ, x3) ∈
Σ× ((0,∆)∪ (∆ + δ∗, 1)), and the uniform positive de�niteness property (7.30) for
(ŷ, x3) ∈ (ΣF × (∆ + δ∗,∆ + δ∗)) ∪ (Σ× [∆ + δ∗, 1)) directly follow from (7.13).

In order to establish (7.29) and (7.30) for x3 ∈ [∆,∆ + δ∗], we recall the formu-

lation of Problem Z1. Substituting φ21 = Zkl00(ẑ, x3) for the test vector-function
into (6.15a), which is legal, we deduce∫

ΘF

(
αλδij divẑ Z

kl
00 + 2αµJij : Dẑ(Zkl00)(7.36)

+ αλ divẑ Z
ij
00 divẑ Z

kl
00 + 2αµDẑ(Zij00) : Dẑ(Zkl00)

)
dẑ = 0.

Here, using the symmetry property Zmn00 = Znm00 (see Remark 16), we can represent∫
ΘF

αλδij divẑ Z
kl
00 dẑ =

3∑
m,n=1

αλδijδmkδnl
〈
ψ̂ divẑ Z

mn
00

〉
Θ

(7.37)

= αλδij

3∑
m,n=1

〈
ψ̂ divẑ Z

mn
00

〉
Θ

(Jmn)kl,

∫
ΘF

2αµJij : Dẑ(Zkl00)dẑ =

∫
ΘF

2αµDẑij(Z
kl
00)dẑ(7.38)

= 2αµ

3∑
m,n=1

〈
ψ̂ Dẑij(Z

mn
00 )

〉
Θ
δmkδnl = 2αµ

3∑
m,n=1

〈
ψ̂ Dẑij(Z

mn
00 )

〉
Θ

(Jmn)kl.

Inserting (7.37) and (7.38) into (7.36), we arrive at the identity

αλδij

3∑
m,n=1

〈
ψ̂ divẑ Z

mn
00

〉
Θ

(Jmn)kl + 2αµ

3∑
m,n=1

〈
ψ̂ Dẑij(Z

mn
00 )

〉
Θ

(Jmn)kl

= −αλ
〈
ψ̂ divẑ Z

ij
00 divẑ Z

kl
00

〉
Θ
− 2αµ

〈
ψ̂Dẑ(Zij00) : Dẑ(Zkl00)

〉
Θ
, i, j, k, l = 1, 2, 3.

Now, inserting this into (7.8) we establish the following representation for A0 on
Σ× [∆,∆ + δ∗]:

Aijkl0 (ŷ, x3) = ζ̂(ŷ)
(
αλθδijδkl + 2αµθ(Jij)kl − αλ

〈
ψ̂ divẑ Z

ij
00 divẑ Z

kl
00

〉
Θ

(7.39)

− 2αµ
〈
ψ̂Dẑ(Zij00) : Dẑ(Zkl00)

〉
Θ

)
, i, j, k, l = 1, 2, 3.

Due to the symmetry property Zij00 = Zji00, from (7.39) we immediately deduce
(7.29) on Σ× [∆,∆ + δ∗].
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Further, multiplying (7.36) by ζ̂ XijXkl, where X = (Xij) ∈ R3×3
symm is arbitrary,

and taking the sum in i, j, k, l from 1 to 3, on Σ× [∆,∆ + δ∗] we get the identity

ζ̂(ŷ)

∫
ΘF

[
αλ trXdivẑ

( 3∑
k,l=1

XklZ
kl
00

)
+ 2αµX : Dẑ

( 3∑
k,l=1

XklZ
kl
00

)
(7.40)

+ αλ divẑ

( 3∑
i,j=1

XijZ
ij
00

)
divẑ

( 3∑
k,l=1

XklZ
kl
00

)

+ 2αµDẑ

( 3∑
i,j=1

XijZ
ij
00

)
: Dẑ

( 3∑
k,l=1

XklZ
kl
00

)]
dẑ = 0.

Multiplying (7.8) by XijXkl and taking the sum in i, j, k, l from 1 to 3, we get

(A0 : X) : X = ζ̂(ŷ)

∫
ΘF

[
αλ trX trX + 2αµX : X + αλ trX divẑ

( 3∑
k,l=1

XklZ
kl
00

)(7.41)

+ 2αµ X : Dẑ

( 3∑
k,l=1

XklZ
kl
00

)]
dẑ on Σ× [∆,∆ + δ∗].

Now, by swapping the left and the right hand sides in (7.40) followed by adding
(7.41), we establish the identity

(A0 : X) : X = ζ̂(ŷ)

∫
ΘF

[
αλ

∣∣∣divẑ

( 3∑
k,l=1

XklZ
kl
00

)
+ trX

∣∣∣2(7.42)

+ 2αµ

∣∣∣Dẑ

( 3∑
k,l=1

XklZ
kl
00

)
+ X

∣∣∣2]dẑ on Σ× [∆,∆ + δ∗].

From this representation it is clear that (A0 : X) : X ≥ 0 for all symmetric X ∈ R3×3

for x3 ∈ [∆,∆ + δ∗]. Further, notice that, due to Lemma 1, the property (7.30) is
equivalent to the following one:

(A0 : X) : X ≥ 0, ∀X ∈ R3×3
symm;

(A0 : X) : X = 0 and X ∈ R3×3
symm if and only if X = 0.

(7.43)

Now, the strict positive de�niteness property (7.30) for A0 (with x3 × [∆,∆ + δ∗])
is justi�ed by the contradiction method, following the lines of [10, Lem. 8] (see
also [24, proof of Th. 2]). Suppose that for some X ∈ R3×3

symm such that X 6= 0, the
equality (A0 : X) : X = 0 takes place. Hence due to (7.42) one has

(7.44) Dẑ

( 3∑
k,l=1

XklZ
kl
00(ẑ, x3)

)
= −X, ẑ ∈ ΘF , x3 ∈ [∆,∆ + δ∗].

This equality immediately implies that the sum

3∑
k,l=1

XklZ
kl
00(ẑ, x3) is linear in

ẑ, that is, has the form c0 +

2∑
k=1

ckzk, where ck (k = 0, 1, 2) are some constant

vectors. However, on the strength of 1-periodicity of Zkl00 in ẑ and the condition
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that the set
⋃

k∈Z2

(ΘF + k) ⊂ R2
z is connected (see Sec. 3), this is possible only if

ck = 0 for k = 1, 2. From this and equality (7.44) it follows that X = 0, which
contradicts the initial assumption X 6= 0. Therefore (7.43) holds true. Hence
by Lemma 1 the uniform positive de�niteness property (7.30) is valid for A0 for
(ŷ, x3) ∈ ΣF × [∆,∆ + δ∗]. Thus the proof of assertion (ii) is completed.

(iii) Substituting (7.13), (7.15), (7.17), and (7.19) into (7.31) and using linearity
of the Laplace transform and formula L[1](s) = 1/s (see assertions (i) and (iv) of
Proposition A.3), we arrive at the following representation for Hs (s > 0):
(7.45)

Hs(ŷ, x3) =



s
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

+ α−1
γ I⊗ I for x3 ∈ (∆ + δ∗, 1),

s ζ̂(ŷ)
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

+ζ̂(ŷ)α−1
γ I⊗ I +

(
1− ζ̂(ŷ)

)
G for x3 ∈ (∆ + δ∗,∆ + δ∗],

s ζ̂(ŷ)Af
0 + ζ̂(ŷ)Bf0 +

(
1− θζ̂(ŷ)

)
G + sζ̂(ŷ)Af

1 (s) + ζ̂(ŷ)Bf1 (s)

for x3 ∈ [∆,∆ + δ∗],

G for x3 ∈ (0,∆).

By the straightforward calculation, we easily deduce that (7.32)-(7.34) follow for
(ŷ, x3) ∈ Σ× ((0,∆) ∪ (∆ + δ∗, 1)) directly from (7.45).

Now let us establish (7.32)-(7.34) for (ŷ, x3) ∈ Σ × [∆,∆ + δ∗], which requires
further careful and rather lengthy calculations. Applying the Laplace transform in
t to the integral equality (6.21b) we get

∫
ΘF

{
sαλIdivẑ Z

ij

10(ẑ, s, x3)− αλIdivẑ Z
ij
10(ẑ, 0, x3) + 2sαµDẑ

(
Z
ij

10(ẑ, s, x3)
)(7.46)

− 2αµDẑ

(
Zij10(ẑ, 0, x3)

)
+ α−1

γ Idivẑ Z
ij

10(ẑ, s, x3)
}

: Dẑ(φ21)dẑ

+

∫
ΘS

{
G : Dẑ

(
Z
ij

10(ẑ, s, x3)
)}

: Dẑ(φ21)dẑ = 0,

∀φ21 ∈ H1
] (Θ)3, ∀ s > 0, ∀x3 ∈ [∆,∆ + δ∗].

Next, we multiply (6.15a) by sXij and (6.17), (6.20), and (7.46) by Xij , where
X = (Xij) ∈ R3×3

symm is arbitrary. We take the sum of the resulting equalities
considering the test vector-functions φ21 are the same, and then take the sum in
i and j from 1 to 3. Suitably aggregating the terms and remarking that all terms
with the initial function Zij10(ẑ, 0, x3) cancel, we write out the resulting equality as
follows: ∫

ΘF

{(
sαλ + α−1

γ

)[
divẑ

( 3∑
i,j=1

Xij

(
Zij00 +Z

ij

10

))
+ trX

]
I(7.47)

+ 2sαµ

[
Dẑ

( 3∑
i,j=1

Xij

(
Zij00 +Z

ij

10

))
+ X

]}
: Dẑ(φ21)dẑ
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+

∫
ΘS

{
G :
[
Dẑ

( 3∑
i,j=1

Xij

(
Zij00 +Z

ij

10

))
+ X

]}
: Dẑ(φ21)dẑ = 0.

In view of the further technical manipulations, let us substitute m and n for i and

j in (7.47). After this, let us take φ21 =

3∑
i,j=1

Wij

(
Zij00 +Z

ij

10

)
, which is a legal

choice of a test-function. Here W = (Wij) ∈ R3×3
symm is taken arbitrarily. Thus, from

(7.47) we derive the integral identity

∫
ΘF

{(
sαλ + α−1

γ

)[
divẑ

( 3∑
m,n=1

Xmn

(
Zmn00 +Z

mn

10

))
+ trX

]
I

(7.48)

+ 2sαµ

[
Dẑ

( 3∑
m,n=1

Xmn

(
Zmn00 +Z

mn

10

))
+ X

]}
: Dẑ

( 3∑
i,j=1

Wij

(
Zij00 +Z

ij

10

))
dẑ

+

∫
ΘS

{
G :
[
Dẑ

( 3∑
m,n=1

Xmn

(
Zmn00 +Z

mn

10

))
+ X

]}
:Dẑ

( 3∑
i,j=1

Wij

(
Zij00 +Z

ij

10

))
dẑ = 0

for s > 0 and x3 ∈ [∆,∆ + δ∗]. Now applying the Laplace transform in t to
(7.10) and (7.11) and combining the results with (7.8) and (7.9), we write out the
expression for the components ofHs in Σ×[∆,∆+δ∗] as follows (i, j,m, n = 1, 2, 3):

Hs ijmn(ŷ, x3) =

(7.49)

= sAijmn0 (ŷ, x3) + Bijmn0 (ŷ, x3) + sA ijmn

1 (ŷ, x3, s) + B ijmn1 (ŷ, x3, s)

= ζ̂(ŷ)

∫
ΘF

{
δij
(
sαλ + α−1

γ

)(
δmn + divẑ

(
Zmn00 +Z

mn

10

))
+ 2sαµ

(
(Jmn)ij +Dẑij

(
Zmn00 +Z

mn

10

))}
dẑ

+ ζ̂(ŷ)

∫
ΘS

{ 3∑
q,r=1

GijqrDẑqr

(
Zmn00 +Z

mn

10

)
+ Gijmn

}
dẑ +

(
1− ζ̂(ŷ)

)
Gijmn,

In order to establish this representation, we have noticed in (7.9) that(
1− θζ̂(ŷ)

)
Gijmn = ζ̂(ŷ) (1− θ)Gijmn +

(
1− ζ̂(ŷ)

)
Gijmn

= ζ̂(ŷ)

∫
ΘS

Gijmndẑ +
(
1− ζ̂(ŷ)

)
Gijmn.

Due to the symmetry properties of Zmn00 , Zmn10 , and G, see Remark 16 and identity
(1.3), from (7.49) it is clear that (7.32) holds true for (ŷ, x3) ∈ Σ× [∆,∆ + δ∗].

Let X = (Xij) ∈ R3×3
symm and W = (Wij) ∈ R3×3

symm be arbitrary. Multiplying
(7.49) by XmnWij and taking the sum in i, j,m, and n from 1 to 3, we get

(Hs : X) : W =(7.50)

= ζ̂(ŷ)

∫
ΘF

{(
sαλ + α−1

γ

)[
divẑ

( 3∑
m,n=1

Xmn

(
Zmn00 +Z

mn

10

))
+ trX

]
I
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+ 2sαµ

[
Dẑ

( 3∑
m,n=1

Xmn

(
Zmn00 +Z

mn

10

))
+ X

]}
: W dẑ

+ ζ̂(ŷ)

∫
ΘS

{
G :
[
Dẑ

( 3∑
m,n=1

Xmn

(
Zmn00 +Z

mn

10

))
+ X

]}
: W dẑ

+
(
1− ζ̂(ŷ)

)
(G : X) : W, ∀ (ŷ, x3) ∈ Σ× [∆,∆ + δ∗].

Further, we multiply (7.48) by ζ̂ and swap the left and the right hand sides. After
this, adding the resulting equality to (7.50) we establish the representation

(Hs : X) : W =

(7.51)

= ζ̂(ŷ)

∫
ΘF

{(
sαλ + α−1

γ

)[
divẑ

( 3∑
m,n=1

Xmn

(
Zmn00 +Z

mn

10

))
+ trX

]
×

×
[
divẑ

( 3∑
i,j=1

Wij

(
Zij00 +Z

ij

10

))
+ trW

]

+ 2sαµ

[
Dẑ

( 3∑
m,n=1

Xmn

(
Zmn00 +Z

mn

10

))
+ X

]
:

:
[
Dẑ

( 3∑
i,j=1

Wij

(
Zij00 +Z

ij

10

))
+ W

]}
dẑ

+ ζ̂(ŷ)

∫
ΘS

{
G :
[
Dẑ

( 3∑
m,n=1

Xmn

(
Zmn00 +Z

mn

10

))
+ X

]}
:

:
[
Dẑ

( 3∑
i,j=1

Wij

(
Zij00 +Z

ij

10

))
+ W

]
dẑ + (1− ζ̂(ŷ))(G : X) : W,

∀ (ŷ, x3) ∈ Σ× [∆,∆ + δ∗].

From this representation and identity (1.3) it follows that (7.33) holds true on
Σ× [∆,∆ + δ∗] for s > 0.

Finally, inserting W := X into (7.51) we obtain the identity

(Hs : X) : X = ζ̂(ŷ)

∫
ΘF

{(
sαλ + α−1

γ

)∣∣∣divẑ

( 3∑
m,n=1

Xmn

(
Zmn00 +Z

mn

10

))
+ trX

∣∣∣2
(7.52)

+ 2sαµ

∣∣∣Dẑ

( 3∑
m,n=1

Xmn

(
Zmn00 +Z

mn

10

))
+ X

∣∣∣2} dẑ
+ ζ̂(ŷ)

∫
ΘS

{
G :
[
Dẑ

( 3∑
m,n=1

Xmn

(
Zmn00 +Z

mn

10

))
+ X

]}
:
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:
[
Dẑ

( 3∑
i,j=1

Xij

(
Zij00 +Z

ij

10

))
+ X

]
dẑ

+
(
1− ζ̂(ŷ)

)
(G : X) : X, ∀ (s, ŷ, x3) ∈ (0,+∞)× Σ× [∆,∆ + δ∗].

From (7.52) due to non-negativeness of G it follows that the quadratic form
X 7→ (Hs : X) : X is nonnegative for (ŷ, x3) ∈ Σ × [∆,∆ + δ∗]. Keeping track of
justi�cation of (7.30), in the case when (ŷ, x3) ∈ Σ× [∆,∆ + δ∗], we conclude that
(Hs : X) : X = 0 for X ∈ R3×3

symm if and only if X = 0. On the strength of Lemma 1,
from this it follows that (7.34) holds true on Σ × [∆,∆ + δ∗]. Thus assertion (iii)
is completely proved.

(iv) The symmetry property of matrix F 0 follows from (7.12) due to the sym-
metry property (1.3) of the tensor G. Proposition 6 is proved. �

Corollary 2. The following assertions hold true.

(i) The constant tensor Af
0 de�ned in (7.14) satis�es the symmetry property

Af ijkl0 = Af jikl0 = Af jilk0 = Af klij0 ∀ i, j, k, l = 1, 2, 3,

and the positive de�niteness property

(Af
0 : X) : X ≥ C5|X|2 ∀X ∈ R3×3 (X is symmetric).

(ii) The tensor-valued function

Hs
f (ŷ) := ζ̂(ŷ)

(
sAf

0 + Bf0 + sAf

1 (s) + Bf1 (s)
)

+
(
1− θζ̂(ŷ)

)
G,

which is the restriction of Hs on [∆,∆+δ∗], admits the symmetry properties

Hs ijklf = Hs jiklf = Hs jilkf , ∀ (ŷ, x3) ∈ Σ× [∆,∆ + δ∗], ∀ s > 0,

and

(Hs
f : X) : W = (Hs

f : W) : X, ∀X, W ∈ R3×3
symm,

and the uniform positive de�niteness property:

there exists a constant Cs6 > 0 such that
(
Hs
f (ŷ, x3) : X

)
: X ≥ Cs6 |X|2,

∀X ∈ R3×3
symm, ∀ (ŷ, x3) ∈ Σ× [∆,∆ + δ∗], ∀ s > 0.

(The constant Cs6 is the same as in assertion (iii) of Proposition 6.)
(iii) Matrices F 0

f (t) and F 0mn
sol (t) (m,n = 1, 2, 3) are symmetric and satisfy the

regularity conditions

(7.53) F 0
f , F 0mn

sol ∈W 1
∞(0, T ) (m,n = 1, 2, 3).

Proof. All assertions directly follow from Proposition 6. �

8. Formulation of the two-scale homogenized model � Model H-2sc

Due to arbitrariness of the test vector-functions φ and φ1, using Green's theorem
we conclude that, in the sense of distributions, the integral equality (7.2) is equival-
ent to the system consisting of the macroscopic integro-di�erential equation

ατ 〈ρ〉Σ×Θ ∂tu− divx

{∫
Σ

[
A0 :

(
Dx(u) + Dŷ(u(1))

)
+ B0 :

(
Dx(Jtu) + Dŷ(Jtu

(1))
)(8.1a)
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+

∫ t

0

A1(t− τ) :
(
Dx(u(τ)) + Dŷ(u(1)(τ))

)
dτ

+

∫ t

0

B1(t− τ) :
{
Dx
(
(Jτu)(τ)

)
+ Dŷ

(
(Jτu

(1))(τ)
)}
dτ + F 0

]
dŷ

}
= αF 〈ρ〉Σ×Θf ,

(x, t) ∈
[
Ω \

(
{x3 = ∆} ∪ {x3 = ∆ + δ∗} ∪ {x3 = ∆ + δ∗}

)]
× (0, T ),

the mesoscopic integro-di�erential equation

divŷ

[
A0 :

(
Dx(u) + Dŷ(u(1))

)
+ B0 :

(
Dx(Jtu) + Dŷ(Jtu

(1))
)

(8.1b)

+

∫ t

0

A1(t− τ) :
(
Dx(u(τ)) + Dŷ(u(1)(τ))

)
dτ

+

∫ t

0

B1(t− τ) :
{
Dx
(
(Jτu)(τ)

)
+ Dŷ

(
(Jτu

(1))(τ)
)}
dτ + F 0

]
= 0,

(x, t, ŷ) ∈ Ω× (0, T )× Σ,

the following conditions on the strong discontinuity sections {x3 = ∆}, {x3 =
∆ + δ∗}, and {x3 = ∆ + δ∗}:

{∫
Σ

[
A0 :

(
Dx(u) + Dŷ(u(1))

)
+ B0 :

(
Dx(Jtu) + Dŷ(Jtu

(1))
)(8.1c)

+

∫ t

0

A1(t− τ) :
(
Dx(u(τ)) + Dŷ(u(1)(τ))

)
dτ

+

∫ t

0

B1(t− τ) :
{
Dx
(
(Jτu)(τ)

)
+ Dŷ

(
(Jτu

(1))(τ)
)}
dτ + F0

]
dŷ

}
e3

∣∣
x3=x

(k)
3 +0

=

{∫
Σ

[
A0 :

(
Dx(u) + Dŷ(u(1))

)
+ B0 :

(
Dx(Jtu) + Dŷ(Jtu

(1))
)

+

∫ t

0

A1(t− τ) :
(
Dx(u(τ)) + Dŷ(u(1)(τ))

)
dτ

+

∫ t

0

B1(t− τ) :
{
Dx
(
(Jτu)(τ)

)
+ Dŷ

(
(Jτu

(1))(τ)
)}
dτ + F0

]
dŷ

}
e3

∣∣
x3=x

(k)
3 −0

,

x̂ ∈ (0, 1)2, t ∈ [0, T ], k = 1, 2, 3,

where
x

(1)
3 = ∆, x

(2)
3 = ∆ + δ∗, x

(3)
3 = ∆ + δ∗,

and the initial condition (5.12).
We supplement the system (8.1a)-(8.1c) & (5.12) with the boundary condition

(5.13) for u and by the periodicity condition (5.14) for u(1). Considering the tensors
A0, B0, A1, and B1 and the matrix F 0 given, we obtain that the system (8.1a)-
(8.1c) & (5.12)-(5.14) constitutes the closed two-scale homogenized model of the
�uid-structure interactions.

De�nition 6. We call the system (8.1a)-(8.1c) & (5.12)-(5.14) Model H-2sc.

We naturally formulate the notion of weak solution of Model H-2sc as follows.
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De�nition 7. The pair of vector-functions {u, u(1)} is a weak solution of
Model H-2sc, if it satis�es the inclusions (5.1) and (5.2), the boundary condition
(5.13) in the trace sense, and the integral equality (7.2) for arbitrary su�ciently
smooth test vector-functions φ = φ(x, t) and φ1 = φ1(x, ŷ, t) such that φ and φ1

vanish in a neighborhood of ∂Ω and the section {t = T}, and φ1 is 1-periodic in ŷ.

Remark 20. Substituting (5.8), (7.13), (7.15), (7.17), (7.19), and (7.21) into equ-
ation (8.1a), we unfold this equation as the compressible Stokes system

ατρF∂tu− divx
(
2αµDx(u) + αλ Idivx u+ α−1

γ Idivx Jtu− I p0
)

= αF ρFf

in {0 < x1, x2 < 1} × {∆ + δ∗ < x3 < 1} × (0, T ),

the nonclassical integro-di�erential momentum equation of linear viscoelasticity

ατρσ∂tu− σ divx

[
2αµDx(u) + αλ Idivx u+ α−1

γ Idivx Jtu− I p0
]

− (1− σ) divx

[
G : Dx(Jtu) + G : ∇xv0

]
− divx

[
2αµ

〈
ζ̂Dŷ(u(1))

〉
Σ

+ αλ I
〈
ζ̂ divŷ u

(1)
〉

Σ
+ α−1

γ I
〈
ζ̂ divŷ Jtu

(1)
〉

Σ

+ G :
〈
(1− ζ̂)Dŷ(Jtu

(1))
〉

Σ

]
= αF ρσf

in {0 < x1, x2 < 1} × {∆ + δ∗ < x3 < ∆ + δ∗} × (0, T ),

the nonclassical integro-di�erential momentum equation of linear viscoelasticity with
the memory of shape

ατρθ∂tu− σ divx

[
Af

0 : Dx(u) + Bf0 : Dx(Jtu) +

∫ t

0

Af
1 (t− τ) : Dx(u(τ))dτ

+

∫ t

0

Bf1 (t− τ) : Dx
(
(Jτu)(τ)

)
dτ + p0F 0

f +

3∑
m,n=1

(∂xnv
0
m)F 0mn

sol

]
− (1− σθ) divx

[
G : Dx(Jtu) + G : ∇xv0

]
− divx

[
Af

0 :
〈
ζ̂ Dŷ(u(1))

〉
Σ

+ Bf0 :
〈
ζ̂ Dŷ(Jtu

(1))
〉

Σ

+

∫ t

0

Af
1 (t− τ) :

〈
ζ̂ Dŷ(u(1)(τ))

〉
Σ
dτ +

∫ t

0

Bf1 (t− τ) :
〈
ζ̂ Dŷ

(
(Jτu

(1))(τ)
)〉

Σ
dτ

+ G :
〈
(1− θζ̂)Dŷ(Jtu

(1))
〉

Σ

]
= αF ρθf

in {0 < x1, x2 < 1} × {∆ < x3 < ∆ + δ∗} × (0, T ),

and Lam�e's system of linear elasticity

ατρS∂tu− divx
(
G : Dx(Jtu) + G : ∇xv0

)
= αF ρSf

in {0 < x1, x2 < 1} × {0 < x3 < ∆} × (0, T ).

9. Well-posedness of Model H-2sc

By the considerations ful�lled in Secs. 5-8 we have proved the following existence
result.

Proposition 7. Assume that the tensor-valued functions A0, B0, A1, and B1

and the matrix-valued function F0 are given by the formulas (7.3)-(7.7), where the
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vector-functions Zmn00 , Zmn10 , Z20, and Z
mn
30 are de�ned as the solutions of Problems

Z1-Z7, and v0 ∈ H1(Ω)3 and p0 ∈ H1(Ω) in (7.7) are given.
Then, for any given u0 ∈ H1(Ω)3, u? ∈ C2(Ω × [0, T ])3, f ∈ L2(Ω × (0, T ))3

such that u0(x) = u?(x, 0) for x ∈ ∂Ω and ∂tf ∈ L2(Ω × (0, T ))3, there exists at
least one weak solution of Model H-2sc in the sense of De�nition 7.

Assumptions on the tensors and the matrix F0 in Proposition 7 mean that the
coe�cients in (8.1a) and (8.1b) are de�ned by the speci�c microstructure and there-
fore are speci�c. In a sense, the existence result in Proposition 7 strongly depends
on the microstructure given in the layer {∆ ≤ x3 ≤ ∆ + δ∗}, since the coe�cients
in (8.1a) and (8.1b) explicitly depend on Zmn00 , Zmn10 , Z20, and Z

mn
30 . Furthermore,

the limiting passage in Model Aε as ε↘ 0 followed by the asymptotic decomposi-
tion leads merely to the existence result, while the question of uniqueness remains
open.

The following theorem asserts the existence and uniqueness of weak solutions to
Model H-2sc. We emphasize that these existence and uniqueness results hold true
independently of whether Model H-2sc is connected with the certain microstructure
via representations (7.3)-(7.7), or not.

Theorem 2. Assume that the tensor-valued functions A0, B0, A1, and B1 and
the matrix-valued function F 0 in equations (8.1a) and (8.1b) are given and have
the properties, stated in assertions (i)-(iv) of Proposition 6. Let all of them be, in
principle, irrelevant to the data given for Model Aε.

Then, for any given u0 ∈ H1(Ω)3, u? ∈ C2(Ω × [0, T ])3, f ∈ L2(Ω × (0, T ))3

such that u0(x) = u?(x, 0) for x ∈ ∂Ω and ∂tf ∈ L2(Ω × (0, T ))3, there exists a
unique weak solution of Model H-2sc in the sense of De�nition 7.

Proof. We divide the proof into �ve steps.

Step 1. Let us formulate the de�nition of weak solution of Model H-2sc in an
alternative way, which is equivalent to De�nition 7 and is more preferable for jus-
ti�cation of the theorem for technical reasons.

We integrate by parts in the �rst integral in the left-hand side of (7.2), which
makes sense due to (5.1)2, then in (7.2) we take the test vector-functions of the
form φ(x, t) = ξ(t)Φ(x) and φ1(x, ŷ, t) = ξ(t)Φ1(x, ŷ). Due to arbitrariness of ξ,
from (7.2) we derive the integral equality∫

Ω

{
ατ 〈ρ〉Σ×Θ(x3) ∂tu(x, t) ·Φ(x)(9.1)

+

∫
Σ

[
A0(ŷ, x3) :

(
Dx(u(x, t)) + Dŷ(u(1)(x, ŷ, t))

)
+ B0(ŷ, x3) :

{
Dx
(
(Jtu)(x, t)

)
+ Dŷ

(
(Jtu

(1))(x, ŷ, t)
)}

+

∫ t

0

A1(ŷ, x3, t− τ) :
(
Dx(u(x, τ)) + Dŷ(u(1)(x, ŷ, τ))

)
dτ

+

∫ t

0

B1(ŷ, x3, t− τ) :
{
Dx
(
(Jτu)(x, τ)

)
+ Dŷ

(
(Jτu

(1))(x, ŷ, τ)
)}
dτ

+ F0(ŷ,x, t)
]

:
(
Dx(Φ(x)) + Dŷ(Φ1(x, ŷ))

)
dŷ
}
dx

=

∫
Ω

αF 〈ρ〉Σ×Θ(x3)f(x, t) ·Φ(x) dx for a.e. t ∈ [0, T ],



1398 S.A. SAZHENKOV, E.V. SAZHENKOVA

where Φ and Φ1 are su�ciently smooth test vector-functions such that Φ and Φ1

vanish in a neighborhood of ∂Ω, and Φ1 is 1-periodic in ŷ.
Also, let us notice that (5.12) holds in the strong trace sense due to the bounded-

ness of ‖∂tu‖L∞(0,T ;L2(Ω)3) (see inclusion (5.1)2). Thus we make the following
conclusion.

Remark 21. The pair of vector-functions {u,u(1)} is a weak solution of Model
H-2sc in the sense of De�nition 7 if and only if it satis�es inclusions (5.1) and
(5.2), the initial condition (5.12) and the boundary condition (5.13) in the strong
trace sense, and the integral equality (9.1) for a.e. t ∈ [0, T ] for all admissible test
vector-functions Φ and Φ1.

Step 2. On the strength of the initial condition (5.12) and the property of absolute
continuity of the Lebesgue integral with respect to the limits of integration [27,
Exercise 1.6.49(vi)], from (9.1) it follows that∫

Ω

{
ατ 〈ρ〉Σ×Θ(x3) ∂tu(x, t)|t=0 ·Φ(x)(9.2)

+

∫
Σ

[
A0(ŷ, x3) :

(
Dx(u0(x)) + Dŷ(u(1)(x, ŷ, 0))

)
+ F0(ŷ,x, 0)

]
:
(
Dx(Φ(x)) + Dŷ(Φ1(x, ŷ))

)
dŷ
}
dx

−
∫

Ω

αF 〈ρ〉Σ×Θ(x3)f(x, 0) ·Φ(x) dx

= lim
t↘0

{
−
∫

Ω

∫
Σ

[
B0(ŷ, x3) :

{
Dx
(
(Jtu)(x, t)

)
+ Dŷ

(
(Jtu

(1))(x, ŷ, t)
)}

+

∫ t

0

A1(ŷ, x3, t− τ) :
(
Dx(u(x, τ)) + Dŷ(u(1)(x, ŷ, τ))

)
dτ

+

∫ t

0

B1(ŷ, x3, t− τ) :
{
Dx
(
(Jτu)(x, τ)

)
+ Dŷ

(
(Jτu

(1))(x, ŷ, τ)
)}
dτ
]

:

:
(
Dx(Φ(x)) + Dŷ(Φ1(x, ŷ))

)
dŷ dx

}
= 0.

Further, di�erentiating (9.1) with respect to t and using assertion (ii) of Proposition
A.1, we establish the following integral equality:

d

dt

∫
Ω

ατ 〈ρ〉Σ×Θ(x3) ∂tu(x, t) ·Φ(x)dx(9.3)

+
d

dt

∫
Ω

∫
Σ

[
A0(ŷ, x3) :

(
Dx(u(x, t)) + Dŷ(u(1)(x, ŷ, t))

)]
:

:
(
Dx(Φ(x)) + Dŷ(Φ1(x, ŷ))

)
dŷ dx

+

∫
Ω

∫
Σ

[
B0(ŷ, x3) :

(
Dx(u(x, t)) + Dŷ(u(1)(x, ŷ, t))

)
+

∫ t

0

∂A1(ŷ, x3, t− τ)

∂t
:
(
Dx(u(x, τ)) + Dŷ(u(1)(x, ŷ, τ))

)
dτ

+ A1(ŷ, x3, 0) :
(
Dx(u(x, t)) + Dŷ(u(1)(x, ŷ, t))

)
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+

∫ t

0

B1(ŷ, x3, t− τ) :
(
Dx(u(x, τ)) + Dŷ(u(1)(x, ŷ, τ))

)
dτ

+ ∂tF 0(ŷ,x, t)
]

:
(
Dx(Φ(x)) + Dŷ(Φ1(x, ŷ))

)
dŷ dx

=

∫
Ω

αF 〈ρ〉Σ×Θ(x3)∂tf(x, t) ·Φ(x) dx.

This integral equality is understood in the sense of distributions on [0, T ].

Step 3. We extend all functions in (9.3) for t > T by zero. On the strength of the
well-known properties of the Laplace transform (see in Appendix A), applying the
Laplace transform in t to (9.3), taking into account the given initial data (5.12),
using representation (7.31), and remarking that the integrals containing the term
A1(ŷ, x3, 0) cancel, we arrive at the integral equality∫

Ω

{
ατ 〈ρ〉Σ×Θ(x3)

(
s2ū(x, s)− su0(x)− ∂tu(x, t)

∣∣
t=0

)
·Φ(x)(9.4)

+

∫
Σ

[
Hs(ŷ, x3) :

(
Dx(ū(x, s)) + Dŷ(ū(1)(x, ŷ, s))

)
+ sF 0

(ŷ,x, s)−A0(ŷ, x3) :
(
Dx(u0(x)) + Dŷ(u(1)(x, ŷ, 0))

)
− F 0(ŷ,x, 0)

]
:
(
Dx(Φ(x)) + Dŷ(Φ1(x, ŷ))

)
dŷ
}
dx

=

∫
Ω

αF 〈ρ〉Σ×Θ(x3)
(
sf(x, s)− f(x, 0)

)
·Φ(x) dx, ∀ s > 0.

Combining (9.4) and (9.2) and slightly re-arranging terms, we get the integral
equality∫

Ω

ατ 〈ρ〉Σ×Θ(x3)s2ū(x, s) ·Φ(x)dx(9.5)

+

∫
Ω

∫
Σ

[
Hs(ŷ, x3) :

(
Dx(ū(x, s)) + Dŷ(ū(1)(x, ŷ, s))

)]
:

:
(
Dx(Φ(x)) + Dŷ(Φ1(x, ŷ))

)
dŷ dx

= s

∫
Ω

〈ρ〉Σ×Θ(x3)
(
ατu

0(x) + αFf(x, s)
)
·Φ(x) dx

− s
∫

Ω

∫
Σ

F 0
(ŷ,x, s) :

(
Dx(Φ(x)) + Dŷ(Φ1(x, ŷ))

)
dŷ dx, ∀ s > 0,

where the test vector-functions Φ and Φ1 meet the regularity requirements from
(9.1). Moreover, we can omit the demand that Φ1 ≡ 0 in a neighborhood of ∂Ω,
using the standard density arguments.

Step 4. On this step we aim to prove that for an arbitrarily �xed s > 0 there exists
a unique pair {ū, ū(1)} satisfying the regularity requirements ū(·, s) ∈ H1(Ω)3 and
ū(1)(·, ·, s) ∈ L2(Ω; (H1

] (Σ)/R)3), the boundary condition ū = ū? on ∂Ω in the

strong trace sense, and the integral equality (9.5) for all admissible test vector-
functions Φ and Φ1. To this end, we implement the Lax-Milgram theorem [4, Th.
4.6]. The variable s plays the role of a parameter in this formulation.

We introduce the Hilbert space

H := H1
0 (Ω)3 × L2(Ω; (H1

] (Σ)/R)3)
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equipped with the norm

‖B‖H :=
(
‖b1‖2H1

0 (Ω)3 + ‖b2‖2L2(Ω;(H1
] (Σ)/R)3)

)1/2

, ∀B = (b1, b2) ∈ H.

We clarify that b1 ∈ H1
0 (Ω)3 and b2 ∈ L2(Ω; (H1

] (Σ)/R)3) here.
Next, we introduce the bilinear form as: H ×H 7→ R and the linear functional

Γs: H 7→ R by the formulas

as(B,W ) := s2

∫
Ω

ατ 〈ρ〉Σ×Θ(x3)b1(x) ·w1(x)dx

+

∫
Ω

∫
Σ

[
Hs(ŷ, x3) :

(
Dx(b1(x)) + Dŷ(b2(x, ŷ))

)]
:

:
(
Dx(w1(x)) + Dŷ(w2(x, ŷ))

)
dŷ dx,

∀B = (b1, b2) ∈ H, ∀W = (w1,w2) ∈ H
and

Γs(W ) := s

∫
Ω

〈ρ〉Σ×Θ(x3)
(
ατu

0(x) + αFf(x, s)− ατsū?(x, s)
)
·w1(x) dx

−
∫

Ω

∫
Σ

[
sF0

(ŷ,x, s) + Hs(ŷ, x3) : Dx(ū?)
]
:
(
Dx(w1(x)) + Dŷ(w2(x, ŷ))

)
dŷ dx,

∀W = (w1,w2) ∈ H.

In terms of as and Γs the question of �nding the pair {ū, ū(1)} satisfying (9.5)
and the above stated set of requirements is formulated as the following variational
problem:

Find U = (U1,U2) ∈ H satisfying the variational equation

as(U ,W ) = Γs(W ), ∀W = (w1,w2) ∈ H.
(9.6)

Upon �nding such a U , it simply su�ces to set ū := U1 + ū? and ū(1) := U2.
Let us �nd out the properties of as and Γs su�cient for the well-posedness

of problem (9.6). Due to (7.24)-(7.26) we have that Hs ∈ L∞(Σ × (0, 1))3×3×3×3

∀ s > 0. Using this, (7.32), the Cauchy-Bunyakovsky inequality, and the inequalities

(9.7) 0 ≤ max
x3∈[0,1]

〈ρ〉Σ×Θ(x3) ≤ max{ρF , ρS},
4∑
k=1

ak ≤ 2

√√√√ 4∑
k=1

a2
k, ∀ ak ∈ R,

we construct the estimate

|as(B,W )| (7.32)=

∣∣∣∣s2

∫
Ω

ατ 〈ρ〉Σ×Θ(x3)b1(x) ·w1(x)dx

+

∫
Ω

∫
Σ

[
Hs(ŷ, x3) :

(
∇xb1(x)+∇ŷb2(x, ŷ)

)]
:
(
∇xw1(x) +∇ŷw2(x, ŷ)

)
dŷ dx

∣∣∣∣
≤ s2ατ max{ρF , ρS}‖b1‖L2(Ω)3‖w1‖L2(Ω)3

+ ‖Hs‖L∞(Σ×(0,1))3×3×3×3‖∇xb1+∇ŷb2‖L2(Ω×Σ)3×3‖∇xw1+∇ŷw2‖L2(Ω×Σ)3×3

≤ max
{
s2ατρF , s

2ατρS , ‖Hs‖L∞(Σ×(0,1))3×3×3×3

}
×

×
(
‖b1‖L2(Ω)3 + ‖∇xb1‖L2(Ω)3×3 + ‖∇ŷb2‖L2(Ω×Σ)3×3 + ‖b2‖L2(Ω×Σ)3

)
×

×
(
‖w1‖L2(Ω)3 + ‖∇xw1‖L2(Ω)3×3 + ‖∇ŷw2‖L2(Ω×Σ)3×3 + ‖w2‖L2(Ω×Σ)3

)
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≤ 4 max
{
s2ατρF , s

2ατρS , ‖Hs‖L∞(Σ×(0,1))3×3×3×3

}
‖B‖H ‖W ‖H,

∀B = (b1, b2) ∈ H, ∀W = (w1,w2) ∈ H, ∀ s > 0.

This estimate yields that

(9.8) the bilinear form as is continuous on H×H for all s > 0.

In order to proceed further, let us notice that the identity∫
Ω

∫
Σ

|Dx(b1(x)) + Dŷ(b2(x, ŷ))|2dŷ dx(9.9)

=

∫
Ω

|Dx(b1(x))|2dx+

∫
Ω

∫
Σ

|Dŷ(b2(x, ŷ))|2dŷ dx

holds for any B = (b1, b2) ∈ H, due to the identities

∫
Σ

Dŷ

(
b2(ŷ)

)
dŷ = 0 and∫

Σ

dŷ = 1. The former holds due to Green's formula and 1-periodicity of b2 in ŷ.

Also, let us recall the well-known Korn and Poincar�e inequalities.

Lemma 2. (The first Korn inequality.) Assume O is a connected
bounded open set in RNx with Lipschitz continuous boundary ∂O; then

(9.10) ‖∇xφ‖L2(O)N×N ≤
√

2 ‖Dx(φ)‖L2(O)N×N , ∀φ ∈ H1
0 (O)N .

Proof of this lemma can be found in [22, Ch. I, Sec. 2.1].

Lemma 3. (The Korn inequality for the periodic case.) Assume
K = (0, 1)N ; then there exists the constant cK = cK(K) such that

(9.11) ‖φ1‖H1
] (K)N ≤ cK‖Dŷ(φ1)‖L2(K)N×N , ∀φ1 ∈ (H1

] (K)/R)N .

Proof of this lemma can be found in [22, Ch. I, Sec. 2.3].

Lemma 4. (Poincar�e inequality.) Let O be a connected bounded open set
in RNx such that ∂O is Lipschitz continuous. Then there exists a constant cO such
that

(9.12) ‖φ‖L2(O)N ≤ cO‖∇xφ‖L2(O)N×N , ∀φ ∈ H1
0 (O)N .

Proof of this lemma can be found in [4, Ch. 3, Sec. 3.3].

Using (7.34), (9.9), and Lemmas 2-4, for an arbitrary B = (b1, b2) ∈ H we
establish the following estimate:

as(B,B) ≡ s2

∫
Ω

ατ 〈ρ〉Σ×Θ(x3)|b1(x)|2dx

+

∫
Ω

∫
Σ

[
Hs(ŷ, x3) :

(
Dx(b1(x)) + Dŷ(b2(x, ŷ))

)]
:

:
(
Dx(b1(x)) + Dŷ(b2(x, ŷ))

)
dŷ dx

(7.34)

≥ Cs6

∫
Ω

∫
Σ

|Dx(b1(x)) + Dŷ(b2(x, ŷ))|2dŷdx

(9.9)
= Cs6

(∫
Ω

|Dx(b1(x))|2dx+

∫
Ω

∫
Σ

|Dŷ(b2(x, ŷ))|2dŷdx
)
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(9.10)
(9.11)

≥ Cs6

(
1

2
‖∇xb1‖2L2(Ω)3×3 +

1

c2K
‖b2‖2L2(Ω;(H1

] (Σ)/R)3)

)
(9.12)

≥ Cs6

(
1

2(1 + c2Ω)
‖b1‖2H1

0 (Ω) +
1

c2K
‖b2‖2L2(Ω;(H1

] (Σ)/R)3)

)
≥

≥ min

{
Cs6

2(1 + c2Ω)
,
Cs6
c2K

}
‖B‖2H.

This estimate yields that

for s > 0 the bilinear form as is H-elliptic

with the constant Cs7 := min

{
Cs6

2(1 + c2Ω)
,
Cs6
c2K

}
.

(9.13)

Finally, on the strength of the assumptions in the theorem imposed on the given
data, using the standard technics we get the estimate

(9.14) |Γs(W )| ≤ Cs8 ‖W ‖H, ∀W ∈ H, ∀ s > 0,

where the positive constant Cs8 depends on s, ατ , αF , ρF , ρS , ‖u0‖L2(Ω)3 ,

‖f‖L2(Ω×(0,T ))3 , ‖u?‖C1(Ω×[0,T ])3 , and ‖F 0‖L∞(Σ×(0,T );L2(Ω)). This estimate yields

that

(9.15) the linear functional Γs is continuous on H for s > 0, and ‖Γs‖H∗ ≤ Cs8 .

On the strength of (9.8), (9.13), (9.14), and (9.15), by the Lax-Milgram theorem
we conclude that there exists the unique solution U ∈ H to the variational problem
(9.6), and this solution admits the estimate

(9.16) ‖U‖H ≤ (1/Cs7)‖Γs‖H∗ ≤ Cs8/Cs7 , s > 0.

Hence there exists the unique pair of functions ū = U1(x; s) + ū?(x, s) and ū(1) =
U2(x, ŷ; s) satisfying the integral equality (9.5), the boundary condition ū(x, s) =
ū?(x, s) on ∂Ω for s > 0, and the set of the regularity requirements formulated at
the beginning of step 4.

Step 5. In completion of the proof of the theorem, we rely on the theory of inverse
Laplace transform. On the strength of the bound (9.16), there exist the inverse
Laplace transforms in s of U1 and U2, which are given by the Bromwich integrals
(for details, see Appendix A):

L−1[U1](x, t) =
1

2πi

∫ s1+i∞

s1−i∞
U1(x; s)estds,

L−1[U2](x, ŷ, t) =
1

2πi

∫ s1+i∞

s1−i∞
U2(x, ŷ; s)estds,

where s1 > 0 is an arbitrarily �xed real value. Applying the inverse Laplace trans-
form in s to (9.6) and ful�lling the steps 1-3 of the present proof in the reverse
order, we conclude that the pair of functions u = L−1[U1](x, t) + u?(x, t) and
u(1) = L−1[U2](x, ŷ, t) is a weak solution to Model H-2sc in the sense of De�nition
7. At the same time, we notice that the formal application of the Laplace transform
in t to (9.3) is rigorous, in fact.

Finally, the solution {u,u(1)} is unique due to one-to-oneness of L and L−1.
Theorem 2 is proved. �
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10. Asymptotic decomposition II: the mesoscopic cell problems

We will seek for the representation of the vector-function u(1) in the form

u(1)(x, ŷ, t) =

3∑
i,j=1

∂ui
∂xj

(x, t)Y ij
0 (ŷ, x3)(10.1)

+

3∑
i,j=1

∫ t

0

∂ui
∂xj

(x, t− τ)Y ij
1 (ŷ, τ, x3)dτ

+ p0(x)Y 2(ŷ, t, x3) +

3∑
i,j=1

∂v0
i

∂xj
(x)Y ij

3 (ŷ, t, x3).

Here u and u(1) constitute the weak solution of Model H-2sc in the sense of Def-
inition 7. Vector-functions Y ij

0 , Y
ij
1 , Y

ij
3 (i, j = 1, 2, 3), and Y 2 are the sought

functions.

Remark 22. Since the vector-function ŷ 7→ u(1)(x, ŷ, t) belongs to (H1
] (Σ)/R)3

for a.e. (x, t) ∈ Ω × (0, T ), the vector-functions Y ij
0 , Y

ij
1 , Y 2, and Y

ij
3 should

belong to (H1
] (Σ)/R)3 as vector-functions of ŷ for a.e. (x3, t) ∈ (0, 1)× (0, T ).

Assuming that Y ij
1 , Y 2, and Y

ij
3 admit the Laplace transform in t, from (10.1)

we derive the equivalent representation for the image with respect to the Laplace
transform:

ū(1)(x, ŷ, s) =

3∑
i,j=1

∂ūi
∂xj

(x, s)
[
Y ij

0 (ŷ, x3) + Y
ij

1 (ŷ, s, x3)
]

+ p0(x)Y 2(ŷ, s, x3)

+

3∑
i,j=1

∂v0
i

∂xj
(x)Y

ij

3 (ŷ, s, x3), (x, ŷ) ∈ Ω× Σ, s > 0.

In order to �nd Y ij
0 , Y

ij
1 , Y 2, and Y

ij
3 , we use the integral equalities (9.2) and

(9.5). Let us recall that (9.2) and (9.5) directly follow from the integral equality
(7.2) in De�nition 7. Derivation of (9.2) and (9.5) from (7.2) was ful�lled in full
detail within steps 1-3 of the proof of Theorem 2.

At �rst, we substitute (10.1), (7.13), (7.21),Φ ≡ 0, andΦ1(x, ŷ) := φ11(x)φ12(ŷ)
into (9.2), where φ11 is an arbitrary smooth scalar test function and φ12 is an arbi-
trary test vector-function belonging to H1

] (Σ)3. Thus we get the integral equality

∫
{0<x1,x2<1}

∫ 1

∆+δ∗

{ 3∑
i,j=1

∂ui
∂xj

(x, 0)

∫
Σ

[(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

:

(10.2)

:
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
))]

: Dŷ(φ12(ŷ))dŷ

+ p0(x)

∫
Σ

[(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

: Dŷ

(
Y 2(ŷ, 0, x3)

)
− I
]

: Dŷ(φ12(ŷ))dŷ
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+

3∑
i,j=1

∂v0
i

∂xj
(x)

∫
Σ

[(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

: Dŷ

(
Y ij

3 (ŷ, 0, x3)
)]

:

: Dŷ(φ12(ŷ))dŷ

}
φ11(x) dx3 dx̂

+

∫
{0<x1,x2<1}

∫ ∆+δ∗

∆+δ∗

{ 3∑
i,j=1

∂ui
∂xj

(x, 0)

∫
ΣF

[(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

:

:
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
))]

: Dŷ(φ12(ŷ))dŷ

+ p0(x)

∫
ΣF

[(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

: Dŷ

(
Y 2(ŷ, 0, x3)

)
− I
]

: Dŷ(φ12(ŷ))dŷ

+

3∑
i,j=1

∂v0
i

∂xj
(x)

∫
ΣF

[(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

:

: Dŷ

(
Y ij

3 (ŷ, 0, x3)
)]

: Dŷ(φ12(ŷ))dŷ

+

3∑
i,j=1

∂v0
i

∂xj
(x)

∫
ΣS

[
G : Jij

]
: Dŷ(φ12(ŷ))dŷ

}
φ11(x) dx3 dx̂

+

∫
{0<x1,x2<1}

∫ ∆+δ∗

∆

{ 3∑
i,j=1

∂ui
∂xj

(x, 0)

∫
ΣF

[
Af

0 :
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
))]

:

: Dŷ(φ12(ŷ))dŷ

+ p0(x)

∫
ΣF

[
Af

0 : Dŷ

(
Y 2(ŷ, 0, x3)

)
+ F0

f (0)
]

: Dŷ(φ12(ŷ))dŷ

+

3∑
i,j=1

∂v0
i

∂xj
(x)

∫
ΣF

[
Af

0 : Dŷ

(
Y ij

3 (ŷ, 0, x3)
)

+ F0ij
sol(0)− θG : Jij

]
: Dŷ(φ12(ŷ))dŷ

+

3∑
i,j=1

∂v0
i

∂xj
(x)

∫
Σ

[
G : Jij

]
: Dŷ(φ12(ŷ))dŷ

}
φ11(x) dx3 dx̂

+

∫
{0<x1,x2<1}

∫ ∆

0

{ 3∑
i,j=1

∂v0
i

∂xj
(x)

∫
Σ

[
G : Jij

]
: Dŷ(φ12(ŷ))dŷ

}
φ11(x) dx3 dx̂ = 0.

In (10.2), using Green's theorem and 1-periodicity of φ12, we notice that
(10.3)∫

Σ

[(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

: Jij
]

: Dŷ(φ12(ŷ))dŷ = 0, i, j = 1, 2, 3,

(10.4)

∫
Σ

I : Dŷ(φ12(ŷ))dŷ = 0,

(10.5)

∫
Σ

[
G : Jij

]
: Dŷ(φ12(ŷ))dŷ = 0, i, j = 1, 2, 3,
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∫
ΣS

[
G : Jij

]
: Dŷ(φ12(ŷ))dŷ

(1.3)
=

∫
ΣS

[
G : Jij

]
: ∇ŷφ12(ŷ)dŷ(10.6)

=

∫
∂ΣS

[
G : Jij

]
φ12(σŷ) · nΣ(σŷ)dσŷ, i, j = 1, 2, 3.

Here nΣ = (nΣ1, nΣ2, 0) is the unit outward normal to the boundary of domain
ΣS ⊂ Σ, and dσŷ stands for an in�nitesimal element of ∂ΣF .

With account of (10.3)-(10.6), equality (10.2) takes the following form:

∫
{0<x1,x2<1}

∫ 1

∆+δ∗

{ 3∑
i,j=1

∂ui
∂xj

(x, 0)

∫
Σ

[(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

:

(10.7)

: Dŷ

(
Y ij

0 (ŷ, x3)
)]

: Dŷ(φ12(ŷ))dŷ

+ p0(x)

∫
Σ

[(
αλI⊗I + 2αµ

3∑
m,n=1

Jmn⊗Jmn
)

:Dŷ

(
Y 2(ŷ, 0, x3)

)]
: Dŷ(φ12(ŷ))dŷ

+

3∑
i,j=1

∂v0
i

∂xj
(x)

∫
Σ

[(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

:

: Dŷ

(
Y ij

3 (ŷ, 0, x3)
)]

: Dŷ(φ12(ŷ))dŷ

}
φ11(x) dx3 dx̂

+

∫
{0<x1,x2<1}

∫ ∆+δ∗

∆+δ∗

{ 3∑
i,j=1

∂ui
∂xj

(x, 0)

∫
ΣF

[(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

:

:
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
))]

: Dŷ(φ12(ŷ))dŷ

+ p0(x)

∫
ΣF

[(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

: Dŷ

(
Y 2(ŷ, 0, x3)

)
− I
]

: Dŷ(φ12(ŷ))dŷ

+

3∑
i,j=1

∂v0
i

∂xj
(x)

(∫
ΣF

[(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

:

: Dŷ

(
Y ij

3 (ŷ, 0, x3)
)]

: Dŷ(φ12(ŷ))dŷ

+

∫
∂ΣS

[
G : Jij

]
φ12(σŷ) · nΣ(σŷ)dσŷ

)}
φ11(x) dx3 dx̂

+

∫
{0<x1,x2<1}

∫ ∆+δ∗

∆

{ 3∑
i,j=1

∂ui
∂xj

(x, 0)

∫
ΣF

[
Af

0 :
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
))]

:

: Dŷ(φ12(ŷ))dŷ

+ p0(x)

∫
ΣF

[
Af

0 : Dŷ

(
Y 2(ŷ, 0, x3)

)
+ F0

f (0)
]

: Dŷ(φ12(ŷ))dŷ
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+

3∑
i,j=1

∂v0
i

∂xj
(x)

∫
ΣF

[
Af

0 : Dŷ

(
Y ij

3 (ŷ, 0, x3)
)

+ F0ij
sol(0)

− θG : Jij
]

: Dŷ(φ12(ŷ))dŷ

}
φ11(x) dx3 dx̂ = 0.

From the structure of this integral equality it is clear that it holds true independ-
ently of any possible values of the vector-functions u and v0 and the scalar function
p0 if the vector-functions Y ij

0 , Y 2|t=0, and Y
ij
3 |t=0 satisfy the identities

(10.8) Y ij
0 = Y 2|t=0 = Y ij

3 |t=0 ≡ 0 for (ŷ, x3) ∈ Σ×
(
(0, 1) \ [∆,∆ + δ∗]

)
,

and the following integral equalities:

∫
ΣF

[(
αλI⊗I+ 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

:
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
))]

:Dŷ(φ12(ŷ))dŷ= 0,

(10.9)

∀φ12 ∈ H1
] (Σ)3, ∀x3 ∈ (∆ + δ∗,∆ + δ∗];∫

ΣF

[
Af

0 :
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
))]

: Dŷ(φ12(ŷ))dŷ = 0,(10.10)

∀φ12 ∈ H1
] (Σ)3, ∀x3 ∈ [∆,∆ + δ∗];

∫
ΣF

[(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn⊗Jmn
)

:Dŷ

(
Y 2(ŷ, 0, x3)

)
− I
]

: Dŷ(φ12(ŷ))dŷ = 0,

(10.11)

∀φ12 ∈ H1
] (Σ)3, ∀x3 ∈ (∆ + δ∗,∆ + δ∗];∫

ΣF

[
Af

0 : Dŷ

(
Y 2(ŷ, 0, x3)

)
+ F0

f (0)
]

: Dŷ(φ12(ŷ))dŷ = 0,(10.12)

∀φ12 ∈ H1
] (Σ)3, ∀x3 ∈ [∆,∆ + δ∗];

∫
ΣF

[(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

: Dŷ

(
Y ij

3 (ŷ, 0, x3)
)]

: Dŷ(φ12(ŷ))dŷ

(10.13)

+

∫
∂ΣS

[(
G : Jij

)
φ12(σŷ)

]
· nΣ(σŷ)dσŷ = 0,

∀φ12 ∈ H1
] (Σ)3, ∀x3 ∈ (∆ + δ∗,∆ + δ∗];∫

ΣF

[
Af

0 : Dŷ

(
Y ij

3 (ŷ, 0, x3)
)

+ F0ij
sol(0)− θG : Jij

]
: Dŷ(φ12(ŷ))dŷ = 0,(10.14)

∀φ12 ∈ H1
] (Σ)3, ∀x3 ∈ [∆,∆ + δ∗].

At second, we substitute representation (7.45) (for x3 ∈ (0,∆)∪ (∆ + δ∗, 1)), the
image of (7.21) with respect to the Laplace transform in t, Φ ≡ 0, and Φ1(x, ŷ) =
φ11(x)φ12(ŷ) into (9.5). Here, as before, φ11 is an arbitrary smooth scalar test
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function and φ12 is an arbitrary test vector-function belonging to H1
] (Σ)3. Thus

we get the integral equality

∫
{0<x1,x2<1}

∫ 1

∆+δ∗

{ 3∑
i,j=1

∂ūi
∂xj

(x, s)

(10.15)

×
∫

Σ

[{
s
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

+ α−1
γ I⊗ I

}
:

:
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
)

+ Dŷ

(
Y
ij

1 (ŷ, s, x3)
))]

: Dŷ(φ12(ŷ))dŷ

+ p0(x)

∫
Σ

[{
s
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

+ α−1
γ I⊗ I

}
: Dŷ

(
Y 2(ŷ, s, x3)

)
− I
]

: Dŷ(φ12(ŷ))dŷ

+

3∑
i,j=1

∂v0
i

∂xj
(x)

∫
Σ

[{
s
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

+ α−1
γ I⊗ I

}
: Dŷ

(
Y
ij

3 (ŷ, s, x3)
)]

: Dŷ(φ12(ŷ))dŷ

}
φ11(x) dx3 dx̂

+

∫
{0<x1,x2<1}

∫ ∆+δ∗

∆+δ∗

{ 3∑
i,j=1

∂ūi
∂xj

(x, s)

×
∫

Σ

[{
ζ̂(ŷ)

(
s
[
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
]

+ α−1
γ I⊗ I

)
+
(
1− ζ̂(ŷ)

)
G
}

:

:
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
)

+ Dŷ

(
Y
ij

1 (ŷ, s, x3)
))]

: Dŷ(φ12(ŷ))dŷ

+ p0(x)

∫
Σ

[{
ζ̂(ŷ)

[
s
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

+ α−1
γ I⊗ I

]
+
(
1− ζ̂(ŷ)

)
G
}

: Dŷ

(
Y 2(ŷ, s, x3)

)
− ζ̂(ŷ)I

]
: Dŷ(φ12(ŷ))dŷ

+

3∑
i,j=1

∂v0
i

∂xj
(x)

∫
Σ

[{
ζ̂(ŷ)

[
s
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

+ α−1
γ I⊗ I

]
+
(
1− ζ̂(ŷ)

)
G
}

: Dŷ

(
Y
ij

3 (ŷ, s, x3)
)

+
(
1− ζ̂(ŷ)

)
G : Jij

]
: Dŷ(φ12(ŷ))dŷ

}
φ11(x) dx3 dx̂

+

∫
{0<x1,x2<1}

∫ ∆+δ∗

∆

{ 3∑
i,j=1

∂ūi
∂xj

(x, s)

×
∫

Σ

[
Hs(ŷ, x3) :

[
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
)

+ Dŷ

(
Y
ij

1 (ŷ, s, x3)
)]]

: Dŷ(φ12(ŷ))dŷ

+ p0(x)

∫
Σ

[
Hs(ŷ, x3) : Dŷ

(
Y 2(ŷ, s, x3)

)
+ sζ̂(ŷ)F 0

f (s)
]

: Dŷ(φ12(ŷ))dŷ
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+

3∑
i,j=1

∂v0
i

∂xj
(x)

∫
Σ

[
Hs(ŷ, x3) : Dŷ

(
Y
ij

3 (ŷ, s, x3)
)

+ s
(
ζ̂(ŷ)

(
F 0ij

sol (s)−
1

s
θG : Jij

)
+

1

s
G : Jij

)]
: Dŷ(φ12(ŷ))dŷ

}
φ11(x) dx3 dx̂

+

∫
{0<x1,x2<1}

∫ ∆

0

{ 3∑
i,j=1

∂ūi
∂xj

(x, s)

∫
Σ

[
G :
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
)

+ Dŷ

(
Y
ij

1 (ŷ, s, x3)
))]

: Dŷ(φ12(ŷ))dŷ

+ p0(x)

∫
Σ

[
G : Dŷ

(
Y 2(ŷ, s, x3)

)]
: Dŷ(φ12(ŷ))dŷ

+
3∑

i,j=1

∂v0
i

∂xj
(x)

∫
Σ

[
G : Jij + Dŷ

(
Y
ij

3 (ŷ, s, x3)
)]

:

: Dŷ(φ12(ŷ))dŷ

}
φ11(x) dx3 dx̂ = 0, ∀ s > 0.

Let us consider the �rst integral in (10.15). In this integral, using Green's theo-
rem and 1-periodicity of φ12, we obtain that

∫
Σ

[{
s
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

+ α−1
γ I⊗ I

}
: Jij

]
: Dŷ(φ12(ŷ))dŷ = 0,

(10.16)

i, j = 1, 2, 3, s > 0.

With account of (10.4), (10.5), and (10.16), equality (10.15) takes the following
shorter form:

∫
{0<x1,x2<1}

∫ 1

∆+δ∗

{ 3∑
i,j=1

∂ūi
∂xj

(x, s)

∫
Σ

[{
s
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)(10.17)

+ α−1
γ I⊗ I

}
:
(
Dŷ

(
Y ij

0 (ŷ, x3)
)

+ Dŷ

(
Y
ij

1 (ŷ, s, x3)
))]

: Dŷ(φ12(ŷ))dŷ

+ p0(x)

∫
Σ

[{
s
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

+ α−1
γ I⊗ I

}
: Dŷ

(
Y 2(ŷ, s, x3)

)]
: Dŷ(φ12(ŷ))dŷ

+

3∑
i,j=1

∂v0
i

∂xj
(x)

∫
Σ

[{
s
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

+ α−1
γ I⊗ I

}
: Dŷ

(
Y
ij

3 (ŷ, s, x3)
)]

: Dŷ(φ12(ŷ))dŷ

}
φ11(x) dx3 dx̂

+

∫
{0<x1,x2<1}

∫ ∆+δ∗

∆+δ∗

{ 3∑
i,j=1

∂ūi
∂xj

(x, s)



HOMOGENIZATION OF A SUBMERGED TWO-LEVEL BRISTLE STRUCTURE 1409

×
∫

Σ

[{
ζ̂(ŷ)

(
s
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

+ α−1
γ I⊗ I

)
+
(
1− ζ̂(ŷ)

)
G
}

:

:
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
)

+ Dŷ

(
Y
ij

1 (ŷ, s, x3)
))]

: Dŷ(φ12(ŷ))dŷ

+ p0(x)

∫
Σ

[{
ζ̂(ŷ)

(
s
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

+ α−1
γ I⊗ I

)
+
(
1− ζ̂(ŷ)

)
G
}

: Dŷ

(
Y 2(ŷ, s, x3)

)
− ζ̂(ŷ)I

]
: Dŷ

(
φ12(ŷ)

)
dŷ

+

3∑
i,j=1

∂v0
i

∂xj
(x)

∫
Σ

[{
ζ̂(ŷ)

(
s
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

+ α−1
γ I⊗ I

)
+
(
1− ζ̂(ŷ)

)
G
}

: Dŷ

(
Y
ij

3 (ŷ, s, x3)
)
− ζ̂(ŷ)G :Jij

]
:Dŷ(φ12(ŷ))dŷ

}
φ11(x) dx3 dx̂

+

∫
{0<x1,x2<1}

∫ ∆+δ∗

∆

{ 3∑
i,j=1

∂ūi
∂xj

(x, s)

×
∫

Σ

[
Hs(ŷ, x3) :

(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
)

+ Dŷ

(
Y
ij

1 (ŷ, s, x3)
))]

: Dŷ(φ12(ŷ))dŷ

+ p0(x)

∫
Σ

[
Hs(ŷ, x3) : Dŷ

(
Y 2(ŷ, s, x3)

)
+ sζ̂(ŷ)F0

f (s)
]

: Dŷ(φ12(ŷ))dŷ

+

3∑
i,j=1

∂v0
i

∂xj
(x)

∫
Σ

[
Hs(ŷ, x3) : Dŷ

(
Y
ij

3 (ŷ, s, x3)
)

+ ζ̂(ŷ)
(
sF0ij

sol(s)− θG : Jij
)]

: Dŷ(φ12(ŷ))dŷ

}
φ11(x) dx3 dx̂

+

∫
{0<x1,x2<1}

∫ ∆

0

{ 3∑
i,j=1

∂ūi
∂xj

(x, s)

×
∫

Σ

[
G :
(
Dŷ(Y ij

0 (ŷ, x3)) + Dŷ(Y
ij

1 (ŷ, s, x3))
)]

: Dŷ(φ12(ŷ))dŷ

+ p0(x)

∫
Σ

[
G : Dŷ

(
Y 2(ŷ, s, x3)

)]
: Dŷ(φ12(ŷ))dŷ

+

3∑
i,j=1

∂v0
i

∂xj
(x)

∫
Σ

[
G : Dŷ

(
Y
ij

3 (ŷ, s, x3)
)]

: Dŷ(φ12(ŷ))dŷ

}
φ11(x) dx3 dx̂ = 0.

From the structure of this integral equality it is clear that it holds true independ-

ently of any possible values of u, v0, and p0 if the vector-functions Y ij
0 , Y

ij

1 , Y 2,

and Y
ij

3 satisfy the identities (10.8)1 and

(10.18) Y
ij

1 = Y 2 = Y
ij

3 ≡ 0 for (ŷ, s, x3) ∈ Σ× (0,+∞)×
(
(0, 1)\ [∆,∆ + δ∗]

)
,

and the following integral equalities:

∫
Σ

[{
ζ̂(ŷ)

(
s
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

+ α−1
γ I⊗ I

)
+
(
1− ζ̂(ŷ)

)
G
}

:

(10.19)
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:
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
)

+ Dŷ

(
Y
ij

1 (ŷ, s, x3)
))]

: Dŷ(φ12(ŷ))dŷ = 0,

∀φ12 ∈ H1
] (Σ)3, ∀ s > 0, ∀x3 ∈ (∆ + δ∗,∆ + δ∗],

∫
Σ

[
Hs(ŷ, x3) :

(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
)

+ Dŷ

(
Y
ij

1 (ŷ, s, x3)
))]

: Dŷ(φ12(ŷ))dŷ = 0,

(10.20)

∀φ12 ∈ H1
] (Σ)3, ∀ s > 0, ∀x3 ∈ [∆,∆ + δ∗];

∫
Σ

[{
ζ̂(ŷ)

(
s
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

+ α−1
γ I⊗ I

)(10.21)

+
(
1− ζ̂(ŷ)

)
G
}

: Dŷ

(
Y 2(ŷ, s, x3)

)
− ζ̂(ŷ)I

]
: Dŷ(φ12(ŷ))dŷ = 0,

∀φ12 ∈ H1
] (Σ)3, ∀ s > 0, ∀x3 ∈ (∆ + δ∗,∆ + δ∗];∫

Σ

[
Hs(ŷ, x3) : Dŷ

(
Y 2(ŷ, s, x3)

)
+ sζ̂(ŷ)F 0

f (s)
]

: Dŷ(φ12(ŷ))dŷ = 0,(10.22)

∀φ12 ∈ H1
] (Σ)3, ∀ s > 0, ∀x3 ∈ [∆,∆ + δ∗];

∫
Σ

[{
ζ̂(ŷ)

(
s
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

+ α−1
γ I⊗ I

)(10.23)

+
(
1− ζ̂(ŷ)

)
G
}

: Dŷ

(
Y
ij

3 (ŷ, s, x3)
)
− ζ̂(ŷ)G : Jij

]
: Dŷ(φ12(ŷ))dŷ = 0,

∀φ12 ∈ H1
] (Σ)3, ∀ s > 0, ∀x3 ∈ (∆ + δ∗,∆ + δ∗];

∫
Σ

[
Hs(ŷ, x3) :Dŷ

(
Y
ij

3 (ŷ, s, x3)
)
+ζ̂(ŷ)

(
sF 0ij

sol (s)−θG :Jij
)]

:Dŷ(φ12(ŷ))dŷ = 0,

(10.24)

∀φ12 ∈ H1
] (Σ)3, ∀ s > 0, ∀x3 ∈ [∆,∆ + δ∗].

Now we aim to formulate the problems for determination of Y ij
0 , Y

ij
1 , Y 2, and

Y ij
3 . We start with the notice that the integral equality (10.19) holds true if Y ij

0

and Y
ij

1 satisfy the following three integral equalities:

∫
Σ

[
ζ̂(ŷ)s

(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

:
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
))]

:

(10.25)

: Dŷ(φ12(ŷ))dŷ = 0,

∀φ12 ∈ H1
] (Σ)3, ∀ s > 0, ∀x3 ∈ (∆ + δ∗,∆ + δ∗];∫

Σ

[(
1− ζ̂(ŷ)

)
G :
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
))]

: Dŷ(φ12(ŷ))dŷ = 0,(10.26)

∀φ12 ∈ H1
] (Σ)3, ∀x3 ∈ (∆ + δ∗,∆ + δ∗];
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and ∫
Σ

[
ζ̂(ŷ)α−1

γ (I⊗ I) :
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
))

(10.27)

+
{
ζ̂(ŷ)

(
s
[
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
]

+ α−1
γ I⊗ I

)
+
(
1− ζ̂(ŷ)

)
G
}

: Dŷ

(
Y
ij

1 (ŷ, s, x3)
)]

: Dŷ(φ12(ŷ))dŷ = 0,

∀φ12 ∈ H1
] (Σ)3, ∀ s > 0, ∀x3 ∈ (∆ + δ∗,∆ + δ∗].

Analogously, we substitute the representation of Hs(ŷ, x3) (see (7.45)) into

(10.20) and then notice that (10.20) holds true if Y ij
0 and Y

ij

1 satisfy the following
three integral equalities:

s

∫
Σ

[
ζ̂(ŷ)Af

0 :
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
))]

: Dŷ(φ12(ŷ))dŷ = 0,(10.28)

∀φ12 ∈ H1
] (Σ)3, ∀ s > 0, ∀x3 ∈ [∆,∆ + δ∗];∫

Σ

[(
1− ζ̂(ŷ)

)
G :
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
))]

: Dŷ(φ12(ŷ))dŷ = 0,(10.29)

∀φ12 ∈ H1
] (Σ)3, ∀x3 ∈ [∆,∆ + δ∗];

and ∫
Σ

[
ζ̂(ŷ)

(
Bf0 + (1− θ)G

)
:
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
))

(10.30)

+ Hs(ŷ, x3) : Dŷ

(
Y
ij

1 (ŷ, s, x3)
)]

: Dŷ(φ12(ŷ))dŷ = 0,

∀φ12 ∈ H1
] (Σ)3, ∀ s > 0, ∀x3 ∈ [∆,∆ + δ∗].

Indeed, summing up (10.25), (10.26), and (10.27), we get (10.19), and summing
up (10.28), (10.29), and (10.30), we get (10.20).

Remark 23. The integral equality (10.25) is equivalent to (10.9), and the integral
equality (10.28) is equivalent to (10.10). The integral equalities (10.26) and (10.29)
coincide except for the matter that (10.26) is set on the segment {∆ + δ∗ < x3 ≤
∆ + δ∗} and (10.29) is set on the segment {∆ ≤ x3 ≤ ∆ + δ∗}.

On the basis of identity (10.8)1, the integral equalities (10.9), (10.10), (10.26),
and (10.29), and Remarks 22 and 23, we formulate the cell problem on Σ for deter-

mination of Y ij
0 = Y ij

0 (ŷ, x3) as follows.

Problem Y1. It is necessary to �nd a vector-function ŷ 7→ Y ij
0 (ŷ, x3) (i, j =

1, 2, 3), de�ned in the pattern cell Σ for all x3 ∈ [0, 1], which vanishes for all
x3 ∈ (0,∆) ∪ (∆ + δ∗, 1), satis�es the regularity condition

(10.31) Y ij
0 (·, x3) ∈ (H1

] (Σ)/R)3, x3 ∈ [∆,∆ + δ∗],

and the integral equalities (10.9), (10.10), (10.26), and (10.29).

Proposition 8. Assume that the tensor Af
0 in the formulation of Problem Y1 is

given and has the properties stated in assertion (i) of Corollary 2; then Problem Y1
has the unique solution.
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Proof. In view of (10.31), the vector-function Y ij
0 on ΣF should meet the demand

(10.32) Y ij
0 (·, x3) ∈ H1

] (ΣF )3, x3 ∈ [∆,∆ + δ∗].

Due to the properties of Af
0 (in assertion (i) of Corollary 2), the system (10.10) &

(10.32) for x3 ∈ [∆,∆ + δ∗] is the standard variational elliptic problem. Therefore,
applying the Lax-Milgram theorem, by means of the standard considerations we
conclude that this problem has a solution Y ij

0 (·, x3) on ΣF for x3 ∈ [∆,∆ + δ∗] and
this solution is unique up to an arbitrary �xed constant.

Further, the integral equality (10.26) supplemented with the Dirichlet condition

(10.33) Y ij
0 (ŷ, x3)

∣∣
∂ΣS

= Y ij
0 (ŷ, x3)

∣∣
∂ΣF \∂Σ

, x3 ∈ [∆,∆ + δ∗],

is the standard variational elliptic problem on ΣS for x3 ∈ [∆,∆ + δ∗]. Here

Y ij
0

∣∣
∂ΣF \∂Σ

is the trace of the solution of the system (10.10) & (10.32) on ∂ΣS . On

the strength of the theory of generalized solutions of boundary value problems in
mathematical physics [18,19], there exists the unique solution of (10.26) & (10.33).

Thus we construct the solution Y ij
0 on the whole cell Σ. Due to the boundary

condition (10.33) we have that Y ij
0 ∈ H1

] (Σ)3. Calibrating so that
〈
Y ij

0 (·, x3)
〉

Σ
= 0

we obtain the unique solution of Problem Y1 for x3 ∈ [∆,∆ + δ∗]. Here we addi-

tionally notice that if Y ij
0 resolves (10.26) & (10.33) then Y ij

0 + c resolves (10.26)

supplemented with the boundary data Y ij
0

∣∣
∂ΣF \∂Σ

+c, where c is an arbitrary con-

stant, which allows calibration on the whole Σ.

Analogously, since the fourth-rank tensor αλI⊗ I+ 2αµ

3∑
m,n=1

Jmn⊗ Jmn is sym-

metric and positive de�nite, the system (10.9) & (10.32) for x3 ∈ (∆ + δ∗,∆ + δ∗]
is the standard variational elliptic problems, as well. Keeping track of the above
consideration, this time with (∆+δ∗,∆+δ∗] on the place of [∆,∆+δ∗] and (10.29)
on the place of (10.26), we conclude that there exists a unique solution of Problem
Y1 for x3 ∈ (∆ + δ∗,∆ + δ∗]. By this we complete the proof of Proposition 8. �

Next, we formulate the cell problems on Σ for determination of the independent
of t vector-functions Y 2|t=0 = Y 2(ŷ, 0, x3) and Y ij

3 |t=0 = Y ij
3 (ŷ, 0, x3) on the basis

of identities (10.8)2,3, the integral equalities (10.11)-(10.14) and Remark 22 in the
quite natural way as follows.

Problem Y2. It is necessary to �nd a vector-function ŷ 7→ Y 2(ŷ, 0, x3), de�ned
in ΣF for all x3 ∈ [0, 1], which vanishes for all x3 ∈ (0,∆)∪ (∆ + δ∗, 1), satis�es the
regularity condition

(10.34) Y 2(·, 0, x3) ∈ (H1
] (ΣF )/R)3, x3 ∈ [∆,∆ + δ∗],

and the integral equalities (10.11) and (10.12).

Problem Y3. It is necessary to �nd a vector-function ŷ 7→ Y ij
3 (ŷ, 0, x3) (i, j =

1, 2, 3), de�ned in ΣF for all x3 ∈ [0, 1], which vanishes for all x3 ∈ (0,∆) ∪ (∆ +
δ∗, 1), satis�es the regularity condition

(10.35) Y 3(·, 0, x3) ∈ (H1
] (ΣF )/R)3, x3 ∈ [∆,∆ + δ∗],

and the integral equalities (10.13) and (10.14).

Proposition 9. Assume that the tensor Af
0 and the matrices F 0

f and F 0ij
sol in

the formulations of Problems Y2-Y3 are given and have the properties stated in
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assertions (i) and (ii) of Corollary 2; then each of Problems Y2-Y3 has a unique
solution.

Proof. Justi�cation of this proposition is analogous to the proof of Proposition 8.

Namely, due to the properties of Af
0 , F 0

f (0) and F 0ij
sol , we have that the systems

(10.12) & (10.34) and (10.14) & (10.35) for x3 ∈ [∆,∆ + δ∗] are the standard
variational elliptic problems. Therefore, applying the Lax-Milgram theorem, by
means of the standard considerations we conclude that these problems have unique
solutions Y 2(·, 0, x3) and Y ij

3 (·, 0, x3), respectively, for x3 ∈ [∆,∆ + δ∗].

Analogously, since the fourth-rank tensor αλI⊗ I+ 2αµ

3∑
m,n=1

Jmn⊗ Jmn is sym-

metric and positive de�nite, we have that the systems (10.11) & (10.34) and (10.13)
& (10.35) for x3 ∈ (∆+δ∗,∆+δ∗] are the standard variational elliptic problems, as
well. Therefore, as before, we conclude that these problems have unique solutions
Y 2(·, 0, x3) and Y ij

3 (·, 0, x3), respectively, for x3 ∈ [∆ + δ∗,∆ + δ∗].
This observation completes the proof of Proposition 9. �

Further, let us consider each of the integral equalities (10.27), (10.30), (10.21)-

(10.24) as the variational equation, where ŷ 7→ Y
ij

1 (ŷ, s, x3), ŷ 7→ Y 2(ŷ, s, x3), and

ŷ 7→ Y
ij

3 (ŷ, s, x3) are the sought vector-functions, s > 0 and x3 ∈ [∆,∆ + δ∗] are

real parameters, and Y ij
0 (i, j = 1, 2, 3) is given as the solution of Problem Y1.

Proposition 10. The following assertions hold true.

(i) For any �xed pair of parameters (s, x3) ∈ (0,+∞) × (∆ + δ∗,∆ + δ∗], the

variational equation (10.27) has a unique solution Y
ij

1 (·, s, x3) belonging to
(H1

] (Σ)/R)3, i, j = 1, 2, 3.

(ii) For any �xed pair of parameters (s, x3) ∈ (0,+∞)× [∆,∆ + δ∗], the variat-

ional equation (10.30) has a unique solution Y
ij

1 (·, s, x3) belonging to
(H1

] (Σ)/R)3, i, j = 1, 2, 3.

(iii) For any �xed pair of parameters (s, x3) ∈ (0,+∞) × (∆ + δ∗,∆ + δ∗], the
variational equation (10.21) has a unique solution Y 2(·, s, x3) belonging to
(H1

] (Σ)/R)3.

(iv) For any �xed pair of parameters (s, x3) ∈ (0,+∞)× [∆,∆ + δ∗], the variat-
ional equation (10.22) has a unique solution Y 2(·, s, x3) belonging to
(H1

] (Σ)/R)3.

(v) For any �xed pair of parameters (s, x3) ∈ (0,+∞) × (∆ + δ∗,∆ + δ∗], the

variational equation (10.23) has a unique solution Y
ij

3 (·, s, x3) belonging to
(H1

] (Σ)/R)3, i, j = 1, 2, 3.

(vi) For any �xed pair of parameters (s, x3) ∈ (0,+∞)× [∆,∆ + δ∗], the variat-

ional equation (10.24) has a unique solution Y
ij

3 (·, s, x3) belonging to
(H1

] (Σ)/R)3, i, j = 1, 2, 3.

Proof. Due to assertion (iii) of Proposition 6, representation (7.45), the regularity
condition (10.31), and assertion (ii) of Corollary 2, we have that each of the variat-
ional equations (10.27), (10.30), (10.21)-(10.24) is a standard variational elliptic
problem. Therefore, applying the Lax-Milgram theorem, by means of the standard
considerations we conclude that each of these equations has a unique solution. Thus
all assertions of Proposition 10 hold true. �
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As the result of the above considerations, we have formulated the cell problems
on Σ in terms of the images with respect to the Laplace transform in t of the sought
vector-functions Y ij

1 , Y 2, and Y
ij
3 . More certainly, the system (10.18)1 & (10.27)

& (10.30) is the cell problem for determination of Y
ij

1 = L[Y ij
1 ] (i, j = 1, 2, 3),

the system (10.18)2 & (10.21) & (10.22) is the cell problem for determination of
Y 2 = L[Y 2], and the system (10.18)3 & (10.23) & (10.24) is the cell problem for

determination of Y
ij

3 = L[Y ij
3 ] (i, j = 1, 2, 3). In this line, Proposition 10 is the

assertion on existence and uniqueness of these problems.
Now let us transform these formulations into the boundary value problems for

the sought vector-functions Y ij
1 , Y 2, and Y

ij
3 themselves. For s > 0, we divide

(10.27) by s and apply the inverse Laplace transform L−1 in s. Using the basic
properties of L−1, we arrive at the variational equation∫

Σ

[
ζ̂(ŷ)

{
α−1
γ (I⊗ I) :

(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
))

(10.36)

+
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

: Dŷ

(
Y ij

1 (ŷ, t, x3)
)

+ α−1
γ (I⊗ I) : Dŷ

(
(JtY

ij
1 )(ŷ, t, x3)

)}
+
(
1− ζ̂(ŷ)

)
G : Dŷ

(
(JtY

ij
1 )(ŷ, t, x3)

)]
: Dŷ(φ12(ŷ))dŷ = 0,

∀φ12 ∈ H1
] (Σ)3, ∀ t ∈ [0, T ], ∀x3 ∈ (∆ + δ∗,∆ + δ∗], ∀ i, j = 1, 2, 3.

Further, dividing by s (for s > 0), substituting (7.45) for Hs, and applying the
inverse Laplace transform L−1 in s, from (10.30) we deduce the variational equation∫

Σ

[
ζ̂(ŷ)

(
Bf0 + (1− θ)G

)
:
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
))

(10.37)

+ ζ̂(ŷ)
{
Af

0 : Dŷ

(
Y ij

1 (ŷ, t, x3)
)

+ Bf0 : Dŷ

(
(JtY

ij
1 )(ŷ, t, x3)

)
+

∫ t

0

[
Af

1 (t− τ) + (JtBf1 )(t− τ)
]

: Dŷ

(
Y ij

1 (ŷ, τ, x3)
)
dτ
}

+
(
1− θ ζ̂(ŷ)

)
G : Dŷ

(
(JtY

ij
1 )(ŷ, t, x3)

)]
: Dŷ(φ12(ŷ))dŷ = 0,

∀φ12 ∈ H1
] (Σ)3, ∀ t ∈ [0, T ], ∀x3 ∈ [∆,∆ + δ∗], ∀ i, j = 1, 2, 3.

Having equations (10.36) and (10.37) derived, we are in a position to formulate

the problems of �nding Y ij
1 (ŷ, 0, x3) and Y ij

1 (ŷ, t, x3) for t > 0 (i, j = 1, 2, 3).
We substitute t = 0 into (10.36) and (10.37). Thus we set up the following.

Problem Y4. It is necessary to �nd a vector-function ŷ 7→ Y ij
1 (ŷ, 0, x3) (i, j =

1, 2, 3), de�ned in the set ΣF for all x3 ∈ [0, 1], which vanishes for all x3 ∈ (0,∆)∪
(∆ + δ∗, 1), satis�es the regularity condition

(10.38) Y ij
1 (·, 0, x3) ∈ (H1

] (ΣF )/R)3, ∀x3 ∈ [∆,∆ + δ∗],
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and resolves the variational equations

∫
ΣF

{
α−1
γ (I⊗ I) :

(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
))(10.39)

+
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

: Dŷ

(
Y ij

1 (ŷ, 0, x3)
)}

: Dŷ(φ12(ŷ))dŷ = 0,

∀φ12 ∈ H1
] (Σ)3, ∀x3 ∈ (∆ + δ∗,∆ + δ∗], ∀ i, j = 1, 2, 3,

and ∫
ΣF

[(
Bf0 + (1− θ)G

)
:
(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
))

(10.40)

+ Af
0 : Dŷ

(
Y ij

1 (ŷ, 0, x3)
)]

: Dŷ(φ12(ŷ))dŷ = 0,

∀φ12 ∈ H1
] (Σ)3, ∀x3 ∈ [∆,∆ + δ∗], ∀ i, j = 1, 2, 3.

Further, for t > 0 we set up the following.

Problem Y5. It is necessary to �nd a vector-function (ŷ, t) 7→ Y ij
1 (ŷ, t, x3) (i, j =

1, 2, 3), de�ned in the set Σ × (0, T ] for all x3 ∈ [0, 1], which vanishes for all x3 ∈
(0,∆) ∪ (∆ + δ∗, 1), satis�es the regularity condition

(10.41) Y ij
1 (·, ·, x3) ∈ L∞(0, T ; (H1

] (Σ)/R)3) ∩H1(0, T ;H1
] (ΣF )3)

for x3 ∈ [∆,∆ + δ∗] and resolves the variational equations (10.36) and (10.37).

In (10.39), (10.40), (10.36), and (10.37), the function Y ij
0 (i, j = 1, 2, 3) is the

solution of Problem Y1.
Now we divide each of the variational equations (10.21)-(10.24) by s (for s >

0) and, after this, apply the inverse Laplace transform L−1 in s. Also, in these
transformations of (10.22) and (10.24) we use the explicit representation (7.45) of
the tensorHs. Thus we derive the four variational equations (see equations (10.43),
(10.44), (10.46), and (10.47) below), in which terms we formulate the problems of

determining Y 2 and Y ij
3 (i, j = 1, 2, 3) for t > 0 as follows.

Problem Y6. It is necessary to �nd a vector-function (ŷ, t) 7→ Y 2(ŷ, t, x3), de�ned
in the set Σ×(0, T ] for all x3 ∈ [0, 1], which vanishes for all x3 ∈ (0,∆)∪(∆+δ∗, 1),
satis�es the regularity condition

(10.42) Y 2(·, ·, x3) ∈ L∞(0, T ; (H1
] (Σ)/R)3) ∩H1(0, T ;H1

] (ΣF )3)

for all x3 ∈ [∆,∆ + δ∗] and resolves the variational equations∫
Σ

[
ζ̂(ŷ)

{(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

: Dŷ

(
Y 2(ŷ, t, x3)

)
(10.43)

+ α−1
γ (I⊗ I) : Dŷ

(
(JtY 2)(ŷ, t, x3)

)}
+
(
1− ζ̂(ŷ)

)
G : Dŷ

(
(JtY 2)(ŷ, t, x3)

)
− ζ̂(ŷ)I

]
: Dŷ(φ12(ŷ))dŷ = 0,

∀φ12 ∈ H1
] (Σ)3, ∀ t ∈ (0, T ], ∀x3 ∈ (∆ + δ∗,∆ + δ∗],
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and ∫
Σ

[
ζ̂(ŷ)

{
Af

0 : Dŷ

(
Y 2(ŷ, t, x3)

)
+ Bf0 : Dŷ

(
(JtY 2)(ŷ, t, x3)

)
(10.44)

+

∫ t

0

(
Af

1 (t− τ) + (JtBf1 )(t− τ)
)

: Dŷ

(
Y 2(ŷ, τ, x3)

)
dτ
}

+
(
1− θ ζ̂(ŷ)

)
G : Dŷ

(
(JtY 2)(ŷ, t, x3)

)]
: Dŷ(φ12(ŷ))dŷ

+

∫
Σ

ζ̂(ŷ)F 0
f (t) : Dŷ(φ12(ŷ))dŷ = 0,

∀φ12 ∈ H1
] (Σ)3, ∀ t ∈ (0, T ], ∀x3 ∈ [∆,∆ + δ∗].

Problem Y7. It is necessary to �nd a vector-function (ŷ, t) 7→ Y ij
3 (ŷ, t, x3) (i, j =

1, 2, 3), de�ned in the set Σ × (0, T ] for all x3 ∈ [0, 1], which vanishes for all x3 ∈
(0,∆) ∪ (∆ + δ∗, 1), satis�es the regularity condition
(10.45)

Y ij
3 (·, ·, x3) ∈ L∞(0, T ; (H1

] (Σ)/R)3) ∩H1(0, T ;H1
] (ΣF )3), ∀x3 ∈ [∆,∆ + δ∗],

and resolves the variational equation

∫
Σ

[
ζ̂(ŷ)

{(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

: Dŷ

(
Y ij

3 (ŷ, t, x3)
)(10.46)

+ α−1
γ (I⊗ I) : Dŷ

(
(JtY

ij
3 )(ŷ, t, x3)

)}
+
(
1− ζ̂(ŷ)

)
G : Dŷ

(
(JtY

ij
3 )(ŷ, t, x3)

)
− ζ̂(ŷ)G : Jij

]
: Dŷ(φ12(ŷ))dŷ = 0,

∀φ12 ∈ H1
] (Σ)3, ∀ t ∈ (0, T ], ∀x3 ∈ (∆ + δ∗,∆ + δ∗],

and the variational equation∫
Σ

[
ζ̂(ŷ)

{
Af

0 : Dŷ

(
Y ij

3 (ŷ, t, x3)
)

+ Bf0 : Dŷ

(
(JtY

ij
3 )(ŷ, t, x3)

)
(10.47)

+

∫ t

0

(
Af

1 (t− τ) + (JtBf1 )(t− τ)
)

: Dŷ

(
Y ij

3 (ŷ, τ, x3)
)
dτ
}

+
(
1− θ ζ̂(ŷ)

)
G : Dŷ

(
(JtY

ij
3 )(ŷ, t, x3)

)]
: Dŷ(φ12(ŷ))dŷ

+

∫
Σ

ζ̂(ŷ)
(
F 0ij
sol (t)− θG : Jij

)
: Dŷ(φ12(ŷ))dŷ = 0,

∀φ12 ∈ H1
] (Σ)3, ∀ t ∈ (0, T ], ∀x3 ∈ [∆,∆ + δ∗].

Proposition 11. Let Y ij
0 (i, j = 1, 2, 3) be the solution of Problem Y1. Assume

that the tensors Af
0 , B

f
0 , A

f
1 (t), and Bf1 (t) and the matrices F 0

f and F 0ij
sol in the

formulations of Problems Y4-Y7 are given and have the properties in items (i)-(iii)
of Corollary 2; then each of Problems Y4-Y7 has a unique solution.

Proof. On the strength of Proposition 10 and one-to-oneness of L and L−1, each of
the variational equations (10.36), (10.37), (10.39), (10.40), (10.43), (10.44), (10.46),
and (10.47) has a unique solution. Furthermore, on the strength of linearity and

one-on-oneness of L and L−1, identities (10.18) yield that Y ij
1 , Y 2, and Y

ij
3 vanish

for all x3 ∈ (0,∆) ∪ (∆ + δ∗, 1), which completes the proof. �
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Remark 24. Since Jij = Jji and F 0ij
s = F 0ji

s , the solutions Y ij
0 = Y ij

0 (ŷ, x3),

Y ij
1 = Y ij

1 (ŷ, t, x3), and Y ij
3 = Y ij

3 (ŷ, t, x3) (t ∈ [0, T ]) possess the symmetry

property Y ij
k = Y ji

k (k = 0, 1, 3, i, j = 1, 2, 3).

Remark 25. Notice that the vector-functions Y ij
0 , Y

ij
1 , Y 2, and Y

ij
3 do not vary

with change of x3 on the intervals (∆,∆ + δ∗) and (∆ + δ∗,∆ + δ∗), i.e.,

∂Y ij
0

∂x3
=
∂Y ij

1

∂x3
=
∂Y 2

∂x3
=
∂Y ij

3

∂x3
= 0 for x3 ∈ (∆,∆ + δ∗) ∪ (∆ + δ∗,∆ + δ∗),

since the given data in Problems Y1-Y7 do not vary with change of x3 on (∆,∆+δ∗)
and on (∆ + δ∗,∆ + δ∗).

Remark 26. We have established that if Y ij
0 , Y

ij
1 , Y 2, and Y

ij
3 are the solutions

of Problems Y1-Y7 then equalities (10.7) and (10.17) hold true independently of
the values of the vector-function u and the macroscopic boundary conditions (5.12)-
(5.13). In particular, this means that the solutions of Problems Y1-Y7 fully de�ne
dynamics of the mechanical system on the mesoscale, i.e., on the characteristic
scale of the taller bristles.

11. Macroscopic effective coefficients and their properties

In this and the next section, with the help of solutions of Problems Y1-Y7,
from the equations of Model H-2sc we derive the system of e�ective homogenized
macroscopic equations for the macroscopic velocity u = u(x, t). This system does
not incorporate the variable ŷ explicitly, which means separation of the mesoscopic
scale from the macroscopic one in the homogenized description of the mechanical
system. The mesoscopic velocity u(1) and the variable ŷ get sublimed in the coe�c-
ients of the macroscopic equations.

In (7.2), we take φ1 ≡ 0 and substitute representation (10.1) for u(1). Taking into
account (7.21), Remarks 24-26, and assertions (i) and (iii) of Proposition A.1 and
properly collecting terms, after considerably simple but rather lengthy calculations,
we establish that the integral equality∫ T

0

∫
Ω

{
−ατ 〈ρ〉Σ×Θ(x3)u(x, t) · ∂tφ(x, t)(11.1)

+
(
V(x3) : Dx(u(x, t)) + E(x3) : Dx

(
(Jtu)(x, t)

)
+

∫ t

0

K(t− τ, x3) : Dx(u(x, τ))dτ

+

∫ t

0

∫ τ ′

0

Q(t− τ ′, τ ′ − τ, x3) : Dx(u(x, τ))dτdτ ′

+

∫ t

0

∫ τ ′

0

W(t− τ ′, τ ′ − τ, x3) : Dx
(
(Jτu)(x, τ)

)
dτdτ ′

+ Fp(t, x3)p0(x) + Fv(t, x3) : Dx(v0(x))
)

: Dx(φ(x, t))
}
dxdt

=

∫ T

0

∫
Ω

αF 〈ρ〉Σ×Θ(x3)f(x, t) · φ(x, t)dxdt

+

∫
Ω

ατ 〈ρ〉Σ×Θ(x3)u0(x) · φ(x, 0)dx
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holds true for an arbitrary smooth test vector-function φ = φ(x, t) vanishing in the
neighborhood of boundary ∂Ω and section {t = T}. Here the fourth-rank tensor-
valued functions V , E, K, Q, W , and Fv, and the matrix-valued function Fp are
de�ned via the solutions of Problems Y1-Y7 by the formulas

V(x3) =
〈
A0(·, x3)

〉
Σ

+

3∑
p,q=1

〈
A0(·, x3) : Dŷ

(
Y pq

0 (·, x3)
)〉

Σ
⊗ Jpq,(11.2)

E(x3) =
〈
B0(·, x3)

〉
Σ

+

3∑
p,q=1

〈
B0(·, x3) : Dŷ

(
Y pq

0 (·, x3)
)〉

Σ
⊗ Jpq,(11.3)

K(t, x3) =

3∑
p,q=1

〈
A0(·, x3) : Dŷ

(
Y pq

1 (·, t, x3)
)〉

Σ
⊗ Jpq(11.4)

+
〈
A1(·, t, x3)

〉
Σ

+

3∑
p,q=1

〈
A1(·, t, x3) : Dŷ

(
Y pq

0 (·, x3)
)〉

Σ
⊗ Jpq,

Q(t, τ, x3) =

3∑
p,q=1

〈
B0(·, x3) : Dŷ

(
Y pq

1 (·, τ, x3)
)〉

Σ
⊗ Jpq(11.5)

+

3∑
p,q=1

〈
A1(·, t, x3) : Dŷ

(
Y pq

1 (·, τ, x3)
)〉

Σ
⊗ Jpq +

〈
B1(·, τ, x3)

〉
Σ

+

3∑
p,q=1

〈
B1(·, τ, x3) : Dŷ

(
Y pq

0 (·, x3)
)〉

Σ
⊗ Jpq,

W(t, τ, x3) =

3∑
p,q=1

〈
B1(·, t, x3) : Dŷ

(
Y pq

1 (·, τ, x3)
)〉

Σ
⊗ Jpq,(11.6)

Fv(t, x3) =

3∑
p,q=1

〈
A0(·, x3) : Dŷ

(
Y pq

3 (·, t, x3)
)〉

Σ
⊗ Jpq(11.7)

+

3∑
p,q=1

〈
B0(·, x3) : Dŷ

(
(JtY

pq
3 )(·, t, x3)

)〉
Σ
⊗ Jpq

+

3∑
p,q=1

∫ t

0

〈
A1(·, t− τ, x3) : Dŷ

(
Y pq

3 (·, τ, x3)
)〉

Σ
⊗ Jpq dτ

+

3∑
p,q=1

∫ t

0

〈
B1(·, t− τ, x3) : Dŷ

(
(JτY

pq
3 )(·, τ, x3)

)〉
Σ
⊗Jpq dτ

+
〈
F0
v(·, t, x3)

〉
Σ
,

where

F0
v(ŷ, t, x3) = 0 for x3 ∈ (∆ + δ∗, 1),(11.8a)

F0
v(ŷ, t, x3) =

(
1− ζ̂(ŷ)

)
G for x3 ∈ (∆ + δ∗,∆ + δ∗],(11.8b)
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F0
v(ŷ, t, x3) = ζ̂(ŷ)

3∑
p,q=1

F 0pq
sol (t)⊗ Jpq +

(
1− θ ζ̂(ŷ)

)
G(11.8c)

for x3 ∈ [∆,∆ + δ∗],

F0
v(ŷ, t, x3) = G for x3 ∈ (0,∆),(11.8d)

and

Fp(t, x3) =
〈
A0(·, x3) : Dŷ

(
Y 2(·, t, x3)

)〉
Σ

+
〈
B0(·, x3) : Dŷ

(
(JtY 2)(·, t, x3)

)〉
Σ

(11.9)

+

∫ t

0

〈
A1(·, t− τ, x3) : Dŷ

(
Y 2(·, τ, x3)

)〉
Σ
dτ

+

∫ t

0

〈
B1(·, t− τ, x3) : Dŷ

(
(JτY 2)(·, τ, x3)

)〉
Σ
dτ +

〈
F0
p(·, t, x3)

〉
Σ
,

where

(11.10) F0
p(ŷ, t, x3) =


−I for x3 ∈ (∆ + δ∗, 1),

−ζ̂(ŷ)I for x3 ∈ (∆ + δ∗,∆ + δ∗],

ζ̂(ŷ)F 0
f (t) for x3 ∈ [∆,∆ + δ∗],

0 for x3 ∈ (0,∆).

In the component-wise form, (11.2)-(11.10) are as follows (k, l,m, n = 1, 2, 3):

Vklmn(x3) =
〈
Aklmn0 (·, x3)

〉
Σ

+

3∑
i,j,p,q=1

〈
Aklij0 (·, x3)Dŷij

(
Y pq

0 (·, x3)
)〉

Σ
(Jpq)mn,

(11.11)

Eklmn(x3) =
〈
Bklmn0 (·, x3)

〉
Σ

+

3∑
i,j,p,q=1

〈
Bklij0 (·, x3)Dŷij

(
Y pq

0 (·, x3)
)〉

Σ
(Jpq)mn,

Kklmn(t, x3) =

3∑
i,j,p,q=1

〈
Aklij0 (·, x3)Dŷij

(
Y pq

1 (·, t, x3)
)〉

Σ
(Jpq)mn

+ 〈Aklmn1 (·, t, x3)〉Σ +

3∑
i,j,p,q=1

〈
Aklij1 (·, t, x3)Dŷij

(
Y pq

0 (·, x3)
)〉

Σ
(Jpq)mn,

Qklmn(t, τ, x3) =

3∑
i,j,p,q=1

〈
Bklij0 (·, x3)Dŷij

(
Y pq

1 (·, τ, x3)
)〉

Σ
(Jpq)mn

+

3∑
i,j,p,q=1

〈
Aklij1 (·, t, x3)Dŷij

(
Y pq

1 (·, τ, x3)
)〉

Σ
(Jpq)mn + 〈Bklmn1 (·, τ, x3)〉Σ

+

3∑
i,j,p,q=1

〈
Bklij1 (·, τ, x3)Dŷij

(
Y pq

0 (·, x3)
)〉

Σ
(Jpq)mn,

Wklmn(t, τ, x3) =

3∑
i,j,p,q=1

〈
Bklij1 (·, t, x3)Dŷij

(
Y pq

1 (·, τ, x3)
)〉

Σ
(Jpq)mn,
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Fklmnv (t, x3) =

3∑
i,j,p,q=1

〈
Aklij0 (·, x3)Dŷij

(
Y pq

3 (·, t, x3)
)〉

Σ
(Jpq)mn(11.12)

+

3∑
i,j,p,q=1

〈
Bklij0 (·, x3)Dŷij

(
(JtY

pq
3 )(·, t, x3)

)〉
Σ

(Jpq)mn

+

3∑
i,j,p,q=1

∫ t

0

〈
Aklij1 (·, t− τ, x3)Dŷij

(
Y pq

3 (·, τ, x3)
)〉

Σ
(Jpq)mn dτ

+

3∑
i,j,p,q=1

∫ t

0

〈
Bklij1 (·, t− τ, x3)Dŷij

(
(JτY

pq
3 )(·, τ, x3)

)〉
Σ

(Jpq)mn dτ

+
〈
F0 klmn
v (·, t, x3)

〉
Σ
,

where

F0 klmn
v (ŷ, t, x3) =



0 for x3 ∈ (∆ + δ∗, 1),(
1− ζ̂(ŷ)

)
Gklmn for x3 ∈ (∆ + δ∗,∆ + δ∗],

ζ̂(ŷ)
(
F 0mn
sol

)
kl

(t) +
(
1− 〈ψ̂〉Θ ζ̂(ŷ)

)
Gklmn

for x3 ∈ [∆,∆ + δ∗],

Gklmn for x3 ∈ (0,∆),

and

Fp kl(t, x3) =

3∑
i,j=1

〈
Aklij0 (·, x3)Dŷij

(
Y 2(·, t, x3)

)〉
Σ

(11.13)

+

3∑
i,j=1

〈
Bklij0 (·, x3)Dŷij

(
(JtY 2)(·, t, x3)

)〉
Σ

+

3∑
i,j=1

∫ t

0

〈
Aklij1 (·, t− τ, x3)Dŷij

(
Y 2(·, τ, x3)

)〉
Σ
dτ

+

3∑
i,j=1

∫ t

0

〈
Bklij1 (·, t− τ, x3)Dŷij

(
(JτY 2)(·, τ, x3)

)〉
Σ
dτ

+
〈
F 0
p kl(·, t, x3)

〉
Σ
,

where

(11.14) F 0
p kl(ŷ, t, x3) =


−δkl for x3 ∈ (∆ + δ∗, 1),

−ζ̂(ŷ)δkl for x3 ∈ (∆ + δ∗,∆ + δ∗],

ζ̂(ŷ)F 0
f kl(t) for x3 ∈ [∆,∆ + δ∗],

0 for x3 ∈ (0,∆).

Furthermore, let us write out (11.2)-(11.7) and (11.9) in more detail, using the
property that Y pq

0 , Y pq
1 , Y 2, and Y

pq
3 (p, q = 1, 2, 3) vanish for x3 ∈ (0,∆) ∪ (∆ +
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δ∗, 1) and inserting (7.13)�(7.23), (11.8) and (11.10). We get

(11.15) V(x3) =



αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn for x3 ∈ (∆ + δ∗, 1),

σαλI⊗ I + 2σαµ

3∑
m,n=1

Jmn ⊗ Jmn + V σ
corr

for x3 ∈ (∆ + δ∗,∆ + δ∗],

σθαλI⊗ I + 2σθαµ

3∑
m,n=1

Jmn ⊗ Jmn + V θ
corr

for x3 ∈ [∆,∆ + δ∗],

0 for x3 ∈ (0,∆),

where

V σ
corr =

3∑
p,q=1

αλI
〈
ζ̂(·) divŷ Y

pq
0 (·, x3)

〉
Σ
⊗ Jpq

(11.16)

+

3∑
p,q=1

2αµ

3∑
m,n=1

〈
ζ̂(·)Dŷmn

(
Y pq

0 (·, x3)
)〉

Σ
Jmn ⊗ Jpq, x3 ∈ (∆ + δ∗,∆ + δ∗],

and

V θ
corr = σαλI⊗

3∑
m,n=1

〈
ψ̂(·) divẑ Z

mn
00 (·, x3)

〉
Θ
Jmn(11.17)

+ 2σαµ

3∑
m,n=1

〈
ψ̂(·)Dẑ

(
Zmn00 (·, x3)

)〉
Θ
⊗ Jmn

+

3∑
p,q=1

[(
θαλI⊗ I + αλI⊗

3∑
m,n=1

〈
ψ̂(·) divẑ Z

mn
00 (·, x3)

〉
Θ
Jmn

+ 2αµ

3∑
m,n=1

(
θ Jmn +

〈
ψ̂(·)Dẑ

(
Zmn00 (·, x3)

)〉
Θ

)
⊗ Jmn

)
:

:
〈
ζ̂(·)Dŷ

(
Y pq

0 (·, x3)
)〉

Σ

]
⊗ Jpq, x3 ∈ [∆,∆ + δ∗];

(11.18) E(x3) =


α−1
γ I⊗ I for x3 ∈ (∆ + δ∗, 1),

σα−1
γ I⊗ I + (1− σ)G + E σ

corr for x3 ∈ (∆ + δ∗,∆ + δ∗],

σθα−1
γ I⊗ I + (1− σθ)G + E θ

corr for x3 ∈ [∆,∆ + δ∗],

G for x3 ∈ (0,∆),

where

(11.19) E σ
corr =

3∑
p,q=1

〈[
ζ̂(·)α−1

γ I⊗ I +
(
1− ζ̂(·)

)
G
]

: Dŷ

(
Y pq

0 (·, x3)
)〉

Σ
⊗ Jpq,

x3 ∈ (∆ + δ∗,∆ + δ∗],
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E θ
corr = σα−1

γ I⊗
3∑

m,n=1

〈
ψ̂(·) divẑ Z

mn
00 (·, x3)

〉
Θ
Jmn(11.20)

+ σ

3∑
m,n=1

(
G :
〈
(1− ψ̂(·))Dẑ

(
Zmn00 (·, x3)

)〉
Θ

)
⊗ Jmn

+

3∑
p,q=1

〈[
ζ̂(·)
{
α−1
γ I⊗

(
θ I +

3∑
m,n=1

〈
ψ̂(·) divẑ Z

mn
00 (·, x3)

〉
Θ
Jmn

)

+

3∑
m,n=1

(
G :
〈
(1− ψ̂(·))Dẑ

(
Zmn00 (·, x3)

)〉
Θ

)
⊗ Jmn

}
+
(
1− θ ζ̂(·)

)
G
]

: Dŷ

(
Y pq

0 (·, x3)
)〉

Σ
⊗ Jpq, x3 ∈ [∆,∆ + δ∗];

(11.21) K(t, x3) =


0 for x3 ∈ (∆ + δ∗, 1),

Kσ(t) for x3 ∈ (∆ + δ∗,∆ + δ∗],

K θ(t) for x3 ∈ [∆,∆ + δ∗],

0 for x3 ∈ (0,∆),

where

(11.22) Kσ(t) =

3∑
p,q=1

[(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

:

:
〈
ζ̂(·)Dŷ

(
Y pq

1 (·, t, x3)
)〉

Σ

]
⊗ Jpq, x3 ∈ (∆ + δ∗,∆ + δ∗),

K θ(t) =

3∑
p,q=1

[{
αλI⊗

(
θ I +

3∑
m,n=1

〈
ψ̂(·) divẑ Z

mn
00 (·, x3)

〉
Θ
Jmn

)
(11.23)

+ 2αµ

3∑
m,n=1

(
θ Jmn +

〈
ψ̂(·)Dẑ

(
Zmn00 (·, x3)

)〉
Θ

)
⊗ Jmn

}
:

:
〈
ζ̂(·)Dŷ

(
Y pq

1 (·, t, x3)
)〉

Σ

]
⊗ Jpq

+ σ
(
αλI⊗

3∑
m,n=1

〈
ψ̂(·) divẑ Z

mn
10 (·, t, x3)

〉
Θ
Jmn

+ 2αµ

3∑
m,n=1

〈
ψ̂(·)Dẑ(Zmn10 (·, t, x3))

〉
Θ
⊗ Jmn

)

+

3∑
p,q=1

[(
αλI⊗

3∑
m,n=1

〈
ψ̂(·) divẑ Z

mn
10 (·, t, x3)

〉
Θ
Jmn

+ 2αµ

3∑
m,n=1

〈
ψ̂(·)Dẑ

(
Zmn10 (·, t, x3)

)〉
Θ
⊗ Jmn

)
:

:
〈
ζ̂(·)Dŷ

(
Y pq

0 (·, x3)
)〉

Σ

]
⊗ Jpq, x3 ∈ [∆,∆ + δ∗];
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(11.24) Q(t, τ, x3) =



0 for x3 ∈ (∆ + δ∗, 1),

Qσ(τ) for x3 ∈ (∆ + δ∗,∆ + δ∗],

Q θ
0 (τ) +

3∑
p,q=1

(
Q θ

1 (t) : Qpq(τ)
)
⊗ Jpq

for x3 ∈ [∆,∆ + δ∗],

0 for x3 ∈ (0,∆),

where

(11.25) Qσ(τ) =

3∑
p,q=1

〈(
ζ̂(·)α−1

γ I⊗ I +
(
1− ζ̂(·)

)
G
)

: Dŷ

(
Y pq

1 (·, τ, x3)
)〉

Σ
⊗ Jpq,

x3 ∈ (∆ + δ∗,∆ + δ∗],

Q θ
0 (τ) =

3∑
p,q=1

〈[
ζ̂(·)
{
α−1
γ I⊗

(
θ I +

3∑
m,n=1

〈
ψ̂(·) divẑ Z

mn
00 (·, x3)

〉
Θ
Jmn

)
(11.26)

+

3∑
m,n=1

(
G :
〈(

1− ψ̂(·)
)
Dẑ

(
Zmn00 (·, x3)

)〉
Θ

)
⊗ Jmn

}
+
(
1− θ ζ̂(·)

)
G
]

: Dŷ

(
Y pq

1 (·, τ, x3)
)〉

Σ
⊗ Jpq

+ σ
{
α−1
γ I⊗

3∑
m,n=1

〈
ψ̂(·) divẑ Z

mn
10 (·, τ, x3)

〉
Θ
Jmn

+

3∑
m,n=1

(
G :
〈(

1− ψ̂(·)
)
Dẑ

(
Zmn10 (·, τ, x3)

)〉
Θ

)
⊗ Jmn

}

+

3∑
p,q=1

[{
α−1
γ I⊗

3∑
m,n=1

〈
ψ̂(·) divẑ Z

mn
10 (·, τ, x3)

〉
Θ
Jmn

+

3∑
m,n=1

(
G :
〈(

1− ψ̂(·)
)
Dẑ

(
Zmn10 (·, τ, x3)

)
〉Θ
)
⊗ Jmn

}
:

:
〈
ζ̂(·)Dŷ

(
Y pq

0 (·, x3)
)〉

Σ

]
⊗ Jpq, x3 ∈ [∆,∆ + δ∗];

Q θ
1 (t) = αλI⊗

3∑
m,n=1

〈
ψ̂(·) divẑ Z

mn
10 (·, t, x3)

〉
Θ
Jmn(11.27)

+ 2αµ

3∑
m,n=1

〈
ψ̂(·)Dẑ

(
Zmn10 (·, t, x3)

)〉
Θ
⊗ Jmn, x3 ∈ [∆,∆ + δ∗];

Qpq(τ) =
〈
ζ̂(·)Dŷ

(
Y pq

1 (·, τ, x3)
)〉

Σ
, x3 ∈ [∆,∆ + δ∗];(11.28)

(11.29) W(t, τ, x3) =


0 for x3 ∈ (0, 1) \ [∆,∆ + δ∗],

3∑
p,q=1

(
W θ

1 (t) : Qpq(τ)
)
⊗ Jpq for x3 ∈ [∆,∆ + δ∗],
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where

(11.30) W θ
1 (t) = α−1

γ I⊗
3∑

m,n=1

〈
ψ̂(·) divẑ Z

mn
10 (·, t, x3)

〉
Θ
Jmn

+

3∑
m,n=1

(
G :
〈
(1− ψ̂(·))Dẑ(Zmn10 (·, t, x3))〉Θ

)
⊗ Jmn, x3 ∈ [∆,∆ + δ∗],

and Qpq(τ) is given by formula (11.28);

(11.31) Fv(t, x3) =


0 for x3 ∈ (∆ + δ∗, 1),

(1− σ)G + F σ
v-corr(t) for x3 ∈ (∆ + δ∗,∆ + δ∗],

(1− σθ)G + F θ
v-corr(t) for x3 ∈ [∆,∆ + δ∗],

G for x3 ∈ (0,∆),

where

F σ
v-corr(t) =

(11.32)

=

3∑
p,q=1

[(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

:
〈
ζ̂(·)Dŷ

(
Y pq

3 (·, t, x3)
)〉

Σ

]
⊗ Jpq

+

3∑
p,q=1

〈(
ζ̂(·)α−1

γ I⊗ I +
(
1− ζ̂(·)

)
G
)

: Dŷ

(
(JtY

pq
3 )(·, t, x3)

)〉
Σ
⊗ Jpq,

x3 ∈ (∆ + δ∗,∆ + δ∗],

and

F θ
v-corr(t) =

3∑
p,q=1

[{
αλI⊗

(
θ I +

3∑
m,n=1

〈
ψ̂(·) divẑ Z

mn
00 (·, x3)

〉
Θ
Jmn

)(11.33)

+ 2αµ

3∑
m,n=1

(
θ Jmn +

〈
ψ̂(·)Dẑ

(
Zmn00 (·, x3)

)〉
Θ

)
⊗ Jmn

}
:

:
〈
ζ̂(·)Dŷ

(
Y pq

3 (·, t, x3)
)〉

Σ

]
⊗ Jpq

+

3∑
p,q=1

〈[
ζ̂(·)
{
α−1
γ I⊗

(
θ I +

3∑
m,n=1

〈
ψ̂(·) divẑ Z

mn
00 (·, x3)

〉
Θ
Jmn

)

+

3∑
m,n=1

(
G :
〈(

1− ψ̂(·)
)
Dẑ

(
Zmn00 (·, x3)

)〉
Θ

)
⊗ Jmn

}
+
(
1− θ ζ̂(·)

)
G
]

: Dŷ

(
(JtY

pq
3 )(·, t, x3)

)〉
Σ
⊗ Jpq

+

3∑
p,q=1

∫ t

0

[(
αλI⊗

3∑
m,n=1

〈
ψ̂(·) divẑ Z

mn
10 (·, t− τ, x3)

〉
Θ
Jmn
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+ 2αµ

3∑
m,n=1

〈
ψ̂(·)Dẑ

(
Zmn10 (·, t− τ, x3)

)〉
Θ
⊗ Jmn

)
:

:
〈
ζ̂(·)Dŷ

(
Y pq

3 (·, τ, x3)
)〉

Σ

]
⊗ Jpqdτ

+

3∑
p,q=1

∫ t

0

[{
α−1
γ I⊗

3∑
m,n=1

〈
ψ̂(·) divẑ Z

mn
10 (·, t− τ, x3)

〉
Θ
Jmn

+

3∑
m,n=1

(
G :
〈(

1− ψ̂(·)
)
Dẑ

(
Zmn10 (·, t− τ, x3)

)〉
Θ

)
⊗ Jmn

}
:

:
〈
ζ̂(·)Dŷ

(
(JτY

pq
3 )(·, τ, x3)

)〉
Σ

]
⊗ Jpqdτ

+ σ

3∑
p,q=1

(
αλ
〈
ψ̂(·) divẑ Z

pq
30(·, t, x3)

〉
Θ
I + 2αµ

〈
ψ̂(·)Dẑ

(
Zpq30(·, t, x3)

)〉
Θ

+ α−1
γ

〈
ψ̂(·) divẑ(JtZ

pq
30)(·, t, x3)

〉
Θ
I + G :

〈(
1− ψ̂(·)

)
Dẑ

(
(JtZ

pq
30)(·, t, x3)

)〉
Θ

)
⊗Jpq,

x3 ∈ (∆,∆ + δ∗];

(11.34) Fp(t, x3) =


−I for x3 ∈ (∆ + δ∗, 1),

−σ I + Fσp-corr(t) for x3 ∈ (∆ + δ∗,∆ + δ∗],

−σθ I + F θp-corr(t) for x3 ∈ [∆,∆ + δ∗],

0 for x3 ∈ (0,∆),

where

Fσp-corr(t) =
(
αλI⊗ I + 2αµ

3∑
m,n=1

Jmn ⊗ Jmn
)

:
〈
ζ̂(·)Dŷ

(
Y 2(·, t, x3)

)〉
Σ

(11.35)

+
〈[
ζ̂(·)α−1

γ I⊗ I +
(
1− ζ̂(·)

)
G
]

: Dŷ

(
(JtY 2)(·, t, x3)

)〉
Σ
,

x3 ∈ (∆ + δ∗,∆ + δ∗],

and

F θp-corr(t) =
[
αλI⊗

(
θ I +

3∑
m,n=1

〈
ψ̂(·) divẑ Z

mn
00 (·, x3)

〉
Θ
Jmn

)(11.36)

+ 2αµ

3∑
m,n=1

(
θ Jmn +

〈
ψ̂(·)Dẑ

(
Zmn00 (·, x3)

)〉
Θ

)
⊗ Jmn

]
:
〈
ζ̂(·)Dŷ

(
Y 2(·, t, x3)

)〉
Σ

+
〈[
ζ̂(·)
{
α−1
γ I⊗

(
θ I +

3∑
m,n=1

〈
ψ̂(·) divẑ Z

mn
00 (·, x3)

〉
Θ
Jmn

)

+

3∑
m,n=1

(
G :
〈(

1− ψ̂(·)
)
Dẑ

(
Zmn00 (·, x3)

)〉
Θ

)
⊗ Jmn

}
+
(
1− θζ̂(·)

)
G
]

: Dŷ

(
(JtY 2)(·, t, x3)

)〉
Σ
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+

∫ t

0

[
αλI⊗

3∑
m,n=1

〈
ψ̂(·) divẑ Z

mn
10 (·, t− τ, x3)

〉
Θ
Jmn

+ 2αµ

3∑
m,n=1

〈
ψ̂(·)Dẑ

(
Zmn10 (·, t− τ, x3)

)〉
Θ
⊗ Jmn

]
:
〈
ζ̂(·)Dŷ

(
Y 2(·, τ, x3)

)〉
Σ
dτ

+

∫ t

0

[
α−1
γ I⊗

3∑
m,n=1

〈
ψ̂(·) divẑ Z

mn
10 (·, t− τ, x3)

〉
Θ
Jmn

+

3∑
m,n=1

(
G :
〈(

1− ψ̂(·)
)
Dẑ

(
Zmn10 (·, t− τ, x3)

)〉
Θ

)
⊗ Jmn

]
:

:
〈
ζ̂(·)Dŷ

(
(JτY 2)(·, τ, x3)

)〉
Σ
dτ

+ σ
(
αλ
〈
ψ̂(·) divẑ Z20(·, t, x3)

〉
Θ
I + 2αµ

〈
ψ̂(·)Dẑ

(
Z20(·, t, x3)

)〉
Θ

+ α−1
γ

〈
ψ̂(·) divẑ(JtZ20)(·, t, x3)

〉
Θ
I + G :

〈(
1− ψ̂(·)

)
Dẑ

(
(JtZ20)(·, t, x3)

)〉
Θ

)
,

x3 ∈ (∆,∆ + δ∗].

Remark 27. Due to Remarks 17 and 25, the tensors V σ
corr, V

θ
corr, E

σ
corr, E

θ
corr are

constant and the tensors Kσ(t), K θ(t), Qσ(τ), Q θ
0 (τ), Q θ

1 (t), W θ
1 (t), F σ

v- corr(t),

F θ
v- corr(t), and the matrices Qpq(τ), Fσ

p- corr(t), F θp- corr(t) depend only on t (or τ).

Proposition 12. (i) The tensor-valued functions V = V(x3), E = E(x3),
K = K(t, x3), Q = Q(t, τ, x3), W = W(t, τ, x3), and Fv = Fv(t, x3) and the
matrix-valued function Fp = Fp(t, x3) satisfy the following regularity conditions:

V , E ∈ L∞(0, 1)3×3×3×3,(11.37)

K, Fv, ∂tK, ∂tFv ∈ L∞((0, T )× (0, 1))3×3×3×3,(11.38)

Q, W , ∂tQ ∈ L∞((0, T )× (0, T )× (0, 1))3×3×3×3,(11.39)

Fp, ∂tFp ∈ L∞((0, T )× (0, 1))3×3.(11.40)

(ii) The tensor-valued function V satis�es the �niteness property

(11.41) V = 0 for x3 ∈ (0,∆),

the symmetry property

(11.42) Vijkl = Vjikl = Vjilk = Vklij , ∀x3 ∈ [0, 1], ∀ i, j, k, l = 1, 2, 3,

and the uniform positive de�niteness property:

there exists a constant C9 > 0 such that
(
V(x3) : X

)
: X ≥ C9|X|2,(11.43)

∀X ∈ R3×3
symm, ∀x3 ∈ Σ× [∆, 1].

(iii) The tensor-valued function

Hs(x3) :=sV(x3) + E(x3) + sK(s, x3) + 1x3∈(∆+δ∗,∆+δ∗](x)Qσ
(s)

(11.44)

+ 1x3∈(∆,∆+δ∗](x)
{
Q θ

0 (s) +

3∑
p,q=1

[(
sQ θ

1 (s) + W θ

1 (s)
)

: Qpq(s)
]
⊗ Jpq

}
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satis�es the symmetry properties

Hs ijkl = Hs jikl = Hs jilk, ∀x3 ∈ [0, 1], ∀ s > 0, ∀ i, j, k, l = 1, 2, 3,(11.45)

(Hs : X) : W = (Hs : W) : X, ∀X,W ∈ R3×3
symm,(11.46)

and the uniform positive de�niteness property:

there exists a constant Cs10 > 0 such that (Hs(x3) : X) : X ≥ Cs10|X|2,(11.47)

∀X ∈ R3×3
symm, ∀x3 ∈ [0, 1], ∀ s > 0.

(iv) For a.e. (t, x3) ∈ (0, T )× (0, 1) the tensor Fv(t, x3) satis�es the symmetry
properties

F ijklv = F jiklv = F jilkv , ∀ i, j, k, l = 1, 2, 3,(11.48)

(Fv : X) : W = (Fv : W) : X, ∀X,W ∈ R3×3
symm.(11.49)

(v) For a.e. (t, x3) ∈ (0, T )× (0, 1) the matrix Fp(t, x3) is symmetric.

Notation 5. In (11.44) and further, by 1x3∈I we denote the indicator function of
the set I:

1x3∈I(x) =

{
1 if x3 ∈ I,
0 if x3 /∈ I.

Proof of Proposition 12 is analogous to the proof of Proposition 6. Let us divide it
into �ve steps.

(i) Inclusions (11.37)-(11.40) directly follow from (11.2)-(11.10), (10.31), (10.34),
(10.35), (10.38), (10.41), (10.42), (10.45), (7.53), and Remark 25.

(ii) The �niteness property (11.41) immediately follows from (11.15). Also, the
properties (11.42) and (11.43) follow for x3 ∈ (0,∆) ∪ (∆ + δ∗, 1) directly from
(11.15). In order to establish (11.42) and (11.43) for x3 ∈ [∆,∆ + δ∗], we recall the
integral equalities (10.9) and (10.10) from the formulation of Problem Y1. Using
(7.13), we give the uniform formulation of (10.9) and (10.10) in terms of A0 as
follows: ∫

Σ

[
A0(ŷ, x3) :

(
Jij + Dŷ

(
Y ij

0 (ŷ, x3)
))]

: Dŷ(φ12(ŷ, x3))dŷ = 0,

∀φ12 ∈ H1
] (Σ)3, ∀x3 ∈ [∆,∆ + δ∗].

Here we re-assign indices (i, j) to (k, l) for technical reasons, and take the test
vector-function φ = Y mn

0 (ŷ, x3), which is legal. Thus we get∫
Σ

[
A0(ŷ, x3) :

(
Jkl + Dŷ

(
Y kl

0 (ŷ, x3)
))]

: Dŷ

(
Y mn

0 (ŷ, x3)
)
dŷ = 0,(11.50)

∀ k, l,m, n = 1, 2, 3, ∀x3 ∈ [∆,∆ + δ∗],

or, equivalently in the component-wise form,

3∑
i,j,p,q=1

∫
Σ

Aijpq0 (ŷ, x3)
(
Jkl
)
pq
Dŷij

(
Y mn

0 (ŷ, x3)
)
dŷ

+

3∑
i,j,p,q=1

∫
Σ

Aijpq0 (ŷ, x3)Dŷpq

(
Y kl

0 (ŷ, x3)
)
Dŷij

(
Y mn

0 (ŷ, x3)
)
dŷ = 0,

∀ k, l,m, n = 1, 2, 3, ∀x3 ∈ [∆,∆ + δ∗].
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Calculating the sum in p and q in the �rst integral and using the symmetry of A0,
see (7.29), we arrive at the equality

3∑
i,j=1

∫
Σ

Aijkl0 (ŷ, x3)Dŷij

(
Y mn

0 (ŷ, x3)
)
dŷ(11.51)

= −
3∑

i,j,p,q=1

∫
Σ

Aijpq0 (ŷ, x3)Dŷpq

(
Y kl

0 (ŷ, x3)
)
Dŷij

(
Y mn

0 (ŷ, x3)
)
dŷ,

∀ k, l,m, n = 1, 2, 3, ∀x3 ∈ [∆,∆ + δ∗].

Calculating the sum in p and q in (11.11) and using the symmetry properties Y kl
0 =

Y lk
0 and (7.29) and Remark 24, we represent

(11.52)

Vklmn(x3) =

∫
Σ

Aklmn0 (ŷ, x3)dŷ +

3∑
i,j=1

∫
Σ

Aijkl0 (ŷ, x3)Dŷij

(
Y mn

0 (ŷ, x3)
)
dŷ.

Combining (11.51) and (11.52) we establish the following representation for the
components of V on [∆,∆ + δ∗]:

Vklmn(x3) =

∫
Σ

Aklmn0 (ŷ, x3)dŷ(11.53)

−
3∑

i,j,p,q=1

∫
Σ

Aijpq0 (ŷ, x3)Dŷpq

(
Y kl

0 (ŷ, x3)
)
Dŷij

(
Y mn

0 (ŷ, x3)
)
dŷ,

∀ k, l,m, n = 1, 2, 3, ∀x3 ∈ [∆,∆ + δ∗].

Using again (7.29) and Remark 24, from (11.53) we immediately deduce (11.42) on
[∆,∆ + δ∗].

Further, multiplying (11.50) by XklXmn, where X = (Xkl) ∈ R3×3
symm is arbitrary,

and taking the sum in k, l,m, and n from 1 to 3, on [∆,∆ + δ∗], we get the identity

(11.54)∫
Σ

[
A0(ŷ, x3) :

(
X+Dŷ

( 3∑
k,l=1

XklY
kl
0 (ŷ, x3)

))]
: Dŷ

( 3∑
m,n=1

XmnY
mn
0 (ŷ, x3)

)
dŷ

= 0.

Multiplying (11.11) by XklXmn and taking the sum in k, l,m, and n from 1 to 3,
we arrive at the identity

(V : X) : X =

∫
Σ

[
A0(ŷ, x3) : X

]
: X dŷ +

∫
Σ

[
A0 : Dŷ

( 3∑
k,l=1

XklY
kl
0 (ŷ, x3)

)]
: X dŷ,

(11.55)

∀x3 ∈ [∆,∆ + δ∗].

Now, by swapping the left and the right hand sides in (11.54) followed by adding
(11.55), we establish that

(V(x3) : X) : X =

∫
Σ

[
A0(ŷ, x3) :

(
X + Dŷ

( 3∑
k,l=1

XklY
kl
0 (ŷ, x3)

))]
:
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:
[
X + Dŷ

( 3∑
m,n=1

XmnY
mn
0 (ŷ, x3)

)]
dŷ

(7.30)

≥ C5

∫
Σ

∣∣∣X + Dŷ

( 3∑
k,l=1

XklY
kl
0 (ŷ, x3)

)∣∣∣2 dŷ, ∀x3 ∈ [∆,∆ + δ∗].

Thus (V(x3) : X) : X ≥ 0 for all X ∈ R3×3
symm for x3 ∈ [∆,∆ + δ∗]. At last, the strict

positive de�niteness property (11.43) on [∆,∆ + δ∗] is justi�ed quite analogously
to the proof of the positive de�niteness of the tensor A0 in Proposition 6. By this,
the proof of assertion (ii) is complete.

(iii) By the straightforward calculation, we easily deduce that the properties
(11.45), (11.46), and (11.47) follow for x3 ∈ (0,∆)∪ (∆ + δ∗, 1) directly from (1.3),
(1.7), (11.15), (11.18), (11.21), and (11.44).

Now let us establish (11.45)-(11.47) for x3 ∈ [∆,∆ + δ∗].
At �rst, we consider the case when x3 ∈ (∆ + δ∗,∆ + δ∗]. Recall that (10.19) is

the sum of (10.25) (or, equivalently, (10.9)), (10.26) and (10.27). Therefore it holds
true due to Proposition 8 and item (i) of Proposition 10. We multiply (10.19) by
Xij , where X = (Xij) ∈ R3×3

symm is arbitrary, and take the sum in i and j from 1 to
3. Using (7.45), we write out the resulting equality as follows:

(11.56)

∫
Σ

{
Hs(ŷ, x3) :

(
X + Dŷ

( 3∑
i,j=1

Xij

(
Y ij

0 (ŷ, x3) + Y
ij

1 (ŷ, s, x3)
)))}

:

: Dŷ(φ12(ŷ))dŷ = 0

for all x3 ∈ (∆ + δ∗,∆ + δ∗] and s > 0.
Let W = (Wkl) ∈ R3×3

symm be arbitrary. Inserting

φ12 :=

3∑
k,l=1

Wkl

(
Y kl

0 (ŷ, x3) + Y
kl

1 (ŷ, s, x3)
)

into (11.56), which is the legal choice of test vector-function, we get the identity

∫
Σ

{
Hs(ŷ, x3) :

(
X + Dŷ

( 3∑
i,j=1

Xij

(
Y ij

0 (ŷ, x3) + Y
ij

1 (ŷ, s, x3)
)))}

:

(11.57)

: Dŷ

( 3∑
k,l=1

Wkl

(
Y kl

0 (ŷ, x3) + Y
kl

1 (ŷ, s, x3)
))
dŷ = 0,

∀x3 ∈ (∆ + δ∗,∆ + δ∗], ∀ s > 0.

Next, substituting (11.15), (11.16), (11.18), (11.19), (11.21), (11.22), and (11.25)
(restricted to (∆ + δ∗,∆ + δ∗] × {0 < s < +∞}) into (11.44), we establish the
representation

Hs(x3) = s

(
σαλI⊗ I + 2σαµ

3∑
m,n=1

Jmn ⊗ Jmn

(11.58)
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+

∫
Σ

[
αλI

3∑
p,q=1

ζ̂(ŷ) divŷ

(
Y pq

0 (ŷ, x3) + Y
pq

1 (ŷ, s, x3)
)
⊗ Jpq

+

3∑
p,q=1

2αµ

3∑
m,n=1

ζ̂(ŷ)Dŷmn

(
Y pq

0 (ŷ, x3) + Y
pq

1 (ŷ, s, x3)
)
Jmn ⊗ Jpq

]
dŷ

)

+ σα−1
γ I⊗ I + (1− σ)G

+

∫
Σ

3∑
p,q=1

(
ζ̂(ŷ)α−1

γ I⊗ I +
(
1− ζ̂(ŷ)

)
G
)

: Dŷ

(
Y pq

0 (ŷ, x3) + Y
pq

1 (ŷ, s, x3)
)
⊗ Jpqdŷ.

Using (7.45), representation σ = 〈ζ̂〉Σ ≡
∫

Σ

ζ̂(ŷ)dŷ, and representation (11.58), we

write out the quadratic expression
(
Hs(x3) : X

)
: W on the segment (∆+δ∗,∆+δ∗]

as follows:

(
Hs(x3) : X

)
: W = sσ

(
αλ trX trW + 2αµX : W

)(11.59)

+

∫
Σ

[
Hs(ŷ, x3) :

(
X + Dŷ

( 3∑
i,j=1

Xij

(
Y ij

0 (ŷ, x3) + Y
ij

1 (ŷ, s, x3)
)))]

: W dŷ,

∀x3 ∈ (∆ + δ∗,∆ + δ∗], ∀ s > 0, ∀X,W ∈ R3×3
symm.

Now, by swapping the left and the right hand sides in (11.57) followed by adding
(11.59), we establish the representation

(
Hs(x3) : X

)
: W = sσ

(
αλ trX trW + 2αµX : W

)(11.60)

+

∫
Σ

{
Hs(ŷ, x3) :

[
X + Dŷ

( 3∑
i,j=1

Xij

(
Y ij

0 (ŷ, x3) + Y
ij

1 (ŷ, s, x3)
))]}

:

:
[
W + Dŷ

( 3∑
k,l=1

Wkl

(
Y kl

0 (ŷ, x3) + Y
kl

1 (ŷ, s, x3)
))]

dŷ,

∀x3 ∈ (∆ + δ∗,∆ + δ∗], ∀ s > 0, ∀X,W ∈ R3×3
symm.

The symmetry properties (11.45) and (11.46) on the segment (∆ + δ∗,∆ + δ∗] for
s > 0 follow immediately from the above representation due to (7.32) and (7.33).

Finally, inserting W := X into (11.60) we establish the inequality(
Hs(x3) : X

)
: X = sσ

(
αλ| trX|2 + 2αµ|X|2

)
+

∫
Σ

{
Hs(ŷ, x3) :

[
X + Dŷ

( 3∑
i,j=1

Xij

(
Y ij

0 (ŷ, x3) + Y
ij

1 (ŷ, s, x3)
))]}

:

:
[
X + Dŷ

( 3∑
k,l=1

Xkl

(
Y kl

0 (ŷ, x3) + Y
kl

1 (ŷ, s, x3)
))]

dŷ

(7.34)

≥ sσ
(
αλ| trX|2 + 2αµ|X|2

)
≥ sσ

(
αλ + 2αµ

)
|X|2,
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∀x3 ∈ (∆ + δ∗,∆ + δ∗], ∀ s > 0, ∀X,W ∈ R3×3
symm,

which immediately yields that (11.47) holds true for x3 ∈ (∆ + δ∗,∆ + δ∗]. Thus
the properties (11.45)-(11.47) hold true on (∆ + δ∗,∆ + δ∗].

At second, we consider the case when x3 ∈ [∆,∆ + δ∗]. Justi�cation of (11.45)-
(11.47) in this case is analogous to the case when x3 ∈ (∆ + δ∗,∆ + δ∗]. We
recall that (10.20) is the sum of (10.28) (or, equivalently, (10.10)), (10.29), and
(10.30). Therefore it holds true due to Proposition 8 and item (ii) of Proposition
10. We multiply (10.20) by Xij , where X = (Xij) ∈ R3×3

symm is arbitrary, and
take the sum in i and j from 1 to 3. Thus we arrive at the identity (11.56) on
[∆,∆ + δ∗]× {0 < s < +∞}. Further, inserting

φ12 =

3∑
k,l=1

Wkl

(
Y kl

0 (ŷ, x3) + Y
kl

1 (ŷ, s, x3)
)

into (11.56) we arrive at (11.57) on [∆,∆ + δ∗]× {0 < s < +∞}.
Next, suitably combining (7.14), (7.16), (7.18), (7.20), (7.45), (11.15), (11.18),

(11.21), (11.26), (11.27), (11.28), (11.30), (11.44), and the representation σ =∫
Σ

ζ̂(ŷ)dŷ, we write out the quadratic expression
(
Hs(x3) : X

)
: W on the seg-

ment [∆,∆ + δ∗] as follows:

(
Hs(x3) : X

)
: W = sσθ

(
αλ trX trW + 2αµX : W

)(11.61)

+

∫
Σ

[
Hs(ŷ, x3) :

(
X + Dŷ

( 3∑
i,j=1

Xij

(
Y ij

0 (ŷ, x3) + Y
ij

1 (ŷ, s, x3)
)))]

: W dŷ,

∀x3 ∈ (∆,∆ + δ∗], ∀ s > 0, ∀X,W ∈ R3×3
symm.

At last, we swap the left and right hand sides in (11.57) (restricted to [∆,∆ +
δ∗] × {0 < s < +∞}), add the result to (11.61), and complete justi�cation of
(11.45)-(11.47) (on [∆,∆ + δ∗] × {0 < s < +∞}) quite analogously to the case
(x3, s) ∈ (∆ + δ∗,∆ + δ∗]× (0,+∞).

Thus, all assertions of item (iii) are proved.

(iv) The symmetry properties (11.48) and (11.49) directly follow from (11.12)
due to the symmetry of A0, B0, A1, B1, G, Jpq, and F 0

sol, see Proposition 6 and
identity (1.3).

(v) The symmetry of Fp directly follows from (11.13) and (11.14) due to the
symmetry of A0, B0, A1, and B1, and matrix F 0

f , see Proposition 6. �

Let us formulate the additional result, which will be useful further.

Proposition 13. Assume that the tensor-valued functions V, E, K, Q, W, and
Fv, and the matrix-valued function Fp admit the representations (11.15), (11.18),
(11.21), (11.24), (11.29), (11.31), and (11.34), respectively; then assertions (i)-(v)
of Proposition 12 are equivalent to Conditions C1-C5, stated below.

Conditions C1-C5. (C1) The fourth-rank tensor-valued functions Kσ, K θ, Qσ,

Q θ
0 , Q

θ
1 , ∂tQ

θ
1 , W

θ
1 , F

σ
v-corr, F

θ
v-corr, ∂tF

σ
v-corr, and ∂tF

θ
v-corr belong to the space

L∞(0, T )3×3×3×3. The matrix-valued functions Qpq, Fσp-corr, F θp-corr, ∂tFσp-corr, and
∂tF θp-corr belong to the space L∞(0, T )3×3.
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(C2) The constant tensors V σ
corr and V θ

corr satisfy the symmetry properties

V σ ijklcorr = V σ jiklcorr = V σ jilkcorr = V σ klijcorr , V θ ijklcorr = V θ jiklcorr = V θ jilkcorr = V θ klijcorr ,

i, j, k, l = 1, 2, 3, and the uniform positive de�niteness properties: there exists a
constant C9 > 0 such that

2σαµ|X|2 + σαλ| trX|2 +
(
V σ
corr : X

)
: X ≥ C9|X|2, ∀X ∈ R3×3

symm,

2σθαµ|X|2 + σθαλ| trX|2 +
(
V θ
corr : X

)
: X ≥ C9|X|2, ∀X ∈ R3×3

symm,

Here the constant C9 is the same as in (11.43).
(C3) The tensors

Hs
σ := s

(
σαλI⊗ I + 2σαµ

3∑
m,n=1

Jmn ⊗ Jmn + V σ
corr

)
(11.62)

+ σα−1
γ I⊗ I + (1− σ)G + E σ

corr + sKσ
(s) + Qσ

(s), s > 0,

and

Hs
θ := s

(
σθαλI⊗ I + 2σθαµ

3∑
m,n=1

Jmn ⊗ Jmn + V θ
corr

)
(11.63)

+ σθα−1
γ I⊗ I + (1− σθ)G + E θ

corr + sK θ
(s)

+ Q θ

0 (s) +

3∑
p,q=1

[(
sQ θ

1 (s) + W θ

1 (s)
)

: Qpq(s)
]
⊗ Jpq, s > 0,

satisfy the symmetry properties

Hs ijklσ = Hs jiklσ = Hs jilkσ , ∀ s > 0, ∀ i, j, k, l = 1, 2, 3,

Hs ijklθ = Hs jiklθ = Hs jilkθ , ∀ s > 0, ∀ i, j, k, l = 1, 2, 3,(
Hs
σ : X

)
: W =

(
Hs
σ : W

)
: X, ∀X,W ∈ R3×3

symm, ∀ s > 0,(
Hs
θ : X

)
: W =

(
Hs
θ : W

)
: X, ∀X,W ∈ R3×3

symm, ∀ s > 0,

and the positive de�niteness properties: there exists a constant Cs10 > 0 such that(
Hs
σ : X

)
: X ≥ Cs10|X|2,

(
Hs
θ : X

)
: X ≥ Cs10|X|2, ∀X ∈ R3×3

symm, s > 0.

Here the constant Cs10 is the same as in (11.47).

(C4) For a.e. t ∈ (0, T ) the tensorsF σ
v-corr(t) andF θ

v-corr(t) satisfy the symmetry
properties

F σ ijkl
v-corr = F σ jikl

v-corr = F σ jilk
v-corr , ∀ i, j, k, l = 1, 2, 3,

F θ ijkl
v-corr = F θ jikl

v-corr = F θ jilk
v-corr, ∀ i, j, k, l = 1, 2, 3,(

F σ
v-corr : X

)
: W = (F σ

v-corr : W) : X, ∀X,W ∈ R3×3
symm,(

F θ
v-corr : X

)
: W =

(
F θ
v-corr : W

)
: X, ∀X,W ∈ R3×3

symm.

(C5) The matrices Qpq(τ), Fσp-corr(t), and F θp-corr(t) are symmetric.

Proof of Proposition 13. On the strength of representations (11.15), (11.18), (11.21),
(11.24), (11.29), (11.31), and (11.34), Conditions C1-C5 are just the paraphrase of
assertions (i)-(v) of Proposition 12. �
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12. Formulation of the effective macroscopic model � Model HBS

Inserting (5.8), (5.16), (11.15), (11.18), (11.21), (11.24), (11.29), (11.31), and
(11.34) into the integral equality (11.1), and applying formula (A.6) to the terms

containing Qσ, Q θ
0 , and W θ

1 , we unfold this integral equality as follows:

∫ T

0

∫
{0<x1,x2<1}

∫ 1

∆+δ∗

{
−ατρFu · ∂tφ

(12.1)

+
(
αλIdivx u+ 2αµDx(u) + α−1

γ Idivx(Jtu)− Ip0
)

: Dx(φ)
}
dx3 dx̂ dt

+

∫ T

0

∫
{0<x1,x2<1}

∫ ∆+δ∗

∆+δ∗

{
−ατρσu · ∂tφ

+
(
σαλIdivx u+ 2σαµDx(u) + V σ

corr : Dx(u) + σα−1
γ Idivx(Jtu)

+ (1− σ)G : Dx(Jtu) + E σ
corr : Dx(Jtu)

+

∫ t

0

Kσ(t− τ) : Dx(u(x, τ))dτ +

∫ t

0

(Jt−τQσ)(t− τ) : Dx(u(x, τ))dτ

−
(
σI− Fσp- corr(t)

)
p0 +

(
(1− σ)G + F σ

v- corr(t)
)

: Dx(v0)
)

: Dx(φ)
}
dx3 dx̂ dt

+

∫ T

0

∫
{0<x1,x2<1}

∫ ∆+δ∗

∆

{
−ατρθu · ∂tφ

+
(
σθαλIdivx u+ 2σθαµDx(u) + V θ

corr : Dx(u) + σθα−1
γ Idivx(Jtu)

+ (1− σθ)G : Dx(Jtu) + E θ
corr : Dx(Jtu)

+

∫ t

0

K θ(t− τ) : Dx(u(x, τ))dτ +

∫ t

0

(Jt−τQ θ
0 )(t− τ) : Dx(u(x, τ))dτ

+

∫ t

0

∫ τ ′

0

[ 3∑
p,q=1

(
Q θ

1 (t− τ ′) : Qpq(τ ′ − τ)
)
⊗ Jpq

]
: Dx(u(x, τ))dτdτ ′

+

∫ t

0

∫ τ ′

0

[ 3∑
p,q=1

(
W θ

1 (t− τ ′) : (Jτ ′−τQpq)(τ ′ − τ)
)
⊗ Jpq

]
: Dx(u(x, τ))dτdτ ′

−
(
σθI− F θp- corr(t)

)
p0 +

(
(1− σθ)G + F θ

v- corr(t)
)

: Dx(v0)
)

: Dx(φ)
}
dx3 dx̂ dt

+

∫ T

0

∫
{0<x1,x2<1}

∫ ∆

0

{
−ατρSu · ∂tφ+ G :

(
Dx(Jtu) + Dx(v0)

)
:

: Dx(φ)
}
dx3dx̂dt

=

∫ T

0

∫
{0<x1,x2<1}

∫ 1

∆+δ∗
αF ρFf · φ dx3 dx̂ dt

+

∫ T

0

∫
{0<x1,x2<1}

∫ ∆+δ∗

∆+δ∗

αF ρσf · φ dx3 dx̂ dt

+

∫ T

0

∫
{0<x1,x2<1}

∫ ∆+δ∗

∆

αF ρθf · φ dx3 dx̂ dt
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+

∫ T

0

∫
{0<x1,x2<1}

∫ ∆

0

αF ρSf · φ dx3 dx̂ dt

+

∫
{0<x1,x2<1}

∫ 1

∆+δ∗
ατρFu

0(x) · φ(x, 0) dx3 dx̂

+

∫
{0<x1,x2<1}

∫ ∆+δ∗

∆+δ∗

ατρσu
0(x) · φ(x, 0) dx3 dx̂

+

∫
{0<x1,x2<1}

∫ ∆+δ∗

∆

ατρθu
0(x) · φ(x, 0) dx3 dx̂

+

∫
{0<x1,x2<1}

∫ ∆

0

ατρSu
0(x) · φ(x, 0) dx3 dx̂.

Due to su�cient arbitrariness of the test vector-function φ, the integral equality
(12.1) in the sense of distributions can be equivalently written as the system con-
sisting of the following equations and initial and interfacial conditions.

� In Ωfl = {x ∈ Ω : ∆ + δ∗ < x3 < 1}, the �uid motion is governed by the
Stokes system

(12.2a) ατρF∂tu− divx
(
P : Dx(u)

)
− α−1

γ ∇x divx Jtu = −∇xp0 + αF ρFf .

� In Ωδ∗ = {x ∈ Ω: ∆ + δ∗ < x3 < ∆ + δ∗}, the �uid-structure interactions
are governed by the equations of linear viscoelasticity with memory e�ects

ατρσ∂tu− divx
(
P σ : Dx(u)

)
− divx

(
G σ : Dx(Jtu)

)
(12.2b)

− divx

∫ t

0

Rσ(t− τ) : Dx(u(x, τ))dτ = divx Sσ0 + αF ρσf ,

where

(12.2c) P σ = σP + V σ
corr

is the constant e�ective instantaneous viscous stress tensor in Ωδ∗ ,

(12.2d) G σ = σα−1
γ I⊗ I + (1− σ)G + E σ

corr

is the constant e�ective instantaneous elastic sti�ness tensor in Ωδ∗ ,

(12.2e) Rσ(t) = Kσ(t) + (JtQσ)(t)

is the time-dependent viscoelastic relaxation tensor in Ωδ∗ , and

(12.2f) Sσ0 (x, t) = −
(
σI− Fσp- corr(t)

)
p0(x) +

(
(1− σ)G + F σ

v- corr(t)
)

: Dx(v0(x))

is the additional space- and time-dependent partial stress tensor arising from the
initial �uid-structure interactions in Ωδ∗ .

� In Ωδ∗ = {x ∈ Ω : ∆ < x3 < ∆ + δ∗}, the �uid-structure interactions are
governed by the equations of linear viscoelasticity with memory e�ects

ατρθ∂tu− divx
(
P θ : Dx(u)

)
− divx

(
G θ : Dx(Jtu)

)
(12.2g)

− divx

∫ t

0

R θ
1 (t− τ) : Dx(u(x, τ))dτ

− divx

∫ t

0

∫ τ ′

0

R θ
2 (t− τ ′, τ ′ − τ) : Dx(u(x, τ))dτdτ ′ = divx S θ0 + αF ρθf ,
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where

(12.2h) P θ = σθP + V θ
corr

is the constant e�ective instantaneous viscous stress tensor in Ωδ∗ ,

(12.2i) G θ = σθα−1
γ I⊗ I + (1− σθ)G + E θ

corr

is the constant e�ective instantaneous elastic sti�ness tensor in Ωδ∗ ,

(12.2j) R θ
1 (t) = K θ(t) + (JtQ θ

0 )(t)

is the time-dependent �rst viscoelastic relaxation tensor in Ωδ∗ ,

(12.2k) R θ
2 (t1, t2) =

3∑
p,q=1

[
Q θ

1 (t1) : Qpq(t2) + W θ
1 (t1) : (Jt2Qpq)(t2)

]
⊗ Jpq

is the time-dependent second viscoelastic relaxation tensor in Ωδ∗ , and

(12.2l) S θ0 (x, t) = −
(
σθI−F θp- corr(t)

)
p0(x)+

(
(1−σθ)G+F θ

v- corr(t)
)

: Dx(v0(x))

is the additional space- and time-dependent partial stress tensor arising from the
initial �uid-structure interactions in Ωδ∗ .

� In Ωpl = {x ∈ Ω: 0 < x3 < ∆}, the motion of elastic plate is governed by
the Lam�e system of linear elasticity

(12.2m) ατρS∂tu− divx
(
G : Dx(Jtu)

)
= divx

(
G : Dx(v0)

)
+ αF ρSf .

� The macroscopic velocity satis�es the initial condition

(12.2n) u(x, 0) = u0(x), x ∈ Ω,

i.e., the initial condition (5.12).

� Using the standard arguments (see, for example [9, Sec. 11.3] or [28, Sec.
6.2]), from (12.1) we derive the interface conditions on the sections {x3 = ∆ + δ∗},
{x3 = ∆ + δ∗}, and {x3 = ∆} for the normal stress:[

P : Dx(u) + α−1
γ Idivx Jtu− Ip0

]
e3

∣∣∣
x3=∆+δ∗+0

(12.2o)

=
[
P σ : Dx(u) + G σ : Dx(Jtu)

+

∫ t

0

Rσ(t− τ) : Dx(u(x, τ))dτ − Sσ0
]
e3

∣∣∣
x3=∆+δ∗−0

for x̂ ∈ (0, 1)2,

[
P σ : Dx(u) + G σ : Dx(Jtu)

(12.2p)

+

∫ t

0

Rσ(t− τ) : Dx(u(x, τ))dτ − Sσ0
]
e3

∣∣∣
x3=∆+δ∗+0

=
[
P θ : Dx(u) + G θ : Dx(Jtu) +

∫ t

0

R θ
1 (t− τ) : Dx(u(x, τ))dτ

+

∫ t

0

∫ τ ′

0

R θ
2 (t− τ ′, τ ′ − τ) : Dx(u(x, τ))dτ − S θ0

]
e3

∣∣∣
x3=∆+δ∗−0

for x̂ ∈ (0, 1)2,
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and [
P θ : Dx(u) + G θ : Dx(Jtu) +

∫ t

0

R θ
1 (t− τ) : Dx(u(x, τ))dτ(12.2q)

+

∫ t

0

∫ τ ′

0

R θ
2 (t− τ ′, τ ′ − τ) : Dx(u(x, τ))dτ − S θ0

]
e3

∣∣∣
x3=∆+0

=
[
G : Dx(Jtu)− G : Dx(v0)

]
e3

∣∣∣
x3=∆−0

for x̂ ∈ (0, 1)2.

The system (12.2a)-(12.2q) is endowed with the following continuity and bound-
ary conditions on the macroscopic velocity.

� From inclusion u ∈ L∞(0, T ;H1(Ω)3) (see (5.1)), we derive the interfacial
conditions

(12.2r) u
∣∣
x3=x

(k)
3 +0

= u
∣∣
x3=x

(k)
3 −0

for x̂ ∈ (0, 1)2, t ∈ [0, T ], k = 1, 2, 3,

where x
(1)
3 = ∆, x

(2)
3 = ∆ + δ∗, and x

(3)
3 = ∆ + δ∗.

� On the outer boundary of Ω, the macroscopic velocity satis�es the condition

(12.2s) u = u? for x ∈ ∂Ω, t ∈ (0, T ),

i.e., the boundary condition (5.13), which is inherited from Problems Aε, H-2sc,
and H-3sc, successively.

Remark 28. P σ and P θ are the restrictions of V to the segments {∆+δ∗ < x3 ≤
∆ + δ∗} and {∆ ≤ x3 ≤ ∆ + δ∗}, respectively; and G σ and G θ are the restrictions
of E to the segments {∆ + δ∗ < x3 ≤ ∆ + δ∗} and {∆ ≤ x3 ≤ ∆ + δ∗}, respectively.

Considering the tensors V σ
corr, E

σ
corr, K

σ, Qσ, F σ
v- corr, V

θ
corr, E

θ
corr, K

θ, Q θ
0 ,

Q θ
1 , W

θ
1 , and F θ

v-corr, the matrices Fσp- corr, F θp- corr, and Qpq, the initial displace-
ment distribution v0 and the initial pressure distribution p0 given, we obtain that
the system (12.2a)-(12.2s) constitutes the closed e�ective macroscopic homogenized
model of `the compressible �uid � two-level �ne elastic structure' interactions, where
u is the sought vector-function.

De�nition 8. We call the system (12.2a)-(12.2s) Model HBS after the well-
known homogenized model of `the compressible �uid � one-level �ne elastic struc-
ture' interactions derived from the microstructure by K.-H. Ho�mann, N.D. Botkin
and
V.N. Starovoitov in [12].

We naturally formulate the notion of weak solutions of Model HBS as follows.

De�nition 9. Vector-function u is a weak solution of Model HBS if it satis�es
inclusion (5.1), the boundary condition (12.2s) in the trace sense, and the integral
equality (12.1) for arbitrary smooth test vector-function φ = φ(x, t) vanishing in
the neighborhood of ∂Ω and the section {t = T}.

13. Well-posedness of Model HBS

By the considerations ful�lled in Secs. 5-12, we have proved the following exis-
tence result for Model HBS.
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Proposition 14. Assume that V σ
corr, E

σ
corr, K

σ, Qσ, F σ
v- corr, V

θ
corr, E

θ
corr, K

θ,

Q θ
0 , Q

θ
1 , W

θ
1 , F

θ
v- corr, Fσp- corr, F θp- corr, and Qpq are given by the formulas (11.15)-

(11.36) (or, equivalently, by the formulas (11.2)-(11.10)), where the vector-functions
Zmn00 , Zmn10 , Z20, Z

mn
30 , Y mn

0 , Y mn
1 , Y 2, and Y

mn
3 are the solutions of Problems

Z1-Z7 and Y1-Y7. Assume that v0 ∈ H1(Ω)3 and p0 ∈ H1(Ω) are given in the
integral equality (12.1) and, correspondingly, in equations (12.2a), (12.2f), (12.2l),
and (12.2m).

Then, for any given u0 ∈ H1(Ω)3, u? ∈ C2(Ω × [0, T ])3, f ∈ L2(Ω × (0, T ))3

such that u0(x) = u?(x, 0) for x ∈ ∂Ω and ∂tf ∈ L2(Ω × (0, T ))3, there exists at
least one weak solution of Model HBS in the sense of De�nition 9.

The assumptions on the tensors and matrices imposed in Proposition 14 mean
that the coe�cients of equations (12.2b) and (12.2g) are de�ned by the speci�c
mesoscopic and microscopic structures. In this sense, the existence result in Proposit-
ion 14 essentially depends on the mesoscopic and macroscopic structures given in
the layer {∆ ≤ x3 ≤ ∆ + δ∗}, since the coe�cients of equation (12.2b) explic-
itly depend on Y mn

0 , Y mn
1 , Y 2, and Y

mn
3 , and the coe�cients of equation (12.2g)

explicitly depend on Zmn00 , Zmn10 , Z20, Z
mn
30 , Y mn

0 , Y mn
1 , Y 2, and Y

mn
3 . Further-

more, the limiting passage in Model Aε as ε ↘ 0 followed by the two successive
asymptotic decomposition procedures leads merely to the existence result, while
the question of uniqueness remains open.

The following theorem asserts the existence and uniqueness of weak solutions to
Model HBS. We emphasize that these existence and uniqueness results hold true
independently of whether Model HBS is connected with the certain microscopic
and mesoscopic structures via representations (11.15)-(11.36), or not.

Theorem 3. Assume that the tensors V σ
corr, E σ

corr, Kσ, Qσ, F σ
v- corr, V θ

corr,

E θ
corr, K

θ, Q θ
0 , Q

θ
1 , W

θ
1 , and F θ

v- corr, and the matrices Fσp- corr, F θp- corr, and Qpq
are given and meet Conditions C1-C5. Let all of them be, in principle, irrelevant
to the data given for Model Aε. Assume that the initial displacement distribution
v0 ∈ H1(Ω)3 and the initial pressure distribution p0 ∈ H1(Ω) are given in the
integral equality (11.1) and, correspondingly, (12.2a), (12.2f), (12.2l), and (12.2m).

Then, for any given u0 ∈ H1(Ω)3, u? ∈ C2(Ω × [0, T ])3, f ∈ L2(Ω × (0, T ))3

such that u0(x) = u?(x, 0) for x ∈ ∂Ω and ∂tf ∈ L2(Ω × (0, T ))3, there exists a
unique weak solution of Model HBS in the sense of De�nition 9.

Proof. We divide the proof into �ve steps. It is quite analogous to justi�cation
of Theorem 2 and therefore we outline it in a rather concise way.

Step 1. Let us formulate the de�nition of weak solution of Model HBS in an alter-
native way, which is equivalent to De�nition 9 and is more preferable for justi�cation
of the theorem for technical reasons.

For the sole purpose of brevity, we consider the integral (11.1) instead of its
unfolded version (12.1). We integrate by parts in the �rst integral in the left-hand
side of (11.1), which makes sense due to (5.1)2, then in (11.1) we take the test
vector-function of the form φ(x, t) = ξ(t)Φ(x). Due to arbitrariness of ξ, from
(11.1) we derive the integral equality∫

Ω

{
ατ 〈ρ〉Σ×Θ(x3) ∂tu(x, t) ·Φ(x)(13.1)

+
[
V(x3) : Dx(u(x, t)) + E(x3) : Dx

(
(Jtu)(x, t)

)
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+

∫ t

0

K(t− τ, x3) : Dx(u(x, τ))dτ

+

∫ t

0

∫ τ ′

0

Q(t− τ ′, τ ′ − τ, x3) : Dx(u(x, τ))dτdτ ′

+

∫ t

0

∫ τ ′

0

W(t− τ ′, τ ′ − τ, x3) : Dx
(
(Jτu)(x, τ)

)
dτdτ ′

+ Fp(t, x3)p0(x) + Fv(t, x3) : Dx(v0(x))
]

: Dx(Φ(x))
}
dx

=

∫
Ω

αF 〈ρ〉Σ×Θ(x3)f(x, t) ·Φ(x)dx for a.e. t ∈ [0, T ],

where Φ is a su�ciently smooth test vector-function vanishing in a neighborhood
of boundary ∂Ω.

Also, let us notice that the initial condition (12.2n) holds in the strong trace
sense due to the boundedness of ‖∂tu‖L∞(0,T ;L2(Ω)3) (see inclusion (5.1)2). Thus
we make the following conclusion.

Remark 29. Vector-function u is a weak solution of Model HBS in the sense of
De�nition 9 if and only if it satis�es inclusions (5.1), the initial condition (12.2n)
and the boundary condition (12.2s) in the strong trace sense, and the integral equal-
ity (13.1) for a.e. t ∈ [0, T ] for all admissible test vector-functions Φ.

Step 2. On the strength of the initial condition (12.2n) and the property of absolute
continuity of the Lebesgue integral with respect to the limits of integration, from
(13.1) it follows that

∫
Ω

{
ατ 〈ρ〉Σ×Θ(x3) ∂tu(x, t)

∣∣
t=0
·Φ(x)

(13.2)

+
[
V(x3) : Dx(u0(x)) + Fp(0, x3)p0(x) + Fv(0, x3) : Dx(v0(x))

]
: Dx(Φ(x))

}
dx

=

∫
Ω

αF 〈ρ〉Σ×Θ(x3)f(x, 0) ·Φ(x)dx for a.e. t ∈ [0, T ].

Further, di�erentiating (13.1) with respect to t, with the help of assertion (ii) of
Proposition A.1, we establish the integral equality

d

dt

∫
Ω

ατ 〈ρ〉Σ×Θ(x3) ∂tu(x, t) ·Φ(x)dx

(13.3)

+
d

dt

∫
Ω

[
V(x3) : Dx(u(x, t))

]
: Dx(Φ(x))dx

+

∫
Ω

[
E(x3) : Dx(u(x, t)) +

∫ t

0

∂K
∂t

(t− τ, x3) : Dx(u(x, τ))dτ

+ K(0, x3) : Dx(u(x, t)) +

∫ t

0

∫ τ ′

0

∂Q
∂t

(t− τ ′, τ ′ − τ, x3) : Dx(u(x, τ))dτdτ ′

+

∫ t

0

Q(0, t− τ, x3) : Dx(u(x, τ))dτ
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+

∫ t

0

∫ τ ′

0

W(t− τ ′, τ ′ − τ, x3) : Dx(u(x, τ))dτdτ ′

+ ∂tFp(t, x3) p0(x) + ∂tFv(t, x3) : Dx(v0(x))
]

: Dx(Φ(x))dx

=

∫
Ω

αF 〈ρ〉Σ×Θ(x3) ∂tf(x, t) ·Φ(x)dx.

This integral equality is understood in the sense of distributions on [0, T ].

Step 3. We extend all functions in (13.3) for t > T by zero. On the strength of
the well-known properties of the Laplace transform, applying formally the Laplace
transform in t to (13.3), taking into account the initial data (12.2n), using represent-
ations (11.21), (11.24), (11.29), and (11.44), and remarking that the integrals con-

taining the terms K(0, x3) and Q θ
1 (0) cancel, we arrive at the integral equality∫

Ω

{
ατ 〈ρ〉Σ×Θ(x3)

(
s2ū(x, s)− su0(x)− ∂tu(x, t)|t=0

)
·Φ(x)(13.4)

+
[
Hs(x3) : Dx(ū(x, s)) + sFp(s, x3)p0(x)

+ sFv(s, x3) : Dx(v0(x))− V(x3) : Dx(u0(x))

− Fp(0, x3)p0(x)−Fv(0, x3) : Dx(v0(x))
]

: Dx(Φ(x))
}
dx

=

∫
Ω

αF 〈ρ〉Σ×Θ(x3)
(
sf(x, s)− f(x, 0)

)
·Φ(x) dx, ∀ s > 0.

Combining (13.2) and (13.4) and slightly re-arranging terms, we obtain the integral
equality

∫
Ω

ατ 〈ρ〉Σ×Θ(x3) s2ū(x, s) ·Φ(x) dx+

∫
Ω

[
Hs(x3) : Dx(ū(x, s))

]
: Dx(Φ(x))dx

(13.5)

= s

∫
Ω

〈ρ〉Σ×Θ(x3)
[
ατu

0(x) + αFf(x, s)
]
·Φ(x)dx

− s
∫

Ω

[
Fp(s, x3)p0(x) + Fv(s, x3) : Dx(v0(x))

]
: Dx(Φ(x)) dx, ∀ s > 0.

Step 4. On this step we aim to prove that for an arbitrarily �xed s > 0 there
exists function ū(·, s) ∈ H1(Ω)3 satisfying the boundary condition ū = ū? ≡ L[u?]
on ∂Ω in the strong trace sense and the integral equality (13.5) for all admissible
test vector-functions Φ. The same as on the fourth step of the proof of Theorem 2,
we implement the Lax-Milgram theorem. The variable s in this formulation plays
the role of a parameter.

We introduce the bilinear form bs: H1
0 (Ω)3 ×H1

0 (Ω)3 7→ R and the linear func-
tional Λs: H1

0 (Ω)3 7→ R by the formulas

bs(Ψ,Φ) := s2

∫
Ω

ατ 〈ρ〉Σ×Θ(x3)Ψ(x) ·Φ(x)dx

+

∫
Ω

[
Hs(x3) : Dx(Ψ(x))

]
: Dx(Φ(x))dx, ∀Φ,Ψ ∈ H1

0 (Ω)3,
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and

Λs(Φ) := s

∫
Ω

〈ρ〉Σ×Θ(x3)
(
ατu

0(x) + αF f̄(x, s)− ατs ū?(x, s)
)
·Φ(x)dx

−
∫

Ω

[
sFp(s, x3)p0(x) + sFv(s, x3) : Dx(v0(x))

+ Hs(x3) : Dx(ū?(x, s))
]

: Dx(Φ(x))dx, ∀Φ ∈ H1
0 (Ω)3.

In terms of bs and Λs the question of �nding ū satisfying (13.5) and the above
stated set of requirements is formulated as the following variational problem:

Find U1 ∈ H1
0 (Ω)3 satisfying the variational equation

bs(U1,Φ) = Λs(Φ), ∀Φ ∈ H1
0 (Ω)3.

(13.6)

Upon �nding such U1, it simply su�ces to set ū := U1 + ū?.
Let us �nd out the properties of bs and Λs su�cient for the well-posedness of

the problem (13.6). Due to (11.37)-(11.39) we have that Hs ∈ L∞(0, 1)3×3×3×3,
∀ s > 0. Using this, (11.45), (9.7)1, and the Cauchy-Bunyakovsky inequality, we
construct the estimate

|bs(Ψ,Φ)| (11.45)=

∣∣∣∣∣s2

∫
Ω

ατ 〈ρ〉Σ×Θ(x3)Ψ(x) ·Φ(x)dx

+

∫
Ω

[
Hs(x3) : ∇xΨ(x)

]
: ∇xΦ(x)dx

∣∣∣∣∣
≤ s2ατ max

{
ρF , ρS

}
‖Ψ‖L2(Ω)3 ‖Φ‖L2(Ω)3

+ ‖Hs‖L∞(0,1)3×3×3×3 ‖∇xΨ‖L2(Ω)3×3 ‖∇xΦ‖L2(Ω)3×3

≤ max
{
s2ατρF , s

2ατρS , ‖Hs‖L∞(0,1)3×3×3×3

}
×

×
(
‖Ψ‖L2(Ω)3 + ‖∇xΨ‖L2(Ω)3×3

)(
‖Φ‖L2(Ω)3 + ‖∇xΦ‖L2(Ω)3×3

)
≤ 2 max

{
s2ατρF , s

2ατρS , ‖Hs‖L∞(0,1)3×3×3×3

}
×

× ‖Ψ‖H1
0 (Ω)3 ‖Φ‖H1

0 (Ω)3 , ∀Φ, Ψ ∈ H1
0 (Ω)3, ∀ s > 0.

This estimate yields that

(13.7) the bilinear form bs is continuous on H1
0 (Ω)3 ×H1

0 (Ω)3.

Next, using Lemmas 2 and 4 and the positive de�niteness of tensor Hs (see
(11.47)), for an arbitrary Φ ∈ H1

0 (Ω)3 we establish the following estimate:

bs(Φ,Φ) ≡ s2

∫
Ω

ατ 〈ρ〉Σ×Θ(x3)|Φ(x)|2dx+

∫
Ω

[
Hs(x3) : Dx(Φ(x))

]
: Dx(Φ(x))dx

(11.47)

≥ Cs10

∫
Ω

|Dx(Φ(x))|2dx
(9.10)

≥ Cs10

2
‖∇xΦ‖2L2(Ω)3×3

(9.12)

≥ Cs10

2(1 + c2Ω)
‖Φ‖2H1

0 (Ω)3 .

This estimate means that for all s > 0
(13.8)

the bilinear form bs is H1
0 (Ω)3-elliptic with the constant Cs11 :=

Cs10

2(1 + c2Ω)
.
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Finally, on the strength of the assumptions in the theorem imposed on the given
data, using the standard technics we get the estimate

(13.9) |Λs(Φ)| ≤ Cs12 ‖Φ‖H1
0 (Ω)3 , ∀Φ ∈ H1

0 (Ω)3, s > 0,

where the positive constant C12 depends on s, ατ , αF , ρF , ρS , ‖u0‖L2(Ω)3 , ‖p0‖L2(Ω),

‖v0‖H1(Ω)3 , ‖f‖L2(Ω×(0,T ))3 , ‖u?‖C1(Ω×[0,T ])3 , ‖Fp‖L∞((0,T )×(0,1))3×3 , and

‖Fv‖L∞((0,T )×(0,1))3×3×3×3 . This estimate yields that

the linear functional Λs is continuous on H1
0 (Ω)3 for s > 0;

moreover, ‖Λs‖H−1(Ω)3 ≤ Cs12.
(13.10)

On the strength of (13.7) and (13.8)-(13.10), by the Lax-Milgram theorem we con-
clude that there exists the unique solution U1 ∈ H1

0 (Ω)3 to the variational problem
(13.6), and this solution admits the estimate

‖U1‖H1
0 (Ω) ≤ (1/Cs11)‖Λs‖H−1(Ω)3 ≤ Cs12/C

s
11, s > 0.

Hence there exists the unique function ū = U1(x; s)+ū?(x, s) satisfying the integral
equality (13.5), the boundary condition ū(x, s) = ū?(x, s) for x ∈ ∂Ω and s > 0,
and the regularity requirement ū(·, s) ∈ H1(Ω)3.

Step 5. Analogously to the �fth step of the proof of Theorem 2, applying the
inverse Laplace transform in s to the variational equation (13.6) and ful�lling the
steps 1-3 of the present proof in the reverse order, we conclude that the function

u(x, t) = L−1[U1](x, t) + u?(x, t)

is a weak solution to Model HBS in the sense of De�nition 9. This solution is unique
due to one-to-oneness of L and L−1.

Theorem 3 is proved. �

14. Concluding remarks

The homogenization and asymptotic decomposition procedures provide us with
the following algorithm of determining the e�ective macroscopic physical charact-
eristics of the reciprocal motion of the �ne two-level elastic bristle structure and
the viscous weakly compressible �uid, starting from the microstructure.

(i) Using the given data of the microstructure, solve Problems Z1-Z7 to �nd

Zij00, Z
ij
10, Z20, and Z

ij
30.

(ii) Inserting the solutions of Problems Z1-Z7 into (7.14), (7.16), (7.18), (7.20),

(7.22), and (7.23), �nd the tensors Af
0 , B

f
0 , A

f
1 , and Bf1 and the matrices

F0
f and F 0 ij

sol , respectively.

(iii) Using the tensors Af
0 , Bf0 , Af

1 , and Bf1 and the matrices F0
f and F 0 ij

sol

obtained on the previous step, solve Problems Y1-Y7 to �nd Y ij
0 , Y

ij
1 , Y 2,

and Y ij
3 .

(iv) Inserting the solutions of Problems Y1-Y7 into (11.16), (11.17), (11.19),
(11.20), (11.22), (11.23), (11.25)-(11.28), (11.30), (11.32), (11.33), (11.35),
and (11.36), calculate the homogenized macroscopic tensors and matrices

V σ
corr, V θ

corr, E σ
corr, E θ

corr, Kσ, K θ, Qσ, Q θ
0 , Q θ

1 , Qpq, W θ
1 , F σ

v- corr,

F θ
v- corr, Fσp- corr, and F θp- corr, respectively.

(v) Provided with the data obtained on the previous step, solve Problem HBS
to �nd the macroscopic velocity distribution u.
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This �ve-step algorithm is quite possible to implement either numerically, or, for
the most simple forms of ΘS and ΣS and given boundary data, even analytically.
In contrast, Model Aε with a small ε is inaccessible for practical analysis due to
the enormous amount of necessary calculations.

The interim homogenized Models H-3sc and H-2sc also worth consideration in
line with a possible numerical analysis.

Notice that discarding the layer Ωδ∗ in Model HBS followed by the matching
of the interfacial conditions, we arrive exactly at the Ho�mann-Botkin-Starovoitov
equations [12], which should have been expected. The di�erence between the appro-
aches in the present article and in [12] is that we formulate the cell problems
(Problems Z1-Z7 and Y1-Y7) using the well-known old-fashioned straightforward
asymptotic decomposition routine, which ascends to the classical works [14, 23], in
turn, in [12], in order to solve the cell problem, the authors construct and use a
new rather subtle method based on the semigroup theory.

Finalizing this research, let us expose some ideas about possible applications
of Model HBS in biology, biotechnology, and bionics. Notice that Model A has
a rather long history of applications in modeling of biological systems. Therefore
its modi�cations to speci�c topics in biology and biotechnology are in demand, as
well (see, [5, 15] and references therein). Model HBS can be applied to a study of
aerodynamics in a neighborhood of a plant leaf with trichomes being taken into
account. Trichomes are bristles (fuzz) on a leaf epithelium. Clearly, this question
lays in the �eld of continuum mechanics. More precisely, it is natural to simulate a
leaf with trichomes as an either elastic or absolutely rigid plate with pins attached
to it immersed into an air �ux. In this framework, a rather simple model proposed
in S. Goldstein's monograph [11, Secs. 53 and 145] is still in demand. In this
model, a laminar �ow around a thin plate with one perpendicularly welded pin is
considered. The air blows in parallel to the plate. The conditions for a �ow to stay
laminar after passing by the pin are found. Originally, the model in [11, Secs. 53
and 145] arose in the wing theory and did not belong to biology. Nevertheless, in
a number of works (for example, see [25]), this model was successfully adapted for
air�ow by a leaf with trichomes of the same length. In [25], numerical simulations
for some plants were conducted. These simulations were very simple and consisted
of explicit algebraic calculations with a help of an ordinary scienti�c calculator.
They allowed to �nd critical lengths of trichomes and wind speeds, for which the
air�ow sustains a laminar regime. Worth to remark that it is impossible to study
turbulent �ows within this framework. In the general case, trichomes on the same
leaf of a plant may belong to di�erent types depending on length and form. In
a number of works (for example, see [8]), it was noticed that the quantities of
trichomes of di�erent lengths have di�erent orders � there are considerably many
shorter trichomes per just one long trichome. In this view, the approach elaborated
in [25] is not suitable, in general. At the same time, the proposed in the present
article Model HBS covers the two-lengths case well enough. Besides, since Model
HBS is derived on the base of rather general physical hypotheses, it is applicable
for both laminar and turbulent regimes of air�ow.

Also Model HBS somewhat extends mathematical modeling of biosensors. Mat-
ter is that the design of the original Ho�mann-Botkin-Starovoitov system [12, Sec.
5.1] `was motivated by modeling a surface acoustic wave sensor based on the gener-
ation and detection of horizontally polarized shear waves (see [3]). Acoustic shear
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waves are excited through an alternate voltage applied to electrodes deposited on a
quartz crystal substrate. The waves are transmitted into a thin isotropic guiding
layer covered by a thin gold �lm that contacts a liquid containing a protein to be
detected. The protein adheres to a speci�c receptor (aptamer) placed on the surface
of the gold �lm. The arising mass loading causes a phase shift in the electric sig-
nal to be measured by an electronic circuit. One can impress the aptamer-protein
layer as a periodic bristle or pin structure on the top of the gold �lm contacting
with the liquid. The thickness of the aptamer-protein layer is about 4 nm, and the
number of bristles per surface unit is enormous large. Therefore, the direct numeri-
cal modeling of such a structure using �uid-solid interface conditions is impossible.
Proper models can be derived using the homogenization technique along with the
strict treatment of the solid-�uid interface' (citation from [12, Introduction]).

Finally, let us mention a possible use of Model HBS in bionics (or biomimicry).
Biomimicry describes processes in which the ideas and concepts developed by nature
are implemented into technology. In line with the observations in [16], bristles in
general have a strong in�uence on the plate wettability: the plate surfaces may be
super-hydrophobic, self-cleaning (super-oleophobic), and low adhesive, which often
are very advantageous features of materials. Two-level (hierarchical) roughness
structures are typical for super-hydrophobic surfaces in nature. In [2, Sec. 42.4.3],
the question about how to generate a two-level super-hydrophobic surface is discuss-
ed in detail. Highly likely, Model HBS may be helpful in such design.

Appendix A. Notions and some properties of

the convolution integrals and the Laplace transform

In this appendix, for convenience of reading, we recall the de�nitions and some
properties of convolution integrals and the Laplace transform, which are systematic-
ally used throughout the article. We introduce the notion of convolution integral
with the truncated integration limit, which is the important particular case of the
general de�nition [13, Ch. 1, Sec. 1.3].

De�nition A.1. For functions Φ = Φ(t), Ψ = Ψ(t) supported on [0,+∞), their
convolution integral is

(A.1) (Φ ∗Ψ)(t) =

∫ t

0

Φ(t− τ)Ψ(τ)dτ.

The convolution integral of Φ and Ψ exists if Φ,Ψ ∈ L1(R+), and in this case
Φ ∗ Ψ ∈ L1(R+) [26, Ch. 1, Th. 1.3]. In particular, Φ ∗ Ψ is well de�ned for
piece-wise continuous Φ and Ψ with bounded supports. The following properties of
the convolution integral are valid for su�ciently regular functions Φ,Ψ: R+ 7→ R.

Proposition A.1. (i) (Commutativity.) (Φ∗Ψ)(t) = (Ψ∗Φ)(t) or, equivalently,

(A.2)

∫ t

0

Φ(t− τ)Ψ(τ)dτ =

∫ t

0

Φ(τ)Ψ(t− τ)dτ.

(ii) (Relationship with di�erentiation.) Assume either Φ, or Ψ, or both Φ
and Ψ are di�erentiable; then

(A.3)
d

dt

∫ t

0

Φ(t− τ)Ψ(τ)dτ =

∫ t

0

Φ(t− τ)
dΨ(τ)

dτ
dτ + Φ(t)Ψ(0)
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and (or)

(A.4)
d

dt

∫ t

0

Φ(t− τ)Ψ(τ)dτ =

∫ t

0

∂Φ(t− τ)

∂t
Ψ(τ)dτ + Φ(0)Ψ(t).

(iii) (Relationship with integration.)∫ t

0

∫ t′

0

Φ(t′ − τ)Ψ(τ)dτdt′ =

∫ t

0

Φ(t− τ)(JτΨ)(τ)dτ,(A.5) ∫ t

0

Φ(t− τ)(JτΨ)(τ)dτ =

∫ t

0

(Jt−τΦ)(t− τ)Ψ(τ)dτ.(A.6)

Here Jτ is the Volterra operator, see (2.6).

Proof. (i) Changing the variable of integration to τ ′ = t− τ the result holds.

(ii)We recall the well-known formula from integral calculus [7, Ch. 14, � 1, Th. 6]:

(A.7)
d

dt

∫ b(t)

a(t)

W (t, τ)dτ =

∫ b(t)

a(t)

∂W (t, τ)

∂t
dτ + b′(t)W (t, b(t))− a′(t)W (t, a(t)),

where a and b are di�erentiable on an interval [0, T ] and W and ∂tW are integrable
on (0, T )× (c−, c+),

c− = min
{

min
t∈[0,T ]

a(t), min
t∈[0,T ]

b(t)
}
, c+ = max

{
max
t∈[0,T ]

a(t), max
t∈[0,T ]

b(t)
}
.

Taking a(t) = 0, b(t) = t, and W (t, τ) = Φ(t− τ)Ψ(τ) from (A.7) we immediately
deduce (A.4). Taking a(t) = 0, b(t) = t, and W (t, τ) = Φ(τ)Ψ(t − τ) followed by
using the commutativity property (i), from (A.7) we deduce (A.3), which completes
the proof of assertion (ii).

(iii) In (A.3) we substitute JτΨ for Ψ and t′ for t. Next, we notice that
(JτΨ)(0) = 0 and integrate the resulting equality in t′ from 0 to t, which im-
mediately yields (A.5). Next, in the left hand side of (A.6) set φ = JtΦ so that
Φ = dφ/dt and integrate by parts to get the desired identity. �

In this article, we use the Laplace transform in the time variable t ∈ R+ only.

De�nition A.2. ([17, Sec. 6.1], [6, Ch. XVI, � 1, formula (1.18)].) If ϕ(t)
is a function de�ned for all t ≥ 0, its Laplace transform is the integral

(A.8) ϕ̄(s) = L[ϕ](s) =

∫ +∞

0

ϕ(t)e−stdt, s > 0.

Proposition A.2. ([17, Sec. 6.1]) The Laplace transform exists for any function,
which is integrable over every �nite interval 0 < t < l, and which, as t ↗ +∞,
does not grow faster than some exponential function. This last condition is more
precisely stated by

(A.9) |ϕ(t)| < Meβt as t↗ +∞,
where M and β are some real positive numbers.

For functions F = F (s) from a rather wide class (details see in [6, Ch. XVI, � 1,
Th. 2]), there exists the inverse Laplace transform L−1[F ](t) = ϕ(t). It is given by
the Bromwich integral [6, Ch. XVI, � 1, formula (1.30)] (or, [18, Ch. 4, Sec. 7]):

(A.10) L−1[F ](t) =
1

2πi

∫ s1+i∞

s1−i∞
F (s)estds,
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which is a contour integral on the complex plane, where s1 > 0 is an arbitrarily
�xed real value. Both L and L−1 are one-to-one mappings, and we have

(A.11) L−1
[
L[ϕ]

]
(t) = ϕ(t), L

[
L−1[F ]

]
(s) = F (s) for admissible ϕ and F.

The Laplace transform and the inverse Laplace transform possess many remark-
able properties. We state here just those of them that are relevant to our work.

Proposition A.3. (i) (Linearity.) Both L and L−1 are linear mappings.

(ii) (Relation with di�erentiation.) Assume function ϕ = ϕ(t) is differenti-
able and ϕ̄(s) = L[ϕ](s); then

(A.12) L
[dϕ
dt

]
(s) = sϕ̄(s)− ϕ(0), L

[d2ϕ

dt2

]
(s) = s2ϕ̄(s)− sϕ(0)− dϕ

dt
(0).

(iii) (Relation with the convolution integral.) Let Φ = Φ(t) and Ψ =
Ψ(t) be two arbitrary functions each possessing a Laplace transform so that Φ(s) =
L[Φ](s) and Ψ(s) = L[Ψ](s). Then, under certain conditions,

(A.13) L
[∫ t

0

Φ(t− τ)Ψ(τ)dτ
]
(s) = Φ(s)Ψ(s),

whence

(A.14)

∫ t

0

Φ(t− τ)Ψ(τ)dτ = L−1
[
Φ Ψ

]
(t).

(iv) (Transforms of unity and the Dirac delta-function.)

(A.15) L[1](s) =
1

s
, s > 0, whence L−1

[1

s

]
(t) = 1,

(A.16) L[δ](s) = 1, s > 0, whence L−1[1](t) = δ(t).

In (A.16) both latter and former equalities are understood in the distributions sense.

Proof. Assertions (i)-(iv) are well-known in the theory of the Laplace transform,
see, for example, [6, Ch. XVI, � 1], [17, Sec. 6.1]. �

Appendix B. Nomenclature

In this appendix, we put the list of almost all used notations in the article.

Roman Symbols
Notation Description Introduced in
A0, A1 e�ective two-scale tensors (7.3), (7.5)

Af
0 , A

f
1 tensors derived from microstructure (7.14), (7.18)

B0, B1 e�ective two-scale tensors (7.4), (7.6)

Bf0 , B
f
1 tensors derived from microstructure (7.16), (7.20)

Dx symmetric part of the gradient ∇x Section 1
Dŷ, Dẑ symmetric parts of ∇ŷ and ∇ẑ, resp. (5.6)
E e�ective instantaneous elasticity tensor (11.3)

E θ
corr instantaneous elasticity corrector term (11.20)

on [∆,∆ + δ∗]
E σ

corr instantaneous elasticity corrector term (11.19)
on (∆ + δ∗,∆ + δ∗]

em Cartesian basis vector in R3 Section 1
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Fv, F0
v tensors derived from the meso- and (11.7), (11.8)

microstructures

F θ
v-corr tensor derived from the meso- and (11.33)

microstructures
F σ

v-corr tensor derived from the meso- and (11.32)
microstructures

Fp, F0
p matrices derived from the meso- and (11.9), (11.10)

microstructures
F 0 e�ective two-scale matrix (7.7)
F 0
f , F 0mn

sol matrices derived from microstructure (7.22), (7.23)

F θp-corr tensor derived from the meso- and (11.36)
microstructures

Fσp-corr tensor derived from the meso- and (11.35)
microstructures

f distributed mass force (1.1a), (2.5a)
G elastic sti�ness tensor (1.1c), (2.5d)

G θ e�ective elastic sti�ness tensor in Ωδ∗ (12.2i)
G σ e�ective elastic sti�ness tensor in Ωδ∗ (12.2d)
Hs Laplace image of the principle two-scale (7.31)

stress tensor multiplied by s
Hs Laplace image of the principle e�ective (11.44)

stress tensor multiplied by s
Hs
θ restriction of Hs to [∆,∆ + δ∗] (11.63)

Hs
σ restriction of Hs to (∆ + δ∗,∆ + δ∗] (11.62)

I unit 3× 3-matrix Section 1
Jt, Jτ , Jκ Volterra operator (primitive of function) (2.6)
Jmn 3× 3-matrix (1/2)(em ⊗ en + en ⊗ em) Section 1
K e�ective relaxation tensor (11.4)

K θ restriction of K to [δ∗,∆ + δ∗] (11.23)
Kσ restriction of K to (∆ + δ∗,∆ + δ∗] (11.22)
L Laplace transform (A.8)
L−1 inverse Laplace transform (A.10)
Mt homogenized three-scale uniform stress tensor after

(5.5)
Mtε uniform stress tensor in microscopic (2.9)

description
M0 homogenized three-scale partial initial (5.5)

data for stress
M0ε partial initial data for stress (2.11)

in microscopic description
n unit normal to the �uid-structure interface (1.1e), (2.5f)
nΣ unit outward normal to ∂ΣS (10.6)
P dimensionless viscous stress tensor (2.4), (2.5b)

P θ instantaneous viscous stress tensor in Ωδ∗ (12.2h)
P σ instantaneous viscous stress tensor in Ωδ∗ (12.2c)
p, pε pressure Introduction
p0 initial pressure distribution (1.1f), (2.5g)
Q e�ective relaxation tensor (11.5)
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Q θ
0 tensor derived from the meso- and (11.26)

microstructures

Q θ
1 tensor derived from the meso- and (11.27)

microstructures
Qσ restriction of Q to (∆ + δ∗,∆ + δ∗] (11.25)
Qpq matrix derived from the meso- and (11.28)

microstructures

R θ
1 �rst viscoelastic relaxation tensor in Ωδ∗ (12.2j)

R θ
2 second viscoelastic relaxation tensor in Ωδ∗ (12.2k)

Rσ viscoelastic relaxation tensor in Ωδ∗ (12.2e)
S θ0 homogenized partial stress in Ωδ∗ (12.2l)
Sσ0 homogenized partial stress in Ωδ∗ (12.2f)
s argument of the Laplace transform image (7.35), (A.8)
tr trace of a matrix Notation 1
u, uε macroscopic velocity vector Introduction
u0 initial macroscopic velocity vector (1.1f), (2.5g)
u(1) mesoscopic velocity vector Introduction
u(2) microscopic velocity vector Introduction
u? boundary macroscopic velocity distribution (2.14)
V e�ective instantaneous viscosity tensor (11.2)

V θ
corr instantaneous viscosity corrector term (11.17)

on [∆,∆ + δ∗]
V σ

corr instantaneous viscosity corrector term (11.16)
on (∆ + δ∗,∆ + δ∗]

v, vε macroscopic displacement vector Introduction
v0 initial macroscopic displacement vector (1.1g), (2.5h)
W e�ective relaxation tensor (11.6)

W θ
1 tensor derived from the meso- and (11.30)

microstructures
x macroscopic position vector Introduction
x̂ vector (x1, x2) Section 3

Y ij
0 , Y

ij
1 , solutions of the mesoscopic cell problems (10.1),

Y 2, Y
ij
3 Probl. Y1-Y7

ŷ mesoscopic position vector Section 3

Zij00, Z
ij
10, solutions of the microscopic cell problems (6.2)-(6.5),

Z20, Z
ij
30 Probl. Z1-Z7

ẑ microscopic position vector Section 3

Greek Symbols
Notation Description Introduced in
ατ , αF , αλ, positive dimensionless ratios (2.3)
αµ, αγ
Γ, Γε �uid-structure interface Section 1
∆ thickness of elastic plate Ωpl Introduction
δij Kronecker's symbol Section 1
δ∗ height of a shorter bristle Introduction
δ∗ height of a taller bristle Introduction
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ε small characteristic parameter of Introduction
the periodic structure

ζ extension of ζ̂ (3.3), (4.3)

ζ̂ characteristic function of ΣF (3.1)1
Θ pattern microscopic cell Section 3
ΘF liquid part of Θ Section 3
ΘS elastic part of Θ Section 3

θ mean value of ψ̂ on Θ, i.e., σθ is (5.17)
the volume fracture of the �uid in Ωδ∗

ρ homogenized three-scale density (5.8)
ρF �uid density Section 1
ρS density of the elastic body Section 1
ρθ mean density in Ωδ∗ (5.18)
ρσ mean density in Ωδ∗ (5.18)
ρε∗ uniform notation for density in Ω (2.10)
〈ρ〉Σ×Θ mean value of ρ on Σ×Θ (5.16)
Σ pattern mesoscopic cell Section 3
ΣF liquid part of Σ Section 3
ΣS elastic part of Σ Section 3

σ mean value of ζ̂ on Σ, i.e., (5.17)
volume fracture of the �uid in Ωδ∗

χ homogenized three-scale characteristic (4.2)
function of the �uid domain

χε characteristic function of the �uid domain (2.8), (3.2)
in microscopic description

ψ extension of ψ̂ (3.4), (4.4)

ψ̂ characteristic function of ΘF (3.1)2
Ω = (0, 1)3 domain of dimensionless macroscopic positions Introduction
ΩF , ΩεF �uid domain Section 1
ΩS , ΩεS elastic body Section 1
Ωpl elastic plate without bristles Introduction
Ωδ∗ spatial layer, where the shorter bristles Introduction

locate
Ωδ∗ spatial layer, where the taller bristles locate Introduction

Some operators and binary operations
Notation Description Introduced in
divŷ, divergence operators (5.7)
divẑ

: inner product (convolution) Notation 1

⊗ dyad Notation 1

∇ŷ, ∇ẑ gradient operators (4.5)

ϕ̄ Laplace transform of a function ϕ: ϕ̄ = L[ϕ] (7.35)

〈ϕ〉Θ mean value of a function ϕ = ϕ(ẑ) on Θ: (5.17)
〈ϕ〉Θ =

∫
Θ
ϕ(ẑ)dẑ
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〈ϕ〉Σ mean value of a function ϕ = ϕ(ŷ) on Σ: (5.17)
〈ϕ〉Σ =

∫
Θ
ϕ(ŷ)dŷ

〈ϕ〉Θ×Σ mean value of a function ϕ = ϕ(ŷ, ẑ) on Σ×Θ: (5.16)
〈ϕ〉Σ×Θ =

∫
Σ×Θ

ϕ(ŷ, ẑ)dŷdẑ
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