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THE WIENER-HOPF EQUATION WITH PROBABILITY
KERNEL OF OSCILLATING TYPE

M.S. SGIBNEV

ABsTRACT. We prove the existence of a solution to the inhomogeneous
Wiener—Hopf equation whose kernel is a nonarithmetic probability dis-
tribution generating an oscillating random walk. Asymptotic properties
of the solution are established depending on the properties of the inhomo-
geneous term of the equation.
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1. INTRODUCTION

Consider the inhomogeneous generalized Wiener—Hopf equation

(1) da)= [ se-p) Pl + @), w20
where z is the function sought, F' is a given probability distribution on R and f
is a known function. We study equation (1) whose kernel F' is a nonarithmetical
probability distribution generating a random walk of oscillating type. Recall (see
[1, § V.2, Definition 3]) that a probability distribution F on R is called arithmetic
if it is concentrated on the set of points of the form 0, £\, +2\, ... Let X, k > 1,
be independent random variables with the same distribution F’ not concentrated at
zero. These variables generate the random walk Sy =0, 5, = X;+...+ X,,, n > 1.
By Theorem 1 in [1, § XII.2], there exist only two types of random walks: (i) the
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oscillating type (5, oscillates with probability 1 between —oco and +o00); (ii) the
drifting type (S, tends to —oo or +oco with probability 1). The random walk drifts
to —oo (see [1, § XIL.7, Theorem 2]) if and only if

1
> P(Sn>0) < oo
n=1

Thus, {S,} is an oscillating random walk if and only if

1 =1
;EP(STL>O)—;;P(SR<O)*00.

By this criterion, {S,} is an oscillating random walk if F' is a distribution with
symmetric density k(z) = k(—=) since in this case P(S,, > 0) = P(S,, < 0) = 1/2.
Moreover, {S,} is an oscillating random walk if EX; := [,z F(dz) = 0 (see [1,
§ XII.2, Theorem 2 and § XII.7, Theorem 3]).

Let v and s be finite measures on the c-algebra % of Borel sets in R. Their
convolution is the measure

vk x(A) = // v(dz) »(dy) = / V(A — x) »(dx), A e %;
R
{z+ycA}
here A—z:={y € R:z +y € A}. Denote by F™* the n-th convolution power of
F:
F¥:=1, FOID* .= vy R p>1,

and F%* := §, (the atomic measure of unit mass concentrated at zero). Let U be
the renewal measure generated by F: U := > | F™*. Denote by (s) the Laplace
trnsform of an arbitrary complex-valued measure v: U(s) := [ e** v(dx). Let v be a
measure defined on %, and a(z), € R, a function. Define the convolution v * a(x)
as the function [, a(z —y)v(dy), € R. For ¢ € C, we assume that ¢/oo is equal
to zero. The relation a(x) ~ ¢b(z) as x — oo means that a(z)/b(x) — ¢ as x — oo;
if ¢ = 0, then a(x) = o(b(x)). Let Ry be the set of all nonnegative numbers and
R_ := R\ R, be the set of all negative numbers.

2. EXISTENCE OF A SOLUTION AND ITS EXpPLICIT FORM

Put .7, := min{n > 1: S, > 0}. The random variable 7 := Sz, is called
the first weak ascending ladder height. Similarly, .7 _ := min{n >1:5,< O} and
H_ = S— is the first strong descending ladder height. We have the factorization
identity (E stands for “expectation”)

(2) 1-€E(E) =[1-E@E7 e )][1-EE7 )], [¢l<1, Rs=0.
Note that (2) was deduced in [2, Section 2] from an analogous identity in [1,
§ XVIIL.3| for another collection of ladder variables.

Consider equation (1) with f € Li(R;) It suffices to prove the existence of a
solution z to (1) for nonnegative functions f; in the case of real functions f, we must
use the representation f = fT — f~ (f := max(f,0), f~ := —min(f,0)), while
f=Rf+if for complex f. Then, for real functions, we have z = z4 — z_, where
z4+ are two solutions to @ with f* instead of f. Denote by Fy the distributions
of the random variables J# 1 respectively. It follows from the identity (2) that

(3) 507F:((507F_)*(607F+).
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Let Uy := Y po, F¥* be the renewal measures generated by the distributions Fy
respectively. Denote by 1g_ the indicator of the subset R_ in R: 1gx_(z) = 1 for
x € R_ and 1g_(x) = 0 for z € Ry . A similar meaning has the notation 1g, .
Extend the function f onto the whole line: f(z) := 0, < 0. This convention will
be valid throughout.

Theorem 1. Let F be a probability distribution and f € L1(Ry). Then the function
(4) @) =Uy * [(U_+ lx, (@), z€Ry,

is the solution to (1) coinciding with the solution obtained by successive approxi-
mations.

Proof. Put £ € (0,1) in (2). We get
1= €F(s) = [1 = Fe_(s)][1 = Fey(s)],  Rs =0,

where F¢4 are positive measures concentrated on the sets R respectively; moreover,
Fe1(R4) < 1. Solve the equation

(5) f/’ F(dy) + f(z), x>0,

by successive approximations:
20@) = f@), (@ s/' V@ —y) Fldy) + f(2), 20, n>1.
Obviously, zén) () T asn T oo for all z € Ry. Hence z¢(z) = lim,,o0 zén) (x),

x € Ry, is a solution to (5). Let us show that z¢ € Li(Ry). Consider the renewal
equation

(6) S/Cgl’* F(dy) + f(x), zeR.

Construct its solution by successive approximations:
@ = 1@, @ =¢ [ @@ P+ @), n=12..

Since Cén) (z) T as n T, we can pass to the limit under the integral sign. Thus, the
limits (¢ () := limy, o0 Cén)( ), © € R, exist; moreover, z¢(z) < (¢(z), x € R4. The
function (¢ (z) is a solution to (6). Since C(n)( ) =Y r_o EFF** x f(x), the function
Ce(x) is representable as (e(x) = U * f(z ) where Ug = > "5 ) €FF** is the renewal
measure generated by the improper distribution £F'. The measure U is finite since
¢F(R) = ¢ < 1. Hence (¢ € L1(R). Thus, we have proved the existence of a solution
ze € L1(Ry) to (5).

Let us first find the explicit form of the solution z¢. The article [3] contains a
brief exposition of the formal scheme for solving the classical Wiener—Hopf equation
(see also [4, Chapter II, § 5, Subsection 5.4]). By analogy with the first step of this
scheme, write down (5) on the whole line. Let

ve(w) = ze(x) for x>0, _ for z > 0,
¢ 0 for x <0, f/ F(dy) forz <O.
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The function n¢(x) makes sense. Indeed, |ng(x)| < EF*(¢(z) € L1(R). Equation (5)
becomes equivalent to the following renewal equation:

ve@) =€ [ velo—y) Py + 1@) 4 nelo), v eR
or, briefly,

(7) (60 — &F) xvg = f + ne.

Put Ugs := Y 7 FZ. The measures Ug+ are finite. Form the convolutions of Ug
with both sides of (7). The equality 9 — &F = (6o — Fe—) * (0o — Fe4) implies that

Ug_ * ((50 — §F) = 50 — Ff"r'
Therefore,
(8) (00 = Fey) #ve(w) = Ue— * (f +ne)(x),  zeR

The finite measure U _ is nonnegative and concentrated on R_U{0}. The left-hand
side of (8) is identically zero on R_. Consequently,

[Ue— * (f 4+ ng)|lr_ =0,

which implies that Ug_ *ng = —(U¢— * f)1r_. Form the convolutions of both sides
of this equality with the measure §g — F¢—. We obtain

ng = —(00 — Fe—) * [(Ue— * f)1r_].
Thus,

ve = Ug * (f +ng) = Ug % {f — (60 — Fe—) * [(Ue— * f)1r_]}
=Ug * {f — (60 — Fe-)(Ue— * f) + (80 — Fg—) * [(Ue— * [)1r, ]}
= Ug * {(60 — Ff_) * [(Ug_ * f)]_]RJJ} = U§+ * [(Uf_ * f)1R+]-

Letting £ 1 1, we get (4). Let us prove the last assertion of the theorem. Form the
successive approximations z(™) for the initial equation (1):

O = f@), @)= [ Sy P+ @, 220

We have z(")(z) 1 as n 1. Consequently, there exist limits lim,,_,o 2 (z), = > 0.
Show that they coincide with (4). Using monotonicity and induction on n, we have

z2\"N(x) =limz; ' (x imz¢(z) = 2(x), T .
() 5?15()_&1 E() ()
It follows that

— 1 (n) < T (n) <1 _
ze(x) nlglgoz () < nh_{réoz (z) < 151%111 ze(x) = z(x).
Passing to the limit as ¢ 1 1, we see that lim,, ., 2(™ (z) = z(z), i.e., the solution
2 defined by (4) coincides with the solution lim,, _,+, 2(™ (x), obtained by successive
approximations. (Il

Remark 1. Theorem 1 holds for all types of nonarithmetic probability distribu-
tions: both for distributions of drifting type and for distributions of oscillating type.
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3. ABSOLUTELY CONTINUOUS COMPONENTS

We shall need the following conditions on F' and Fy.
Condition (6). For some n = n(F) > 1 the distribution F™* has a nonzero
absolutely continuous component.
Condition (&4). For some n = n(Fy) > 1 the distributions F}* have a nonzero
absolutely continuous components.

Theorem 2. Let F' be a probability distribution such that EX; = 0 and EX12 =
0% < oco. Then (&) = (&4).

Proof. Let G be a distribution with nonzero mean. Then the distribution G™* for
some n = n(G) > 1 has a nonzero absolutely continuous component if and only if
the function s

— , Rs=0,
[1=G(s)l(s —1)
is the Laplace transform Vg (s) of a finite measure Vg [5]. By Theorem 1 in [1,
§ XVIIL.5] applied to the random walk {—S,,}, there exist finite expectations p4 :=
EJZ+; moreover, juy|u_| = 02/2. Show that condition (&) implies the following
assertion: the function

~ 52

Vis) = — , Rs =0,
[1—F(s)](s —1)?

is the Laplace transform Vg(s) of a finite measure V. Let v be a finite complex
measure. Consider the measure Tv with density

o(a,v) = {_V((_oo’x])’ z<0,

v((z,00)), x> 0.

Then Tv is a locally finite measure, i.e., the values Tv(A) are finite on bounded
sets A € . Denote by |v| the total variatiion of v. If [, |z]|v|(dz) < oo, then
Tv is a locally finite measure and its Laplace transform is of the form ﬂ(s) =
[U(s)—v(0)]/s, Rs = 0, where TT/(O) is defined by continuity as 1/“1\/(0) = [z v(dr).
If [o|2|*|v](dx) < oo, where k > 1 is an integer, then [ [z~ [Tv|(dz) < oo by
Theorem 3 in [6], where we put ¢(z) = (1 + |z|)¥~1. We have

1 - F(s)](s>—2s+1)
V(s) s?
=1-F(s)+ QW? i _Sf(s) =1— F(s) + 2TF(s) — T2F(s),

since ﬁ(O) = 0. Consequently, the function 1/V (s) is the Laplace transform /W(s)
of the finite measure W = &y — F + 2TF — T?F and W(0) = —02/2 # 0. Show
that the measure W is invertible in the Banach algebra 5 of finite measures v on
2%, where the multiplication is the convolution of measures, the norm is |v|(R),
the unity of 9B is the measure &g, the addition and multiplication of measures by
numbers are defined in the usual way. Let .# be the space of maximal ideals of
B. The following facts are well known [7]. Each maximal ideal M € .# generates
a homoorphism h : %8 — C and M is the kernel of this homomorphism. Denote
by v(M) the value of h at v € B. An element v € B is invertible if and only if
v does not belong to every maximal ideal M € .#. In other words, v is invertible
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if and only if v(M) # 0 for all M € .#. The space .# is split into two sets:
M is the set of the maximal ideals which do not contain the collection L(B) of
all absolutely continuous measures in B and Ao = # \ #1. If M € 4, then
the corresponding homomorphism is of the form h(r) = D(sg), where sy = 0.
In this case, M = {v € B : U(sg) = 0} [8, Chapter IV, Section 4]. If M € >,
then v(M) = 0 for all v € L(B). Show that W (M) # 0 for all M € #, thus
establishing the existence of an inverse element W—! € 8. If M € .#,, then for
some sg, Rsg = 0, we have W (M) = W(so) # 0, since ﬁ(s) # 1 on iR\ {0} for the
nonarithmetic distribution F. Let M € .#5. Obviously, W(M) = 1 — F(M) since
TF and T?F are absolutely continuous measures. Let F™* = F* 4+ F* be the
decomposition of the distribution F™* into the absolutely continous and singular
components with respect to Lebesgue measure (F7* is the sum of the discrete and
singular components in the usual sense). We have F™(M) = F™ (M) = FI'*(M),

[FS (M) < |F | = F&(R) < F(R) + FY(R) = F™(R) = 1.

Therefore |F(M)| < 1 and W(M) # 0, hence there exists an inverse element
Less. Obyviously, W~ I = V since the Laplace transform of the measure W1
is equal to 1/W( ) = V(s). Use the factorization (3):
~ S S ~
R pp— S — V() Vi (s).
[1-F (s)](s 1) [1-Fi(s)l(s —1)
Show that V. (s) is the Laplace transform of some finite measure V,. By the
aforementioned criterion from [5], it will follow that the distribution F satisfies
condition (&4). The function

— 1-F. —1

W (s) = [ (::)](S ) Rs=—o,
is the Laplace transform of the finite measure W_ = o — F_ +TF_. Multiply both
sides of equality (9) by W_(s). We obtain V (s) = V(s)WW_(s), i.e., Vi(s), Rs = 0,
is the Laplace transform of the finite measure V, = V « W_. Thus, (6) = (&).
Similarly, (&) = (6_). O

4. ASYMPTOTIC PROPERTIES OF THE SOLUTION

We shall need the following fact which is a consequence of [9, Theorem 2.6.4 (a)].

Theorem 3. Let F' be a probability distribution with positive mean u. Let a(x),
x € R, be a bounded summable function such that a(x) — 0 as x — oo. Suppose
that condition (&) is satisfied. Then

1
U*a(x)%f/a(y)dy as r — oo .
HJr

Consider two cases depending on the properties of the inhomogeneous term f.

Theorem 4. Let F' be a probability distribution such that EX; =0, EX? < 00 and
condition (&) holds. Suppose that the function f y)|dy, x € Ry, is summable
and f(z), x € R, is a bounded function such that f( ) — 0 as x — oo. Then the
solution z to (1) given by 4) satisfies the relation

(10) / /1 f(u) duU_(dy) as x — 00,

where i, = EA .
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Proof. By Theorem 2, the distributions F. satisfiy condition (&+). Show that
(U- * f)1r, € L1(R4). As established in [10], the renewal measure U_ admits the
decomposition U_ = U;j + Us, where the measure U; is absolutely continuous with
a bounded continuous density wj(z) such that uy(z) — 1/|p—| as * — —oo, and
the measure Us is finite. Choose a constant C' < oo such that |f(z)| < C, z € R,
and |uj(x)| < C for all x € R_. We have

0
U_ % f(2)] s/ £ — )| U_(dy)

— 00

0 0
s/ |f<m—y>|u1<>dy+/ (@ — )| |Ual(dy) = L () + Do),

— 00

0
J;)SC/ lf(z—y |dy—C’/ y)ldy € L1 (Ry).

It is easily seen that Iy(z) € Li(Ry):

/012 dx_// W) |Uzl(dy) do
// (z — y)| da [Us)(dy) = // 2)] d U] (dy)

< [ [ el i = e o o) <

Moreover, the functions Iy (z), k = 1,2, are bounded:
Li(z) <Clflh,  L(z) < ClU|(R- UA{0}).

Obviously, they tend to zero as x — oo. In order to establish relation (10), it
remains to apply Theorem 3 to the function U_ « f(z) and the distribution F'; with
mean fi4:as x — 0o

Z(fc)=/0zU—*f(:v—y)U+(dy)—>l/mU—*f( ) de

Ky
1+/Ooo/ooof(x— dydx—f/ / fu)duU_(dy). O

Theorem 5. Let F be a probability distribution such that EX; = 0, EX? =
0% < oo and condition (&) holds. Suppose that the function f(z), v € R, is
a bounded nonnegative summable function such that f(x) — 0 as © — oo and
fooo f;o f(y) dy dx = oo. Then the solution z to (1) given by (4) satisfies the relation

(11) z(x) ~ —/ f(u) dudy as x — oo.

0 vy
Proof. Denote by £_ the restriction of Lebesgue measure to R_. We use the
notation from the proof of Theorem 4. Represent the renewal measure U_ in the
form

U — ms YU + (U1 - ﬁs,).



THE WIENER-HOPF EQUATION 1295

The measure Uz := Uy — £_/|u—| is absolutely continuous with density

uz(z) = u(x) — ﬁ =0 as T — —00.
We have
3
v fe) = [ 1 g+ [ 1) Ot + ) ] = 3 )
N k=1
By Theorem 4 in [11], where we put K(z f fly) dy,
(12) U+*J1(x)~m/ /y f(u)dudy — oo as r — 0o.

Since py|pu—| = 0 /2, the right-hand side of (12) coincides with the right-hand side
of (11). Show that Jo(z) € L1(R,). We have

oo 50 0
/0|J2(x)|dsc§/0 /700f(1’7y)|U2|(dy)dx
0 oo
:/_ / F(@) dz |Us|(dy) < |If |1 |Us|((—00,0]) < 00

The function Jo(x) is bounded and tends to zero as  — co. By Theorems 2 and 3,
it follows that

(13) Uy x Jo(z / Ja(y as r — 00.

Given an arbitrary ¢ > 0, choose A = A(e) < 0 such that |usz(z)| < e for z < A.
Split J3(z) into the sum of two integrals:

2 = (/1+Lo>f<xy>u3<y>dy — Ti(@) + Ja(2).

A
() s/_ £ (& — )l (u)] du

We have

A 0o
< g/ o —u) du = g/ Fu) du < elp_ | (x).
—00 z—A
Consequently,

(14) |Us * Ja(a)| < Uy # |Jal(2) < elu_ U # Ty (@

€|M|// fw) dudy as r — o0.

Show that J5(z) € L1(Ry). Let |ug(z)| < C < co. Then

[Tinwiarse [T [ e para
—C/ /9«’ ! dvd:v—C/ /U+A dx dv < CA| fl1.
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Obviously, |J5(z)] < C?|A] < oo and Js(z) — 0 as * — oo by the Lebesgue
Dominated Convergence Theorem. Apply Theorems 2 and 3 to the distribution F
and to the function J5(z):

1 o0
(15) Uy * Js(z) — —/ Js(y) dy as r — oo.
H+ Jo
The relations (12)—(15) imply that, for k =2,...,5,
Uy * Ji(x) = o[Uy x Jy(x)] as ¥ — 00,
which completes the proof of the theorem. ([l

Theorem 5 implies the following result without the nonnegativity of f.

Corollary 1. Let F be a probability distribution such that EX; = 0, EX? = 02 < o0
and condition (&) holds. Suppose that f(x) = fi(x) — fa(x), © € Ry, where fi1(x)
and fa(x) are bounded nonnegative summable functions such that f;(x) — 0 as
r—o00,1=1,2, and

/ / filu) dudy ~ ¢;d(x) as x — 0o, 1=1,2,
0 Jy

where c1, ca > 0 are constants. Then the solution z to (1) given by (4) satisfies the

relation

2(61 - CQ)
o2

If ¢ # co, then relation (11) holds.

z(x) ~ d(x) as r — oo.

Proof. Assume for simplicity that ¢;, ¢ > 0. Denote by z1, 22 the solutions
to (1) corresponding to fi1, fo respectively. Then z = z; — 29 is a solution to (1),
corresponding to f. By Theorem 5,

P [T
2(33)

_ “ .
/O’C /yoO fa(u) dudy

5. INFLUENCE OF THE SOLUTION TO THE HOMOGENEOUS EQUATION

1 * & 2(61 — CQ)
d(x)/o /y fo(u) dudy — = asx — oco. U

The solution z to (1) obtained in Theorem 1 is not the only solution to this
equation. Consider the homogeneous equation

(16) 20)= [ 2a-pF@).  cek,.

where Z is the function sought and F is a probability distribution that generates
an oscillating random walk {S,}. Put 7, := min{n > 1: S, > 0}. Let Ug be
the renewal measure generated by the distribution G of the first strong ascending
ladder height 7, := Sz, . The renewal function Z(x) := Ugy((—00,2]), € Ry,
is a solution to (16) with normalization Z(0) = 1 (see [12, Theorem 1]) and
asymptotics Z(z) ~ z/E, as x — oco. Let ¢ € C be arbitrary. Obviously, the
function Z. := z + ¢Z is a solution to the inhomogeneous equation (1). In what
follows, we assume that EX; = 0 and 02 = EX? < oo. Let us investigate the
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asymptotics of the solution Z. under various assumptions on the kernel F' and on
the inhomogeneous term f. The following facts are known:
1) if E(X7h)? < 0o, then E&#? < oo (see [13, Theorem (i)| with ¢(z) = z2);
2) if EA2 < oo, then (see [1, § XI.4])
x Ex7?

Z(x) — e _>2(E<%”+)2 as & — oo;

3) if E(X;")? = oo, then [14, Theorem 1]

Z(x) — E%+ JQE%+/ / / [1— F(u)]dudvdy as x — oo.

The asymptotics of the difference Z.(z) — cx/EJ# as © — oo is established by
comparing the asymptotic behavior of the functions

/OI/yoof(u)dudy, / / / (1 — F(u)] dudvdy.

In order to assess the rate of growth of As(z), let us consider the case when the
tail 1 — F(z) =: R(z) of F regularly varies at infinity with index o € (-3, —2), i.e.,
when R(tx)/R(x) — t* as x — 00, t > 0 being fixed. Then
x 2A2( ) 223[1 — F(x)]
Z(x) — — 00.
@)~ 7~ 7 A et Dat Dary BT

The last equivalence follows from the properties of regularly varying functions (see
[1, § VIII.9, Theorem 1]). Consider the following possibilities

(17)  Ai(z) = o(Az(x)), Asx(z) =o0(A1(x)), Ai(z)~ KAy(x) as & — 00,

where K > 0. The next results about the asymptotic behavior of the solution Z,
to (1) follow from the above facts and the already proved theorems.

Theorem 6. Let the hypotheses of Theorem 4 be satisfied and let E(X;)? < oo.
Then

cEA?
Ze(x) — E%ﬂ_ / /y f(u) duU_(dy) + NEA ) as x — oo.

Theorem 7. Let F be a probability distribution such that condition (&) holds true
and let f satisfy the hypotheses of either Theorem 4 or Theorem 5. Suppose that at
least one of the functions Aq(x) and Ax(z) tends to infinity as x — oo. Then in all
three cases of (17) the following relation holds:

cT 2 2c
o ZA _
E<%0+ 0'2 1<x)+ O'2E%+

Remark 2. A probability distribution F' is called symmetric if its distribution
function F(z) := F((—o0,x]) is equal to 1 — F(—z — 0) [15, § 3.1]. In other words,
the distribution F' of the random variable X; is symmetric if it coincides with
the distribution of —X;. A distribution F' is called continuous if its distribution
function is continuous. For symmetric distributions, the formulas in Theorems 4-7
become simplified since E#, = o/1/279 and py = o+/7/2, where v is equal
to exp[— > o7 P(S, = 0)/n] (see, for example, [12, Lemma 2|). For continuous
distributions F' the quantity 7o is equal to one.

Ze(x) — As(x) as x — oo.
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6. CONCLUSION

The present paper concludes our investigations of the inhomogeneous Wiener-

Hopf equation (1) started in papers [16] and [17]. Here we have considered the case
when the distribution F' generates a random walk of oscillating type whereas the
papers [16, 17] deal with cases when the corresponding random walk drifts to +oo
and to —oo, respectively.

If the distribution F is absolutely continuous, i.e., F'(dz) = k(x) dz, then equation

(1) is equivalent to the classical Wiener-Hopf equation

2(a) = / Tk -y dy + fl@), x>0,
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