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ON FOUR-DIMENSIONAL LOCALLY HOMOGENEOUS
PSEUDO-RIEMANNIAN MANIFOLDS
WITH ISOTROPIC WEYL TENSOR

S. KLEPIKOVA

ABSTRACT. The papers of many mathematicians are devoted to studying
of (pseudo)Riemannian manifolds with zero Weyl tensor (i.e. conformally
flat manifolds). Moreover, one can consider manifolds whose Weyl ten-
sor has zero squared length, and itself is not zero. Also such manifolds
are called manifolds with isotropic Weyl tensor. In the case of a Rie-
mannian metric, the squared length of a tensor is the sum of the squares
of all components in some orthonormal basis, and it is zero iff the tensor
itself is trivial. Therefore, it is natural to consider only the case of a
pseudo-Riemannian metric. In the case of dimension 3, the Weyl tensor
is trivial, and the Schouten-Weyl tensor (also known as the Cotton ten-
sor) is the analogue of the Weyl tensor. The Schouten—Weyl tensor was
investigated for a left-invariant Lorentzian metric on three-dimensional
Lie groups, including the problem of its isotropy, in the work of E.D. Ro-
dionov, V.V. Slavskii, L.N. Chibrikova. In this paper results on the
investigation of four-dimensional locally homogeneous spaces with non-
trivial isotropy subgroup and with invariant pseudo-Riemannian metric
and an isotropic Weyl tensor are presented.

Keywords: (pseudo)Riemannian manifold, isotropic Weyl tensor, sys-
tems of computer mathematics.

1. INTRODUCTION.

The papers of many mathematicians are devoted to studying of (pseudo)Rieman-
nian manifolds with zero Weyl tensor (i.e. conformally flat manifolds). Moreover,
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one can consider manifolds whose Weyl tensor has zero squared length, and itself
is not zero. Also such manifolds are called manifolds with isotropic Weyl tensor [1].

In the case of a Riemannian metric, the squared length of the tensor is the
sum of the squares of all components in some orthonormal basis, and it is zero
if the tensor itself is trivial. Therefore, it is natural to consider only the case
of a pseudo-Riemannian metric. In the case of dimension 3, the Weyl tensor is
trivial, and the Schouten-Weyl tensor (also known as the Cotton tensor) is the ana-
logue of the Weyl tensor. The Schouten—Weyl tensor was studied for left-invariant
Lorentzian metric on three-dimensional Lie groups [2, 3]. This investigation is the
continuation of the research of J. Milnor for left-invariant Riemannian metrics on
three-dimensional Lie groups [4].

In this paper results on the investigation of four-dimensional locally homogeneous
spaces with nontrivial isotropy subgroup and with invariant pseudo-Riemannian
metric and an isotropic Weyl tensor are presented. This paper continues the re-
search, begun in [3, 5].

2. BASIC NOTATIONS AND FACTS.

Let (M = G/H, g) is a locally homogeneous pseudo-Riemannian manifold of di-
mension n, g is a Lie algebra of the group G, b is a isotropy subalgebra, m = g/
is a subspace of g complementary to b.

The pair (g,h) uniquely determines the isotropy representation ¢ : h — gl(m)
by the rule ¥x(Y) = [X,Y]m VX € h,Y € m. An invariant (pseudo)Rieman-
nian metric on G/ H corresponds to a non-degenerate bilinear form g on m, such that

where (x)¢ is a transposed matrix.This form uniquely identifies the Levi-Civ-

ita connection V : g — gl(m) by the rule

Vix(¥a) = 5[X,V]n + 0(X,Y),

where v : g X g — m defined by the formula
29(v(X,Y), Zw) = 9(Xw, [Z,Y]m) + 9(Yin, [Z, X]im).

The connection V corresponds to a curvature tensor R : m x m — gl(m) such
that

R(X,Y)=[Vy,Vx]+ Vix,y]
The Ricci tensor r and scalar curvature s are determined by formulas
r(X,)Y)=tr(Z - R(X,2)Y), s=try(r).
The Weyl tensor (i.e. the conformal curvature tensor) W has the following form:
W =R — AQy,
where

1
A= (r — 3 °9 1>) is the one-dimensional curvature tensor,
n—

n—2
(AQ9(X,Y, Z,V) = A(X, Z)g(Y, V) + A(Y, V)g(X, Z) — A(X,V)g(Y, Z)
— A(Y,Z2)g(X,V) is the Kulkarni-Nomizu product [6].
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The square of length of the Weyl tensor calculated by the following formula
W = Wikt Wimgrg™ g’ g"g""

Definition 1. Pseudo-Riemannian manifold (M, g) is called the manifold with iso-
tropic Weyl tensor, if simultaneously |W|? =0 and W # 0 for metric g.

Application of computer mathematic systems for studying the locally homo-
geneous (pseudo)Riemannian manifolds with isotropic Weyl tensor becomes pos-
sible with a sufficiently low dimension. Further we present a mathematical model
that allows us to calculate the squared length of the Weyl tensor on a locally
homogeneous (pseudo)Riemannian space |7, 8, 9].

Let, as earlier, (M = G/H, g) is a homogeneous (pseudo)Riemannian manifold
of dimension n, g is a Lie algebra of the group G, b is a isotropy subalgebra, m = g/b
is a subspace of g complementary to h, h = dim b, m = dimm.

Let {e1,e2,...,€p,u1,ua,..., Uy} is a basis g, where {e;} u {u;} are bases of h
and m respectively. Accept, that

[wi, s, = cfjuk, [wi, ujly, = C’fjek, (hi, ujl, = Efjuk,
where ¢j;, CF; are ¢j; are arrays of appropriate sizes.
At first we calculate the isotropy representation 1 on basis vectors bh:

k k _
(1) ()] = (¥ (ed); = €y,
and write the invariance condition for the metric tensor g:
(2) W) - g+g-hi=0, i=1,...h

where (1;)" is a transposed matrix.
Further, we find the components of the Levi-Civita connection V, using the struc-
ture constants and the matrix of metric tensor:

1 = 1_ 1 _
F?j =3 (Ci—“j + QSkClsjgil + gSkClsigjl) ) Ffj = 5043' - 595%559;'1 :

where V., u; = Fi?juk, Vi, uj = ffjuk n {gij} is a matrix inverse to the matrix {g;; }.
Next step of the algorithm is a calculating the components of curvature tensor R,
Ricci tensor r and scalar curvature s:

_ I P l P I Tp I P
Rijks = (Fikrjl =I5y + ey + Cijrlk) Ipss
A "
rik = Rijrsg’®, s =rig".

Further, we can find the components of the one-dimensional curvature tensor,
the Weyl tensor and the square of length of the Weyl tensor

Aij = ﬁ <T”' N 2(:;9:] 1)> ’
Wikt = Rijie — Airgje — Ajigik + Awgjn + Ajrgic,
W1 = Wik Wagysg™ 9" g*7 "
The aim of this paper is proof of the following

Theorem 1. Let (M = G/H, g) is a locally homogeneous manifold of dimension 4
with nontrivial isotropy subgroup. Then (M = G/H,g) has isotropic Weyl tensor
iff the Lie algebra of group G contained in tables 1-6.
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TABLE 1. The locally homogeneous pseudo" Riemannian 4" man-
ifolds with nontrivial isotropy subgroup and isotropic Weyl tensor

Ne Lie brackets Ne g Restrictions
11l le1, ] TuUI«:L [}61,7;3] =[u—1;3,] [ul&m] = ug, 1| s = a§3(13¢83£)+8a§4
2,Ua] = ug, [ug, ua] = ug
1121 [e1, u1] = u3, le1,us] = —u1, (U1, us] = —uz, 3 |amy — 202, — a2, (13£3/17) £0
[u1, ua] = w1, [ug, ua] = 2us, [uz, u4] = ug 20144
ler,uri] = e1, [er, us] = w1, [er, ua] = u27
1.31.1 [ut, us] = —Jus, [u1,us] = us, [u1,us] = Jua, 5 oaus =0,a3;+0a2, #0
[uz, u3] = Fua
[617U3] = u1, [617u4] = u2,
1.31.2 [ul,ug} = —Xe1 + (/\ + 1)’U,1 + Aug, [ug,ud = u2, 5 Q44 75 0, A 75 0
Ae[-1,1]
1313 ler, us] = u1, [e1, ua] = uz, [u1,us] = u1, 5 -

[ug, uq] = uz, [uz,us] = e1
e1,u3] = u1, [e1,us] = uz,
1.3%.4 [ut,us] = —(1 + A%)er + 22 ug + (1 + A?)uz, 5 agq #0
[ug,uq] =u2, A >0
le1, us] = m, le1, ua] = u2,

+u 1+A
1315 [U[Z e v L 5| (BT DRrase—pags) #
1,u4] = —Xey +u1+>\U2, # aua(A2 + )
[uz,u3] = —Ae1 +u1 + Aua,
[uz, ua] = —pes + (4 Dug, A>0, p#1
le1, us] = u1, [e1, ua] = ug, [ur, us] = —u2,
1.31.6 [u1, ua] = u1, [u,uz] = u1, [uz,us] = uo, 5 —

[uz, uq] =e1
le1,u3] = u1, [e1, uq] —u27

[ut,u3] = THxer + g ul — 1+,\u27
1 1
L3h7 [u, ua] = —pxer + pxua + 1+Au2’ 5 Q44 7 Aoz — 2034
[u2,us] = — xer + mxun + Txves
[ug,ua] = —H%el + H%ul + 11tr/\>\u27 A#—1
138 le1, us] = u1, [e1, ua] = ua, [uz, us] = u1, 5 s £ 0
o [ ][u2,U4] = ug, [u37U4][ u] . 33
e1,u3] = ui, |e1, ua] = uz, |u2, u3z] = \ui
1.31.9 ’ P b v L ’ 5 a 0, #—-1,A#0
[ug, ua] = —Ae1 + (A + Dug, [ug, us] = —Aus 33 7 7 7
13110 le1, us] = ua, [e1, ua] = ua, [uz, us] = ua, 5 —
[us,ua] = e1
13111 le1, us] = u1, [e1, ua] = ua, [uz, us] = —ur, 5 B

[u2,ua] = e1, [u3,ua] = e1 +us

The proof of this theorem will consist of a consideration of several propositions
below.

In this paper, we will use the classification of four-dimensional locally homo-
geneous (pseudo)Riemannian manifolds obtained in [10]. This classification given
at the end of this paper in tables 8-14. The Lie brackets, defining the Lie algebra
of group G are indicated for each case. The parameters can take any real values,
unless otherwise indicated, h = span (e;), m = span (u;) in all cases. Further along
the text we will refer to cases from this classification by their number (for ex-
ample, “2.13.57).

Below in the text, when specifying the type of invariant metric, we will refer
to the table 7. For example, the phrase “The metric tensor has the form 4” means
that the matrix of the metric tensor has the form, shown in the table 7 under num-
ber 4 together with the corresponding restrictions on the components of the metric
tensor.
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TABLE 2. The locally homogeneous pseudo" Riemannian 4" man-
ifolds with nontrivial isotropy subgroup and isotropic Weyl tensor.
Continuation
Ne Lie brackets Ne g Restrictions
13112 lex, us] = ua, [er, ua] = w2, [ur, us] = u, [uz, us] = pua, 5 | ass#0, u# 3,
[ug, uq] = —Aper + (A + pug, [uz,ug] = (1 — #)Uls pw#—(A+1)
1 le1, us] = u1, [e1,ua] = u2, [u1,ua] = u1, [uz,us] = Ju1,
1.31.13 N 1 1 5 -
[ug, ug] = —5e1 + (A + 5) ua, [uz,uq] = e1 + Jus
131 14 le1, us] = w1, [er, ua] = uz, [ur, ua] = uy, fuz, us] = (I — Nux, 5 B
o [uz,ua] = A(A — De1 + ug, [uz,ua] = e1 + Mug, X # &
13115 [617“/3:[ = U1, [617“/4:[ :_u27 [u17u3] :__51 + 2“17 [u17u4} = u2, 5 ass # —aua
[ug, uz] = uag, [ug,uq] = —ey +2u1
13116 [61,’!13} =u1, [61,’!14} _E27 [ul’uiﬂ —:61 + 2uq, [ulau4} = u2, 5 ass 75 Qs
[ug, us] = ug, [ug,us] = e1 —us
1.31.17 le1, u3] = u1, [e1, ua] = ua, [ug, uq] = u1, [uz,uq] = e1 5 —
1.31.19 ler, us] = u1, [e1, ua] = uz, [u1,ua] = u1, [uz,us] = u1, 5 0
[uz,ud = —e1 + uy + 2u2 ass 7
13120 [elzu3] = ui, [61,U4] = u2, [Ug,ug] = ui, [’LLQ,U4] = U2 U1, 5 06337&0
GIE TR T e e e e
e1,u3] = u1, [er, ua] = u2, [u1,ua] = u1, [uz,us] = Aui, o 0.N£0
33 ) )
1.31.21 [ug,u4} —Xe1 + (1 — /\)u1 -+ (]. -+ )\)uz, [ug,’LL4] ( )\)ug, 5 7; # 1 #
A#£1 2
L3199 [lenusl=uw, [61,u4] = ug, [“1:“4] = u1, [ug,u3] = Jua, 5 B
[ug, ua] = —%e1 + fur + Suy, [uz,us] = e1 + Fug
13193 le1, us] = u1, [61,U4] = U2, [U1,U4] = u1, [u2,u4] = U1 + u2, 5 B
[ug,ual = e1 +u
ler, us] = u, le1, ua] = ua, [u1,us] = (1 —2X\)e1 + 22u, N2
1.31.24 [u1,us] = 2\ — Dug, [uz,us3] = Aua, 5 2)7\& 3 N1
[uz,us] = B=ter — 55u1, [us,ua] = (A — Dug, X # 1 asy 7 2Aaas(A—1)
le1, us] = u1, e, ua] = ua2, [ur,us] = (I —2X)e1 + 2Auz, \ 2
1.31.25 [ur, ua] = (2N — Dua, [u2,us] = Aus, 5 3

[uz,ua] = 3525 e1 + gx5u1, [us,ual = (A — Dug, A # 1

3. IsoTROPY OF THE WEYL TENSOR.

asz # 2 aga(1-N)

The classification of locally homogeneous conformally flat (pseudo)Riemannian
4-manifolds with a nontrivial isotropy subgroup was obtained in [9]. In particular,
the following was proved

Proposition 1. [9] Let (M = G/H,g) is a locally homogeneous (pseudo)Rieman-
nian manifold of dimension 4 with a nontrivial isotropy subgroup. Then the Weyl
tensor of (G/H,g) is equal to zero for any invariant metric g, iff G/H contains
in following list:

1.1%.(9,10), 1.1%212, 1.13.1, 1141, 1.1°.1,
1.16.1, 1201,  1.221, 1.31.(18,32), 1.4..(8 23,2 ),
2.11.3, 2.12.6, 2.13.6, 2.14.2, 2.21.(2,3,6,7),
2.22 4, 2231, 2311, 241.(1-3), 2.5%.(4,6,9,10,14),
2.52.7, 3.1, 3121, 3.2L.(1,2,4), 3.22. (1,2),

3.3L.(1-4), 3.32.(1-4), 3.4'.1, 3.42.1, 3.51.(1-4),

3.52.(1-4), 411, 4121, 4.21.2, 4.22.3,
4.23.2, 432, 5141, 6.1%.(1,2), 6.12.(1-3),

6.1%.(1-3).
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TABLE 3. The locally homogeneous pseudo" Riemannian 4" man-
ifolds with nontrivial isotropy subgroup and isotropic Weyl tensor.
Continuation
Ne Lie brackets Ne Restrictions
g
le1, us] = w1, [e1, ua] = ug, [u1,us] = —ze1 + gu1,
1.31.26 [u1,U4] = %uz, [ug,ue,] = %ug, [ugmud = —%61 + %’uq, 5 —
[us,us] = e1 — 2uy
le1,u3] = u1, [e1, ua] = ug, [ur,u3] = —3e1 + Fu1,
1.31.27 [u1,U4] = %ug, [ug,ug] = %ug, [ug,u;ﬂ = %61 — %Qul, 5 —
[us, ua] = e1 — fug
le1, us] = ui, [e1,ua] = ug, [u1,us] = 2u1,
1.31.28 [u1,ua] = 2uz, [ug, us] = uz, [uz,us] =e1 — %uh 5 @33 # 204
[us, ug] = uq
ler, us] = w1, [e1, us] = uz, [u1,us] = 2u1,
1.31.29 (w1, ua] = 2ua, [u2,us] = ug, [uz,ua] = —e1 + %ul, 5 @33 # —2a44
[ug, ua] = ug
le1,us] = u1,2[61,u42] = ug,
_ Ap(A=1) A 4p—Ap A(1—=N)
[u1,u3] = /\+H—/\/\H61 + 5t + /\ﬂt\_mum
_ I I
1.31 30 [u1,uq] = _M-;;—mel RIS i b w7yl 5 |agy # @ss(zmitass(1-3)
o _ ) I A 2
[ug,us]l = —x2b5per + s + Agwéuw’
_ Ap(p—1) p(l—p) Atp—p
[uz, ua] = TR v B ST V7 B e TR v
A4+p—2pF#0, 1< pu<A A >0
1.31.31 [61, ’LL3} = u, [61, ’LL4} = u2, [ug, ud =e 5 —
1411 ler, u2] = u1, [er,us] = uz, [e1, ua] = e1, [u1,u] = u1, 6 ass £ 0
[[ul,us] = ug, [u1,us] = uy, [ug,us] = us, [U3,U4]] = —ug
1.41 9 €1,U2| = u1, [€1,U3] = U2, [€1,U4] = €1, [U1,U4| = PU1, 6 - 0 3
fuz, wa) = (p— Dus, Jus, sl = (p = 2us B#0pF
141 5 | e ue] = wi,fer,us] = o, fer, ua] = e1, Tur, ua] = 2u, | ass % o
o [ug, u3] = e1, [uz, uq] = uo
141 4 |lersua] =ui Ter,ua] = ua, fer, ua] = ex, Tur, ua] = 2u1, | Q33 # —oud

[ug, us] = —ex, [uz,us] = u2

Remark. A notation like “1.11.(9,10)” means “1.11.9, 1.11.10”. In total, the above
list contains 74 locally homogeneous (pseudo)Riemannian manifolds.

Proposition 2. Let (M = G/H,g) is the locally homogeneous (pseudo)Rieman-
nian manifold of dimension 4 with a nontrivial isotropy subgroup. If G/H contains
in the below list, then the square of length of the Weyl tensor |W||? is not equal
to zero for amy invariant metric g:

1.10.(7,8) 1.12.(9-11) 2.1%.2 2.12.(3-5)
2.13.(4,5) 4.281 4.22.(1,2) 4.2%.1

Proof. Sequentially consider all the cases that are given above.

Case 1.11.7. In this case the Lie brackets are as follows:

le1, u1] = uy, le1, ug] = —us,

where h = span (e1), m = span (uq, ug, us, uy).

[Ubus} = €1,
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TABLE 4. The locally homogeneous pseudo" Riemannian 4" man-
ifolds with nontrivial isotropy subgroup and isotropic Weyl tensor.
Continuation

Ne Lie brackets Ne g Restrictions
1415 ler, uz] = u1, [e1, us] = uz, [u1, u2] = u1, [u1,us] = us, 6 ass £ 0
[ug, us] = ug
1 [817u2]:u15 [817u3]:u25 [u17u4]:“15 [u27u4]:u25 o
1.4.6 6
[us,ua] = u1 +us
1417 ler, u2] = u1, [er, us] = uz, [u1, ua] = u1, [uz, ua] = uo, 6 _
- [uz, uq] = —u1 +us
1419 ler, u2] = u1, er, us] = uz, [u1,us] = ui, 6 oyq # 0,
- [ ] [UQfU3] :]Tel + 1f2 + w]h [U37w[11 = pﬁm a2 (p(p+1)—7) #0
= = = = ¥ uz
141 10| let uz] =, ler, us] = w2, [ur, us] = uy, luz, us] = rey e , 1
[us, 4] = pus #plp+1)
1 le1, ua] = u1, [e1,us] = ug, [ut, us] = ur,
1.4%.11 6 —
[u2, ug] = re1 + uz + ua, [us, ua] = u1 —uq
141 10| [e1 u2] = ur, Jer,us] = w2, [ur, us] = w, [uz, us] = rev +uz, | r 20
[us,ua] = w1 — ug
14113 [e1,u2] = u1, [e1,us] = ua, [uz,us] = re1 + u4, [uz,us] = us | 6 —
1.41.14 le1, u2] = u1, [e1,us] = ug, [uz,us] = rei, [us,us] = uq 6 r#1
L4L15] [er,uo] = w1, [e1, us] = ug, [ug,us] = e1 +ua, [us,ua] =u1 | 6 Qg # —us
1.41.16| [e1,u2] = u1, [e1,us] = ua, [u2,u3] = —e1 + u4, [us,ua] =u1 | 6 Q2 # 04q
1.41.17 [61,u2] = ui, [61,u3] = u2, [ug,ug] = U4, [u3,U4] = uy 6 —
1.41.18 le1, ua] = u1, [e1,u] = ug, [ug,uz] = e1 + uq 6 Qg2 # —Qu4q
1.41.19 le1, u2] = u1, [e1,us] = ug, [uz,us] = —e1 + us 6 22 # Q4
1.41.20 [e1, ug] = u1, [e1, ug] = ug, [uz,uz] = ug 6 —
1.47.21 ler, u2] = w1, le1,us] = u2, [uz,us] = e1, [uz,ua] = u1 6 —
1.41.22 le1, ug] = u1, [e1,us] = ug, [uz,us] = —ei, [us,us] = ur 6 —
1.41.24 le1, uo] = u1, [e1,u3] = ug, [uz,us] = e1 6 —
1.41.25 le1, ua] = u1, [e1,us] = uz, [uz,uz] = —e1 6 —
We calculate the isotropy representation (1):
1 0 0 O
by = 00 0 O
1o o0 -1 0
00 0 O
Let the metric tensor has the form:
Q11 Q2 Q13 Qg
g= 12 (22 Q23 Qg4
13 oy azz asy |’
Q14 Q24 Q34 Qg4

then the invariance condition of the metric tensor (2) will be of the form:

a2 =0, a14=0, a;1=0 ay=0,

Thus, the invariant metric tensor has the form 1.
The nontrivial components of the Weyl tensor are:

asz =0,

Q34 = 0.

o4 Q22
Wisgs = —Wagiy = ———, Wiz = ———,
6 6
2
Q4q 13 Q220144 — Qgy
Wigga = —, Wiziz=—, Wopyy=—-——""—">=—.
6 3 30[13
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TABLE 5. The locally homogeneous pseudo" Riemannian 4" man-
ifolds with nontrivial isotropy subgroup and isotropic Weyl tensor.

Continuation
Ne Lie brackets Ne g|Restrictions
2.2l 4 [61,u1] = ui, [61,u2] = u2, [61,U3] = —us, [617114] = —u4, 10 azs # 0
| [e2,ug]l = wa, [e2, uz] = —uaq, [ur,us] = ez, [ug, us] = e1, [ug,ua] = ez
2915 e1,ut] = u1, [er, u2] = uz, [e1,us] = —us, le1, u4] = —ua, 10 B
T lea, ua]l = ui, [ea,us] = —u4, [us,uz] = es
9921 le1, u1] = u2, [e1, u2] = —u1, [e1, us] = u4, [e1, ua] = —us, 11| s #0
[e2,u3] = w1, [e2, usq] = ug, [ui,us] = ea, [u, uq] = ea, [uz, uq] = —eg
9.92 9 e1,u1] = uz, [e1,uz] = —u1, [e1, us] = uq, [e1, ua] = —us, 11| ass£0
" Tlle2, uz] = ua, [ea, ua] = ug, [ur,uz] = —e, [ug, uq] = —e2, [ug,ua] = e1
2 ler, u1] = uz, [e1, u2] = —u1, [e1, us] = uaq, |e1, ua] = —us,
2.2¢.3 11 —
lea, ug] = w1, [eo, ua] = ug, [uz, us] = e
le1, ua] = u1, [e1,us] = —ua, [e1, ua] = —2e1, [e2, ua] = —2es,
2501 [e2,u3] = —u2, [e2, ua) = u1, [u1,u2] = 2e2 —u1, [ui,ug) =uz +usa, | 12| aszz#0
[ur, ua] = 2e1 — w1, [up, us] = —2us, [ug, ua] = up — u4, [us, us] = 2us
e, u2] = ui, le1,u3] = —ua4, |ea,u2] = —2e2, |e2,u3z| = —u2,
2.51.2 le2, ua] = u1, [u1,u2] = —u1, [u1,us] = uq, [uz,us] = —2us, 12| az3 #0
[ug,uq] = —uq
ler, uo] = u1, [e1, us] = —ua, [e2, us] = —u2, [e2, ua] = u,
9513 [u1,us] = u1, [u2,u3] = e1 + pez + (1 — q)uz, [uz,us] = qui, 12 -
o [us,us] = —(p + q)er + Xe2 — (1 + q)ua, ¢ = 0 (if X # 0),
g ER (if A =0)
95l 5 le1, uz] = u1, [er,us] = —ua, [e2, us] = —ua, ez, ua] = u1, 12 .
T [uz, ug] = e1 + gea — ua, [uz, ua] = u1, [uz,ua] = —ge1 — Aea —ug
1 e1,uz] = u1, [e1,us] = —ua, [e2,uz] = —uz2, [ea, ua] = u1, .
2.5°.7 12
[uz, u3] = e1 + e, [uz,us] = —e1 + ez

The square of length of the Weyl tensor has the following form:

4
3a2,

Iw* =

Obviously, it’s not equal to zero for any invariant metric g.

Because the proof algorithm is uniform in all cases, then further we give only
the number of type the metric tensor g (from table 7), the nontrivial components
of Weyl tensor W and the square of length of the Weyl tensor ||W||? for each case.

Case 1.1'.8.

g w ”V1V2”2
o
2 Wiosy = Wasiy = —%5%, Wisos = —arog o
Case 1.12.9.
g W ] w2
5 Wigia = —Wasza = =554, Wigio = Wases = — 532, 4
) _4_
o a3s Q22044 — 2
Wigia = Wagzq = — g4, Wigiz = 952, Waggy = ——37—* S

Case 1.12.10.

g W ] e
3 Wig1a = —Wagza = 52, Wioio = Wazey = 522, 4
2 =
— 2
Wigia = Waaza = %%, Wigiz = — 942, Waggy = — 225072 5%
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TABLE 6. The locally homogeneous pseudo" Riemannian 4" man-
ifolds with nontrivial isotropy subgroup and isotropic Weyl tensor.

Continuation
Ne Lie brackets Ne g|Restrictions
9518 ler, u2] = u1, ler,us] = —ua, [e2,u3] = —u2, [e2,u4] = u1, 19 —
o [ug, u3] = e1 — e, [uz, uq] = e1 + Aea
251 11 le1, uo] = u1, [e1,us] = —ua, [e2, us] = —uo, e2, ua] = u1, 12 _
T [ug,us] = e1, [uz,uq] = ez
25112 le1, ua] = u1, [e1,us] = —ua, [e2, uz] = —ua, ez, ua] = u1, 19 B
[ug, u3] = e1, [uz,ua] = —e2
25113 le1, u] = u1, [e1,us] = —ua, [e2,u3] = —ua, [e2, u4] = u1, 12 _
T [ug, us] = ex
[e1, u2] = —e1 + u1, [e1, us] = —uz, [e1, ua] = e, [e2, u2] = —e2,
2521 [ez,u3] = w4, [e2,usa] = —e1 —u1, [u1,uz] = e1 —uy, [ur,uz] =uz, | 6 | asz#0
[u1, ua] = —ep, [ug, u3] = —2us, [ug,us] = —uy
le1, u2] = u1, [e1, us] = —u2, [e2, us] = u4, [e2,u4] = —u1,
2.52.2 [ur,us] = u1, [ug,us] = (p+ s)er + rea + uz — 2ruq, [uz,uq] = 2ruq, | 13 s#0
[ug,]u4} =—re1+ (p—s)ex — 2'ru]2 — Uy, T > 0,]3 >0
e1,u2] = u1, [e1,u3] = —uz, [e2, us] = u4, [e2,ua] = —u1,
2.52.3 | [u2,us] = —(r + s)e1 — ua, [ua, ua] = u1, [uz,us] = (s — r)ea —ug, |13 s#0
952 4 ler, uo] = u1, [e1, us] = —u2, [e2, us] = ua, [e2, ua] = —ux, 131 s+o0
: []UQ,ug] [: (1 +]s)e1, [U3fu4] :] = 8)[62, s 2] 0 7
2.52.5 €1,U2| = ul, |€1,U3] = —Uu2, |€2,U3] = U4, |€2,U4| = —U1, 13 0
[ug,u3] = —(1 + s)e1, [uz,ug] = (s —1)ea, s >0 s7
252 6 le1, u2] = u1, fe1, us] = —u2, [e2, us] = u4, lez, ua] = —uy, 13 B
[ug, us] = e, [uz,us] = ex
le1, e3] = 2es, [e1,u1] = u1, [e1, uz] = uz, [e1,us] = —us,
3.21.3 le1, ua] = —ua, [e2, u2] = u1, [e2,us] = —ua, [es,u3] = —ua, 14 —
[es, ua] = u1, [ug,us] = eo
le1, e2] = 2e2, [e1,e3] = —2e3, [e1,u1] = u1, [e1, u2] = —u2,
4311 le1, u3] = —us, [e1,us] = ug, [e2,e3] = e1, [e2, u2] = uy, 14 .
le2, us] = —ua, ez, u1] = u2, [es, ua] = —us, [es, us] = —ua,
lea, uq] = u1, [uz, u4] =eq
Case 1.12.11.
2
g w ||Vi/8||
4 Wi23s = Wagz1y = —auyq, Wizas = —20u4 az.
Case 2.1'.2.
2
g W _liwy
; «@ 4
2 Wizgs = —Wagia = — ¢4, Wigis = 932, Waaoy = — 324 3aZ,
Case 2.12.3.
2
g W _ Liwy
. «@ 4
7 Wizez = —Wiaga = — ¢4, Wigis = 932, Waaoy = — g 3aZ,
Case 2.12 4.
2
g W 2 ]
. . 4
7 Wizeg = —Wiaza = — ¢, Wigiz = — 532, Waaoa = 94* 3a2,
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TABLE 7. The form of the invariant metric tensor
No The matrix of metric Restrictions ||\ The matrix of metric Re.strlc-
tensor tensor tions
0 0 13 0 0 0 24 0
0 22 0 Q24 13 75 0, 0 Q22 0 Q24
1 a3z 0 0 0 Q34 # ooy 9 a0 0 0 @z 70
0 a0 0 o 0 a9 0 0
0 0 13 0 0 0 Q24 0
0 0 0 Q24 13 75 0, 0 0 23 Q24
2l las 0 0 0 ase 20 [0 a2 as 0 0 aze 70
0 aa O 0 0 aoy O 0
Q33 0 0 0 0 0 0 —Q23
0 a2 0 oo asz # 0, 0 0 a2 0
3 0 0 Q33 0 a§4 75 Q22044 11 0 Q23 Q44 0 Q23 ?é 0
0 a2 0 ous —a23 0 0 Qg
Q33 0 0 0 0 0 Q24 0
0 44 0 0 33 75 0, 0 0 0 24
4 0 0 Q33 0 44 7& 0 12 Q24 0 33 0 @24 7& 0
0 0 0 Ol44 0 Q24 0 0
0 0 0 —ao3 0 0 oaas O
O 0 Q23 O 0 Q44 0 0
5 0 Q23 Q33 Q34 oz 70 13 ase 0 a3z O %4 70
—a23 0 a3 qus 0 0 0 au
0 0 —Q22 0 0 0 Q24 0
0 Q22 0 0 22 75 O, 0 0 0 Q24
6 —a22 0 o33 034 o4s #0 14 azs 0 0 0 azi 70
0 0 Q34 44 0 Q24 0 0
0 0 a13 0 Qa4 0 0 0
0 44 0 0 13 7& O, 0 Q44 0 0
Tlas 0 0 o auz0 |/l o 0 au o0 s 70
0 0 Q44 0 0 0 Q44
0 0 —a24 o3
8 0 0 23 Q4 02 + a2 £0
—oi24 Q23 0 0 z 2
23 (24 0 0
Case 2.1%2.5.
2
g w i Wi
4
7 Wiz = —Wigza = — %, Wiziz = 30;%, Wagoq = — 5% 3aZ,
Case 2.13.4.
g w ] )
Wig1z = Wasaz = =52, Wigna = Waasa = — g2, Wiziz = =32, 4
4 o !
Wasos = — 531 S
Case 2.13.5.
g w WP
A Wia12 = Wasag = %, Wigra = Waaze = 4, Wizis = — 58, 4
2
Wagoq = — 5kt 3ass
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Case 4.21.1.
2
g w W
96
14 Wiags = Wiz1z = Wizoa = Wagns = 20094 azs
Case 4.22.1.
2
g w W
W12 = Wazoz = —aua,
96
15 Wiaza = Wazia = Wiara = Wayzs = aua, az,
Wigiz = Wigoa = Wasos = 2044
Case 4.22.2.
2
g w W]
Wiz12 = Wazaz = g,
96
15 Wi2zs = Wagiy = Wigia = Wiy3s = —oua, oz,
Wiz13 = Wigas = Wagos = —2044
Case 4.23.1.
2
g w W
14 Wizzs = Wizis = Wizoa = Wagos = —oua, 96
2
Wiziz = Waszs = —3aa4 24
O

Proposition 3. If (M = G/H,g) is locally homogeneous (pseudo)Riemannian
manifold of dimension 4 with a nontrivial isotropy subgroup (besides those, which
are given in Proposition 1) and G/H contains in the below list, then if the square
of length of the Weyl tensor ||W||? is vanished for some invariant metric g, then

the Weyl tensor W itself vanishes:

11h(2-6) 1.1%.(2-8) 211 2.1%(1,2) 21%.(1-3) 21%*1 2241

Proof. Sequentially consider all the cases that are given above.
Case 1.1'.2. In this case the Lie brackets are as follows:

[61,“1} = U1, [61,u3] = —us, [Uz,ud = puz, [US,M] = us,

where h = span (e1), m = span (uy, us, uz, ug), p € R.
We calculate the isotropy representation (1):

10 0 0
00 0 0
Y1=10 0 -1 0
00 0 0

Let the metric tensor has the form:

Q11 12 3 Qa4
g= Q12 Qg2 Qigz (Qigg
o3 i3 a3z Ozq |
Q14 Qiag Q34 Oy
then the invariance condition of the metric tensor (2) will be of the form:
a2 =0, a4=0, a;1=0, ax3=0 a3=0, a=~0.

Thus, the invariant metric tensor has the form 1.
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The nontrivial components of the Weyl tensor are:
Q2a024013p(2p — 1)
12 (05220444 - 0434)

adyaizp(2p — 1)

Wiggs = —Waz1a =

)

a2013044p(2p — 1)
Wigog = — Wigzs =

1223 12 (0422(144 — 0534) 1434 12 (0422(144 — 0454)
agzaizp(2p — 1) Wsos = _agzp(2p -1
6 (0&220[44 — Oé§4) ’ 6

)

Wiziz =
The square of length of the Weyl tensor has the following form:
(cv22p (2p — 1))2
[W* =

-
3 (o040 — 3)

It’s equal to zero when either ago = 0, or p = 0, or p = . But the Weyl tensor

is trivial in all these cases. ’

Because the proof algorithm is uniform in all cases, then further we give only
the number of type the metric tensor g (from table 7), the nontrivial components
of Weyl tensor W and the square of length of the Weyl tensor ||W||? for each case.

Case 1.1'.3.

g w W
_ _ aza(aaz—a2
Wigsa = Wazia = %;
Qo2 (13— Q22 Qqq(Q13— Q22 4 — 2
1 Wiags = —%, Wiaza = %; %
13
Wisis = (13 —a2) Wosos = — (23004 —03,) (13— ra)
=" 3 = 3a2,
Case 1.1' 4.
g w WP
Wiazs = —Wagiy = Wigzg = — 22722,
613
—a? 2
1 Wigiz = — 932, Wagoq = *W#, gaff
13 al,
2
«
Wiags = 522
Case 1.11.5.
g W 2 w2
touq)—ag,)aza
Wigas = —Wagpy = 222l 24
6(azzaua—a3,) ’
_ (O£22(0413+0444)—0¢§4)0422
Wizas = Slaman—ol)
1 W _ (0422(0t13+0444)*04§4)0444 4(0422(0413+0644)*04§4)2
1434 = 6(a22aaa—ad,) ’ 3aiz(azzaua—a3,)?
_ (a22(a13+0444)*a§4)a13
W1313 - 3(022044_(1%4) )
_ a2z (a13taas)—a3,
Wasos = ———5—=
Case 1.11.6.
g W ] s
— — 24035003 E— )
Wigge = —Wasia = gl 00200y, Waaea = =58,
2 2
W — _ Qo213 W- — Q220144013 dogy
1 1223 6(az2cas—a3,)’ 14324 6(azzaas—a3z,)’ 3(az2044—02)?
— X223
Wisis Somarsoall)
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Case 1.1%2.2.
2
g w W]
_ _ agoazzaap(p—1
Winis = —Wagsy = — omenrl,
24
Wiz12 = Wazaz = _agzazp(p=1).
3 6(04220444 04%4)’ 4a3,p° (p—1)*
Wiata = Wagsy = Szzomespb L), Slazau—ag,)?
6(04220(44 a24
2
_ _ _azagp(p—1) _ _ o2ap(p—1
Wity = =it 2y, Waigy = — 8=
24
Case 1.12.3.
2
g w : W]
(e} — «
Wiz1g = —Wagzy = — 8202 6a§§) =,
Wigiy = Whgyg = (a22zamaz
6azs ’ 4(agz—a )2
3 (a 22 33
_ _ 22 —33)vgq __ __ Qo2—ag33 304
Wigig = Waagy = 2507, Wigig = — 35088, 33
Woing = — (Ot22*0433)(062220é44*a§4)
3agg
Case 1.12.4.
2
g w Wl
a2t a
Wig1q = —Waggy = — (Qzztoss)an 6a§j) =,
Wiz1z = Waggy = (222tam)as
6ass ? 4(0&22+0(33)2
3 W =W _ (cpa+tasz)ags W Qo2tass 3a%
1414 = W3434 = g s W13 = —— 3 ) 33
W2424 - _ (a22+a33)(a222a44—a24)
3ag,
Case 1.1%2.5.
2
g w Wl
J— OC (o]
Wigia = —Wasgy = —<E272%, Wigio = Wagas = 52,
p— Q (e} 2
3 Wig1a = Wayzq = 533;‘4; Wiziz = — 932, 3322
Woiny = — (az2aqa—0ad,)azz 38
- 3a3,
Case 1.1%2.6.
2
g w W]
W1214 _ —W2334 _ (a22a33—a22a44+a§4)0424
- - 6(0(%4705220444) ?
3— +a? )z
W =W _ (opass—ampaqatag,
1212 2323 6(0(220444—a§4) ) -
— 2 4(ovopazz — oo as+aus,)
3 _ _ (aga3z—anaoggtas, ) oy 220033 — Q2244+ Q5
W1414 W3434 6(azocas—al,) ) 3(1%3(022(144_@%4)2
_ (azpazz—aooaastai,)ass
Wiziz = 3(amasi—aly) ;
_ (az2a33—aopastady)
Wagoq = o
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Case 1.1%2.7.
g w W
o _ (aosazztassa —aZ)a
Wiz = —Wagss = 6(04342—2@2424&44;4) =,
2
ngu =W — (azpazztagoagg—az,)azs
2323
6((1220&44—(134) ’
_ _ (aezasztagsass—al,)a 4(az2a33 —a3,)?
3 Wigra = Wagay = (222 g5a2212444i1a2 54) it (32;3(2+a:2aj4 20224)
( N X )24 33(a220a—03y)
W — _ Q2333 T X220 44 — X5y )33
1313 ( 3(a22a447a§4) , )
— o33 tao0gs—as,)
Waa24 Tass
Case 1.1%2.8.
g - w W]
— _ — _ Q232024 (X33
1214 Wassa Saseas—aZ)
2
1% = = 22
3 W1212 W2s23 = §rammam—aZ) 402,
— _ __Qoo0i33od 2 2
1414 I/Vg,4342 Slasoas—al,)’ 3ags(aooaas—a3,)?
W — Qo033 — __ Q23
1313 S(amsari—aZy)’ Wasz4 3
Case 2.1'.1.
g w W
Wiggy = —Wagyy = —21ata2d 2
2 0413(0‘15-"-@24) 4((X132+(¥224)
Wiziz = Wagoy = — =252 o300,
24
Case 2.1%.1.
g w W
. Wiz = —Wiygq = — 35044, 4(a13—aas)?
13 — 44
__ aiz(aiz—ous) _ agq(onz—ogq) 2 o2
Wigis = —=50— Waau = ——37— BaTs s
Case 2.12.2.
g w WP
W1223 _ _Wl — __ou3toug Ww- _ aiz(aiztauq)
434 -
. 3 6 , Wi1313 Soas ) 4(a1ztous)?
Waaos = _a44((;;3+a44) Besis
13
Case 2.13.1.
g w WP
Wig1a = Woggg = — 233741,
4| Wigg = Waggy = — 9335041 595 = 7a33(§i3ja44), Hasgtas)®
4 3azzogy
Wogos = _ aga(ai3taag) )
3a33
Case 2.13.2.
g w WP
Wig12 = Wazgg = 2235044,
4| Wigig = Wiggy = 9855548, Wigy3 = 770[33(3234:%4)’ 4(3{“2;0314)2
Woyny = — 2aa(@ss—0as) et
3ass
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Case 2.13.3.
2
g w W]
— — ot
Wiz1a = Waggg = @88F044,
_ _ aszta __ aszz(azztaud) 4 2
4| Wigra = Waysq = 58558, Wiz = — =55 -—, Uowpton)
W _ aygs(azztaqq) 38
2424 = — 34
Case 2.1%4.1.
2
g w W]
Wiz13 = Wizoq = Wagaz = 214/14%4 = Wasos =
3a53—a5,)
—W- — a2a(3a53—a5y)
8 2314 a§3+a§4 ’ ) 64(134
das, a3 2 2 )2
Wizez = Wigia = —Wazay = —Wigoy = 55253, (ag+azy)
3(a3z+ady,)
Wiggy = 2924
Case 2.21.1.
2
g W ] W)
0 Wi23s = Wiz13 = Wigaq = Wagay = — 32, 6a2,
2
_ Oo9 al
Whgas = 7322 2
O

Proposition 4. If (M = G/H, g) is locally homogeneous pseudo-Riemannan mani-
fold of dimension 4 with a nontrivial isotropy subgroup and G/H contains in the be-
low list, then the square of length of the Weyl tensor |W|? is equal to zero and

the Weyl tensor W isn’t equal to zero for any invariant metric g:

1.31.(3,6,10,11,13, 14, 17, 22,23, 26,27, 31)
1.4.(6,7,11,13,17,20-22, 24, 25)
2215 2223 25'.(3,5,7,8,11-13)
2.5%.6 3.2'.3 431

Proof. Sequentially consider all the cases that are given above.
Case 1.3'.3. In this case the Lie brackets are as follows:

ler,ug) = uy, [er,ua] =g, [ur,uz] =uy, [uz,u4] = ug,

where h = span (e1), m = span (u1, ug, us, uy).
We calculate the isotropy representation (1):

00 1 0
00 0 1
Yi=10 0 0 0
00 0 0

Let the metric tensor has the form:

Q11 12 3 Qa4
Q12 Qg2 Qigz (g
Q13 Qigg i3z (i34
Qg Qigq (34 Qiyq

[Ug, ’U,4] = é1,
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then the invariance condition of the metric tensor (2) will be of the form:
ain =0, a2=0, ap2=0, a3z3=0, au=0, ax+tas=0

Thus, the invariant metric tensor has the form 5.
The nontrivial component of the Weyl tensor is:

Waazs = —aa3.

It can’t be equal to zero, because for ass = 0 the metric tensor would be degenerate.

By direct calculations, we see that the square of length of the Weyl tensor is
trivial.

Because the proof algorithm is uniform in all cases, then further we give only
the number of type the metric tensor g (from table 7), the nontrivial components
of Weyl tensor W and the square of length of the Weyl tensor ||[W]|? for each
case. The square of length of the Weyl tensor is trivial and the Weyl tensor is
nontrivialdue to restrictions on the components of the metric tensor, which given
in the table 7 in all cases.

Case 1.31.6.

g w

5 Wa434 = —a3
Case 1.3'.10.

g w

5 Waa3s = —ai23
Case 1.3%.11.

g 4

5 Waazs = —aio3
Case 1.3'.13.

g w

5 Wa434 = —a3
Case 1.3'.14.

g w

5 W3434 = —ai23
Case 1.3%.17.

g w

5 Waazs = —aia3
Case 1.31.22.

g w

5 Wsy34 = —ara3

Case 1.3'.23.

Wa434 = —ao3



ON FOUR-DIMENSIONAL LOCALLY HOMOGENEOUS PSEUDO-RIEMANNIAN 1199

Case 1.3'.26.

g w

5 Wiazs = —aa3
Case 1.31.27.

g w

5 Wia34 = —aua3
Case 1.3'.31.

g w

5 Wiazs = —az3
Case 1.41.6.

g W

6 Wazgs = — 522, Wagga = 932
Case 1.41.7.

g w

6 Wagas = m, Wiazs = — 932
Case 1.4'.11.

g w

6 Wasss = %%, Wazaz = %a Wsazs = _0644(#2:_(144)
Case 1.41.13.

g w

6 Wasss = —aua, Wazaz = 7“22(1_2'")_%4, Wss34 = —a44(a222(£;21)+a44)
Case 1.4'.17.

g W

6 Wases = — 5%, Waaza = %
Case 1.4'.20.

g w

6 Wagas = — %%, Waazs = 5t
Case 1.4'.21.

g W

6 Wagaz = — 932, Wayzs = 5
Case 1.4'.22.

g w

6 Wagaz = 932, Wagzq = — 52
Case 1.4'.24.

g W

6 Wagoz = — 32, Wayzq = 552
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Case 1.41.25.

9|

6 | Wasas = 952, Waaga = — 3+
Case 2.21.5.

g w

10 Wasas = oy
Case 2.22.3.

g w

11 Wa4zs = —aia3
Case 2.51.3.

g w

12 Wases = a4, Wagzs = —Aay
Case 2.51.5.

g w

12 Wasas = a4, Waazs = Aaog
Case 2.51.7.

g w

12 Wasas = aga, Waaza = —Aaag
Case 2.51.8.

g w

12 Wasas = aiag, Wagzs = —Aaing
Case 2.5'.11.

g w

12 Waza3 = —Ws434 = a4
Case 2.5'.12.

g w

12 Wazaz = Way3s = g
Case 2.5'.13.

g w

12 Wasas = g
Case 2.5%.6.

g w

13 Waza3 = Waszq = Qg
Case 3.21.3.

g w

14 Wagaz = aiag
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Case 4.31.1.
g9 | w
14 ‘ W3434 = —a4

O

Proposition 5. If (M = G/H, g) is locally homogeneous pseudo-Riemannian mani-
fold of dimension 4 with a nontrivial isotropy subgroup and G/H contains in the be-
low list, then the square of length of the Weyl tensor |W||? is equal to zero for any
invariant metric g, but the Weyl tensor can be equal to zero for some invariant
metric:

1.31.(2,4,5,7-9,12,15,16,19-21, 24, 25, 28-30)
1.4'.(1-5,9,10,12, 14-16, 18, 19)
2214 222.(1,2) 2.5'.(1,2) 2.5%.(1-5)

Proof. Sequentially consider all the cases that are given above.
Case 1.31.2. In this case the Lie brackets are as follows:

[61,163] = U1, [61,1&4] = U2,

[ur,us] = =Aer + (A + Dug + Aug, [ug, ug] = ug,

where h = span (e1), m = span (u1, ua, us, ua), |A[ < 1.
We calculate the isotropy representation (1):

00 1 0
00 0 1
=19 0 0 0
000 0

Let the metric tensor has the form:

Q11 Q2 Q13 Qg
_ | @12 Qo2 Q23 Q24

g Q13 Qo3 azz azq |’
Qg Qg4 (34 Qiyq

then the invariance condition of the metric tensor (2) will be of the form:
ain =0, ai2=0, ap=0, o3=0, au=0 ax+toas=0

Thus, the invariant metric tensor has the form 5.
The nontrivial component of the Weyl tensor is:

In can be equal to zero either A = 0, or aiyy = 0.

By direct calculations, we see that the square of length of the Weyl tensor is
trivial.

Because the proof algorithm is uniform in all cases, then further we give only
the number of type the metric tensor g (from table 7), the nontrivial components
of Weyl tensor W and the square of length of the Weyl tensor ||W||? for each case.
The square of length of the Weyl tensor is trivial in all cases.
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Case 1.3!.4.

g W

’ Waazs = 7%
Case 1.31.5.

J W

5 Waggs = )\(2&34(#71)7)\(;?;):{;(0‘33(#71)+a44>
Case 1.31.7.

g W

] Wsaza = W
Case 1.31.8.

g W

] Waaga = —ass
Case 1.31.9.

g W

g Wagzs = —azsA(A+ 1)
Case 1.3%.12.

g W

5 W3434 = w
Case 1.3!.15.

g W

° Waygy = — 237000
Case 1.3'.16.

g W

i Wyzq = F235044
Case 1.3%.19.

g W

° Wagzq = —958
Case 1.31.20.

g W

° Wiayzs = —a33
Case 1.3'.21.

g W

’ Wiysg = 22320-23)
Case 1.3%.24.

g W

g Wi3y34 = (2*3’\)@2((1:\14_(1/\)*1)70433)
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Case 1.3'.25.

g w

5 Wiyggy = =Nl Fam)
Case 1.3'.28.

g w

5 Waygs = M
Case 1.3'.29.

g w

5 Wayzs = —w
Case 1.3'.30.

g W

5 Waagy = TR0 Fast SO
Case 1.4'.1.

g W

6 Waszog = —Waszs = %ﬁ;am, Waszy = 30533
Case 1.4'.2.

g w

6 Wasas = *7“22%52373), Wagzq = 232=9)
Case 1.4'.3.

g w

6 Wagag = 222(Ga0us) 1y, — cusous
Case 1.4 4.

g w

6 Wasps = 222(guatan) yyy o) — —ousfon
Case 1.4' 5.

g w

6 Wasgag = =953, Waage = 552001
Case 1.4'.9.

g w

6 Wazez = Way34 = QZZ(p(p;rollz;T)ia“, Wassa = *%
Case 1.4'.10.

g W

6 Waszy = 22@BHIT) gy, o, — culpi)in)
Case 1.4'.12.

g w

6 Wagaz = — =522, Wiayzq = =54
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Case 1.4!.14.

S. KLEPTKOVA

J W

6 W2323 = 0122(;*1)’ W3434 = w
Case 1.41.15.

J W

6 Waggg = — 2228008 W3y = %jam
Case 1.4!.16.

J W

6 Wasps = #2554, Wagzy = _%ga“)
Case 1.41.18.

J W

0 Wagoy = — 2225008 W3y = %jam
Case 1.41.19.

J W

° Wagns = 2225948, Wiy = — 2e1(gza—cud)
Case 2.21 4.

J W

10 Wazasz = —aa3
Case 2.22.1.

J W

H Wayzs = —iay
Case 2.22.2.

J W

H Wayzs = —ay
Case 2.5'.1.

g W

12 Wasas = Waaza = —3as3
Case 2.51.2.

J W

12 Wazaz = —3ass3
Case 2.5%.1.

g | -

6 ‘ Wasoz = — %35, Wiyzy = 52001

2022
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Case 2.52.2.

g w

13 Wagaz = —Ws434 = (ass
Case 2.52.3.

g w

13 Wagaz = —W3434 = —uass
Case 2.52.4.

g w

13 Waszos = —Wsyzs = ays
Case 2.52.5.

g9 | w

13 ‘ Wazoz = Waszs = —ayys

]

The four-dimensional locally homogeneous (pseudo) Riemannian manifolds, which
can’t have the isotropic Weyl tensor are listed in Propositions 1, 2, 3. The four-di-
mensional locally homogeneous (pseudo)Riemannian manifolds, for which the Weyl
tensor is isotropic for any invariant metric, are listed in Proposition 4. The four-di-
mensional locally homogeneous (pseudo)Riemannian manifolds, for which the Weyl
tensor is isotropic under certain conditions of the “inequality” type, are contained
in Proposition 5.

This manifolds together with corresponding conditions are contained in tables 1-6.
The three remaining cases from the classification [10] are considered below.

Case 1.1'.1. In this case the Lie brackets are as follows:

ler,ur] = uy, [er,us] = —u3, [ur,uz] =g, [uz,ug] =us, [uz,us] = us,

where h = span (e1), m = span (uq, us, us, uy).
We calculate the isotropy representation (1):

0

0
-1

0

Y=

(=l el el
o o oo
o O oo

Let the metric tensor has the form:

Q11 Q2 Q13 Qg
Q2 Qg (g3 (g4
Q13 Qo3 (33 (i34
Q14 Q24 Q34 Qg4

then the invariance condition of the metric tensor (2) will be of the form:
a2 =0, aa=0, o1 =0, ay=0, azg=0 au=0

Thus, the invariant metric tensor has the form 1.
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The nontrivial components of the Weyl tensor are:

(0424(0413 + 2a24)(a13 + 0124) - 04220444(30613 + 20424)) Q22
12 (a22a44 — 0434) 13

2 2 2

Wigza = —Waziy =

)

Wizaz = —

12 (CM220444 — 0[34) 13

2 2
(a13 — 2ai900044 + 2a24) Q4009

Wias = 2 (apouaq — a3,) 13
Wisoq = —%,
W1313 _ (06%3 — 20(220&44 —+ 20&%4) 0422’
6 (az2044 — a3y)
W2424 _ (06%3 — 20[220&44 + 20[%4) 29 .

6ais
The square of length of the Weyl tensor has the following form:

||W||2 _ a3, (20/113 + (04220444 - 06%4) (4 (01220444 - Ot§4) — 1304%3))

2
3 (anz04y — 03,)" 0
It is equal to zero in two cases:
(1) for ags = 0. However, the components of the Weyl tensor become zero.
Hence, the Weyl tensor isn’t isotropic in this case;
(2) for ags = oty (1343 VI7) 4803,

8augg

, the Weyl tensor is isotropic.

Case 1.12.1. In this case the Lie brackets are as follows:

[e1, ua] = us, le1, uz] = —u, [u1, us] = —us,

[, u4] = uy, (U2, us] = 2ua, [us, us] = us,

where h = span (e1), m = span (uy, us, us, ty).
We calculate the isotropy representation (1):

00 -1 0
00 0 0
wl_lOOO
00 0 0

Let the metric tensor has the form:

Q11 Q2 Q13 Qg
Q2 Qg2 (g3 Qg4
Q13 Qio3 (33 (i34
Q14 Q24 Q34 Qg4

then the invariance condition of the metric tensor (2) will be of the form:
agg =0, a1 =0, a2=0, a3=0, asa=0, agz3—an=0.

Thus, the invariant metric tensor has the form 3.
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The nontrivial components of the Weyl tensor are:

2 2
(04220444 — g, + 2a33) Q20044

Wig1a = Wigia = —Wazzs = —Waazs = 5
6 (co20i4q — a3y) Q33

Q22
Wiaga = 2Wigos = Waz1g = -

(a22a44 — a§4 + 2a§3) a%Q
6 (avo20uas — 3,) (33
(04220444 — a3, + 2a§3) 22

3 (22044 — a3,)

W1212 = W2323 =

Wiziz = Wogoy = —

The square of length of the Weyl tensor has the following form:

o 403,(8a3; + (22044 — 03y) ((a220us — a3y) + 1303,))
”WH = 22 4 .
3 (2204 — 034)" i3

It is equal to zero in two cases:

(1) for age = 0. However, the components of the Weyl tensor become zero.

Hence, the Weyl tensor isn’t isotropic in this case;
205, —a3;(13£3V17)
2044

(2) for arge = , the Weyl tensor is isotropic.

Case 1.31.1. In this case the Lie brackets are as follows:

u
[elaul] = €1, [61,’&3] = ui, [61,“4] = Ug, [u17U2] — _?2’
u U
[u1,u3] = Uus, [uhuél] = 747 [uQ’us] = ?4’

where h = span (e1), m = span (uq, us, us, ty).
We calculate the isotropy representation (1):

Y1 =

S O OO
o O OO
o OO
oo = O

Let the metric tensor has the form:
Q11 Q12 Q13 14
Q2 OG22 (23 (g4
Q13 Qigg i3z (i34
Q14 Q4 Q34 Quyy
then the invariance condition of the metric tensor (2) will be of the form:

a1 =0, a;2=0, ax=0 a3=0, au=0, a3+ay=0.

Thus, the invariant metric tensor has the form 5.
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The nontrivial components of the Weyl tensor are:

3ai3q Q34044
Wizaz = Wizyy = — , o Wazzg = Wigzs = — )
8 160[23
Taszay — 603, afy
Wiggy = — 08 70054 - gy oy = 004
1334 16023 2434 160s
3aiz3 5o (3o — o
Wizis = — ; Wsa3s4 = — ( 3 34),
4 8arsg
Qg4
Wisoq = Wazaz = Wagyy = Wigia = 5
The square of length of the Weyl tensor has the following form:
3a2
2 14
iz = 204,
23

It’s equal to zero, when a4y = 0. If ayy = 0, then components Wi323, Wi314,
W2313, W1413, W1334, W3413 aren’t equal to zero for Q34 7& 0 and W1313 7£ 0
for Q33 75 0.

Thus, the Weyl tensor is isotropic in case 1.3'.1, if one of the following conditions
is true:

(1) asa =0,a34 # 0,
(2) g4 = 0, Q33 75 0.
In conclusion we note, that for 186 manifolds from the classification [10] the fol-
lowing holds:

e 77 manifolds can have the isotropic Weyl tensor W, moreover:
— the Weyl tensor W is isotropic for any invariant metric for 34 mani-
folds;
— the Weyl tensor W is isotropic only under certain conditions on an in-
variant metric for the remaining 43 cases, moreover:
* conditions on an invariant metric are conditions of an “equality”
type for 3 manifolds;
x conditions on an invariant metric are conditions of an “inequal-
ity” type for 40 manifolds;
e 109 manifolds can’t have the isotropic Weyl tensor W, moreover:
— the square of length of the Weyl tensor ||W||? isn’t equal to zero for
any invariant metric in 15 cases;
— all of components of the Weyl tensor are equal to zero for any invariant
metric in 74 cases;
— the triviality of the square of length of the Weyl tensor [|W||? for some
invariant metric entails the triviality of the Weyl tensor W in 20 cases.
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TABLE 8. The classification of four-dimensional locally homogen-
eous (pseudo)Riemannian manifolds

Ne Lie brackets
1.111 le1,u1] = w1, [e1,us] = —us, [u1,us] = ug, [u2,us] = u2, [uz, us] = us
1.11.2 ler,u1] = u1, [e1,us] = —us, [uz, us] = pug, [us, us] = us
1.11.3 [el,ul] =ui, [61,U3] = —us, [u1,’u,3} =e1 + us2
1.11.4 le1,u1] = u1, [e1,us] = —us, [u1,uz] = u2
1115 le1, u1] = u1, [e1,u3] = —us, [u1,us] = e1, [ua, uq] = ug
1.116 le1, u1] = w1, [e1,us] = —ug, [uz, ua] = uo
1.11.7 [e1, u1] = w1, [e1,us] = —us, [u1,uz] = e1
118 le1,u1] = u1, [er, ug] = Sua, [e1,u3] = —us, [e1, ua] = —Fua, [u1, us] = —2e1,
[u1, ua] = ua, [ug, us] = ua
1.11.9 le1,u1] = u1, [e1,u2] = %uz, le1,us] = —us, [e1,ua] = 7%’M4, [u1,us] = ug
1.11.10 [el,uﬂ =u1, [el,uz} = Aug, [el,U3] = —us, [61,’11,4} = —Au4, A € [0, 1]
1.12.1 | [e1,u1] = us, [e1,u3] = —u1, [u1,us3] = —u2, [u1,us] = u1, [uz,us] = 2us2, [uz,us] = u3
1.12.2 le1,u1] = us, [e1,us] = —u1, [u1,us] = u1, [u2,ua] = pua, [uz,us] = us
1.12.3 [e1,u1] = u3, [e1,U3] = —u1, [u1,u3} =e1 +us2
1124 [el,ul] = us, [el,ug] = —u1, [ul,ug] = —e1 +u2
1.12.5 le1, u1] = us, [e1,us] = —u1, [u1,us] = ua
1.12.6 ler,u1] = us, [e1,us] = —u1, [ur,us] = e1, [uz, ua] = us
1.12.7 le1,u1] = us, [e1,u3] = —u1, [u1,us) = —e1, [uz, us] = ua
1.12.8 le1, u1] = us, [e1,us] = —u1, [uz,us] = u2
1.12.9 [el,uﬂ = u3s, [el,ug} = —u1, [u1,u3] =e1
1.12.10 [61,u1] = us, [el,ug} = —u1, [u17u3] = —e1
11211 le1, ur] = ug, [e1,ua] = Fua, [e1,us] = —ui, [e1,ua] = —Jua, [ur,us] = us,
[ui,ug] = —4e1, [u1,ua] = —u4, [ug, us] = —u4, [uz, ua] = ug
1.12.12 [el,uﬂ = us, [el,ug] = Aug, [el,ug] = —u1, [61,u4] = —dug, A € [0, 1]
1.13.1 le1,u1] = w1, [e1, ua] = Aug, [e1,us] = —us, [e1,us] = —Aua, X € (0,1]
1.1%1 le1,u1] = us, [e1,u2] = —Aug, [e1,us] = —u1, [e1,ud] = Aua, A € (0,1)
1151 le1, u1] = cos(p/2)ur — sin(p/2)uz, [e1, u2] = cos(¢/2)uz + sin(e/2)u1,
[e1,us] = — cos(¢/2)ug + sin(p/2)ug, [e1,us] = — cos(p/2)us — sin(¢/2)us, ¢ € (0,7/2]
1161 le1,u1] = —cos(p/2)uz — sin(¢/2)u1, [e1, u2] = cos(p/2)ur — sin(p/2)usz,
le1, u3] = — cos(¢/2)ua + sin(p/2)us, [e1,ua] = cos(p/2)us + sin(p/2)ua, ¢ € (0,7/2)
1.211 le1,u1] = u1, [e1,u2] = w1 + u2, [e1,u3] = —uz — ua, [e1,us] = —us
1.22.1 le1, u1] = ua, [e1,u2] = —u1, [e1,us] = uz + u4, [e1,ua] = —u1 — us
1311 ler, u1] = e1, [e1, us] = w1, [e1, ua] = uz, [u1,u2] = —Lug, [u1,us] = us, [u1,us] = Sua,
[u2, ug] = %u;;
1.31.2 [el,'ug} =ui, [el,ud = ug, [ul,U3} = —Xe1 + (/\+ 1)u1 + Aua, [u2,u4] =ug2, A € [71,1}
1.31.3 le1,us] = u1, [e1, ua] = ua, [ur,us] = u1, [uz, ua] = ua, [us,us] =e1
1314 [61,U3] =ul, [61,U4] = ug, [ul,U3] = —(1 + )\2)61 + 2A\up + (1 + )\2)11,2, [u2,u4} = u2,
po
1.31 5| len,us] = w1, [e1, ua] = ua, fur,us] = *’\#%1”61 + A ua, [ur, ua] = —Aer 4 u1 + uz,
[ug, us] = —Xe1 + w1 + Aug, [ug,ug]l = —per + (p+LDug, A >0, p #1
1316 le1, us] = u1, [e1, ua] = w2, [u1,us] = —ua, [u1,u4] = u1, [uz,us] = u1, [uz, us] = uz,
[ug,ua] = ex
le1,us] = un, [er,ua) = ug, [ur,us] = Tixe1 + xul — Ty U2,
1317 (w1, ua] = _1-&%\61 + 1-&—%“1 + 1-;%\“27 [uz, us] = —1_,_%61 + 1-&-%”1 + H%uz,
[ug, ua] = —25e1 + xwa + FRug, A # 1
1.31.8 le1, us] = u1, [e1,ua] = ua, [u2,us] = u1, [u2, usa] = us, [uz, us] = —us
1.31.9 | [e1, ug] = u1, [e1,ua] = uz, [uz,u3] = Aui, [uz,ua] = —Xe1 + (A + Du, [ug, ua] = —Aug
1.31.10 le1, us] = u1, [e1,us] = ug, [ug,us) = ua, [uz,us) = ey
1.37.11 le1,us] = u1, [e1, ua] = w2, [uz,us] = —u1, [uz, ua| = e1, [us,us] =e1 +us
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TABLE 9. The classification of four-dimensional locally homogen-
eous (pseudo)Riemannian manifolds. Continuation
Ne Lie brackets
131 19| (et us] = un, [er,ua] = w2, Tur, ual = i, Tuz, us] = pur, Tuz, ua] = =Auer + (N + pus,
[ug, ua] = (1 — p)us
13113 le1,us] = u1, [e1,ua] = uz, [ur,us] = u1, [uz, us] = Suy, [ug,us] = —3e1 + (A + L) ua,
[us, us] = e1 + Lug
13! 14 le1, us] = u1, [e1, ua] = uz, [u1,uq] = u1, [uz,us] = (1 — Nui, [uz,us] = A(A—1)e1 + ug,
[’u,3,U4] =e1 + A\ug, A # %
1.31.15 ler, us] = u1, [e1, ua] = uz, [u1,us] = —e1 + 2u1, [u1, ua] = uz, [uz, us] = uz,
[ug,ua] = —e1 + w1
13116 ler, us] = u1, [er, ua] = uz, [u1,us] = —e1 + 2u1, [u1, ug] = uz, [uz,us] = uz,
[ug,ua] = e1 — w1
1.31.17 le1,us] = u1, [e1,ua] = ug, [uz,us] = u1, [us,us] = ex
1.31.18 ler,us] = u1, [e1,ua] = ua, [uz,us] = u1
1.31.19 [el,ug} =ui, [el,ud = ug, [ul,u4] =ui, [UQ,U?,] =ul, [’U,Q,U4] = —e1 + uy + 2usg
1.31.20 [61,u3] =ui, [61,U4] = u2, [uz,u;g] =uy, [HQ,U4] = u — Ui, ['LL3,U4] = —u3
13191 ler, us] = u1, [er, ua] = ua, [u1,ua] = u1, [uz,us] = Aur,
[ug,ua]l = =Xxer + (1 — Nur + (1 + Nug, [uz,ua] = (1 = Nusg, N #1
1.31.99 ler, us] = w1, [e1, ua] = ug, [u1, ua] = uy, [uz, us] = Suy, [ug, ua] = —Je1 + gur + Suz,
[ug, ua] = e1 + Sus
1.31.23 [el,ug] =ul, [61,U4] = ug, [ul,m;] =ui, [ug,u4] = uj + ug, [ug,m;] =e1 +u3
13194 le1, us] = u1, [e1, ua] = ug, [ué/,\ggi] = (1 —2XN)e1 + 2\u1, [u1, ua] = A — Dua,
o [u2, us] = Aua, [uz,u4] = F5=5e1 — ﬁul, [ug,ual = (A — Lug, A # 1
13195 le1, us] = u, [e1, ua] = uz, [u%,jﬁ] = (1 —2X\)e1 + 2Au1, [u1, ua] = A — 1ug,
o [u2,u3] = Aua, [uz,u4] = 53=5€1 + Tl_Qul, [us,ua] = (A= ua, A # 1
13106 lenusl =, [er,ua] = ua, [ur,us] = —ge1 + gun, [ur,ua] = Juz, [uz,us] = Suz,
[ug, ua] = —2er + 3wy, Jug,ug) = e1 — 2uy
1.31 97 le1, us] = u1, [e1, ua] = w2, [u1,us] = —%81 + %ul, [u1, ug] = %U% [uz, us] = %u%
[ug, ua] = Te1 — 22wy, Jug,ua) = e1 — 2uy
13198 le1, us] = ua, [e1, ua] = ua, [ul,ug}lz 2u1, [u1,us] = 2u2, [uz,us] = uz,
[uz,us4]) = €1 — 5U1, [us, ua] = ua
13129 ler, us] = u1, [er, ua] = ua, [u1,us] = 2u, [u1, ua] = 2uz, [uz, uz] = us,
[ug,us] = —e1 + ua, [uz, ua] = ug
le1, ug] = w1, [e1,uq] = uz, [u1,us] = iigj:)\lllﬁ + "iiﬁ:ii*‘ul + ;_Sf_/}\)uu%
13130 [ul’u4] = _)\+I;li/\ld‘ er+ )\+#u—/\# U1+ )\'H»:\—)\I»L v2,
[u2, us] = 7>\+uli/\u er+ >\+uuﬂ\u ur + >\+u{>\u v2,
[uz,uq] = ;i(::)\l;@l + )fjfi_f;)ﬂul + X;rfi:’;i/\u% A+ p—Ap#0,1<pu<A >0
1.31.31 ler,us] = u1, [e1, ua] = w2, [us,us] = e1
1.31.32 le1, us] = u1, [e1,ua] = uz
1411 le1, ua] = u1, [e1,us] = w2, [e1,ua] = e1, [ur, ua] = u1, [ur,us] = uz, [ur, uq] = u1,
[u2, us] = us, [ug,ua] = —us
1419 le1, u2] = u1, [e1, us] = uz, [er, ua] = e1, [ur, ua] = pus, [uz, ua] = (p — Dug,
[uz, ua] = (p — 2)us
1.41.3 le1, u2] = u1, [e1,us] = uz, [e1,uq] = e1, [u1,us] = 2u1, [uz,us] = e1, [uz,us] = uz
1.41 .4 ler,u2] = u1, [e1,us] = ua, [e1,us] = e1, [ur,us] = 2u1, [uz,us] = —e1, [uz, us] = us
1.41.5 le1,u2] = u1, [e1,us] = wua, [u1,u2] = u1, [u1,us] = us, [uz,us] = us
1.41.6 le1, us] = u1, [e1,us] = ug, [u1,u4] = u1, [ug,ua] = u2, [us,us] = u1 + us
1.4%.7 le1, u2] = u1, le1, us) = ua, [u1,us] = u1, [uz,us] = ug, [us, us) = —u1 + ua
1418 le1, ua] = u1, [e1,us] = w2, [u1,uq] = u1, [u2,uq] = uz, [uz,us] = ug
1.41.9 le1,u2] = u1, [e1,us] = ua, [ur,us] = u1, [uz,us] = rer + uz + ua, [us,us] = pus
1.4%.10 le1, u2] = u1, [e1,us] = ug, [u1,us] = u1, [uz,us] = rei + uz, [uz, us] = pus
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TABLE 10. The classification of four-dimensional locally homogen-
eous (pseudo)Riemannian manifolds. Continuation

Ne Lie brackets
14111 [e1, uo] = ua, [e1, us] = ug, [ur,us] = u1, [uz, us] = re1 + ug + ug, [us, ug] = ur — ug
1.41.12 le1, u2] = u1, [e1,us] = ua, [ur,us] = u1, [uz,us] = rer + ua, [uz, ua] = w1 — ug
1.41.13 le1, u2] = u1, [e1,us] = uz, [uz,us] = rei + ua, [us,us] = ua
1.41.14 le1,u2] = u1, [e1,us] = ua, [uz,us] = re1, [us, us] = usg
1.41.15 [el,ug] =u1, [el,ug] = ug, [ug,zm] =e1 + u4, [u3,U4] = u]
1.41.16 le1, ua] = u1, [e1,us] = ug, [u2,us] = —e1 + u4, [uz, ua] = u1
1.41.17 [e1, ug] = u1, [e1,us] = ug, [uz,us] = u4, [uz, us4] = w1
1.41.18 le1, uz] = u1, [e1,us] = uz, [uz,us] =e1 + usg
1.41.19 [el,uz] =u1, [el,ug] = u2, [’U,2,'u,3] = —e1 + u4q
1.41.20 le1,u2] = u1, [e1,us] = ua, [uz,us] = ua
1.41.21 le1, uo] = w1, [e1,u3] = ug, [uz,us] = e1, [uz,ua] = us
1.41.22 le1, ug] = u1, [e1,u3] = ug, [uz, uz] = —e1, [u3, uq] = w1
1.41.23 ler, uz] = u1, [e1,us] = ua, [us,us] = u1
1.41.24 ler,u2] = u1, [e1,us] = ua, [uz,us] =e1
1.47.25 le1, u2] = u1, [e1, us] = u2, [uz,us] = —e1
1.41.26 le1, u2] = u1, [e1,us] = us
2101 [er,u1] = u1, [e1,us] = —us, [ea, us] = ua, [e2, ua] = —ua, [u1,us] = e1, [uz,us] = ez
2.11.2 [el,uﬂ =u1, [el,ug} = —us, [eg,ug] = ug, [82,U4] = —u4, [ul,ug} =e1
2.11.3 ler,u1] = u1, [e1,us] = —us, [e2,us] = ua, [e2,us] = —us
2.12.1 | [e1,u1] = u1, [e1,u3] = —ugz, [e2,u2] = u4, [e2, ua] = —us2, [u1,us] = e1, [uz,us] = ez
2.12.2 | [e1,u1] = u1, [e1,us] = —us, [e2,u2] = u4, [e2,ua] = —uz, [u1,us] = e1, [uz,us] = —e2
2.12.3 le1,u1] = u1, [e1,us] = —us, [e2,u2] = ua, [e2,us] = —us2, [u1,us] = e1
2.12.4 le1, u1] = w1, [e1,u3] = —ug, [e2, ua] = u4, [e2,uq] = —ugz, [uz,uq] = e2
2125 le1, u1] = u1, [e1,us] = —us, [e2,uz] = w4, [e2,ua] = —u2, [uz,ua] = —e2
2.12.6 ler,u1] = u1, [e1,us] = —us, [e2,uz] = ua, [e2,us] = —u2
2.13.1 ] [e1,u1] = us, [e1,u3] = —u1, [e2,u2] = u4, [e2, ua] = —us2, [u1,us] = e1, [uz,us] = ez
2.13.2 1 [e1,u1] = us, [e1,u3] = —u1, [e2,us] = ua, [e2,us] = —uz, [u1,us] = €1, [uz,us] = —e2
2.13.3 | [e1, u1] = us, [e1,us] = —u1, ez, uz] = ud, [e2,us] = —uz, [u1,us] = —e1, [uz, us] = —ea
2.13.4 [el,uﬂ = us, [61,u3] = —uq, [eg,ug] = U4, [EQ,U4] = —ug, [u17u3} =e1
2.15.5 le1, u1] = us, [e1,u3] = —u1, [e2, ua] = ug, [e2,uq] = —uz, [u1,uz] = —e1
2.13.6 ler,u1] = us, [e1,us] = —u1, [e2,uz] = ua, [e2,us] = —uz
9141 le1, ur] = u1, [e1, u] = ug, [e1,us] = —us, [e1, ua] = —u4, [e2,u1] = uz, [e2, u2] = —u,
[e2, us] = —ua, [eo, ua] = us, [u1,us] = e1, [u1,u4] = e, [uz, us] = es, [uz, ua] = —ex
914 o | le1,ur] = w1, le1, up] = ug, [e1, us] = —us, le1, ua] = —ua, leg, ur] = uz, |ez, uz] = —u1,
[e2,us] = —uq, [e2,ua] = us
991 1 le1, e2] = e2, [e1,u1] = u1, [e1,us] = —us, [e2, u2] = u1, €2, u3] = —ud, [e2,us] = —2e,
[u, ug] = ug, [ur, ua] = —u1, [ug, ua] = ua, [us, us] = 2ug
991 9 le1, e2] = ez, [e1, u1] = w1, [e1, us] = —us, [e2, u2] = u1, [e2, us] = —ua, [u1, u2] = es,
[u1,ug] = ua, [uz,u3] = (p — L)ug, [ug, us] = pus
90l 5| lene2]l = ez Jer,m] =wi, [er,us] = —us, le2, ua] = ua, fez, us] = —ua, [uz, us] = us,
[ug, u4] = ug
991 4 le1, ur] = u1, [e1, u] = ug, [e1,us] = —us, [e1, ua] = —u4, [e2, u2] = u1, [e2,u3] = —ua4,
[u1,us] = e, [ug, us] = e1, [ug,ua] = ez
9915 ler, u1] = u1, [e1, uz] = uz, [e1, us] = —us, [e1, ua] = —ua, ez, uz] = u1, [e2, us] = —u4,
[ug, us] = es
291 6 [e1,e2] = Sea, [e1,u1] = u1, [e1,ua] = —Fuz, [e1, uz] = —us, [e1,u4] = Jua,
[ea, ug] = u1, [ea, us] = —ua, [u1,us] = ug
9917 le1,e2] = (1T — Neag, [e1,u1] = u1, [e1,u2] = Aug, [e1,us] = —us, [e1, ua] = —Aug,
[e2, ua] = u1, [ea,us] = —ug, A € [=1,1]
992 1| lenui] =ua; fer,uol = —ui, fer, ual = ua, [er, ua] = —ua, Jez, ua] = wn, fea, ua] = uz,

[u1,u3] = ez, [uz, ua] = ez, [uz,us4] = —e1
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TABLE 11. The classification of four-dimensional locally homogen-
eous (pseudo)Riemannian manifolds. Continuation
Ne Lie brackets
992 9| lenui] = uz; fer,uo] = —ui, fer, ua] = ua, fer, ua] = —ua, Je2, ua] = un, fea, ua] = uz,
[ui,us] = —ea, [ug, us] = —eg, [uz, ug] =ex
9.92.3 ler, u1] = ua, [e1, u2] = —u1, [e1, ua] [= ug, ][el,ud = —u3, [e2,u3] = u1, [e2, ua] = ua,
u3, uq] = eo
2.22.4] [e1,u1] = ug, [e1,ua] = —ua, [e1,u3] = ua, [e1,ua] = —us, [e2, uz] = w1, [ea, ua] = up
le1, e2] = —2sin(p/2)e2, [e1,u1] = —sin(p/2)ur — cos(p/2)usz,
2.23.1 le1,u2] = —sin(p/2)uz + cos(¢/2)u1, [e1,us] = sin(¢/2)us — cos(p/2)u4,
le1, ua] = sin(p/2)us + cos(p/2)us, [ez, us] = w1, [e2, us] = ug, ¢ € (0,m)
9311 le1, e2] = 2e2, [e1,u1] = u1, [e1, u2] = —uz, [e1,u3] = —uz — us, [e1, ua] = u1 + ua,
[e2,uo] = w1, [ea,us] = —uq
94l 1 le1, e2] = ez, [er,u1] = u1, [e1,us] = —us, [e2,u2] = u1, [e2, us] = ua, [u1,u2] = u1,
[u1,u3] = ug, [ug, us] = us
gqlo| lenea]= ez, fer,ui] =un, fer, us] = —us, 2, ua] = un, fez, us] = uz, fur, ua] = wn,
[ug, ua] = ug, [u3, us] = ug
2.41.3 le1, e2] = ea, [e1,u1] = u1, [e1,us3] = —us, [e2, uz] = u1, [ea, u3] = u2
le1, ua] = u1, [e1,us] = —uu, [e1, ua] = —2e1, [e2, ua] = —2ea;, [e2, uz] = —ua,
2.51.1 le2, uq] = w1, [ur,us] = 2e2 — u1, [ur,us] = uz + uq, [u1,us] = 2e1 — u1,
[ug, u3] = —2ug, [ug, ua] = us — ua, [us, u4] = 2u3
551 9 ler, uz] = u1, [e1, u3] = —ua, |e2, uz] = —2e2, [e2, us] = —uz, €2, us] = u1,
[ur, ug] = —u1, [ur, us] = ua, [uz,us] = —2ug, [ug,us] = —us
[e1, u2] = u1, [e1,us] = —ua, [e2,us] = —ua, [ea, u4] = u1, [u1,us] = ui,
2.51.3 | [ug,us] = e1 + pea + (1 — q)uz, [uz, ua] = qui, [uz, ua] = —(p + g@)er + Aea — (1 + q)ua,
q=0(fA#£0),g€R(EfA=0)
2514 le1, ua] = u1, [e1,us] = —u4, [e2, us] = —u2, [e2, ua] = u1, [u1, us] = ug,
[u2,u3] = gea + (1 — plug, [uz,ua] = pus, [ug,us] = —(p+ qler — (L + plua, p>0
951 5 ler, u2] = u1, [e1,u3] = —uaq, [e2,uz] = —u2, [e2, ua] = u1, [uz,us] = e1 + ge2 — uz,
[uz, uq] = u1, [uz, uq] = —ge1 — Aea — uy
9516 le1, ua] = u1, fer, us] = —ua, [e2, us] = —u2, [ez, ua] = u1, [uz, us] = ge2 — u2,
[ug, uq] = u1, [uz, ua] = —ge1 —uq
9517 ler, u2] = u1, [e1, us] = —ua, [e2, us] = —uz, ez, ua] = u1, [uz, us] = e1 + ez,
[us,ua] = —e1 + Xea
95l8 ler, u2] = u1, [er,us] = —ua, [[ez,uﬂ = —u2,/\[62,u4] = u1, [u2,u3] = er — ea,
U3, ua| = e1 + Aea
2.51.9 | [e1, up] = w1, [e1, us] = —ua, [e2,uz] = —ug, [e2, ua] = u1, [uz,us] = ea, [uz,us] = —e1
2.51.10| [e1,u2] = u1, [e1,us] = —u4, [e2,u3] = —u2, [e2,ua] = u1, [u2, us] = —ea, [us,u4] = €1
25111 e, uz] = u, [e1,us] = —ua, [e2, uz] = —ug, [e2, ua] = u1, [uz,us] = e1, [us, us] = e2
2.51.12] [er, ua] = u1, [e1, us] = —ug, [e2, us] = —ug, [e2, ua] = v, [ug,us] = e, [us,ug] = —ez
25113 le1, u2] = u1, [e1,u3] = —ua, [e2,uz] = —u2, [e2, u4] = u1, [uz,uz] =e1
2.51.14 le1, ua] = u1, [e1,us] = —uaq, [e2,uz] = —u2, [e2,ua] = u1
[e1, u2] = —e1 + u1, [e1, us] = —uz2, [e1, ua] = ez, [e2, u2] = —e2, [e2, us] = ua,
2.52.1| [e2,ua) = —e1 —u, [u1,u2) = e1 —u1, [u1,us] = uz, [u1,us] = —e2, [uz, ug) = —2us,
[uz, uq] = —uy
le1, ua] = u1, [e1,us] = —ua, [e2, us] = ua, [e2, ua] = —u1, [ur, us] = u1,
2.52.2 [ug,us] = (p+ s)er + rea + uz — 2rug, [uz,uq] = 2rug,
[us,ua] = —re1 + (p— s)ea —2rug —ua, 7 >0,5>0
9523 le1, u2] = u1, [e1,us] = —ua, [e2, us] = u4, [e2,ua] = —u1, [uz,us] = —(r + s)er — u4,
[ug, ua] = u1, [us,ua] = (s —r)ez —ug, s >0
252.4 le1, ua] = u1, [e1,us] = —ua, [e2, us] = ua, [e2, ua] = —u1, [uz, us] = (1+ s)ex,
[ug,ua] = (1 —s)ea, s 20
9525 ler, u2] = u1, [er, u3] = —u2[, [62,?3] =(u4,1[)62,u4] :O—Uh [ug,u3] = —(1+ s)e1,
us,ua| = (s —1)ea, s 2
2.5%.6 | [e1,u2] = u1, [e1,us] = —ug, [e2, u3] = ug, [e2, ua] = —ua, [uz,uz] = ea, [uz, ug] = e1
2.52.7 ler, u2] = u1, [e1, us] = —ua, [e2, uz] = u4, [e2,us] = —u1
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TABLE 12. The classification of four-dimensional locally homogen-
eous (pseudo)Riemannian manifolds. Continuation

Ne Lie brackets
31| lerses] =ea; [ez, es] = —es, [Thm]]: u1, [T1,U3]]: —u3, [e2, u2] = uz, [e2, ua] = —ua,
es,up] = uy, [e3, u3] = —uqg
3121 le1, e3] = 2e3, [e1, u1] = u1, [e1, uz] = us, [e1,u3] = —us, [e1,us] = —u4, [e2, u1] = uz,
[e2, ug] = —ua, [e2, us] = u4, [e2,ua] = —us, [es,us] = u1, [e3, us] = uz
le1, ea] = ez, [e1, e3] = e3, [e1, u1] = u1, [e1,u3] = —us, [e2, uz] = u1, [e2,us] = —uq,
3.211 le2, us] = —2e2, [e3,u2] = —2es, [e3,us] = —ua, [e3,us] = u1, [u1,u2] = 2e3 — u1,
[u1,us] = ug +uq, [u1,us] = 2ep —u1, [ug, us] = —2us, [uz, u4] = us — uy4, [uz, us] = 2ug
ler, e2] = e2, [e1, es] = es; [er, ur] = w1, fex, us] = —us, [ez, uz] = u1, [e2, us] = —ua,
3.21.2|[ea, ua] = —2ez, [e3,us] = —uz, [e3,ua] = u1, [u1,us] = ug, [u1,us] = —u1, [uz,us] = ug,
[ug, uq] = 2u3
391 5| [eres] = 2es, [er,mi] = wi, [er, uo] =z, fer, us] = —us, fer, ua] = —ua, [e2, uo] = w1,
lea, us] = —u4, [e3,u3] = —ua, [e3,us] = u1, [ug,uz] = ez
3914 [617 52} = (1 - >\)€2, [61163] = (1 + )‘)535 [elvul] =ui, [617u2] = Aug, [617“‘3} = —us,
[er, ua] = —Aug, [ea, ug] = w1, [ea, us] = —ua4, [e3,us] = —ug, [es, ua] =u1, A >0
le1, e2] = ez, [e1, e3] = e3, [e1,u1] = u1, [e1, uz] = —us, [e2,u2] = —e2 + u1,
3.221 le2,us] = —uz, [e2,ua] = e3, [e3,u2] = —es, [e3,us] = ua, [e3,us4] = —e2 — u1,
[ui, uo] = e —uy, [ui,uz] = ua, [u1,us] = —e3, [ug, uz] = —2u3, [ug, us] = —uy
3929 le1,€2]=e2—Aes, Jer, €3] = €3 + Aea, le1,u1] = u1, [e1, u2] = Aug, [e1, uz] = —us,
T le1,ua] = —Aug, [e2,ug] = u1, [e2,u3] = —ua, [e3,u3] = u4, [e3,uq] = —u1, A >0
331 | [en,e2] = —ez e el = es, [er, ual = ua, fer, ua] = —ua, fez, uo] = w1, le2, us] = —ua,
les,u3] = —ua, [e3, ua] = u1, [u1,us] = u1, [u, us] = pes + uz,}[ﬂ&m] = —pex —uy
1 €1,€2] = —€2, |€1,€3] = €3, |€1,U2] = U2, |€1,U4| = —U4, [€2,U2] = UL, |€2,U3] = —U4,
3372 les, us] = —uo, [e3,ua]l = ug, [uz,u3] = e3, [uz, us] = —e2
333 [e1, e2] = —e2, [e1, e3] = e3, [e1, ua] = ua, [e1, ua] = —ua, [e2, u2] = u1, [e2,us] = —ua,
le3, uz] = —ug, [e3,uq] = u1, [ug, uz] = —es, [uz, uq] = ez
3314 le1, e2] = —e2, [e1,e3] = e3, [e1, u2] = u2, [e1, ua] = —ua, [e2, u2] = u1, [e2, uz] = —uq,
les, us] = —ua, [e3,us] = w1
3921 [e1-e2] = —ea; [er, ea] = ea; fer, ual = ua, fer, ua] = —uz, fez, uo] =, ez, ua] = —uz,
les, u3] = ua, [e3, uq] = —u1, [u1,us] = ui, [uz, u3] = pes + uz, [uz, uq4] = pez —uq
3.32.9 €1,€e2| = —esg, |e1,€e3] = €2, [61,u2] = U4, [61,u4] = —u2, [627112 = ui, [€2,U3] = —u2,
les, u3] = ua, [e3,uq] = —uy, [ug,us] = ez, [u3, us4] = e3
3323 le1, e2] = —e3, [e1,e3] = e2, [e1, u2] = uq, [e1, ua] = —u2, [e2, u2] = u1, [e2, uz] = —us,
[es, us] = ua, [e3, ua] = —u1, [uz,us] = —eo, [uz, us] = —e3
3324 le1, e2] = —es, [e1, e3] = ez, [e1,ua] = ua, [e1, ua] = —u2, [e2, us] = u1, le2,us] = —ua,
[e3,u3] = ug, [e3,u4] = —uy
341 1|le1,€2] = 2e2, fer, es] = —2es, [er, ur] = ua, fer, ua] = —u2, fer, us] = —us, [er, ua] = ug,
[e2, e3] = e1, [ea, ua] = u1, [e2, us] = —wua, [e3,u1] = ug, [e3,ua] = —us
le1, e2] = 2es, [e1, e3] = —2e2, [e1, u1] = us, [e1, u2] = —ua, [e1,us] = —u1, [e1, ua] = ug,
3.42.1| [e2,e3] = 2e1, [ea,u1] = —u2, [e2,us] = u1, [e2,uz] = —ua, [e2,u4] = ug, [e3,u1] = ua,
les, ua] = ug, [e3, us] = —ua, [ez, ua] = —uy
3511 le1, e2] = 2e2, [e1,e3] = —2e3, [e1,u1] = 2u1, [e1, uz] = —2us, [e2,e3] = e1, [e2, u] = u1,
[e2, u3] = —2uz, [e3, u1] = 2ug, [e3,u2] = —ua, [u1,us] = ui, [ug, uq] = ug, [uz, uq] = us
3519 le1, e2] = 2e2, [e1,e3] = —2e3, [e1, u1] = 2u1, [e1,u3] = —2us, [e2,e3] = e1, ez, uz] = u1,
[e2,u3] = —2ug, [e3,u1] = 2ug, [e3, u2] = —us, [u1,u2] = ea, [ui,u3] = e1, [uz,uz] =e3
] e1,e2] = 2ea, [e1,e3] = —2es3, le1,u1] = 2u1, [e1, us] = —2u3, [e2,e3] = e1, ez, ua] = u1,
3.51.3 le2, u3] = —2us, [e3,u1] = 2uz, [e3,uz] = —us, [u1,us] = —ea, [u1,u3] = —e1,
[ug, u3] = —e3
351 4| le1,€2] = 2e2, [er, es] = —2es, [e1, ua] = 2u1, Jer, us] = —2us, [ea, e3] = e1, [e2, uz] = u1,
le2, us] = —2ug, [es, u1] = 2ug, [e3, up] = —ug
3521 le1, e2] = —e3, [e1,e3] = ez, [e1,u1] = —u2, [e1, u2] = u1, [e2, e3] = —e1, [e2,u1] = —us,
[e2,u3] = w1, [e3, uo] = —ug3, [e3,uz] = uo, [u1,us] = u1, [uz, usa] = ua, [uz, us] = us
352 9| 1 2] = —e3, [er,ea] = ea, fer, wi] = —uz, fer, o] =y, fea, ea] = —ex, e, ui] = —ua,
le2,u3] = w1, [e3, uz] = —us, [e3,us] = ug, [ui,uz] = e1, [u1,us] = eg, [uz, uz] =e3
352 o] [e1,e2] = —e3, fer, es] = ea, [er, ur] = —uz, fer, u2] = u, ez, e3] = —ex, fe2, ma] = —us,

le2,u3] = u1, [e3, u2] = —us, [e3,us] = ua, [u1,u2] = —e1, [u1,u3] = —e2, [uz,us] = —es3
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TABLE 14. The classification of four-dimensional locally homogen-
eous (pseudo)Riemannian manifolds. Continuation

Ne Lie brackets
le1, e2] = —ea, [e1, e3] = —es, [e1, ea] = e2, [e1,e5] = e3, [e1,u1] = —uz, [e1, u2] = ur,
le2,e3] = —es, [e2,e4] = —e1, [e2,e6] = €3, [e2,u1] = —us, [e2,us] = u1, [e3,e5] = —e1,
6.12.1| [e3,e6] = —e2, [e3,u1] = —ua, [e3,ua] = u1, [e4,e5] = —es, [e4, €6] = €5, [e4, ua] = —us,
lea, us] = u2, [es,e6] = —ea, [e5,u2] = —ua4, [e5,ua] = u2, [es, us] = —ua, [es, ua] = us,
[u1,us] = e1, [u1,u3] = ea, [u1,ua] = es, [ua, us] = e, [uz,us] = es, [uz, ua] = eg
[e1, e2] = —ea, [e1, e3] = —es, [e1, ea] = e2, [e1,e5] = e3, [e1,u1] = —uz, [e1, u2] = ur,
le2,e3] = —es, [e2,e4] = —e1, [e2,e6] = €3, [e2,u1] = —us, [e2,us] = u1, [e3,e5] = —e1,
6.12 2| [e3re6] = —e2, [es, ur] = —ua, [es, ua] = w1, [ea, e5] = —eq, [ea, e6] = €5, [ea, ua] = —ua,
lea, us] = u2, [es,e6] = —ea, [e5, u2] = —ua4, [e5,us] = u2, [es, us] = —ua, [es, ua] = us,
[ut,u2] = —e1, [u1,us] = —ea, [u1,us] = —es, [u2,us] = —eu, [uz, ua] = —es,
[uz, ua] = —ep
le1, e2] = —eu, [e1,e3] = —es, [e1,e4] = €2, [e1,e5] = e3, [e1,u1] = —u2, [e1,u2] = ui,
6.12.3 [e2, e3] = —eq, [e2,e4] = —e1, [e2,e6] = e3, [e2,u1] = —us, [e2,u3] = u1, [e3,e5] = —e1,
les,ec] = —ea, [e3,u1] = —u4, [e3,ua] = u1, [ea,e5] = —es, [e4, e6] = €5, [ea,u2] = —us,
lea, us] = ug, [e5,e6] = —ea, [e5,u2] = —u4, [e5,ua] = ug, [es, us] = —u4, [e, us] = us
le1, e2] = —ea, [e1, e3] = —es, [e1, ea] = €2, [e1, e5] = €3, [er, ur] = —uz, [e1, u2] = ux,
lea, e3] = —es, [e2,e4] = —e1, [e2,e6] = €3, [e2,u1] = —us, [e2,us] = u1, [e3,e5] = e,
6.13.1| [es,eq] = e, [es,u1] = ua, [e3,us] = u1, [e4,e5] = —es, [e4, €] = €5, [ea,uz] = —us,
lea, us] = uo2, [es, e6] = ea, [e5,u2] = u4, [e5,us] = ua, [es,us] = ua, [es, ua] = us,
[u1,ug] = e1, [u1, us] = ez, [u1, ua] = —es, [us, us] = e4, [uz,us] = —es, [uz,u4] = —ep
le1,e2] = —eq, [e1,e3] = —es, [e1, eq] = ez, [e1,e5] = e3, [e1,u1] = —uz, [e1,u2] = u1,
[e2, e3] = —e6, [e2, ea] = —e1, [e2, e6] = e3, [ea, u1] = —us, [e2,u3] = u1, [e3,e5] = e,
6.13.2| [es,eq] = e, [es,u1] = ua, [e3,us] = u1, [e4,e5] = —es, [e4, e6] = €5, [ea,u2] = —us,
[ea, us] = uz, [es, e6] = e, [es5, uz] = ua, [e5,ua] = u2, [e6,us] = ua, [es, ua] = us,
[u1,u2] = —e1, [u1,us] = —ea, [ur, ua] = e3, [uz,u3] = —ea, [ug, ua] = es, [uz,ua] = e
le1, e2] = —eq, [e1,e3] = —es, [e1, €] = ez, [e1,e5] = e3, [e1,u1] = —ua, [e1, uz] = u,
.13 3| le2:e3] = €6, [e2,ea] = —e1, [ea, e6] = €3, [e2,u1] = —uz, [e2, uz] = un, [e3, e5] = en,
le3, e6] = e2, [e3,u1] = u4, [e3,us] = u1, [es,e5] = —es, [e4,e6] = €5, [e4,u2] = —us,
[ea, us] = uz, [es, e6] = e, [e5, u2] = ua, [es, ua] = uz, [es, us] = ua, [es, us] = uz

(1]
(2]

(3]
(4]
(5]

=

(9]
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