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LINEAR PERFECT CODES OF INFINITE
LENGTH OVER INFINITE FIELDS

S.AMALYUGIN

ABSTRACT. Let F be a countable infinite field. Consider the space F° of
all sequences u = (u1, u2, ... ), where u; €F and u; = 0 except a finite set
of indices i € N. A perfect F-valued code C' C F™° of infinite length with
Hamming distance 3 can be defined in a standard way. For each m € N
(m > 2), we define a Hamming code H;,m) using a checking matrix with
m rows. Also, we define one more Hamming code Hl(f) using a checking
matrix with countable rows. Then we prove (Theorem 1) that all these
Hamming codes are nonequivalent. In spite of this fact, Theorem 2 asserts
that any perfect linear code C' C F™° is affinely equivalent to one of the
Hamming codes H}m, m=2,3,...,w. For the code H}“), we construct
a continuum of nonequivalent checking matrices having countable rows
(Theorem 4). Also, for this code, a countable family of nonequivalent
checking matrices with columns having finite supports is constructed.
Further, Theorem 8 asserts that a checking matrix with countable rows
and columns with finite supports has a minimal checking submatrix.
Keywords: perfect F-valued code, code of infinite length, checking ma-
trix, complete system of triples

1. THE MAIN DEFINITIONS

Consider an arbitrary infinite countable field F'. In contrast to finite fields, we
have unlimited possibilities for choosing the base field F. For example, as such
a field, we can consider the field of rationals, the field of algebraic numbers, the al-
gebraic closure of a finite field, etc.
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Denote by FMNo the set whose elements are all possible infinite sequences
u=(u1,us,...), where u;€F and all u; = 0 but a finite set of indices i € N (the in-
dex 0 after N means that we consider only vectors from FN having finite sup-
ports). The set FNo is an infinite-dimensional vector space over F. The stan-
dard basis of this space is formed by the vectors with the ith coordinate 1, e; =
(0,...,0, },0,...). The set of the indices ¢ for which u;#0 is called the support

of the vector u € F;\‘O and denoted by [u]. The number of nonzero coordinates of u
is called its weight and denoted by |u|. The Hamming distance between vectors
u,v € FNo is defined as |u — v|.

Fix a natural number r € N.

Definition 1. A subset C in F™° is called an r-perfect F-valued code (with distance
d = 2r+1) if all balls of radius v (in the Hamming metric) centered at C are pairwise
disjoint and their union covers the space FNo,

A perfect code is called linear if it is a linear subspace in FNo,
For any perfect code C'C FNo, denote by L4(C) the set of all vectors in C
with weight d.

Lemma 1. Every linear perfect code C C F™° is the linear span of Lq(C).

The proof of this lemma is omitted since it is differs insignificantly from the proof
of Lemma 1 in [4].

Let H be any proper linear subspace in F0, Consider the matrix B = (bi )iy

n
i=1j=1
consisting of n rows and infinitely many columns (the case n = oo is not excluded).

Definition 2. We say that a matriz B is a checking matriz for a proper sub-
space H C FNo if u=(uy,uz,...) € H if and only if > b;ju; = 0 for all i =
JEN

1,...,n.

Denote by (FNo)* the space of all linear functionals on FNo. For every linear func-
tional f* € (FNo)*, there exists a unique vector f = (f1, f2,...) € FN such that,

for every u = (u1,uz,...) € F'°, we have f*(u) = (f,u) = > fruy (the sum con-
keN
tains only finitely many nonzero summands); moreover, fr, = f*(ex) (k € N) (this

fact is called the Riesz representation theorem in functional analysis). The kernel
of the linear functional f* will be denoted by ker f* = {u € FNo : f*(u) = 0}.

Lemma 2. (about separability). Let H be a proper subspace in FNo and let vy €
FNo \ H. There exists a linear functional f* € (FY)* such that f(vo) = 1 and
H Cker f*.

Proof. Let v1,vq,... be afinite or countable basis of H. Since vg ¢ H, all the vectors
Vo, V1, ... are linearly independent. Complement the family {vg,v1,...} to a ba-
sis of the whole space FNo! by adding to it a finite or countable set of vectors
{wi,wa,...}. Put f*(vo) = 1 and f*(vg) = 0 = f*(wr) (k € N). Any vector
u € FNo decomposes in this basis, i.e.,

U = Ugvg + ULV1 + - + ujwy + uswa + . ... (1)

1Henceforth, by a basis we mean a Hamel basis, i.e., it consists of linearly independent vectors
and its linear span coincides with the whole space
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By the definition of a basis, this decomposition contains only finitely many nonzero
coordinates ug, uy, . .., u},uh . ... By definition, we put f*(u) = ug f*(vo)+us f*(v1)+

- = ug. If u = then in (1) up = 1 and all the remaining coordinates are zero
ie., f*(vg) = 1. If w € H then all the coordinates ug, u}, uj,... are zero in (1);
therefore, f*(u) = 0. That is, H Cker f*. O

Lemma 3. Any proper linear subspace H C FNo has a checking matriz B consisting
of finitely or countably many independent rows.

Proof. Since the whole space F° is countable, we can enumerate all vectors not
lying in H into one sequence; i.e., FNo \ H = {w;,ws,...}. For each w;, choose
a linear functional f such that f(w;) =1 and H Cker f}. For each functional f},
there exists a vector f; € FN representing it; namely, f7(u) = (f;,u) (u € FMo).
For every w; ¢ H, we have w; ¢ ker f; therefore, [ ker f = H. This means that
ieN
u € H if and only if (f;,u) = 0 for all i € N. Writing down each vector f; by a row
fi = (ai1,ai2,...) and collecting the rows into a matrix B’ = (ai,j)g’;;’il, we
obtain a checking matrix for H consisting of infinitely many rows. It only remains
to separate a maximal collection of linearly independent rows in the set of all rows
of B" and remove all rows depending linearly on this basis from B’. The so-obtained

shortened matrix B is a desired one. O

Thus, we have proved in particular that any linear r-perfect code C'C FNo has
at least one checking matrix. Let us now formulate the condition that C' is an r-
perfect code in terms of checking matrices. Denote by b; = {b; ;}7—; the jth column
of the matrix B = (b; ;)i ;- ;.

Lemma 4. Let B = (bi,j)?zﬁ; be a checking matriz for a proper subspace C C
FNo_ Then C is an r-perfect code for some r € N if and only if

(1) any 2r columns gjl, ..., bj,. in B are linearly independent;

(2) for any r+1 different columns l;jl, ceey ng+1 and any numbers ui, ..., Up41 €
F\ {0}, there eists a (unique) collection of columns by, ... by, and numbers
v1y...,0 € F\ {0} such that

r4+1 r

Z umgjm + Z vml_)'km =0.
m=1 m

=1

Proof. The necessity of conditions (1) and (2) is obvious. Prove sufficiency. Con-
dition (1) is equivalent to the assertion that the weight of the nonzero vectors
of an r-perfect code C cannot be less than d = 2r + 1. Condition (2) means that ev-

r+1
ery vector Y ume;, of weight r+1 is at the Hamming distance r from the (unique)
=1
" r+1 T
nonzero vector » . wmej,, + Y. Ume,, in C. Starting from this, we prove that any
m=1 m=1

vector w € FMo is at the Hamming distance at most r from some vector in C. This
is proved by induction on the weight |w|. If |w| < r then w is at distance at most r

n
from the zero vector 0 € C. Assume that [w| =n > r and w = Y wpe;,,. It
m=1
r+1

follows from (2) that the vector > w,e;, from FNo is at distance r from some
m=1
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r+1 r
vector v = Y. umej,, + > Umes, in C. By the induction assumption, the vector
m=1 m=1

T n
wy=— Y. Umek,,+ >, wpe;, of weight < nis at distance at most r from some
m=1 m=r-+2
vector v; € C. Then the vector w = v+ w; is at distance at most r from the vector

v+uv €C. O

Consider two infinite countable sets M; and Ms and two infinite countable
fields Fy and F. Refer as an isometry of the spaces F, *° and F, *° to a one-
to-one mapping A : FlMl‘0 — F2M2’0 preserving the Hamming distance. In the case

Fy = F, = F, the isometry A that is an affine mapping is called an affine isometry.

Definition 3. Two r-perfect codes C, C FlMl‘O, Cy C F2M2’° are called equivalent
if there exists an isometry A of FlMl’O onto FQMz’0 such that A(C1) = Cy. Two
r-perfect codes C, C FMio, Cy ¢ FM20 gre called affinely equivalent if there exists
an affine isometry A of FMio onto FM20 such that A(Cy) = Cs.

Consider any isometry A : FlMl’0 — FQM“. The image of zero A(0) = v is
a finite vector in FQMM. Consider the isometry Ag(u) = A(u) —v (u € FlMl‘O). This
isometry takes 0 to 0; therefore, it preserves the weights of all vectors. In particular,
for every index o € M, Ao(res) = ao(T)eq(a). If ' # 2, z,2" € F1 \ {0} then
Ao(2'eq) = aa(2')er (o). Obviously, m(a) = 7’(c); otherwise, Ag is not an isometry.
Moreover, aqo(z) # aq(z’) for the same reason. Since the inverse mapping Ay Lis
also an isometry, a, maps the field F; onto F5 and a,(0) = 0. In all other respects,
a, can be an absolutely arbitrary bijective mappings of Fy \ {0} onto Fy \ {0}.
Returning to the initial isometry A(u) = Ag(u) + v, we obtain its general form

A ( Z uaea> = Z ba(ua)eﬂ(a) = Z bﬂ—l(g)(uw—l(ﬁ))eﬁ + v, (2)

aeM; aeM; BEM>

where 7 : M7 — M> is any bijective mapping from M; onto M, and, for every
« € My, by, is an arbitrary bijective mapping of F; onto Fy; moreover, b,(0) = 0
for all « € M; but some finitely many elements in 7~ ([v]). Since we consider only
finite vectors, all sums in (2) are finite.

Any affine isomorphism A:FMio — FM20 hag the form A(u) = Ag(u) + v
(u € FM10) where v € FM20 and Ay is a linear isomorphism of FM1.0 onto FMz2.0
preserving the Hamming distance. Since Ag preserves the weights of vectors, for any
basis vector e,, we have Ag(ea) = Yalr(a), Where yo € F'\ {0} and m: My — M,
is a bijective mapping from M; onto Ms. The general form of this mapping is as
follows:

A ( > 1304604> = > @ala + n(@)en@) = O (Tr-1(a)Un1() +va)es. (3)
a€ My a€eM; BEMo
In the present article, we will not study r-perfect codes for » > 1. Therefore,

henceforth, we assume that r = 1.

2. THE CONSTRUCTION OF LINEAR 1-PERFECT CODES OF INFINITE LENGTH

Before starting to construct linear 1-perfect codes, we must choose the index set.
The most convenient index set for codes over infinite fields is the set of transfinite
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numbers (ordinals). All necessary information from the theory of ordinals can be
found in [2]. The symbol w traditionally designates the first infinite transfinite
number. Denote by N; the set of all transfinite numbers less than w, i.e., Ny = {a:
a<w}=1{0,1,2,...} = NU{0}. In fact, N; is the set of all naturals including 0.
We will be interested only in transfinite numbers o < w? = w - w. Each such
number « is uniquely representable as o = mw + n (m,n € NU {0}). Moreover,
a < o =m'w+n' if and only if either m < m’ or m = m’ and n < n’. Consequently,
the totally ordered set N,, = {a : a < w?} is order isomorphic to the set of all pairs
(m,n) € (NU{0}) x (NU{0}) with lexicographic order.

On the index set N7, we will construct the first linear perfect code. Enumerate
all elements of the field F' into one sequence F' = {aq, a3, as,...}, a1 =0, az = 1.
Cousider the following checking matrix

_101&3&4"
Dl_(011 1 1) )

The column of the checking matrix (4) with number ¢ > 0 has the form (a;)) and

for ¢ = 0 it has the form <(1)

matrix by i. In fact, D; contains all two-dimensional columns for which the last
nonzero element is equal to 1.
Analogously, for each m € N, mw =w + --- +w and N,,, = {a : @ < mw}, define
—_———

) . Henceforth, we denote the ith column of the checking

the checking matrix "
1 0 1 a3 a4 01 0 1 ag 0
0111 1 -0011W40 - -0 -
D,=|000o0 0 - 11111 .- -0 -] (5)
ooo0o0 0O -00O0O0OTUO0O - - -1

consisting of all (m + 1)-dimensional columns @ in F*1\ {0} whose last nonzero
coordinate is equal to 1.
For the set of indices N, = {a : @ < w?}, define the last checking matrix

ag a4 - 0 1 0 1 ag - O

OO = O
OO ==
OO =

1 0
0 1
0 0

o = O

1
1
0

O = =

0 - 0
1 - 0 - 6
SN R0

-
€
Il
coor

where the columns & of the matrix D, range over all nonzero infinite columns
in FNo whose last nonzero coordinate is equal to 1.

For each m =1,...,m,...,w, define the linear code H}m) as the set of all finite
vectors u = (Ug)aen,, € FN™, for which

Z Uad = 0, (7)
€Ny,

For r = 1, item (1) of Lemma 4 states that any two columns of a checking
matrix of a 1-perfect code must be linearly independent, and item (2) means that,
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for any two columns @ and 5 of a checking matrix of a 1-perfect code and any two
numbers s,t € F'\ {0}, there exists a column 4 and a number v € F'\ {0} such that
u¥ = sa + tf3. This immediately implies matrices (4),(5),(6) are checking matrices
for linear 1-perfect codes H}l),. . Hg"),. .. ,H(Fw) respectively.

Following a tradition, refer to the codes Hl(pl),. . ,H},m),. . Hl(rw) as the Hamming
codes of infinite length over the infinite field F. The matrices D1,..., Dy, ..., D,
will be called the canonical checking matrices for the codes H},l),. ey Hl(,m),. . HI(;J)
respectively. Further we will prove that all these codes are not equivalent to each
other.

Theorem 1. For any two infinite countable fields Fy, F», the Hamming codes
Hl(t,fln), H}ZL) are not equivalent to each other for m' # m.

Proof. Suppose that two codes HI(,T) and HI(J:/) are equivalent and an isometry
A FlN’"’0 — F2N’"/‘0 is an equivalence mapping, that is, A(HI(;T)) = Hg:/). Since
A(0) =wv € Hg:/), the linearity of the code Hg:l) implies that Ag(u) = A(u) —v
(u € Fle’O) is also an equivalence mapping for the codes Hgln) and HI(;;/); more-
over, Ag(0) = 0. Let m = 1, m’ > 1. The columns of the checking matrix (4)
are two-dimensional; therefore, any three columns are linearly dependent. Hence,
for any three indices a1, s, 3 € Nip, there exists a vector u € Hl(Tll) with sup-
port [u] = {a1,as,a3}. In other words, the linear code ngl) has a complete sys-
tem of triples. No other code Hl(,zll) for m’ > 1 has a complete system of triples

(the checking matrices (5) and (6) contain three linearly independent columns).
Since, in Definition 3 and formula (2), the mapping = maps N; onto the whole

set N, bijectively, the image Ao(anll)) must also be a code with a complete sys-
tem of triples. This contradiction shows that the code H },11) is equivalent for no code
H}T) for m’ > 1 (including m’ = w)

Now, examine the case 1 < m < m’/. Consider any collection of m + 1 in-

dices aq,...,am4+1 € Np. The corresponding columns @y, ..., &, of the check-

ing matrix (6) are linearly dependent. Hence, there exists a nonzero vector u €
H}T) with support [u] C {a1,...,qmy1}. This property fails for the code H}T,)
because there exist m + 1 indices «of,...,a],,; € Ny for which the columns
al,...,an, . of the checking matrix for H I(TZLI) are linearly independent. Therefore,
for no code vector v’ € H;,T/), its support [u'] does not belong to the set of in-
dices {a}, ..., a;, }. This property of the code H }T/) says that it is not equivalent

to the code H}T) (the case m’ = w is not excluded). O

Remark 1. It is not known whether the codes H}T) and H}T) are equivalent
for nonisomorphic infinite countable fields F; and F5.

3. A CLASSIFICATION OF NONEQUIVALENT LINEAR CODES

Theorem 2. Every linear perfect code C C FNo is affinely equivalent to one
of the codes H}l),. ., H}m),. .. ,H}w).
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Proof. Let B = (biJ)?:l;il be a checking matrix for the linear space C. Consider
two variants separately:

(1) B consists of finitely many linearly independent rows. Suppose that n = 1,
i.e., A consists of a single row. If b; ; = 0 for some ¢ € N then this would imply that
the vector e; of weight 1 belongs to C. Therefore, all elements b1 ; # 0 (i € N). Then,
for i1 # i, the vector u = by ;,e;, — b1 i, €5, of weight 2 must belong to C. That
is, the checking matrix B consists of at least two rows. If B contains two linearly
dependent columns then C' contains a vector of weight 2. Hence, all columns in B
are proportional to each other. The linear independence of the rows implies that B
contains a nonzero minor

bl,il . bl,in
An=| 1 i |#0
bpiv - b,
Denote the columns of this minor by i1,...,in. Consider an arbitrary nonzero
combination of these rows a = x141 + --- + z,%, in which at least two num-
bers of x1,...,z, are nonzero. From A, # 0 it follows that the vector v =

xi1€i, + -+ + zne;, does not belong to the code C. There exist j € N and y €
F\ {0} such that the vector v = z1e;, + --- + zpe;, + ye; € C. Assume that
j € {i1,...,in}. Assume without loss of generality that j = i;. Then the nonzero
vector w = (1 + y)e;, + -+ + Tpe;,, belonging to C, must be orthogonal to all
rows of the checking matrix A a contradiction to A, # 0. Hence, j ¢ {i1,. - yin}s
and the definition of a checking matrix implies that yj 4+ £171 + - -+ + Znin = 0.
Therefore, the column j 7 of the checking matrix differs only by a constant factor from
an arbitrary linear combination of fixed linearly independent columns %'1, ceey in. We
have proved that any nonzero n-dimensional column is proportional to some col-
umn in the checking matrix B. If we replace each column in B by the proportional
column in which the last nonzero coordinate is 1 then we obtain a new matrix which
differs from (5) only be a renumbering of the columns. Consequently, if we multiply
the ith coordinate of all the vectors in C' by a suitable factor y; and renumber

all coordinates ¢ € N with the use of a suitable mapping 7 : N — N,,_; then, as

a result, we obtain the code H}n_l).

of C' and Hl(yn_l).

(2) B consists of countably many linearly independent rows. Further we will
carry out the following elementary transformations of the matrix B:
(a) a permutation of rows in B;
(b) the replacement of a row (b, ;)72 by a linear combination (z1b;, ; + @2b;, ;)
(z1 # 0);
After applying such operations, the new checking matrix will generate the same
code C;
(c) the multiplication of a column by a nonzero element of F;
(d) a renumbering of the columns of the matrix in another order (a renumbering
corresponding to some countable transfinite number o < w? is possible);
obviously, after applying operations (c) and (d), the new checking matrix generates
another code C’, which is affinely equivalent to C.

The matrix B will be transformed by means of induction.

The induction base. Since e; ¢ C, there exists a number ¢ € N for which
bi1 # 0. Permuting the rows of the matrix B, we may assume that b;; # 0. If

This completely proves the affine equivalence
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bi1 # 0 for some row with number ¢ > 1 we have then replace it by the row
(bi; — (b¢,1/b1,1)b1,j);”;1- After that, divide the first row by b1 ;. The obtained ma-
trix By generates another code Cy affinely equivalent to C. If b2 =0 for all ¢ > 1
then the vector by 2e; — e of weight 2¢c must belong to Cy. Therefore, there ex-
ists a number ¢; > 1 for which b;, » # 0. Moving this row to the second position,
we get ago # 0. After that, replace all rows with numbers iy # 2 by the rows
(biy; — (bi272/b272)b27j)511. After this operation, divide the second row by by 2. As
a result, we obtain the following checking matrix Bj:

10 bis
0 1 bog
B =0 0 b33
0 0 bis

It generates another perfect code C, which is also affinely equivalent to C. Now,
for every x € F'\ {0}, consider the vector v(z) = xe; + e2. It must be at Hamming
distance 1 from some code vector xze; + ea + y(x)e; j > 2. Therefore, the column 5
of checking matrix Bj is a linear combination of the first two columns; namely,
fy(x)j = 21 + 2. Multiply the jth column by —y, and if z = 1 then move it
to the third position in B;. Further, exhausting all possible z # 0,1 and moving
the corresponding columns of B; multiplied by the corresponding numbers —y(z)
to the first place, we after countably many such operations, transform B; into
the following checking matrix:

1 0 1 az Qa4 - bl,il b171‘2
01 1 1 1 bai, b2,

Bo=10 00 0 0 - bgy bssy -|> (8)
whose right-hand side lists all columns with numbers i1,%9,... that have not yet
taken part in the processes of the permutation of columns. In this matrix, a; = 0,
az = 1, az, ... enumerate all the elements of F. For finishing the base step, from

correctness considerations, it is necessary to introduce a numbering of columns
such that their numbers form a monotone increasing sequence. As above, enumer-
ate the left-hand block of the checking matrix (8) (which contains only columns
with nonzero first two coordinates) by 0,1,2,.... The numbers of the right-hand
block (with the columns not yet involved in the process of transforming the check-
ing matrix) will now be numbered by transfinite numbers; the columns with old
numbers iy will be given by new transfinite numbers w + ig.

The induction step. Suppose that we have already transformed the initial check-
ing matrixc into an (m + 1)-block matrix of the following form:

1 0 1 as Q4 . - 01 0 1 T3 . bme_H'l
001 1 1 1 - - 0011 0 - bomery
000 0 0 - - 0000 0 - b3mwti
000 0 0 - -1 111 1 - butimett
0 0 0 O 0 - -0 0 00 0 : bm+2,mw+1
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generating the code C,,, affinely equivalent to C. The last block of the matrix (9)
contains the columns that are not yet involved in the transformation process.
The column with number 8 = mw + 4; contains an element b; 3 # 0 for some
i > m + 1. Otherwise, this column is proportional to some column from the pre-
vious blocks. Permuting the rows of B,,,, we may assume that ¢ = m + 2. Next,
for each number iy # i, subtract from the row with number 7; the row with num-
ber i multiplied by a suitable factor y such that, in the new i;th row, the coordinate
with number mw + 4; vanishes. After dividing the column with number mw + i;
by bm+2,mw+i,, We obtain the matrix

101(13(14 0101a30
0111 1 --001120 -0
0000 0 --0000T0 -0
Bho=10 00 0 o0 1111 1
000 0 0 0 0 0 0 1
000 0 0 0000 0

Assign the new number mw to the column in B! , with number mw + i;. Now,

the columns with numbers 0, 1, w, 2w, . . ., mw are basis columns, i.e., the column ke
has only one nonzero coordinate at the (k4 2)th position, equal to 1 (k =1,...,m).
The obtained matrix B, is a checking matrix for some code C),, affinely equiv-
alent to C. For any xg,x1,...,x,, consider the vector v = xgeg + xr1€1 + T2ey, +
“ + Tm€(m—1)w T €mw, Where at least one number z; is nonzero. It does not be-

long to the code C/,, since the columns 0.1, @.... ,7@ are linearly independent.
Therefore, there exists a column § (with number 5 = S(zo,21,...,2Zm) > Mmw)
and there is a number y € F \ {0} such that v + yeg € C},,. Consequently,

— — — —— —
—yf =20+ 11+ -+ 2z (m—Dw + n@, and hence the column 3 is pro-

portional to the column

To
I
(10)
Tm
1
Exhausting different collections © = (xg, 21, ..., %), we will find all columns pro-

portional to all possible columns of the form (10) in the last block of B/, . Move
all these columns in turn to the positions after the vector mew and assign the new
transfinite numbers mw + 1, mw + 2,. .. to them. Moreover, assign the new transfi-
nite numbers (m + 1)w + 4}, (m + 1)w + 45,. .., to the remaining unused columns
in the rightmost last block, where i}, i5,...are the old numbers of the unused
columns of the initial checking matrix B. As a result of all this, we obtain the ma-
trix B(m+1)e differing from matrix (9) only by the fact that we must replace m
by m+1 everywhere and eliminate from the last block some countably many vectors
that were moved to the previous block. Denote the code generated by the check-
ing matrix B(y,41)w bY Clmg1)w- It is also affinely equivalent to C. This finishes
the induction step.
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The final step. In the code HI(,W), consider the subcode ﬁgn) consisting of all vec-
tors u € HI(;”) whose supports [u] C N,,,,. This subcode is obviously affinely equiv-
alent to the Hamming code H%m), and also fll(wm) C f[l(,mﬂ) and H}“’) = U f[l(,m).

meN
The previous inductive construction also implies that ﬁ}m) C Cmw- Denote by N/,
the index set for the code Cy,,, constructed in the previous item. Let A/,  : FNmo —
FNo be a linear isometry taking the code C,,,, to C. Denote by A,,., the restriction
of this isometry to the subspace FNm = {u € F¥mo : [u] € N,, C N/ }. Since,
in the previous induction step, only the columns of the checking matrix (30) are
rearranged that are located in the rightmost block and the columns of the previous
blocks remain unchanged, it follows the mapping A, 11). is an extension of A,

Suppose that A is the union of all the mappings A, (A= |J A in the sense
meN
that the union of the graphs of the mappings A,,,, is the graph of A). Note that,

at each induction step, the leftmost column is eliminated from the rightmost block
(this column has the minimal number, it is then transformed into a column having
only one nonzero coordinate, equal to 1, and the new number mw is assigned to it).
Therefore, each column in the initial checking matrix B will be eliminated at some
induction step m. This and the fact that N, = |J N,, implies that A is a lin-
meN
car isometry of F¥+0 onto the whole space F™o. Since A,,(HY™) c C, we have
A(HI(,‘”)) C C. Show that the previous inclusion is an equality. Let v € C. The sup-
port of [v] is finite; therefore, for sufficiently large m, all columns in the right-
most block of the checking matrix (9) will have numbers in the initial checking
matrix B not belonging to the support [v]. Therefore, the support of the vector
u = A"'(v) = A;}(v) must be a subset in N,,. But A-}(v) = A',} (v) € Crne.
Consequently, the vector u is orthogonal to the checking matrix B,,., and hence it
must belong to the code H™. Therefore, A(u) = v. The equality A(H'*)) = C is
completely proved. [l

Remark 2. For any m < m/, consider the subcode H\™ in H™ consisting

of all vectors u € Hl(,m/) for which the support [u] C Ny, C Np,s. This subcode is

affinely (linearly) equivalent to the code H}m), and the proof of Theorem 2 implies

that all these codes are embedded into each other so that the following “tower” is
formed:

AY c...cH™ c...c BHY;

moreover, H) = (J H™.
m=1

Remark 3. The structure of the checking matrices (4),(5),(6) shows that the in-

dex set N,, of the code H}m) can be endowed with the structure of a projective
geometry of dimension m. The straight line in this geometry passing through points
a1,ay € Ny, is defined as the union of the supports of all vectors u of weight 3
in Hl(,m) whose supports [u] contain both points a; and as. Denote this geometry
by PGr(m). Using these straight lines, we can define projective subspaces of any
lesser dimensions in PGp(m). In particular, in the geometry PGp(w) generated
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by the code HI(;J), one can find finite-dimensional spaces embedded into one an-
other

PGp(l) C - C PGp(m) C -+ C PGp(w),

generated by the subcodes fl}m); moreover, PGpr(w) = | P/’\ép(m).
m=1

4. SOME UNUSUAL PROPERTIES OF THE CONSTRUCTED CODES

The first code Hg) possesses a previously unencountered property. As was es-
tablished in the previous section, it has a complete system of triples, i.e., for any
three different indices 41,42, i3, there exists a vector of weight 3 u € Hl(;l) such that

[u] = {i1,12,i3}. In the previous works [1, 5, 6], it was proved that the codes over

finite fields with a complete system of triples are nonsystematic. But the code Hg),

being linear, is systematic. The point is that its checking set consists only of the two
indices corresponding to the first two columns of the checking matrix (4).

The second unusual property is possessed by the code HI(,‘”)
ming code H2° over the finite field Fy of [5]).

(and also the Ham-

Theorem 3. There exists a continual family of linearly independent vectors in FN«
whose orthogonal complement is the code Hl(;w).

Proof. Lemma, 3 and the proof of Theorem 2 imply that the dimension of the quo-
tient space G, = FN%O/H}W) is infinite. Since the number of elements in G,
(as well as in HI(:”)) is countable, G, has a countable basis (hj)ren. Every lin-
ear functional ¢g* € GY is uniquely defined by its values on this basis, i.e., there
exists a one-to-one correspondence between the functionals f* and the vectors
(f*(h1), f*(h2),...) € FNv. The cardinality of FN« coincides with the cardinality
of the set NV, which, as is well known is, the continuum (for the finite field F,
consisting of ¢ > 2 elements, this cardinality is also the continuum ¢“). Therefore,
the cardinality of the basis of the space G, which is linearly isomorphic to FY,
is also the continuum (equal to the cardinality of the set of all real numbers R)
(Proving the existence of a basis requires applying the axiom of choice). Fix a basis
{g; }ter in G,,. Denote by P : FN«.0 — G, the factorization mapping, i.e., for every
u € FNwo P(u) is the coset modulo H}w) containing u. Consider the family of lin-
ear functionals f; = g¢; o P. This definition implies that H}w) Cker f; for every
t € R. Hence, HI(;“) C ) ker ff. Lemma 2 (on separability) implies that in fact

teR

Hl(mw) = () ker f;'. Now, for every ¢ € R consider the vector f; = (f;(ea))acn,
teR

in FNe representing the functional f;, i.e., ff(u) = (fi,u) (u € FNeo). Then
the matrix whose rows are f;, where t ranges over R, is a desired family whose
orthogonal complement is the code Hl(pw). O

Of course, Lemma 3 implies that applying such “checking matrices” with con-
tinually many rows is superfluous. The point is that Lemma 2 (on separability)
immediately implies that any such “checking matrix” of continually many linearly
independent rows contains a checking submatrix consisting of countably many lin-
early independent rows. In this connection, introduce the following definition:
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Definition 4. Two checking matrices By and By of a linear code C are called
strongly equivalent if By can be obtained from By by a consecutive application
of the following operations:

(a) a permutation of the rows of B;

(b”) the multiplication of a row by a nonzero element of F;

(c) the multiplication of a column by a nonzero element of F;

(d) a renumbering of the columns of a matriz in another order.

We excluded the following operation from Definition 4 (see the proof of Theo-
rem 2):

(b) the replacemenent of a row (b;, ;)52 by a linear combination (1b;, j +2bi, ;)
(z1 #0)

and replaced it by operation (b’). The main motivation for this is that then
the permitted operations with the columns coincide with the permitted opera-
tions with the rows. Moreover, the proof of Theorem 2 implies that an application
of operation (b) gives a chance to reduce any checking matrix of the code H}(,w)
to the canonical form (6).

Theorem 4. (1) Any two checking matrices of the code Hg,m) for m € N are

strongly equivalent to each other. (2) The code waw) has a continuum of strongly
nonequivalent checking matrices consisting of countably many linearly independent
rOWS.

Proof. Let m € N. The proof of Theorem 2 implies that every checking matrix
of the code Hl(,m) must consist of all possible nonzero (m + 1)-dimensional columns
such that no two columns are proportional to each other. Obviously, any two such
checking matrices are obtained from each other by some permutation of the rows
and their multiplication by nonzero scalars from F' (application of operations (a),
(b’) is not required in this case).

For the code H}w), consider the canonical checking matrix (6). Consider the bi-

o0
nary representation of a real number ¢ € (0,1),i.e.,t = > 275 (0 < ky <k <...).
i=1

iz
Denote these numbers by k; = k;(t) (¢ € N). Transform matrix (6) as follows: (1)
replace the row (dy ;) <2 of the matrix D, by the row (dy; + daj);j<w?; (2) let
F = {ag,a1,as9,...} be an enumeration of the elements of the field F, ay = 0,
a1 = 1, furthermore, replace the first k£ even rows with numbers ¢ = 4,6, ...,2k; +2
by the rows (d;; + asds j)j<u2; then replace the next even ky rows with num-
bers i = 2(k1 + 2),...,2(k1 + k2) + 2 by the rows (d; ; + aads j),. .., replace kp,
even rows with numbers i = 2(ky + -+ + k1 + 2),...,2(k1 + -+ + ki) + 2
by (d;j + am2dz j)j<w2; (3) for each i > 1, replace the ith row (d; ;) <.2 of the ob-
tained matrix D{, by the row (d;; — a2dy j);j<w2. After these transformations,
the ith column of the new matrix D, (t) looks as follows: dy ;(t) = di; + daj,
daj(t) = (1 — az)da; — azdy j, d;j(t) = dij + (amy2 — az)dsj — aady j, for even
2(k1 +-- '+km71 +2) < 1 < 2(/€1 -+ +I€m)+2, di’j(t) = di,j —(Lg(dlyj +d2’j) for all
odd ¢ > 1. Obviously, for every ¢ € (0,1), the matrix D,,(¢) consists of linearly inde-
pendent rows and generates the same code Hl(,w). Since all columns of the matrix D,,
are finite, for sufficiently large ¢, we obtain

(1) di,j(t) =0if dl,j = dQ,j = 0,

(2) diyj(t) = 7(12d17j if d27j = 0,
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(3) d@j(f) = (am+2 — az)dgd‘ — a2d17j, for even 2(]{31 + -+ km—l + 2) g ) §
2(]{71 —+ o+ km) +2 and di,j(t) = 7&2((11,]‘ + d2,j) for odd <.

Further we will be interested only in the columns of the matrix D,,(¢) for which
all coordinates are nonzero. Such are, for example, the first two columns (j = 1, 2).
Therefore, case (1) is excluded from consideration.

Introduce the following equivalence relation for numbers ¢ € (0,1): t ~ t' if and

n
only if ¢ — ' is a binary rational number (i.e., is representable as the sum > 27%i).
i=1
We will now prove that if ¢ /¢ t' then the checking matrices D,,(¢) and D, (t') are
not equivalent. Assume that they are equivalent. Consider the first two columns
of D, (t'). They possess the following property:

(A) for an infinite set of coordinates ¢, the parts of the first and second columns

with these coordinates are proportional to each other (in this case, for odd i and
the proportionality coefficient (d} 5 +d5 5)/d} ;); moreover, the complement to this
set of coordinates is also infinite (in this case, this is the set of even ).
Under the equivalence mapping, to these two columns there correspond two columns
of D, (t) with numbers ji, jo. After multiplying them by nonzero numbers z1, o,
some permutation of the coordinates (rows) with their subsequent multiplication
by numbers y; # 0, we must get the first two columns of the matrix D, (¢'). Under
such transformations, Property (A) is preserved. Therefore, these columns cannot
be of type (2) both (they are completely proportional starting from some sufficiently
large 7). For the same reason, they cannot be of type (3) both if (di j, /d1,j,) =
(da,j, /da,j,). The following variants are left:

(2), (3). The jith column has type (2), and the joth column has type (3).
If 7 is a permutation of the rows under the action of the supposed equivalence
then the 7(i)th position of the first column contains the element —x1y.(;azd j, -
The 7(i)th position of the second column contains the element —zayryaz(d1 j, +
da,j,) if i was odd and @2y (i) [(am 2 —a2)ds j, —azdy j,] if i was even (the numbers i
are still assumed sufficiently large). We have the proportionality of the large sub-
columns with numbers 7 (i), where the i’s are odd (with the proportionality coeffi-
cient z1dy j, /[z2(d1 5, + d2,5,)]). Multiply the second column by z1d; j, /[z2(d1 5, +
ds j,)] and subtract from it the first column. As a result, we obtain the element
T1Yr(i)am+2d1,j, /(d1,j, + d2j,) at position m(i) if i was even and zero if i was
odd. After that divide the obtained result by the 7 (i)th element of the first col-
umn; as a result we obtain either zero or —ap,42/(d1 j, + da j,). For different m,
all these numbers are distinct, and for each m, this number occurs exactly k.,
times (for sufficiently large m). In this way, we can “read” all the k,,’s and recon-
struct the fractional part of the number 2=t for sufficiently large m. Since, under
the equivalence transformation, the j;th and joth columns of the matrix D,,(¢) coin-
cide with the first and second rows of D/, (t), we will in fact also “read” the fractional
part of the number 2¢7¢' which must thus coincide with the fractional part of 2¥m¢,
which contradicts the fact that ¢ ¢ t'. If we divide @1yx(;)am2d1 j, /(d1,j, + d2,j,)
by the m(i)th entry of the second row then, for sufficiently large even i, we also ob-
tain the numbers $1I2_1d17j1 am+2/[a,,L+2 (d17j2+d27j2)d27j2 —as9 (d17j2 —|—d2,j2)2], which
are distinct for sufficiently large m. Therefore, also in this case, we can uniquely
“read” the factional part of 2¥»t. We have examined two variants of our actions
because it is impossible to determine from the original form of the columns which
of them has type (2).
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(3), (2). The j1th column has type (3), and the joth column has type (2). This
case is analogous to the previous case.

(3), (3). The jith and joth columns have the same type (3). In this case, we
realize the same strategy. For the completeness of the exposition, we give only
the final part of the calculations. After multiplying the second column by the pro-
portionality coefficient zy25 ' (dy j, + d24,)/(d1 j, + da;,) and subtracting the first
column form it, we obtain a column with zero m(i)th coordinate if i was odd
and T1Yr (i) amy2(d1j,d2j, — dij,doj,)/(dyj, + daj,) if @ was even. Dividing this
by the 7(i)th coordinate of the first column, we obtain the numbers

am+2(di g, da,j, — dij,daj,)/(d1 j, + d2 g, ) [amy2da j, — az(dij, + daj )],

which are distinct for (dy j,/d1j,) # (d2,j,/d2,;,) and sufficiently large even num-
bers i. The multiplicity of the occurrence if each such number among the coordi-
nates of the obtained column is again k,,, which also in this case makes it possible
to “read” the fractional part of the number 2¥7¢ in the obtained column (for suffi-
ciently large m). If we divide the difference by the 7(i)th coordinate of the second
column then we obtain the numbers

2125 amya(d g, da g, — dijyda )/ (da gy + da o )[amy2da j, — az(d g, + da.j,],

which are also distinct for distinct sufficiently large m, which also in this case will
lead to the “reading” of the fractional part of 2Fm¢.

Since the cardinality of the set of the numbers equivalent to a given number
t € (0,1) is countable, the cardinality of the equivalence classes in the quotient set
A = (0,1)/ ~ is also the continuum. Consequently, if we choose one number ¢,
in each equivalence class « € A (here we again need to apply the axiom of choice)
then we obtain a family of nonequivalent checking matrices (D, (tq))acA- O

We have been able to construct a continual family of strongly nonequivalent
checking matrices using column with infinite supports. But all columuns in the check-
ing matrix (6) are finite. It turns out that if we consider only checking matrices
with finite columns then the problem of the nonuniqueness of checking matrices
for the code Hl(;”) does not disappear.

Theorem 5. There exist infinitely many strongly nonequivalent checking matri-

ces for the code H}w) consisting of countably many linearly independent rows and
column with finite supports.

Proof. For each m € N, m > 1, construct a checking matrix D,,(m) of finite columns
whose minimal weight is equal to m. The first two columns of this matrix look as
follows:

(Dm (0)m
0)m (D
0 0

Here ()., stands for the m-dimensional column whose all coordinates are equal to x.
We add linear combinations of these two columns to the matrix from the right; as
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a result, we obtain the matrix

(1)m (O)m (]-)m (a3)m (a4)m
(O ) (1
0 0 0 0 0

Here (ag)ken, a0 = 0, a; = 1,...is an enumeration of all the elements of the field F.
The sense of this construction is that we copy the first block of the checking ma-
trix (6) m times. Obviously, the rank of the first 2m rows of this matrix is equal
to 2. Extend this matrix adding to it from the right one more column

(1)m (O)m (1)m (GS)m (a4)m : 1
(O)m (1)m (1)m (1)m (Dm : (0)277171
Om Om O O Om - Lm |- (11)

Owing to the unity in the first row and the last column, the rank of the first
2m rows has increased by 1 and become equal to 3. Furthermore, like in con-
structing the checking matrix (6), add linear combinations of the columns of (11)
from the right. After that, add the following column from the right:

(l)m (O)m (1)m (a3)m : 1 . 0

(O)m (1)m (Um (Um ' (O)Qm—l : 1

(O)m (O)m (O)m (O)m ’ (1)m : (0)3m72

(O)m (O)m (O)m (O)m ’ (O)m : (l)m
0 0 0 0 . 0 . 0

The second row and the last column of this matrix contains 1. The third and
the remaining blocks are constructed in the same way, by adding linear combina-
tions of the previously constructed columns from the right. The main principle is
that we begin each new block by a column that increases the rank of the previously
constructed rows by one. For this it suffices to begin the kth block from a col-
umn that contains one unity in the (k — 1)th row and m more unities in the rows
with numbers km+1,. .., (k4 1)m. Continuing this process by induction infinitely,
construct a matrix D/ ,(m) with linearly independent rows. For proving this, con-
sider the submatrix consisting of those columns that begin the construction of each
block. It looks as follows:

1 0 0
(0)2m—1 1 0
m (0)3m72 1

(1)
(O)m (1)m (0)4m73
(0)m (0)m (Dm

This submatrix consists of linearly independent rows since all its main minors are
equal to 1. Hence, the whole matrix D/ (m) consists of linearly independent rows.
Moreover, it possesses the same properties as matrix (6), i.e., the orthogonal com-

plement to it is a code affinely equivalent to Hl(,,w) (by Theorem 2). Permuting
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the columns of the matrix D/, (m) appropriately, we obtain a checking matrix D,,(m)
for the code Hl(mw) for which the minimal weight of the column is equal to m. O

Remark 4. The proof of Theorem 5 shows that it remains valid also for codes
of infinite length over finite fields. Consequently, the Hamming codes H*, H3° =
H*®°, defined in [3, 4, 5], also have infinitely many nonequivalent checking matrices
with countably many linearly independent rows.

For establishing a uniqueness theorem for checking matrices of the Hamming
code H}w), introduce the following definitiion:

Definition 5. A checking matriz B for a linear code H is called minimal if a ma-
triz B’ obtained from B by removing one of its rows is already not a checking matriz
for H. That is, there exists a finite vector uw¢ H orthogonal to all rows in B’.

Obviously, a minimal checking matrix must have linearly independent rows. This
definition and Theorem 4 also imply that the checking matrices with linearly inde-
pendent rows for the codes Hl(,m) (m=2,3,...) are minimal (due to their unique-

ness).

Theorem 6. If a checking matriz B = (b; j)75_; of the code Hl(,w) having countably
many rows satisfies the following two conditions:

(A) B is minimal,

(B) all columns in B are finite,
then B is strongly equivalent to the canonical matriz (6).

Proof. Remove the ith row from B. Denote the obtained matrix by B®. Condi-
tion (A) implies that there exists a finite vector v ¢ H}w) orthogonal to the rows
of the matrix B("). The perfectness of the code H éw) implies the existence of a vec-

tor u € Hf;’) such that the weight of the vector w = u — v is equal to 1. It is also
orthogonal to all rows in the matrix B(). Let w = ze; (x € F\ {0}). Orthogonality
implies that the jth column of B() consists only of zeros. Therefore, the jth column
of the initial checking matrix B, we have by ; = 0 for all k& # 7. That is, for each
i € N, the column with number j = j() is a basis column (equal to b; je;;)). Since
the columns have finite supports (by condition (B)), any other column is a linear
combination of these basis columns. Now, using this information and permuting
the columns of B appropriately and multiplying them by nonzero constants, we
can easily reduce B to the canonical form (6). O

Theorem 5 implies that, after removing condition (A), Theorem 6 ceases to hold.
Moreover, the proof of Theorem 4 implies that the nonequivalent checking matri-
ces D, (t) (t € (0,1)) contain basis columns with the only nonzero entry at the ith
coordinate for each i > 2, and they have no column having a unique first coordi-

nate. Therefore, the matrices D! (¢) obtained from D, (t) by removing the first row
are minimal, and they are still nonequivalent checking matrices of the code Hl(;”).

Consequently, Theorems 4 and 5 immediately give

Corollary 1. Conditions (A) and (B) in Theorem 6 are independent, and Theo-
rem 6 ceases to hold after removing one of these conditions.

The checking matrices constructed in Theorems 4 and 5 possess the property
that, after removing some rows, they become minimal checking matrices. This can
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create an illusion that this is always the case. The following theorem completely
rejects this assumption.

Theorem 7. There exists a checking matriz of the code Hl(g,w) consisting of countably
many linearly independent rows and containing no minimal checking submatriz.

Proof. Consider the set P,, of all nonzero polynomials with coefficients in F' whose
coefficient at the higher derivative is equal to 1. This countable set can be enu-
merated into one sequence P, ={p;}32;. In the field F, consider any countable
subset G'={b1, b2, ... }. The matrix Bg = (p;(b;)){5—; satisfies conditions (1), (2)
of Lemma 4 for » = 1. Therefore, it is a checking matrix for some perfect linear
code HY equivalent to HI(,“’). Since every polynomial p;(z) can have only finitely
many roots, all the columns of the matrix Bg are “finite”, i.e., contain only finitely
many zero coordinates. Every matrix B’ obtained from Bg by removing some set
of rows and containing infinitely many rows coincides with the matrix Bgs for some
infinite subset G’ C G. Therefore, it is also a checking matrix for the same code H,
which proves the absence of a minimal checking submatrix for the matrix Bg. 0O

Remark 5. The proof of Theorem 7 shows that we can define the code HI(;U)
differently, without explicitly using checking matrices. Enumerate the elements
of the set P, of all nonzero polynomials of one variable x with coefficients in F'
for which the coefficient at the higher degree is equal to 1 into one sequence P, =
{pj(z)}52,. We say that a vector u = (u1,uz,...) € FMNo belongs to the code HY

(equivalent to the code Hl(mw)) if and only if
S ugpy(a) = 0. (12)
j=1

(the finiteness of the vector u implies that this sum contains only finitely many
nonzero summands). This remark is especially actual due to the fact that, as was
shown in Theorems 4, 5, and 7, there appears a great arbitrariness in the definition
of a checking matrix for HI(,”).

Note that the definition with the use of (12) remains valid also for the codes H},m)
for any finite m € N. Instead of a checking matrix, we must consider the set P, =
{pj(z)}52, of all nonzero polynomials of degree at most m (with the coefficient
at the higher degree equal to 1).

The following theorem completes the study of the properties of checking matrices
for codes of infinite length.

Theorem 8. Let ' be an at most countable field and let Hr be a linear perfect
code of infinite length over F. If a checking matriz B for the code Hp consists
of countably many linearly independent rows and all its columns are finite then it
contains a minimal checking submatriz D of the same code Hp, which is obtained
by removing some finite or infinite set of rows from B.

Proof. Let i1 be the least number of a row eliminating which from B gives a ma-
trix By containing no zero columns. The matrix Bj is checking for some subspace L
not containing vectors of weight 1. Since the perfect row Hp is a part of the sub-
space L, we have L = Hp and the matrix B; is also checking for Hg. Then act
by induction. Let iy, io, ..., be an increasing sequence of the numbers of rows in B
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such that, for each m, i,, is the least number of a row greater than all the previous
numbers 41, ...,%,,—1 and such that eliminating all rows with numbers i1, ..., iy,
from B gives a matrix B,,, containing no zero columns. Two variants are possible:

(1) The sequence i1, ..., i, is finite (we exclude the trivial case when the same
matrix B is minimal). In this case, everything is proved since the last matrix B,,,
obtained by eliminating the rows with numbers iy, ..., 4, from B, is minimal.

(2) The sequence 1,42, ... is infinite. In this case, consider the matrix B, ob-
tained by removing all rows with numbers 41,49, ... from B.

Firstly, B, consists of a nonempty set of rows. Prove this. Since the first col-
umn in B is finite, only finitely many rows in B have nonzero first coordinate. Let
i1, ..., be the numbers of these rows. If {3},...,i;} C {i1,12,...} then, for suffi-
ciently large m, the matrix B,, has zero first column. We get a contradiction.

Secondly, B, contains no zero columns. Suppose that the jth column consists
only of zeros. Consider this column with number j in the original number B. Only
finitely many rows of this matrix with numbers 4/, ...} have nonzero jth coordi-
nate. Hence, we must have {¢},...,9,} C {1,142, ...} and, for sufficiently large m, all
rows with numbers #,. .., 4}, are eliminated from B in constructing the matrix B, .
This makes the jth column of B,, zero. We again have a contradiction.

Thirdly, eliminating any row of the matrix B, gives a matrix having a zero col-
umn. Consider the ith row of By (in the enumeration of the initial matrix B). Con-
sider the least number i,,, > i. But i, is the first number for which the matrix B,,
obtained from B by eliminating the rows with numbers iy, ...,%,, not containing
zero columns. This means that i,, > ¢ > i,,_1 and eliminating the row with num-
ber i from B, 1 gives a matrix having a zero column with number j. The jth
column will be zero all the more after eliminating the ith row from the “lesser”
matrix Beo.

As was shown above, the matrix B, is checking for the initial code Hp, and
Theorem 6 in particular implies that B, is strongly equivalent to the canonical
checking matrix (6). O

The author is grateful to the referee for a number of remarks concerning the ex-
position.
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