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ABsTRACT. We explore the extent to which constructing the inductive
theory of X-submaximal subgroups is possible. To this end, we study
the behavior of X-submaximal subgroups under homomorphisms with X-
separable kernels and construct examples where such behavior is irregu-
lar.
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1. INTRODUCTION

The present paper is concerned with the extent to which constructing the induc-
tive theory of X-submaximal subgroups is possible. This concept was introduced by
H. Wielandt during his talk at the Santa Cruz Conference on Finite Groups in [14]
as a tool to study X-maximal subgroups of finite groups. We recall the background
and formulate the main definitions and problems.

All groups considered throughout the text are assumed to be finite.

Since its inception in the papers by E. Galois and C. Jordan [2, 7, 8], group theory
has had the following as one of its central problems. Given a group G, find its sub-
groups possessing a specific property or, equivalently, belonging to a specific class X
of groups (for example, solvable, nilpotent, abelian, p-groups, etc.). If X has good
properties resembling those of solvable groups then to solve the general problem
it suffices to know the so-called mazimal X-subgroups (or X-mazimal subgroups),
i.e. the maximal by inclusion subgroup belonging to X. At the famous group
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theory conference held in Santa Cruz as early as 1979, H. Wielandt put forward
the program to study the X-maximal subgroups in finite groups for the so-called
complete classes X [14]. According to his definition, a nonempty class X of finite
groups is complete if X is closed with respect to taking subgroups, homomorphic
images, and extensions. The latter means that X includes every group G with a
normal subgroup A such that A,G/A € X. Other than the class of solvable groups,
an important example of a complete class is the class of m-groups for any set w
of primes, i.e. the groups all whose prime divisors of the order belong to 7. Un-
less otherwise stated, we will henceforth assume that X is a fixed complete class.
Wielandt viewed his program as a development of Holder’s program which replaced
the study of an arbitrary finite group G with the study of quotients of a subnormal
(e.g., composition) series

G=Gy>G1>--->2G, =1
and, in place of a subgroup H of G, its projections
H'=(HNG;_1)Gi/G;

on the corresponding quotients G = G;_/G; were considered. Clearly, if all
projections H’ are ¥-maximal in G then H itself is X-maximal in G. The problem
is to see if the reverse holds, which is equivalent to asking whether the subgroups
HNA and HA/A are X-maximal in a normal subgroup A and the quotient G/A
if H is X-maximal in G. The answer depends on the class X and determines the
extent to which the problem of finding X-maximal subgroups is inductive. The
classes for which the answer is in the affirmative are listed in [9]: such is the class
of all finite groups, the class of groups of order 1, and the class of all p-groups for
any prime p. For all the remaining cases, there exists a group A with nonconjugate
X-maximal subgroups. Wielandt proposed [14, 4.3] a rather general construction
showing that, whichever finite group G is, there exists an epimorphism from the
regular wreath product G* = A G onto G such that every (not only maximall!)
X-subgroup of G is the image of an X-maximal subgroup of G*.

Wielandt’s idea [14] was to consider instead of X-maximal subgroups the broader,
yet substantial, concept of X-submaximal subgroups which “behave well” under
intersections with normal and subnormal subgroups. A subgroup H of G is X-
submazimal (or a submazimal X-subgroup) if there exists an embedding of G as a
subnormal subgroup into a group G* (in which case we say that G is subnormally
embedded in G*) such that H coincides with the intersection of G and K for a
suitable X-maximal subgroup K of G*. Clearly, every X-maximal subgroup is also
X-submaximal. The converse is not true, see [4, p. 13]. X-submaximal subgroups
have the obvious inductive property: if H is ¥-submaximal and A is subnormal (in
particular, normal) in G then H N A is X-submaximal in A. Not every X-subgroup
is submaximal. An obstruction here is the following

Theorem (Wielandt-Hartley, [14, 5.4(a)], [10, Theorem 2|). If H is an X-sub-
mazimal subgroup of G then Ng(H)/H includes no nontrivial X-subgroups.

It is due to this theorem that the concept of an X-submaximal subgroup be-
comes useful and efficient. For example, it helps to easily see that the X-maximal
subgroups are determined uniquely up to conjugacy by their projections on the
quotients of a subnormal series [14, 5.4(c)], [10, Corollary 1]. In comparison, the
similarly defined dual concept of an X-epimaximal subgroup which ensures “good
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behaviour” under homomorphisms turns out to lack content, because in any non-
trivial situation it is equivalent to the concept of an X-subgroup [9]. It was shown
in [4, 5] that the knowledge of X-submaximal subgroups in simple groups for a given
class X would make it possible to inductively construct the X-maximal subgroups
in an arbitrary finite group and, consequently, would make great progress in solving
the general problem.

One can naturally ask to what extent the problem of finding X-submaximal
subgroups is inductive. By this, we mean the following. Besides the fact that X-
submaximal subgroups “behave well” with respect to intersections with (sub)normal
subgroups, it is important to determine how they behave under homomorphisms.
Due to the above, we cannot expect the image of an X-submaximal subgroup in
a factor group to be X-submaximal: this fails even for the images of X-maximal
subgroups. At the same time, generalizing a famous result by S. A. Chunikhin (see
[13, Ch. 5, Theorem 3.7]) Wielandt showed that the following reduction theorem
holds:

Theorem (Wielandt, [15, 12.9]). If A is an X-separable normal subgroup of a
group G (i.e., A has a subnormal series with every factor either belonging to X
or to the class X' that consists of all groups none of whose nonidentity subgroups
belongs to X), then the canonical epimorphism G — G/A maps an X-mazimal
subgroup to an X-maximal one and, furthermore, induces a bijection between the
conjugacy classes of X-mazimal subgroups in G and G/A.

Therefore, the presence of a normal X-separable subgroup A in G enables us
to replace the study of X-maximal subgroups in G with a similar problem for the
smaller group G/A. The inductiveness of the problem of finding ¥-submaximal
subgroups depends, to a large extent, on whether a similar reduction theorem for
X-submaximal subgroups holds, i.e. whether the following is true.

Conjecture A. If A is an X-separable normal subgroup of a finite group G then
the canonical epimorphism G — G /A always maps an X-submazimal subgroup of G
to an X-submazimal subgroup of G/A and vice versa, every X-submazimal subgroup
of G/A is the image of an X-submazimal subgroup of G.

This conjecture takes central place in the present paper. The original idea of the
authors was to attempt confirming both Conjecture A and

Conjecture B. If A is a normal and H an X-submazximal subgroups of a finite
group G then H is X-submazimal in No(H N A).

In relation to Conjecture B, we note that if H is an X-submaximal subgroup of G
and H is contained in a subgroup M of G then H is not necessarily X-submaximal
in M. Say, an X-submaximal but not X-maximal subgroup H which is contained
in a strictly larger X-subgroup M is not X-submaximal in M.

If both Conjectures A and B turned out to be true, the problem of finding X-
submaximal subgroups in an arbitrary finite group could be considered inductive.
Let us explain why. Suppose G is not simple and we know how to find the X-
submaximal subgroups in all groups whose order is smaller than the order of G.
Let A be a proper normal subgroup of G. For any X-submaximal subgroup H
of G, the intersection H N A is X-submaximal in A and is therefore known. We may
consider the subgroup Ng(HNA) in which the X-subgroup H is submaximal due to
Conjecture B. Furthermore, Ng(H N A) includes the normal subgroup N4(H N A)
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which is X-separable by the Wielandt—Hartley theorem. Thus, the validity of Con-
jecture A would reduce finding the X-submaximal subgroups in Ng(H N A) to a
similar problem for Ng(H NA)/Na(HNA) ~ ANg(H N A)/A. The quotient G/A
acts naturally on the set of conjugacy classes of X-submaximal subgroups of A,
and ANg(H N A)/A is the stabilizer of the class containing H N A. Therefore, the
problem of finding X-submaximal subgroups of G is reduced to a similar problem for
the stabilizers in G/A of the conjugacy classes of X-submaximal subgroups of A.
We note that, for a simple group S, the X-submaximal subgroups are precisely
the intersections of S = Inn(S) and X-maximal subgroups of Aut(S) |14, 5.3|, |3,
Proposition 7].

The fact that Conjecture A does not hold was established in [11], where an
example was constructed of a group G with a normal abelian 2-subgroup A and a
submaximal but not maximal {2, 3}-subgroup H whose image with respect to the
canonical epimorphism G — G/A is not {2, 3}-submaximal in G/A. The kernel of
this homomorphism is an X-subgroup for the class X of all {2,3}-groups. In the
same paper, it was announced that there exist epimorphisms whose kernel belongs
to X’ and the image of an X-submaximal subgroup is not X-submaximal. We
construct an infinite series of such examples in the final section of this paper. The
situation with the preimages of X-submaximal subgroups is completely analogous,
which makes Conjecture A invalid in both directions.

We remark that Wielandt must have believed a stronger assertion to be valid.
In the case where X is a class of m-groups, he stated in his diary [16, pp. 56/57,
Satz 1 dated 20.8.82] that if N is a normal subgroup of a group G and the X-
submaximal subgroups are conjugate in every composition factor of N then they
are also conjugate in NV and the number of conjugacy classes of X-submaximal
subgroups in G and G/N is the same. In every composition factor of an X-separable
group, there is a unique X-submaximal subgroup, namely, the factor itself if it is
an X-group, and 1 if it is an X’'-group.

When constructing the above-mentioned examples, we consider a group G with
a unique minimal normal subgroup V which is abelian, not contained in the center
of G, and is such that G/V is a nonabelian simple group. In order to justify the
examples, we need to show that some w-subgroup of G is not submaximal. We
make use of Proposition 1 stated and proved in Section 3, which implies that the 7-
submaximal subgroups of G are exhausted by the intersections of G with m-maximal
subgroups of the groups G* satisfying G = Inn(G) < G* < Aut(G). We emphasize
that the subnormal embedding of G into G* in the definition of an X-submaximal
subgroup cannot in general be substituted with a normal embedding. An appropri-
ate series of examples was pointed out by A.V. Vasil’ev, see [10, Section 2]. Thus,
Proposition 1 is of interest in its own right and can be considered as one of the
main results of this paper.

Although the problem of whether Conjecture B is true loses its relevance in light
of the present results along with [11], it still remains open.

Undoubtedly, the examples constructed in [11] and in this paper by no means
imply that the study of X-submaximal subgroups is futile. Instead, they lead to
the realization as to why the central problem in Wielandt’s program and in the
topic related to the search of X-maximal subgroups for a given complete class X is
the description of X-submaximal subgroups in simple groups or, equivalently, the
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description of X-maximal subgroups in almost simple groups. Such a description
would make it possible to find the X-maximal subgroup in arbitrary finite groups.

2. PRELIMINARIES

To simplify the exposition, we restrict ourselves to the case where X is the class
of m-groups for an arbitrary set m of primes.

The following lemma was first formulated in [14, Statement 5.4(a)]. A proof can
be found in [10, Theorem 2].

Lemma 1 (The Wielandt-Hartley theorem, strong form). Let A be a subnormal
and K a w-mazimal subgroup of a finite group G. Then No(KNA)/(KNA) isa
7' -group.

Lemma 2 ([15, Theorems 12.4 and 12.7]). If U is a normal 7- or ©’-subgroup of a
group G then KU/U is m-mazimal in G/U for every w-maximal subgroup K of G

Lemma 3. Let G A< G* and let H = K NG for some w-maximal subgroup K
of G*. Suppose that U is a noimall’-s@group of G* and —: G* — G*/U is the
canonical epimorphism. Then H = KN G.

Proof. Clearly, H= KNG < KNG. Suppose that H < K N G. Since G < G*,
we have H << K, H < K, and H << KNG.
Since H < K NG, the index of H in Nz(H) is divisible by a prime p € 7. We
have
Ng(H) = Ne(H)U/U = Na(H).

Indeed, we clearly have Ng(H) < Ng(H). Since every complement to U in HU
is conjugate with H by the Schur—Zassenhaus theorem, it follgws by the Frattini

Argument that Ng(HU) < Ng(H)HU = Ng(H)U and Ng(H) < Ng(H). Now,
we have

. 7| - | NeH)U| _ [Ne(H)| _ |H| Ne(H) | [Nu(H)|
N=(H): H| = = : = :
p|[Ng(H): H] HU ) Ny (H)|  [HAU] o |HNU|
and p | |[Ng(H)/H| contrary to Lemma 1. O

Let 2 be a linear representation of a group G. Given v € Aut(G), the conjugate
representation 27 is defined by 277(¢") = £ '(g) for all g € G.

Lemma 4. Let G be a finite group such that Z(G) = 1. Let 2 : G — GL,(F) be a
faithful absolutely irreducible representation of G over a field F'. Suppose that Z is
not equivalent to 27 for every v € Aut(G)\Inn(G). Then Ngr,, (r)(Im 27) = CxG
where C' = F* is the scalar subgroup of GL,,(F).

Proof. Denote M = Im 2" = G and N = Ng,, (r)(M). Since 2  is absolutely
irreducible, we have C' = Cgqr,, (p)(M) by Schur’s lemma. Clearly, C' < N and
CNM =1dueto Z(G) = 1. Therefore, G = M < N < Aut(G), where we denote
by = : N — N/C the canonical epimorphism. It remains to see that G = N.

Assume to the contrary that there is v € Aut(G) \ Inn(G) such that ¢ = ~ for
some t € N. The identification of G and Inn(G) shows that 2~ and ~ are mutually
inverse isomorphisms between M and G. Namely, z = 2°(Z) for every x € M and
2 (g) = g for every g € G. Since t normalizes M, we have 2 (g)t € M and so

t -1

Z(9)' =2 (Z (@) =2(Z(9) )=Z(g") =27 (9)
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which implies that the conjugate representation 2~ 7 s equivalent to 2. This
contradicts the hypothesis, because y~! € Aut(G) \ Inn(G). The claim follows. O

3. PROPOSITION
The following result includes [11, Proposition 1] as a particular case.

Proposition 1. Suppose a finite group G has a unique minimal normal subgroup V/
which is abelian and V &£ Z(G). Suppose also that L = G/V is a nonabelian simple
group. Let H be a w-submazimal subgroup of G and let G* have minimal order
among the groups such that G I G* and H = K NG for a w-mazimal subgroup
K of G*. Then G < G* and Cg+(G) = 1.

Proof. Since V is abelian minimal normal, it is an elementary abelian p-group for
a prime p. Denote W = (V9 | g € G*), the normal closure of V' in G*. Note that
W is a p-group as the subgroup generated by subnormal p-subgroups. If p € «
then W < K, and if p ¢ m then W N K = 1. Denote by = : G* — G*/W the
canonical eplmorphlsm Set X = (G | g € G*). The minimality of |G*| implies
that G* = KX. Moreover, X is minimal normal in G*. In particular, GW < X.

We show that every mlmmal normal subgroup U of G* such that U £ W is a
m-group. Indeed, we have U NW = 1 and U = U. Also, U is minimal normal in
G*, for if M 9 G* and M < U then

M,G* ] <UNMW = (UNW)M =M

and M < G*. Therefore, either U = X or U N X = 1. In the former case, we have
X = UW =~ U x W, which is impossible in view of the structure of G. In the latter
case, UNX < UNW =1 and U can be embedded into G*/X 2 K/(K N X), i.e
U is a m-group.

Consequently, every minimal normal subgroup U of G* is either a 7- or a w'-
group, for we have either U £ W or U < W, and W is a 7- or a 7’-group depending
on whether p € 7.

We show that W is a unique minimal normal subgroup of G*. Let U be a
minimal normal subgroup of G*. It suffices to show that UNV # 1 and so V < U
and W = (V9| g € G*) < U. Assume to the contrary that U NV = 1.

Denote by ~ : G* — G*/U the canonical epimorphism. By Lemma 2, Kis a
m-maximal subgroup of G*. We have G N UL VNU =1 as V is the unique
minimal normal subgroup of G. It follows that GNU =1 and G = G. We show
that H = K NG. This follows from Lemma 3 if U is a 7/ -group. If U is a m-group,
we have U < K and GUNK = (GNK)U = HU. This again implies H = K N G.
We now have a contradiction with the minimality of |G*|, and so U NV # 1 as
claimed.

Let us now show that W = VCy (G). By Clifford’s theorem and the subnormal-
ity of G in G*, the F,G-module W is completely reducible. An arbitrary irreducible
submodule U of W that is not contained in Cy (G) must be contained in V. This
follows since W normalizes G, see [6, Theorem 2.6], and

U=[U,GI<SUNGEWNG=V.

Therefore, W = VCy (G).

We now prove that Cg+(X) = 1. Assuming the contrary we have W < Cg+ (X)
G, because W is the unique minimal normal subgroup of G*. Then V < W NG
Cq(G) = Z(G) which contradicts the assumption that V £ Z(G

VAN/A
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Denote N = Ng(GW), G® = Ng-(GW). We have G° = NX, since X < G
and G* = KX.

We show that if M is a m-maximal subgroup of G° that contains N then H =
G N M. Firstly, we have H = GN N, because H < Nand GNN < GNK = H.
Secondly, G° = NX = M X by the above.

Let 1 = ¢1,...,9m be a right transversal of N in K which will also be a right
transversal of G° in G*. We set M; = (M N GW)9%. For every g € K, there exists
o € Sym,,, and t1,...,t, € N such that ¢;g = ¢;gis. Therefore,

M{ = (MNGW)99 = (M NGW)"9% = (M NGW)% = M;,.
It follows that K normalizes the subgroup My = <J\£ ‘L: 1,...,m). Hence, K
normalizes Mx. Note that My is a m-group, since [M;, M;| =1 for ¢ # j and the
M;’s are m-groups. Also, Mx < K Mx = K, because K is m-maximal in G*.
Now, if W is a m-group, we have Mx < K and
MNGEMNGW =M, < Mx < K,

which yields
H=NNG<MNGLKKNG=H
as claimed. Suppose W is a 7’-group. Then Lemma 3 implies
KNG=H<NNGKMNG<MxNG<KNG,

which yields H = M N G. Another application of Lemma 3 gives M NG =M NG,
hence HW = (M N G)W. Therefore, |H| = |[M NG|. Since H=NNG < M NG,
we have H = M N G as claimed.

The minimality of G* now gives X = GW and X/W = L. Therefore, Cy (G) =
Cw(X) < Ce+(X)=1and W = VCw(G) = V. Consequently, X = GV = G and
G 1 G~ O

4. EXAMPLES

In this section, we construct an infinite series of examples where the image of a 7-
submaximal subgroup under an epimorphism ¢ whose kernel is an abelian #’-group
is not m-submaximal in Im ¢. Conversely, we give examples where a m-submaximal
subgroup of Im ¢ is the image of no m-submaximal in the domain of ¢. In these
examples, m = {2, 3}.

The simple group L = PSLy(7) has presentation

(1) L= {a,b| a’=b" = (ab)7 = [avb]4 =1),
see [1]. Let F be a finite field of characteristic coprime with |L| = 23.3.7 in which

the polynomial 22 + x + 2 has distinct roots, say, o and 8. For example, such is
every field F,, for an odd prime p =1,2,4 (mod 7). It can be readily seen that the

matrices
1 a 8 0 1 0
A= 0 -1 0 , B = 0 0 1
0 0 -1 1 0 0

satisfy the defining relations in (1) so that the map a — A, b — B determines an
absolutely irreducible faithful representation 2" : L — GL3(F') whose F-character
x is shown in Table 1.

We identify L with the subgroup Inn(L) of Aut(L) = PGLy(7). It is known that
Aut(L) is the extension L(0), where ¢ is a diagonal automorphism of L of order 2.
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TABLE 1. The F-character of 2~

‘la 2a 3a 4a Ta Tb
X‘B—IO 1 a f

Observe that the conjugate representation 2°° is not equivalent to 2", because
0 permutes the two conjugacy classes of L of order 7 while y has distinct values on
these classes.

Let V' be the 3-dimensional F'L-module corresponding to 2~ and let G be the
natural semidirect product of V and L. Note that Z(G) = 1 and so we may identify
G with Inn(G) inside Aut(G).

Lemma 5. Aut(G)/V = C x L, where C = F*.

Proof. Observe that V is characteristic in G and so every automorphism of G
leaves V invariant. Hence, we may apply the general theory of automorphisms of
group extensions. By [12, (4.4)], there is an exact sequence of groups

0— Z'(L,V) = Aut(G) = Ngry(ry(Im 2°) — H*(L,V).

Since the characteristic of F is coprime to |L|, we have H?(L,V) = H'(L,V) = 0.
Also, HY(L,V) = ZY(L,V)/BY(L,V) and B*(L,V) = V/Cy(L). Therefore, we
have Z'(L,V) = BY(L,V) 2 V due to Cy (L) = 0.

As we observed above, 279 is not equivalent to 2°. Also, Z(L) = 1, since L
is simple. Hence, Ngr,(r)(Im 27) =2 C x L by Lemma 4. The claim follows from
these remarks. g

Let m = {2,3}. As was observed in |13, Example 2, p. 170|, the 2-Sylow
subgroups of L are not m-maximal, because L includes subgroups of order 22 - 3,
however they are m-submaximal, because they are intersections of L with the 2-
Sylow subgroups of Aut(L) which are maximal.

Lemma 6. In the above notation, the 2-Sylow subgroups of G are not w-submaxi-
mal.

Proof. Let S be a 2-Sylow subgroup of G and suppose to the contrary that S is
m-submaximal. Let G* be a finite group of minimal order such that G << G* and
there is a m-maximal subgroup K of G* satisfying S = GNK. Proposition 1 implies
that G < G* and Cg+(G) = 1, i.e. G* < Aut(G). Let 7 : Aut(G) — Aut(G)/V be
the canonical epimorphism. Since V is a 7’-group, we have S = GNK by Lemma 3,
S is a 2-Sylow subgroup of G = L, and K is m-maximal in G* by Lemma 2.

By Lemma 5, we have G* = Cjy x L, where Cj is a subgroup of F'*. In particular,
K is the direct product of a m-maximal subgroup of Cy and a m-maximal subgroup
of G = L. Thus, S is m-maximal in L contrary to the observation above. This
completes the proof. O

The following example shows that the homomorphic image of a m-submaximal
subgroup is not necessarily m-submaximal.

Example 1. Let V* denote the F L-module contragredient to V. Since ¢ inter-
changes V and V*, it naturally acts on V & V*. Hence, the semidirect product
H = (V@ V*)L can be extended to H* = H(J). As above, let 7 = {2,3}. The
2-Sylow subgroup of H* is m-maximal, because its homomorphic image in L{J) is
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2-Sylow which is a maximal subgroup. Thus, the 2-Sylow subgroup S of H is «-
submaximal. Let — : H — H/V* be the canonical epimorphism. The image H is
isomorphic to the semidirect product G = VL, and Lemma 6 implies that S is not
m-submaximal.

A 7m-submaximal subgroup of a homomorphic image need not be the homomor-
phic image of a m-submaximal subgroup as the next example shows.

Example 2. Consider the canonical epimorphism — : G — G/V = L. We noted
above that a 2-Sylow subgroup S of L is m-submaximal. However, there is no 7-
submaximal subgroup T of G such that T = S, because T would clearly need to be
2-Sylow in G, but the 2-Sylow subgroups of G are not w-submaximal by Lemma 6.

We remark that the construction in Example 1 is largely based on the fact that
the subgroup V' of H is normal but not characteristic. It is therefore natural to
pose the following

Problem 1. Is the homomorphic image of an X-submazimal subgroup X-submazximal
in the quotient by a characteristic X-separable subgroup?

In connection with the study of m-submaximal subgroups in minimal nonsolvable
groups begun in [3], the paper [11] gives an example of a minimal nonsolvable
group G such that the Frattini subgroup ®(G) is a m-group, where 7 = {2,3},
and a m-submaximal subgroup of the minimal simple group G/®(G) = PSLy(7) is
not the homomorphic image of any w-submaximal subgroup of G. Furthermore,
it was shown in [3] that, for every minimal nonsolvable group G, the image of a
m-submaximal subgroup in G/®(G) is always m-submaximal in the minimal simple
group G/®(G). In the same paper, the m-submaximal subgroups in minimal simple
groups were classified. It would be interesting to see if the following is true.

Problem 2. Does there exists a minimal nonsolvable group G such that ®(G) is
a 7' -group and G/®(G) has a w-submazimal subgroup that is not the image of any
w-submazimal subgroup of G ?
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