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ON GROUPS WITH A STRONGLY EMBEDDED UNITARY

SUBGROUP

A.I. SOZUTOV

Abstract.A proper subgroupB of a groupG is called strongly embedded,
if 2 ∈ π(B) and 2 /∈ π(B∩Bg) for every element g ∈ G\B, and therefore
NG(X) ≤ B for every 2-subgroup X ≤ B. An element a of a group G is
called �nite, if for every g ∈ G the subgroup 〈a, ag〉 is �nite.

In the paper, it is proved that a group with a �nite element of order
4 and a strongly embedded subgroup isomorphic to the Borel subgroup
of U3(Q) over a locally �nite �eld Q of characteristic 2 is locally �nite
and isomorphic to the group U3(Q).

Keywords: A strongly embedded subgroup of a unitary type, Borel
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Introduction

A proper subgroup B of a group G is called strongly embedded, if 2 ∈ π(B) and 2 /∈
π(B ∩ Bg) for every element g ∈ G \ B, and therefore NG(X) ≤ B for every 2-subgroup
X ≤ B [1, De�nition 4.20]. As D. Gorenstein wrote [1, pp. 26-27, 196-202], the notion of
a strongly embedded subgroup constitutes one of the most important instruments of the
theory of �nite simple groups. According to known results by M. Suzuki and H. Bender
[2, 3], a �nite simple group with a strongly embedded subgroup is isomorphic to one of
the groups L2(2n), Sz(2n), U3(2n) [1, Theorem 4.24].

An element a of a group G is called �nite, if for every g ∈ G the subgroup 〈a, ag〉
is �nite. Thus, for example, in a periodic group, each involution is a �nite element.
In [4, 5], it was proved that a group with a �nite involution isomorphic to a Borel
subgroup of the group L2(Q) or Sz(Q) over a locally �nite �eld Q of characteristic 2, is
locally �nite and isomorphic to the group L2(Q) or Sz(Q) respectively. These results were
instrumental for the study of groups with saturation conditions [6] � [10], and among them

Sozutov, A.I., On groups with a strongly embedded unitary subgroup.

© 2020 Sozutov A.I.

This work is supported by the Russian Science Foundation under grant No. 19-71-10017.
Received December, 23, 2019, published August, 21, 2020.

1128



ON GROUPS WITH A STRONGLY EMBEDDED UNITARY SUBGROUP 1129

the characterization of the unitary groups U3(Q) from Suzuki-Bender's list was found. In
the present paper, the characterization of groups U3(Q) without saturation conditions was
obtained:

Theorem. A group with a �nite element of order 4 and a strongly embedded subgroup
isomorphic to a Borel subgroup of the group U3(Q) over a locally �nite �eld Q of characteris-
tic 2 is locally �nite and isomorphic to the group U3(Q).

1. Definitions and preliminary results

In the proof, we use a special case of Theorem 4.18 from [11] (see also [7, Proposition 2]):

Proposition 1. Let a locally �nite group G be a union of an ascending series of subgroups,
each of which is isomorphic to U3(q) for some even number q. Then G ' U3(Q), where Q
is a locally �nite �eld of characteristic 2.

According to this proposition, the group G under investigation will be represented as
a union G =

⋃∞
i=2 Gi of an ascending chain of �nite subgroups determined in Lemma 11:

G2 < G3 < ... , where Gi = U3(Qi), Qi is a �nite �eld of characteristic 2. (1)

For the in�nite locally �nite group G = U3(Q), a set of chains of the type (1) has
the cardinality of the continuum, however, the structure of G and its Borel subgroup
B = U hH is uniquely de�ned by the structure of the �eld P with an automorphism σ
of order 2 and its sub�eld Q of points �xed by σ. In this paper, we use the designations
2A2(22n) = PSU3(2n) = U3(2n) from [13, Table 6.4.1], [1, pp. 166-168], and the �eld Q
is used in the wording of statements, while the �eld P "stays o� the screen". We hope it
does not cause misunderstanding, especially because similar designations were used in the
results from [1] employed in our paper.

The locally �nite �eld Q is countable and can be viewed as a union Q = ∪∞i=2Qi of �nite
sub�elds Qi forming a chain Q2 ⊂ Q3 ⊂ .... Each of such chains prompts a corresponding
ascending chain B2 < B3 < ... of Borel subgroups Bi = UihHi of the groups Gi = U3(Qi),
whose union B = ∪∞i=2Bi coincides with a strongly embedded subgroup given by the
conditions of the Theorem. Sylow 2-subgroups Ui of groups Bi also form a chain U2 <
U3 < ... , U = ∪∞i=2Ui; a chain of Cartan subgroups is set in a similar way: H2 < H3 < ... ,
H = ∪∞i=2Hi. According to item 2 of Proposition 3, H = H0×H1 is a locally cyclic group,
H0 is isomorphic to a multiplicative group of the �eld Q and can be viewed as a union
H0 = ∪∞i=2H0i of a chain of subgroups H0i ≤ Hi isomorphic to multiplicative groups of
the �elds Qi:

H02 < H03 < ... , where H0i = H0 ∩Hi. (2)

The chain (2) uniquely de�nes the chain Q2 ⊂ Q3 ⊂ ... of sub�elds Qi. We should note
this detail, because in the theorem proof, the presentation goes in the direction opposite
to the one outlined above, that is, from the chain (2) to the chain (1).

In the proof, we use Theorem 4.1 from [4]:

Proposition 2. [4, Theorem 4.1] Let the group G contain a �nite involution and an
elementary abelian 2-subgroup Z, whose normalizer NG(Z) is strongly embedded into G
and is a Frobenius group with the kernel Z and the locally cyclic complement T . Then
G is locally cyclic and isomorphic to a group L2(Q), where Q is a locally �nite �eld of
characteristic 2.

We will employ the properties of Borel subgroups of the groups U3(Q), [1, Ñ�ÃÑ
’
Ñ�.

166-168]:

Proposition 3. Suppose that Q is a (locally) �nite �eld of characteristic 2,
B = U h H is a Borel subgroup of the group G = U3(Q), H is its Cartan subgroup,
U is a Sylow 2-subgroup of the groups B and G, and Z = Z(U). Then the following holds:
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(1) B = U h H, H is a (locally) cyclic group, U is a Sylow 2-subgroup in G of
nilpotency class 2 and period 4, and that Z = Z(U) = U ′ = Φ(U) = Ω1(U);

(2) H = H0 ×H1, where H1 = CH(Z), H0 and H1 are (locally) cyclic subgroups, the
intersection π(H0) ∩ π(H1) is empty;

(3) if |Q| is a �nite �eld containing q = 2n elements, then |G| = q3(q2−1)(q3 + 1)/d,
|U | = q3, |Z| = q, |H| = (q2 − 1)/d, |H1| = (q + 1)/d, |H0| = q − 1, where
d = (3, q + 1);

(4) U hH0 is a Frobenius group with a noninvariant quotient H0 acting transitively

on the set Z# of all involutions of the group U ;
(5) B/Z is a Frobenius group with the kernel U/Z and the complement HZ/Z, and

the quotient group HZ/Z is either transitive on the set of nonidentity elements of
the quotient group U/Z, when there is an element of order 3 in H0, or has exactly
3 orbits.

Elementary properties of an arbitrary group G with a �nite involution and a strongly
embedded subgroup B can be found in [4, Lemmas 1.7, 2.1, 2.2] and in [5, 15]:

Lemma 1. Suppose that G is a group with a �nite involution and a strongly embedded
subgroup B, J is a set of involutions in G, i ∈ J ∩ B, k ∈ J \ B and K = B ∩ Bk. Then
the following holds:

(1) every involution in the group G is conjugate and �nite, J ∩B = iB, the order of
the product ik is odd and the set J of involutions in G is evenly distributed among
the cosets of G/B: |J ∩Bg| = |J ∩B| for every element g ∈ G;

(2) if a Sylow 2-subgroup S of the group G intersects nontrivially with B, then it lies
in B;

(3) if L < G, L � B and 2 ∈ π(L∩B), then the subgroup L∩B is strongly embedded
in L;

(4) if b is a nonidentity element of odd order of G and bj = b−1 for some involution
j ∈ G, then there are no involutions in the centralizer CG(b);

(5) in every coset CB(i) · b, where b ∈ B, there exists a unique element invertible by
the involution k, and its order is �nite and odd;

(6) B = K · CB(i) = T · CB(i) and iB = iT , where T is a subgroup in K = B ∩ Bk,
generated by the elements of K invertible by the involution k.

2. Lemmas on a group with a �nite involution

In this section, G denotes a group with a �nite involution and a strongly embedded
subgroup B isomorphic to a Borel subgroup of a group U3(Q) over a locally �nite �eld
Q of characteristic 2. Assume from here on that B = U h H, U , H, H0, H1 and Z are
subgroups of the group G de�ned in Proposition 3.

Lemma 2. Suppose that k is an involution from GrB and T is a subgroup generated by
all elements of B ∩Bk invertible by the involution k. Then T = Hu

0 for a suitable element
u ∈ U , in particular, H0 is inverted by some involution v ∈ GrB.

Äîêàçàòåëüñòâî. There are no involutions in the subgroup K = B ∩ Bk under given
conditions; by item 1 of Proposition 3, K ' KU/U is a locally cyclic group; and so the set
of elements of K invertible by the involution k is a subgroup T = {t ∈ K | tk = t−1}. From
item 1 of Lemma 1, we have that CU (t) = 1 for every t ∈ T#. So T acts freely on U by
conjugation. The group B is locally �nite, the Frobenius theorem holds for its subgroups,
and therefore the subgroups Z h T , U h T are Frobenius groups with the complement T .
According to item 1 of Proposition 3, in the locally �nite group B, all �nite p-subgroups
for odd p are cyclic. By the Sylow theorem, all subgroups of B of the same prime odd
order p are conjugate. By item 2 of Proposition 3, H1 ≤ CB(Z), therefore, π(T ) ⊆ π(H0),
and T lies in the Frobenius group U hH0 (item 3 of Proposition 3). Due to the properties
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of (locally) �nite Frobenius groups [12, Proposition 1.14], T is contained in one of the
complements of the group U hH0, and up to conjugacy in U hH0, we can assume that
T ≤ H0. According to items 5 and 6 of Lemma 1, T acts transitively on Z#, and from
item 3 of Proposition 3, it follows that the equality T = H0 is true. As explained above,
the involution v = k inverts T . The lemma is proved. �

We �x notation v for the involution from Lemma 2 for the rest of the paper.

Lemma 3. The subgroup H coincides with the centralizer CG(t) of every nonidentity
element t ∈ H0. The following equalities are true: CB(v) = H1, B∩Bv = H, and NG(H) =
H h 〈v〉.

Äîêàçàòåëüñòâî. Suppose that 1 6= t ∈ H0, and assume that CG(t) 6= H. Due to items
1 and 4 of Proposition 3, CB(t) = H, therefore, there exists an element g in CG(t) \ B.
From item 1 of Lemma 1, we have g = bk, where b ∈ B, k is an involution from G \ B,
and t ∈ K = B ∩ Bk. By Lemma 2, the elements of K inverted by the involution k
form a subgroup T = Hu

0 , and item 4 of Proposition 3 implies that U h T = U h H0 is
a Frobenius group with the kernel U and the complements T and H0. Since K does not
contain involutions,K∩U = 1, t ∈ T∩H0, and T = H0 being the complements of the same
Frobenius group. By Lemma 2, tk = t−1, and therefore tb = t−1, which contradicts with
the structure of the subgroup B (Proposition 3). Hence, CG(t) = H for every nonidentity
element t ∈ H0. From Lemma 2, we have tv = t−1, and therefore Hv = H and H ≤ B∩Bv.
Since every subgroup of B containing H as a proper subgroup contains involutions (item
1 of Proposition 3), while the subgroup K = B ∩ Bv does not contain any involutions,
we then have B ∩ Bv = H. By Proposition 3, H = H0 × H1 is a locally cyclic group,
π(H0) ∩ π(H1) is empty, and H1 ≤ CB(Z). We conclude that Hv

1 = H1 and H1 = CH(v).
From items 4 and 5 of Proposition 3, it follows that NB(H) = H. Suppose that g ∈

NG(H) \B. By item 1 of Lemma 1, g = bk, where b ∈ B, and k is an involution of G \B,
and H = B∩Bg = B∩Bk. Hence, Hk = H, Hb = H, and b ∈ H. From Lemma 2, we have
H0 = {h ∈ H | hk = h−1} and kv ∈ CG(H0) = H. Therefore, k ∈ Hv, NG(H) = H h 〈v〉,
and the lemma is proved. �

Lemma 4. CG(H1) = H1 × L, where L = H0Z〈v〉Z is a subgroup isomorphic to L2(Q).

For every element t ∈ H#
1 , the equality NG(〈t〉) = CG(H1) holds.

Äîêàçàòåëüñòâî. Consider the quotient group Ḡ0 = CG(H1)/H1 and its subgroup B̄0 =
ZH/H1. Suppose that x̄ ∈ Ḡ0 \ B̄0 is an arbitrary element and g is one of its preimages
in G. It is obvious that g /∈ B. Since the intersection ZH ∩ (ZH)g ≤ B ∩ Bg does not
contain involutions and H1 is a periodic group, B̄0 ∩ B̄x̄

0 does not contain involutions as
well. Hence, B̄0 is strongly embedded in Ḡ0. According to items 2 and 4 of Proposition
3, CG(H1) ∩ B = H1 × (Z hH0), and therefore B̄0 ' Z̄ h H̄0 is a Frobenius group with
an elementary abelian kernel ZH1/H1 ' Z and a locally cyclic complement H/H1 ' H0.
Due to item 1 of Lemma 2, every involution in the group Ḡ0 is �nite. By Proposition 2,
Ḡ0 ' L2(R) for a suitable locally �nite �eld R of characteristic 2. Since the multiplicative
groups of the locally �nite �elds R and Q are isomorphic to H0, the �elds R and Q are
isomorphic, and Ḡ0 ' L2(Q). By Lemma 3, v̄ ∈ Ḡ0 and Ḡ0 = B̄0〈v〉B̄0.

By Schmidt theorem [14], the group CG(H1) is locally �nite. The �eld Q is a union
Q = ∪Qi of an ascending chain (2) of �nite �elds of characteristic 2, which corresponds
in G0 to an ascending chain

K2 < K3 < . . . (3)

of �nite subgroups Ki ' L2(Qi) = L2(2ni), and moreover, ∪Ki = Ḡ0. Since the Schur
multiplier equals Z2 in L2(2n) ([1], Table 4.1), and the subgroup H1 does not contain

involutions, the full preimage Ki of the subgroup Ki can be decomposed into a direct
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product Ki = H1 × Li, where Li ' L2(Qi) = L2(2ni). Hence, we conclude that the
subgroups Li form a chain

L2 < L3 < . . . , (4)

whose union L is isomorphic to L2(Q) by Proposition 1. Thus, CG(H1) = H1 × L, L =
ZH0〈v〉Z, and the �rst statement of the lemma is proved.

Suppose that t ∈ H#
1 , g ∈ NG(〈t〉), and g /∈ CG(H1). By Lemma 1, g = bk, where b ∈ B,

k ∈ J \B, and based on Lemmas 2 and 3, we have 〈tk〉 = 〈t〉 and k ∈ CG(H1). Therefore,
b /∈ NB(〈t〉) = H1×ZH0, and due to Proposition 3, we can assume b = u to be an element
of order 4. But then 〈tuk〉 = 〈t〉 and 〈tu〉 = 〈t〉, ut = u, which contradicts with the action
of H1 on the quotient group U/Z (item 5 of Proposition 3). Hence, NG(〈t〉) = CG(H1),
and the lemma is proved. �

Lemma 5. The subgroup UH0 acts (by conjugation) transitively on the set of involutions

J \ B, the group G acts doubly transitively on the set Ω = BG of subgroups conjugate to
B, and the subgroup U acts regularly on Ω \ {B}. In particular, G = B〈v〉B = B ∪BvU ,
U is a Sylow 2-subgroup of the group G, and Sylow 2-subgroups in G are conjugate and
pairwise coprime.

Äîêàçàòåëüñòâî. By Proposition 3, H = CB(H0) = NB(H0), and according to Lemma
3, N = NG(H0) = H h 〈v〉. Based on Proposition 3, we have that UH0 is a Frobenius
group with a kernel U and a complement H0, and therefore every complement K of the
subgroup U in B has a form K = Hu, where u ∈ U . Suppose that k is an arbitrary
involution from J \B and T is a subgroup generated by all elements of B∩Bk inverted by

the involution k. By Lemma 2, for a suitable element u ∈ U we have that T = Hu−1

0 , and

according to Lemma 3, B ∩Bk = Hu−1

and ku ∈ N . Lemma 3 implies that J ∩N = vH0 ,
hence, kuh = v for a suitable h ∈ H0. Since CG(v) ∩ UH0 = 1, it follows that UH0 acts
regularly by conjugation on the set J \B, that is, transitively and �xed-point-freely.

If V ∈ Syl2(G) and V ∩ U 6= 1, then by item 2 of Lemma 1, V ≤ B, and from
Proposition 3 it follows that V = U . Therefore, U ∩ V = 1, if V 6= U . Suppose that
V = Uv. Due to the transitivity of the action of the group UH0 on the set J \B, it follows
that J \U ⊆ ∪x∈UH0V

x and Syl2(G)\{U} = V UH0 . So, Syl2(G) = UG, and G acts doubly
transitively on the set Ω = BG. Since V H0 = {V } and NU (V ) = 1, Syl2(G) \ {U} = V U ,
and U acts regularly by conjugation on the set Ω\{B}. It easily follows from the argument
above that G = B〈v〉B = B ∪ BvU , U is a Sylow 2-subgroup of the group G, and Sylow
2-subgroups in G are conjugate and pairwise coprime. The lemma is proved. �

Lemma 6. Every element g ∈ G \ B has a unique canonical representation of the form
g = hu1vu2, where u1, u2 ∈ U, h ∈ H. Every involution t of G \ B can be canonically

expressed in the form t = u−1
t htvut = htu

−ht
t vut, where ut ∈ U , ht ∈ H0.

Äîêàçàòåëüñòâî. By Lemma 5, G = B ∪ BvU , and every element g ∈ G \ B can be
expressed in the form g = hu1vu2, where u1, u2 ∈ U, h ∈ H. According to [1][p. 160],
such representation is called canonical. It is unique since from g = hu1vu2 = h1u3vu4 it
�rst follows that u−1

3 h−1
1 hu1 = vu4u

−1
2 v, and later that u4 = u2 due to the fact that B is

strongly embedded in G, and �nally h = h1 and u3 = u1, based on the equality B = UhH
(Proposition 3).

By Lemmas 5 and 3, J \ B = vH0U = (H0v)U , and the involution t of G \ B can be

expressed canonically in the form t = u−1
t htvut = htu

−ht
t vut, where ut ∈ U , ht ∈ H0. The

lemma is proved. �

We use the following designations from Section 1: Qk, Uk, Hk, Bk, here k ≥ 2; we also
designate Zk = Z(Uk), H1k = H1 ∩Hk, and H0k = H0 ∩Hk, where H1, H0 are subgroups
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of H (Proposition 3), so that Hk = H1k ×H0k. We introduce �nite subsets

Mk = Bk〈v〉Bk = Bk ∪BkvUk. (5)

Since H is a locally cyclic group (item 1 of Proposition 3) and v ∈ NG(H) (Lemma 3),
all subgroups Hk and subgroups H1k and H0k are admissible with respect to the involution
v (Lemma 2). Therefore, in (5), the equality BkvBk = BkvUk holds.

In the group Z = Z(U), there is a uniquely de�ned involution u0 [1][p. 163], which
satis�es the following Suzuki's structural equation for groups L and G:

vu0v = u0vu0, or (vu0)3 = 1. (6)

Remark 1. If u1 ∈ Z, u1 6= u0, and vu1v = u1vu1, then the subgroup 〈u0, v, u1〉 is
isomorphic to the symmetric group S4 [16, �6.2]. However, there are no strongly embedded
subgroups in S4, which contradicts with item 3 of Lemma 1. Hence, the involution u0 of
(6) is unique in Z.

We can assume that u0 ∈ Uk for all k. Along with the multiplication formulas in
the subgroups Z h H0 and H0 h 〈v〉, the equation (6) uniquely de�nes multiplication
in the group L = ZH0〈v〉Z. Since H0v = vH0 (hv = vh−1), for any z1, z2, z3, z4 ∈ Z,
h1, h2 ∈ H0 we have (z1h1vz2) · (z3h2vz4) = (z1h1) · (vz2z3v) · (h−1

2 z4), and using (6) we
�nd an expression for the element vtv in the form z5h3vz6, where t = z2z3 ∈ Z. Since
the involution t ∈ Z can be expressed in the form t = h−1

t u0ht for a suitable and unique
ht ∈ H0 (item 3 of Proposition 3), then by applying (6), we obtain

vtv = vh−1
t u0htv = htvu0vh

−1
t = htu0vu0h

−1
t = uht

−1

0 h2
tvu

h−1
t

0 , (7)

where z5 = uht
−1

0 , h3 = h2
t , z6 = u

h−1
t

0 . Hence, multiplication in L is uniquely de�ned and
the isomorphism L ' L2(Q) is established. The same arguments work when L = Lk is a
�nite set. It follows that Lk is a subgroup and Lk ' L2(Qk). So, the following lemma is
true:

Lemma 7. The set Mk contains the subgroups Lk = ZkH0k〈v〉Zk and H1k × Lk.

3. Proof of the theorem

Lemma 8. Suppose that u is an element of order 4 in U and the subgroup M = 〈u, v〉
is �nite. Then either M = A h 〈u〉 is a Frobenius group with a complement 〈u〉 and an
abelian kernel A, or M is isomorphic to the group U3(Qm) over some �nite sub�eld Qm

of the �eld Q.

Äîêàçàòåëüñòâî. By Lemma 1, the subgroup Bm = B ∩M is strongly embedded in M ,
and Um = Bm ∩U is a normal in Bm Sylow 2-subgroup of the group M . From Lemma 5,
it follows that Sylow 2-subgroups in M are pairwise coprime, in particular, O2(M) = 1.

If the involution u2 in Um is unique, thenM = A·CM (u2), where A = O(M), Moreover,
v ∈ A h 〈u2〉, and therefore M = A h 〈u〉. Hence, Um = 〈u〉, according to Proposition 3,
A ∩B = 1, Bm = Um = 〈u〉, CA(u2) = 1, and M = Ah 〈u〉 is a Frobenium group with a

complement 〈u〉 and abelian kernel A, and av = au
2

= a−1 for any a ∈ A.
Let Zm = Um ∩Z be a noncyclic group. Then due to Proposition 3 and Lemma 1, Bm

contains a subgroup Zm hH0m, where H0m ≤ H0, and by items 2 and 3 of Proposition 3,
H0m acts regularly by conjugation on Z#

m. According to Lemma 7,M contains a subgroup
Lm = ZmH0m〈v〉Zm isomorphic to L2(Qm), where |Qm| = |H0m| + 1 = qm (the sub�eld
Qm in Q obviously coincides with the set of solutions Q of the equation xqm − x = 0).
Since Um is normal in Bm and contains an element of order 4, due to the structure of the
subgroup B (Proposition 3), we have that O(Bm) = 1. The noncyclic group Zm cannot
act on a �nite group �xed-point-freely, hence, O(Bm) = 1 implies that O(M) = 1. So,
O2(M) = O(M) = 1, and by Lemma 1, all involutions in M are conjugate. Therefore,
the minimal normal subgroup K in the group M is generated by the set J ∩M and is
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a nonabelian simple group. Since v, u2 ∈ K, it follows that [M : K] ≤ 2. On the other
hand, Zm ≤ K, |Um/Zm| ≥ |H0m| > 2, and by item 4 of Proposition 3, the quotient group
Bm/Zm is a Frobenius group with a complement of odd order, and it does not contain
any subgroups of index 2. Hence, Bm ≤ K and K = M . Since M contains a subgroup
isomorphic to L2(Qm) (Lemma 7), it follows that || (??) is divisible by 3. Taking the above
mentioned properties into account, we conclude that according to [1, Theorem 4.24], M
is isomorphic to U3(Qm). The lemma is proved. �

Lemma 9. A set of subgroups Mz = 〈uz, v〉, where u is a �xed element of order 4 of U
and z ranges over Z, contains at most one �nite nonsimple group.

Äîêàçàòåëüñòâî. Assume that M = 〈u, v〉 and Mz = 〈uz, v〉 are two distinct �nite
nonsimple groups. By Lemma 8, M = Ah 〈u〉 and Mz = Az h 〈uz〉 are Forbenius groups
with abelian kernels A and Az respectively and with di�erent complements 〈u〉, 〈uz〉, such
that 1 6= z 6= u2. Set t = u2 = (uz)2, c = vt, and d = cu. We have cd = dc, c, dz ∈ Az,
cdz = dzc, and d, dz ∈ CG(c). Since cv = c−1, by Lemma 1, there are no involutions in the
subgroup CG(c), and D = 〈d, dz〉 is a subgroup without involutions. Because dt = d−1,
(dz)t = (dz)−1, a four-subgroup T = 〈t〉× 〈z〉 lies in NG(D). Hence, K = 〈D,T 〉 = DhT ,
and the involutions t, z in K are not conjugate. Due to Proposition 3, we have that d /∈ B,
K � B, by item 3 of Lemma 1, the subgroup K ∩ B is strongly embedded in K, and by
item 1 of Lemma 1, all involutions in K are conjugate. The obtained contradiction proves
the lemma. �

Lemma 10. Every set Mk of the form (5) lies in some �nite subgroup V of G isomorphic
to U3(R), where R is a �nite sub�eld of Q and Qk ⊆ R.

Äîêàçàòåëüñòâî. By the assumption of the theorem, U contains an element u of order
4, �nite in G. Due to item 4 of Proposition 3, up to conjugacy in B we can assume that
u ∈ Uk for every k, and due to transitivity of H0 on Z#, we assume that u2 = u0. We
exclude trivial cases of small orders and suppose that |U2| > 24. Let H0k = 〈hk〉 and
x = uhk . Under the assumptions made for the group Uk, we have |xUk | > 4, and hence

there exists z ∈ Z#
k , u0 6= z 6= u

hk
0 such that zx ∈ xUk . Under conditions of the theorem,

the subgroups 〈x, v〉 and 〈xz, v〉 are �nite; by Lemma 9, at least one of them, which we
designate as V , is simple and isomorphic to the group U3(R), where R ⊂ Q. It is clear
that Bm = B ∩ V is a Borel subgroup of the group M , Bm = Um h Hm, Um = U ∩ V ,
Hm = H∩V , and Hm = H1m×H0m, where H0m = Hm∩H0, H1m = Hm∩H1. Moreover,
according to Lemmas 2 � 4, v ∈ NV (Hm) and V = Bm ∪BmvUm.

The group Um contains an involution u
hk
0 = x2 = (xz)2 and the only involution u0

in Z (Remark 1) that satis�es Suzuki's structural equation (6). According to item 3 of

Proposition 3, the involutions u0 Ð¼ uhk
0 are conjugate in ZmH0m and ZH0 by a single

element hk of H0, therefore, hk ∈ H0m, H0k ≤ H0m, and Zk ≤ Zm (Z#
k = u

H0k
0 ).

Given qk = |Qk| = |H0m| + 1, the set of solutions of the equation xqk = x forms a
sub�eld isomorphic to Qk in the �eld R. Hence,H1m contains the unique subgroup of order

qk+1
(3,qk+1)

in H1 that coincides with the subgroup H1k. Therefore, H1k ≤ Hm, Hk ≤ Hm,

and since Hk is irreducible on Uk/Zk, it follows that Uk = 〈xHk 〉Zk ≤ Um. So, Bk ≤ Bm,
Mk = Bk〈v〉Uk ⊆ V , and the lemma is proved. �

Lemma 11. The group G is locally �nite and isomorphic to the group U3(Q).

Äîêàçàòåëüñòâî. Finite sets Mk, de�ned in (5), form a chain, and by Lemma 6 their
union ∪∞k=2Mk coincides with G:

M2 ⊂M3 ⊂ ... , G =

∞⋃
k=2

Mk. (8)
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From Lemma 10, we have Mk ≤ Vk < G, Vk ' U3(Rk), where Rk is a �nite �eld and
Qk ⊆ Rk ⊂ Q. For some of the subgroups Vk, the equalities Vk = Mk′ (k

′ ≥ k) can
hold, and if there are in�nitely many of such coincidings for the elements Mk′ of the chain
(8) (for k′ = k1, k2, ...), then the corresponding subgroups Vki = Mki ' U3(Rki) form
a chain Vk1 ≤ Vk2 ≤ ... with a union ∪∞i=1 = G satisfying the conditions of Proposition
1. The chain of �nite �elds Rk1 ⊆ Rk2 ⊆ ... is a subchain of the chain Q2 ⊂ Q3 ⊂ ...,
and ∪∞i=1Rki = Q. By Proposition 1, G is locally �nite and isomorphic to U3(Q), and the
lemma is proved.

If there is a �nite number of coincidings Vk = Mk′ (k
′ ≥ k) for the chain (8), then for

uniformity we exclude such sets Mk′ from (8) and then Vk 6= Mk′ for all k, k
′.

We indicate the chain G2 < G3 < ... of the form (1) of �nite subgroups Gm ' U3(Pm)
with a corresponding chain P2 ⊂ P3 ⊂ ... of �nite sub�elds of the �eld Q. For m = 2,
we set G2 = V2 ' U3(R2) and P2 = R2. For m = 3 we �nd a set Mk2 in the chain (8)
containing the subgroup V2, and set G3 = Vk2 , P3 = Rk2 (since Vk2 ' U3(Rk2) by the
de�nition of the groups Vk). Similarly, for m = n+ 1 we �nd a set Mkn+1 containing the
subgroup Gn, and set Gn+1 = Vkn+1 , Pn+1 = Rkn+1 , thus providing the isomorphism
Gn+1 ' U3(Pn+1) and the required embeddings Gn < Gn+1, Pn ⊂ Pn+1.

For the chain G2 < G3 < ... of �nite subgroups Gn ' U3(Pn) we have ∪∞n=1Gn = G,
P2 ⊂ P3 ⊂ ..., ∪∞n=1Pn = Q, and according to Proposition 1, G is locally �nite and
isomorphic to U3(Q). The lemma and hence the theorem are completely proved. �
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