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INTEGRO-DIFFERENTIAL EQUATION WITH VARIABLE
COEFFICIENTS FOR LOWER DERIVATIVES

D.K. DURDIEV, Z.D. TOTIEVA

ABSTRACT. The problem of determining the memory of a medium from
a second-order equation of hyperbolic type with a constant principal
part and variable coefficients for lower derivatives is considered. The
method is based on the reduction of the problem to a non-linear system of
Volterra equations of the second kind and uses the fundamental solution
constructed by S. L. Sobolev for hyperbolic equation with variable coeffi-
cients. The theorem of global uniqueness, stability and the local theorem
of existence are proved.
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1. INTRODUCTION. SETTING UP PROBLEM

Let us consider the equation

t
ugr — qup — Lou = / k(T)Lou(x,t — 7)dT + 0(x,t) (1.1)
0
with initial condition
ult<o = 0. (1.2)
Here t € R, 2 € R3, §(x,t) is delta function, L is the differential operator:
3
Lou = Au + Z bi(x)ug, + c(x)u, (1.3)
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02 02 0?
Au= (5‘:1:% + 0z3 + 8:5%) ’
bi(x) (1 = 1,2,3), ¢(x) are known smooth functions, ¢ is a some constant. We
assume that the kernel of the integral term satisfies the condition k(0) = 0.
We pose the following Inverse problem: find the function k(t), ¢ > 0 occurring
in the integral Eq. (1.1) from the information on the solution to problem (1.1) and
(1.2) u(z,t) at an arbitrary time ¢ > 0 at the point x =0 :

u(0,t) = f(t), t > 0. (1.4)

The theory and application of hyperbolic integro-differential equations play an
important role in the mathematical modelling of many fields: physical, biological
phenomens and engineering sciences in which it is necessary to take into consideration
the effect of real problems. In many cases PDEs of the electrodynamics and elasticity
with integral convolution terms are reduced to one integro-differential equation the
main part of which is second-order hyperbolic operator. For the last thirty years,
there has been much work related to problems of identification of memory kernel in
these equations. Here we mention some of them [1]-[12] that are close to this work
and the references therein for more details.

In [3]-[5] the local in time existence and the uniqueness results for of some
multidimensional inverse problems for the second-order hyperbolic integro—differen-
tial equations in the class of functions having certain smoothness in the time variable
and analyticity with respect to the spatial variables were obtained. Problems of
determining the spatial part of the multidimensional kernel were investigated in
the works [6]-[8]. The works [9]-[12] discusses the issues of global solvability of one-
dimesional memory problems.

We introduce a new function 9(z,¢) by formula

(x,t) = (u(x,t) + /Ot E(t —71)u(z, T)d’7'> exp(—qt/2).

Then, as it is easy to see by direct calculation, the function u(x,t) is expressed by
the formula

u(z,t) = 0(z,t) exp(qt/2) + /0 r(t — 1) exp(qr/2)0(z, T)dT, (1.5)

where r(t) is solution of integral equation:

r(t) = —k(t) 7/0 k(t — 7)r(r)dr. (1.6)

In terms of the new functions o(x,t) and r(t), Egs. (1.1) and (1.2) take the form
t

Uy — L :/ h7T)o(z,t — 7)dT + (=, ) (1.7)
0

3], 4= 0, (1.8)

where h(t) = (r'(t)g — r"(t)) exp(—qt/2), and the operator L is different from L

with the function é(x) = —r/(0) + % + ¢(x) instead of ¢(x). The symbols ’ and "
means the operation of of single and double differentiation.

The direct problem is the determining function o(x,t) satisfying (1.7), (1.8) for

given ¢, b;(z) (i =1,2,3), ¢(x), k(t). Then the function u(z,t), (i.e. the solution of

the problem (1.1), (1.2)) is found by the formula (1.5), where 7(¢) is the solution of
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the integral equation (1.6). The additional condition (1.4) for the function o(z,t)
is transferred to equality

5(0,¢) = (f(t) +/0 k(tT)f(T)dT) exp(—qt/2), t > 0. (1.9)

Using the results of [13], we invert the operator of the left part (1.7) on Cauchy
data (1.8):

io.8) = go@it-leh + 3 [ | Lot 9tee—lg -l

47
[E—z|<t

t—|E—a|
+U(x,§)/0 h(v)o(&,t — € — x| —v) dl/:| dg, (1.10)
where
U(Z‘,f) =

1 1 e
T —q exp{2/0 ;bi (€ +alz—9)) (fcz‘—&)da}, (1.11)

o(z) := o(z,0), Lf is operator conjugate (by Lagrange) with the operator L. For
it, equality

is valid, which is easily checked directly.
The solution of equation (1.10) will be presented in the form

o(t
i0.8) = "o (@) (¢ - fal) +v(a, ), (1.13)
where 6(t) is Heaviside function, v(x,t) is regular function that has the physical
meaning of a scattered wave.
Obviously, it is true the relation o(xz,t) = v(z,t) for ¢ > |z|. By this, we note
that the equality (1.9) for v(x,t) has the same form

v(0,t) = (f(t) +/0 E(t — T)f(T)dT) exp(—qt/2), t > 0. (1.14)

Therefore Inverse problem was transferred to the problem of determining the
function k(t), ¢ > 0 from Eqgs. (1.6), (1.10), (1.13) and (1.14).

Remark 1. In what follows, we see the method of study permits finding the
functions v(z,t) and k(t) simultaneously.

2. REDUCTION THE INVERSE PROBLEM TO EQUIVALENT SYSTEM OF INTEGRAL
EQUATIONS

Let us reduce the inverse problem (1.6), (1.10), (1.13) and (1.14) to the system
of non-linear integral equations. For the new function v(x,t) introduced by (1.13)
from (1.10) we obtain the integral equation

/ o(€) Lio (2, ©)5(t — €] — [€ — o) de+

D(z,t)
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1

+ 1672

t—[{—x|
[ o@owo [ b6 el ~ ¢ - ol - ) dv e

D(z,t) 0

1 t—|{—x|

t [ o net-te-abrotn [ noe e-le-al-v) v ae

D(z,t)

where D(z, t) is the domain in the variable space £, bounded by a surface S(z, t) =
{e
the J-function property

. ZO($7§) ds
v(x,t)— / |§||f—z| ‘V5(|f‘+|§_m|)‘+

|€ — x|+ [¢] = t} . Let us write the last equality in the equivalent form using

S(z,t)

¢ ¥ (x,€) dsdr
h _
), ) / €1l — ol [Ve(el +1€ — D]

z,t)
vt =€ —al)  Ta(x,§) [l
= [zm,e) e S (e e ol =) v de.
D(z,t)
(2.1)
Here ds is surface area element;
1
Zo(@,8) = 15 [0 ()¢ — alLeo(x, ),
1
£1(2,€) = 75 €l ()l — alo(2,8), (22)

Sa(2,) = 1€ — 2|Li0(w,€), Ss(w,€) = e — alo(z.8)

Let us modify integrals in (2.1). With this purpose we introduce the Cartesian
system 7, whose beginning is placed at the point 0, and the axis 73 is directed in a
straight line linking the points 0, x, towards the point x. We will use a system in
which ¢ and 7 are associated by transition formulas [14]

£=Qn, (2.3)
cosfycospy —sinfysingy sin by cos g
Q= cosbpsinpy sinfycospy  sin b sin pg
—sin g 0 cos fy

Here 60y, o are angular coordinates of the unit vector z/|z| in a spherical
coordinate system associated with Cartesian coordinate system in the usual way. In
addition, the spherical coordinate system p, 6, ¢ is associated with the coordinate
system in the usual way. Then, denoting the first term in (2.1) via J, we find

t+|z]

1 [%7 2
J(z,t) = m/o d(‘o/sfm So(z, &) dr.

Here variable ¢ is associated with n by formulas (2.3). In return

1 = p(sinf cos ¢, sinfsinp, cosh),
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where p = (t? — |2?])/2(t — |z| cosf). Let us replace the integration variable r in
the internal integral of J with the variable z

p= %(t + |z|2).
Then
1 27 1
J(:L’,t) = 7/ ng/ 20(1'75) dZ,
2 0 —1

a 7 is expressed through integration variables ¢, z by formulas

m = %\/ﬂ — [22V/1 — 22 cos p, 12 = %\/752 — [z2V/1 - 22sing,

1
m =5 (s + Jal).

It is easy to see that the integral of S(x,7) in the second term in (2.1) differs
from J only by the integrand function. Therefore the transformation of this integral
is carried out quite similarly the transformation J(z,t). In order to transform the
other integrals in (2.1), we use the ellipsoid equation S(z,7) in the form

72 —|2|?

2(1 — |z|cosf)’
As a result, it is not difficult to obtain equality [14]
g 2p°(9, 7)
€ —a] 72— a2
where dw = sin 8dfdy is solid angle element centered at 0.
Thus, we see that equation (2.1) is reduced to a more convenient form:

v(x,t) =

1 27 1 1 t 27 1
= f/ d(p/ So(z, ) dz+ = h(t — T)/ d(p/ Y (z, &) dzdr+
2 0 -1 2 || 0 -1

p(@, T) =

dwdrT,

o /lth / p3(9,7>{v(f,t—r+p>22(a:,£)+

o T2 |22
S(a.r)

+¥3(x, &) /0 - h(vyv(t—17+p—v) dz/} dw. (2.4)

Hence, the regular part of the solution of the problem (1.1), (1.2) satisfies the
integral equation (2.4).
Let Gr = {z : |x| < T}, T is arbitrary positive number. Let

bi(z) € C2(Gr), i=1,2,3, c(z) € C(Gr), h(t) € C(0, T],

where C% (Gr), C (Gr) are classes of twice continuously differentiable and continuous
functions in the domain G respectively. We will show that the function v(z,t) are
continuous in
Dy =: {(z,t)||z] <t <T — |z|}
and can be determined from equations (2.4) by the method of successive approximations.
The paper [13] provides the estimate

M,
lx =&

|Lo(x,€)| <
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where M; is positive constant that depends only on global properties of operator
L* coefficients. Using the representation (2.2) of the functions ¥;, ¢ = 0,1,2,3 and
the last inequality, we find
for all i = 0,1,2,3, where constant Ms depends on T and norms of functions
bi, ¢ (i =1,2,3) respectively in functional spaces C? (Gr), C (Gr).

We apply to equation (2.4) the method of successive approximations according

to the following scheme:
1 27 1 t 27
:f/ dgp/ Yoz, &) dz + /ht—T/ dap/ 1(z,8) dzdr,
2 Jo -1 |z
v (x,t) =

:vo(aj,t)+2/th / p3(9,7)[v""l(f,t—7+p)22(x,§)+

z,7)

Oz, t) =

<

N =

+23(x,§)/0 - h()v" Y&t — T4+ p—v) du} dw, n=1,2,.... (2.4

Obviously, each of the functions v™(z,t) are continuous in the domain Dr.
Denote by hg = rr[lax] |h(t)] and estimate the functions v"(x,t) in this domain:
te[0,T

[0 (2, t)| < 2w Mz [1+ ho(t — |2[)],

o' (z, 1) < 27 Ma [1 + ho(t — |2))] + 47T2M22T[t — || + ho(t — |2|)?+

+h% (t— |95|)3}7

2

n m+1 .

m i (= |z|)™t

0" (, )] < 27Mp Y Y (27 ML) h{)(nlll?'
m=0 j=0 ke

We write the Neumann series for equation (2.4) corresponding to the scheme
(2.4")

0z, t) + Z (v™(x,t) — 0" Nz, 1)) .

Its partial sum coincides with the function v™(z,t), and consequently, this series is
majorized by a series

s (t— |xnn+f

27 Mo Z Z 2 MyT)" hi ~——2

n=0 j=0
which, in turn, for all (z,t) € Dr is majored by a convergent numeric series

oo n+1 T n+j

ZZ 20 M n+1hj

n=0 j=0

So the Neumann series converges uniformly, and hence its sum is a continuous
function in the domain D7. It is not difficult to prove that the sum of the series is
the solution of equation (2.4), and it is unique.
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Differentiating equality (2.4) with respect to variable ¢, we find
27 1

t ’
vi(w,t) = 41,‘2—J:|2/ d@/<vgzo, Qn (taxa%z)> dz+
0 2

1
1
+7rh(t—\a:|)/21 (gc,0,0 e |> dz+

1 [ h(t— d
_'_1/ ( TT T / ngh Qn (T x,p,z )> dz+

VTl
T / PO, 0(6. p)Ea (. €) dur+

S(z,t)
t

dr
+2/72—|£L"2 / pB(G,T){Ut(g,t—T—|—p)22(3§‘,£)+
|z S(z,7)

t—1

h(t—7‘)v(£,p)+/h(u)vt(f,t—7+p—u)dul}dw.

0

+E3 (33, g)

Here
VeEj(@,8) = (Zjer, Yjens Yjes) (2,€), 7=0,1,
(., .) is the scalar product in R3;
n (w2, 0) =
= (nL o, né) = (\/ﬁcow, V1= z%sing, ; t? — IxIQ)-

We introduce linear integral operators by formulas

Alh(8), vz, )] :2/ dr

o) 72— |2[?
(‘/E7T)

t—7
+2aw.8) [ bl e -] o

B[h(t) (e, )] =
=8/~ [aP / T /p?’(e,r)v(s,p)zg(x,s)dw
|| S(z,7)
Blo(a, 1)] = W / 0(€, ), €) e

Let

= ;/ dgo/ll Soli,€) d=

27 1
(z,t)=t [ d VeSo, Qn Vd
wo(T 0/90/1<50 77>Z

/ p4(0,7) {v(&t =7+ p)E2(2,6)+

(2.5)

(2.6)

(2.7)
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Let us introduce a new function w(x,t) by the formula
w(z,t) = 4/t? — |z|? v (2, t).
Then equations (2.4), (2.5) will be rewritten as
v(z,t) =
t

:vo(x,t)—l—% ‘ lh(t—T)/O i d@[lEl(x,g) dzdr + AJh(®), v, B, (2.8)

w(z, t) = wolx,t) + 4m\/t2 — |z|2h(t — alc|)/1 (x 0, O | |> dz+
1

+E—Tap / h(t_m)d/s/dw
0 0

1
></ Ve, Qn' )|, _ e + BIb(H), ol )]+
—1

4

FE[(z,t)] + /2 — |2[2A | h(D), H] . (2.9)
— |z

Passing in the last equality to the limit at x — 0, taking into account the

condition (1.11), we obtain an equation with respect to the unknown function h(t).

For further research, this equation is more convenient to solve with respect to r”(t)
r'(t) =

=r'(t)g+ F(t) + /Ot (k’(t —-7) - %k(t - 7)) f(r)dr

+wo(t) + 27 exp(qt/Q)/h(t - ﬂ)dﬂ/dcp/ <V521,Q77/> lr=5, z=0dz+
0

o 4
+277T exp(qt/2) {B[h(t), v(z,t)] + Elv(z, t)]+

w(z,t)
h(t), 7\/@ }1_0, (2.10)

F(t) =8 (£ (6~ 250)) . @ot) = Zwn(0,0) explat/2)

The order of the value in curly brackets in (2.10) at z = 0 is ¢? (this is easy to
establish from the formula (2.10)).
To close the system (2.8)—(2.10) we use the following from (1.6) integral equations:

k(t) = —r(t) — /0 r(t — 7)k(r)dr, (2.11)

_ |(E|2A

where

K (t) = —r'(t) — /0 v (t — 1)k(7)dr (2.12)
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and obvious equations for the unknown functions r(t) and r/(t)

r(t):/o r'(T)dr, (2.13)

() = (0) + /0 o (1)dr, (2.14)

where r/(0) to be determined later.

3. EXISTENCE AND UNIQUENESS THEOREM

The system of equations (2.8)—(2.14) is a closed system of nonlinear integral
equations with respect to the functions v(z, t), w(z, t), v (t), k(t), k¥'(t), r(t) and
' (t). Write it down as an operator equation

= Uy, 3.1)
where 1 — vector function of variables x, ¢ with components ¥;, i = 1,2,...,7
and ¢1(Iat) = U(Jf,t), ¢2($,t) = UJ(I,t), ¢3($,t) = ¢3(t) = q’l"/(t) - T/,(t)v ¢4(t) =
E@)+r(t), ¥s(t) = K (&)+r'(t), ve(t) = r(t), ¥7(t) = r'(t). The operator U is defined
on a set of functions ¢ € C [Dr] and according to the equalities (2.8)—(2.14) has
the form

U:(U17U27"°7U7)7
Uiy =

1 t 2 1
- = - do [ Ti(z,€)dzdr+ A
weet)+g [ st [ de [ S AWs©). 0],
1
Usyp = ’wo(a?,t) + 47\ /1? — |:1:|21/)3(t — |.’17|)/ (l‘ 0, 0 ‘ |> dz+
21
VE=lz? 27
/2~ [zf? / vs (t= /B2 = [2P?) dﬁ/dgpx
0

0

1
< [ (Ve Y, gt + Blus(o). vn (e )+
—1

Blin(e, 0]+ V& - 2P A i((ﬂ |
Ustp = —F(t)—wo(t)—/o (ws(t —7) = r(t —7) - %(m(t —7) = (t - T))) f(r)dr
t 27 1
—omexp(qt/2) [ vs(t—B)dB [ do [ (VeX1,Qn') |rep. sodz
[z o | (vesnn)

=2 cxplat/2){ Blva(o) (o) + Elvan )+

/2 = [aPPA va(z,t) } ,
x=0

V3(t), \/TW
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t
Usp = —/ Ye(t — 7)(Ya(T) — 6(7))dr,
0
t
Ust =~ [ (e = r)walr) = du(r))dr
0
t
Uﬁ’(/) = / ¢7(7‘)d7’,
0
t
0
We make the following new assumptions about the functions f(¢), b;(z), i =1,2,3,

c(x) :

Unp = /(0) + / (s(7) — qibr () )dr.

f(t) € CY0,TY, bi(z) € C3[Gr], c(z) € C[GT].
Let

Il = max L max |wi(x,t)] ,

1<i<7 |(2,t)€Dr

Yo(x,t) = [Yo1, Yoz, Vo3, Yoa, o5, Yos, Yor]
= [UO(‘T7t)3 wo(I,t), 7F(t) 7’@0(15)7 07 Oa Oa T,(O)]7

fo=1fWleo. . bo = masx {IBllesgar - 0 = lellenian:

For further research we will need estimates for the functions
Zi(xv f)a i = 07 1a 2a 3) <V€Z](‘xa§)7 Q’ﬂl(t,],‘, 2 Z)> ’ .] = Oa 17

(x,€) e Gr x Gr, t €0, T], ¢ €0, 27], z € [-1, 1].

Therefore, we perform some calculations characterizing the dependence of the functions
Yi(z, &), i=0,1,2,3 on b;, ¢i=0,1,2. Using (1.11), (1.12), (2.2), we find

€ —z|Lio(x,¢)
1 3
=Lzexp{§/0 ;bi[g+a<x—s>]<xi—§i>da}=
1 3
:Agexp{;/o ;bi[é—&-a(x—{)](xi—fi)da}—
29 118
_;%{bi(f)exp{Q/o ;bi[ﬁ—ka(x—g)](xi—fi)da}}
1 3
+c(§)exp{;/0 ;bi €+ a(z —&)] (= — i)da} =

1 3
= exp{; | Sukraa-o) m—gi)da} Wz, €),

where

\Ij(xv 5) =

3 1.8
B ‘11{ z_:/o [; bje,lw + al€ — 2)l(z; — &)a—

i=1
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bt ofe x)}] da} n

% /1{2 Aeb [z + a(€ — x)] (2 — &)a® — 2diveb [x + a(E — z)] } da—

=1

éif% /Ol[meHa(f ) (25— &)or = bi [+ al¢ — )]}da_

3
=3 b ) + (). (32

Here the subscript £ of operators A\, div indicates that they are applied by the
variable £.

Remark 2. From equalities (1.11), (2.4), (3.2) will follow that

@
Il
-

2 3
—(0) + qz +e(0)+ > Bbf(@) — 2bi,. 0| = 87 (0),
1=1

from which /(0) is easily determined. Further, this value will be considered known.

It follows from (3.2) that

20(z7£) = El(a:,ﬁ)\ll(x,f), Eg(x,ﬁ) = 23(1776)\1}(1775) (33)
Further,

8CZV Z0(1'7 5) =

= 150w [ {Z e, (a€)ag, + big, [z + a(€ — 2)] ala; — &) +
&

+b, (@) — by, [x + a(§ — )]}doH—Zl(x &) — 4 U(xz, &), v=1,2,3,

S
0
8€V\11(x7 g) =
3 1.3
=13 [{ St et ale -~ 2l (@ - &)~ bilo + ale - )] faax
=1 0 j=1
3 L,.3
XZ/{Z% ¢ [r+all—2)](z; — &) — b, [z + ol —2)] a—
=17 7j=1

~big o+ afs — a)la fda+
+3 [{Bebe o+ ale - )a® - ehy o+ ats ~ )] a*-

—2divebe, [ + (€ — )] }da



INVERSE PROBLEM FOR A SECOND-ORDER HYPERBOLIC 1117

1

3 3
52 be(© [{ St o+ ale - ol - o>
i=1 0

j=1

by, [t a6 — )] @ — bie, [r + a(é x)]a}da—

3
=D bige, (€) + ¢, (©). (3.4)
=1

Yig, (@,8) = El(%i)/{i:[bify(af)afﬁ
0 1=1

Thie, [+ al€ — )] alas - @-)} by (0€) + by [+ ofe — x>1}da.
From (3.2), (3.4) we find

W (z,§)| <
3b2 3bo
< — 1 T+1 (= T+3)+—(T+4)+c0 = X0, (z,€) € Gr x G,
0 303 303 13b
‘ag \I!(x,g)’ 7TO(3T+2)(9T+4)+70(T+2)+To+co = X1

v=123, (1',5) € Gr x Gr.
Taking into account these inequalities, we find the following estimates:
1
<
|21(x7§)| —_— 16772
|Eo($,£)‘ S |21($75)| ‘\I/($7 t)‘ S a1Xo = Qp,
1 3
‘23(:6’6” < Eexp <2b0T> = as,
(2, )| < [Za(, ] [¥(a, D) < agxo = az, (3.5)
From (3.4) we find
’ } S

(VeSole,€), @n' )| < max {I%0e, 1} max {1, [

1<i<3 1<i<3

exp (3boT) := ay,

w

iaoboT + a1x1 = Bo,

(Vema(e. ). @u' )| < max (1se 1} e, {1, o]} <
<dabT = B,

(x,) e Gpr X Gr, t€[0, T], ¢ €0, 27], z € [-1, 1].
Let M > 0 be fixed and consider the ball

o, M) = {g<x,t> € C (D1 | — gl < M}.

It is easy to see that for ¢ € Q (¢9, M) the estimate is fair
[¥1] < l[¥oll + M = N. (3.6)

Let

T =
(oin {%
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where v;, ¢ =1,2,...,12 are the roots of the following equations correspondingly:

205 | Aoy 2M
gl (vQ + ) -

3N OégN 71'043]\727
4 Invy\ 5  8az+65 4o M
Yzt gl = 5
3 6&3 30&3N a3N 27TO(3N
4m*(2 + |q|) foors | 14 8ap Bo 25 M
_ _— 2 = e
U ( N + {37 + 3asN + Taz N2 + OZ3N:| exp(q7/2) 4203 N2’
_ M MM
(3.7)
3o 3o 3
2 2 1) _
'Y('Y +4Q3N7+03N) _27TO£3N’
N N o+ fr (e51 1
1+ —+—1 2 =
7 K T3 T Gag m)W TN 7Jroq),N] ArazN’ 58)
872 fo(1 + |q|/2) s day + 364 3 '
PREURE. ) )
v( ¥ + [ VTN OR/2) ) = ey
Y

= —, :1’ = —_—
a7 T

Theorem 1. Let performed assumption about functions f(t), b;(x), c(x),i =
1,2, 3, made above. Then in the domain Dy, T € (0,T*), there is a unique continuous
solution of the equation (3.1), belonging to the ball Q (1o, M).

Zloxazameavcmeo. Note that the following inequalities are true

JALL | < St~ [a]) [Baa(t + [2]) + as(t = [2])(t + 2la)]

|B[1, 1]] < 2rasy/(t2 — |z|?)?,

B[] < 4mast /2 — 2], (3.9)
1 3| s s [|[¢s]|t
- < — 2 _ 2 2 Tren
2
N
2 t+/t? — |z]?

which are easily derived from formulas (2.6) for all (x,t) € Dr.

For example, we prove the validity of the first of the inequalities (3.9). By
definition

AL 1] = 2/|::| TQiTIxPS/ (0, 7) [zQ(x,g) + S, €)(t — T)} .

Let’s use the formula
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that follows from equation confocal ellipsoids S(z,7) in polar coordinates:
72 —|z|?

pl6:7) = 2(1 — |z|cosf)’

Change the integration variable to r and, given the estimates (3.5) for X, X3, we
find

T+ a]

t

/(042+043(t—7))d7 /2 pdp =
Ve

|
2

2T

||

AL, 1] <

|| z

= %(t — |z]) Baa(t + |x]) + as(t — [=])(t + 2[])].

We show that for any T € (0,7*) operator U maps the ball Q(¢9, M) in itself.
Composing the norm of differences and using the equations of the system (3.1),
inequalities (3.5), (3.6), (3.8), we find

101% — o1l < 2man [[9s]] (£ — [=]) + |9l [All¢s]l, 1] <
< ”TO‘?’N%S + 1y NT? + 27, NT,

U2 = ozl < 8man 45l v/#2 = [of? + 4By [gs]| (2 = [of?) +
ol sl BIL, 1+ [l B[]+

1
Vsl \/ﬁ V2 —z2 <

47NT NT NT?
< 2rasN2T3 + 7T3 [T(a2+a32 )—I— 1 lnT}—&—

+47asNT? 4+ 475y NT? 4+ 87y NT,

+ [l |A

lq|

020 = sal <t (sl ol -+ 2 sl + )

+exp(lqlt)/2) [&% foall e+ 22 { ol sl B0, 1)

1 loe—e
/t2—|x\2 t || }x=0] <
< TN fo(2+ |q]) + exp(|q|T)/2)x

8t2NT asN
oo + 9

A

F [ [HER] + [l {A | llsl]

9

X [47r2a3N2T2 + ) + 872aoNT + 872 NT
10 — tpoal| < sl (l9all + [lebs]]) < 2N>T,
1Us% — tpos| <tz ll(lall + 16 ) < 2N°T,

1Us® — voel| < tllyp7]| < NT,

1U7¢ = oz || < t(llysll + lalllyzll) < NT(1 +[q)).
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From these estimates follows (taking into account (3.7) for all T € (0, 7*) || Uy —
voll < M, that is Ut € Q(to, M).

Now let 91, 4(2) be two arbitrary elements of the ball Q(1, M), T < T*. Then,
by using auxiliary inequalities

1), (1) (2),,(2)
Pl - pPu®| <

o [ - | +

] [ - 0| < 2 |0 ® - 4@,

|

we obtain the relations

o 09| < 2mante — fal) [us - | +
+lafel, wi’] - auf?, o] <

)

2
< (27ra1T + ga2T2 + ;asNTg’) H¢m - ¢(2)

O i T
+amB (2 — Jaf?) [ — o] + [ofPu - uP | 1811, 1]+

(1)
(@ 3 2 (1) Uy
+H - HEI +VE2—z ‘A , 2
7/}1 1 | [” | | || 3 \/m
2
(2) ¢é)
|22

= < [87ra1T + 4751 T? + AT+

—A

STN2T? T T
+AmagNT? + WT (a2 + O‘% +5 lnT>} Hw(” - WH :
|osu ) — U3u® || < 1o

(s o2 o ol 5 (o - o+ i -2
+exp(lalt)/2) [smlt s =]+

+2t7f{’¢§1) §1) _%2)%2)’ B[L, 1]| + H%m B §2)H B[]+

Yropmyprl (1) v (2) vs?
+t_|$|||‘A¢3,\/m— wgam}w_oﬁ

82T

< {87r2a2T + 81281 T + 8n%azNT? + (oo + CV3NT):| exp(|q|T)/2)

% Hd’“) e

7

|2 — U@ || < ¢ (Ju e - 6P|+ [pfPu - wPu))

< v
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[ — ] < ¢ (00 — w2 |+ [ — D))

<ANT ||p® - @],
s - Usu® || < 7 60 — 9w,

|uw® —vw® | <7+ g [0 - v

Taking into account (3.8) from the last inequality it follows the estimate

Jos - - o -]

Hence, for any T € (0, T*) operator U is a contraction operator on the ball
Q(vo, M). Then, according to Banach’s theorem, there is a unique continuous
solution of equation (3.1) in the ball Q(¢y, M). Therefore, solving the system of
equations (2.8)—(2.11) by the method of successive approximations, we uniquely
construct in the domain [Dr] for T € (0, T*) functions v(z, t), w(z, t), r"(t), k(t),

K (L), (), r'(t). O

Theorem 2. Under the conditions of Theorem 1, the function k(t), t € [0,T] is
uniquely determined by the information (1.4).

Jloxasameavcmeo. Suppose the opposite statement. Let there be two solutions
k1, k2. Then according to Theorem 1 there is such T € (0, T*) that
]{il(t> = k?g(t), te [O,T] (310)

Let Ty be the supremum of all possible numbers T' € (0,7*), for which equality
(3.8) is satisfied. Let us now consider a problem similar to the problem (1.1), (1.2),
(1.4), in which Cauchy data is given on a plane ¢ = Ty. Since

z=0

= U
t<Top
then according to Theorem 1, there is such a number T** € (Tp,T), that ki (t) =
ka(t). This fact contradicts the definition of T,. This contradiction proves the
validity of the Theorem 2. |

= 07 Ui
t<Tp

U1 = U2

z=0

4. STABILITY THEOREM

Let T* be the number from the statement of Theorem 1. Let ®(T), T' € (0,7*)
is the set of functions (b, ¢, f) for which b(z) = (b1, b, b3) € C3[G(T)], c(x) €
CHG(T)), f(t) € CH0,T].

Theorem 3. Let (b, ¢, f) € ®(T), (b, & f) € ®(T). Then for the corresponding
solutions of k(t), k(t) of the inverse problem (1.1), (1.2), (1.4 ) fair estimate

k() — k)|l cpo.m < Cd, (4.1)
d=1b—=bllcsaery + lle — ellerieay + I1f = fllero,rs
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and the constant C depends on T, q, My, where

MO = 112?§3{|bi||03[G(T)] 5 ||b1||C3[G(T)] ; ||C||Cl[G(T)], ”EHCl[G(T)]a

I”llcory, 1hllcpoa, ITllero.rs ||f||cl[o,T]}-

Aloxasamenvcmso. Let 1), ¥ be the solutions of equation (3.1), corresponding to
functions (b, c, f), (b, ¢, f). We denote the difference between the two corresponding

vector functions by the symbol ~: 1) = ) — 9. Then from equations of (3.1) it is
not difficult to obtain the following system of equalities:

t 27 1
P1(z,t) = to(x,t) —l—% o 1/73(t—7')/0 dcp/_l il(x,f) dzdt+
t 27 1
+% z|w~3(t_7)/o dga/_l Yi(x, &) dzdr+

t d t—T1 N
+2 /xl fq—mz / p*(0,7)53(z, &) | Y31 (&t — T+ p—v) dvdw+
z,T)

+ARp3(8), U, )] + ARG (8), oy (2, 1)), (4.2)
Po(z,t) = 1o (2, t) + 4 /12 — || 24 (t — |x|)/21 (x,O,O,Z;lkv) dz+

1
_ - 1
S dm /P — [P (t — |g;|)/z1 <x,0,0,z;r|:17|) dot
21

V2~ [a]? O/ s (t—W) d60/d<p_/1 <V521,Qn> T:mdz
V2 a2 O/ 5 (t—\/m) dﬁo/dgo/l <V521,Qn> T:wdz
2f 7 [ s [ hn SR
+B [ds(t), v )] + B [da(t), da(a,t)] + B [Uu(t), vr(a,1)
+E [vr(2,0)] + B [ (w,0)] + VI = alPA | da(0), iz(f’lic)lz +

VPP AE) |y, ‘ii(f’|22]. (43)

Y3(t) = —F(t) — wo(?)
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/ st =) = Grlt = 7) = 2(alt = ) = Gt~ ) () ) dr

t 1
—2mexp(qt/2) / (t—p dﬂ/dg@/ Vedi, QU/> |r=8, 2=0d2
0 S
1
—27 exp(qt/2) / (t—p dﬂ/ng/ Vely, Q77>|T 8, z=0dz

%wwp/Tm///

—27 eXP(qt/z){B Ws(t)’ U(l"at)} + B [1/;3(75% 1/;1(95715)} + B [W3(t), ¢r(z,t)]

N3(z,6) (&, t— T+ p—v)drdw
Vit—1+p-v)2—p? e

+E [ﬁl(x,t)} + B% [ (x, 1)]

/12— 72 Py 152(37’ t) (£2,83) |7 '(/;2($7t)
+V/'t | ‘ (A ¢3(t)» m +A [1/13@)7 \/W])}x_())

(4.4)

9a(t) = = [ (ult = rpptr) + e = 1))
o (t = T (T) — do(t — 7)o (7) ) dr, (4.5)

3s(t) = = [ (elt = 10(r) + (e = 1))
(= T (T) = dr(t — 7)o (7)) dr, (4.6)
bo(t) = /Ot dr(r)dr, (4.7)
Gnlt) = [ (Ja(r) = abr(m)) ar. (18)

Here, the upper indices of the operators A, B, E mean, that the functions 3;,
i =1,2,3, included in the definition of these operators are replaced by upper index
functions. For example, A(>2>3)[. ] is the operator, defined in (2.6), in which the
functions ¥ and 5 are replaced by Xo u X5.

In solving the direct problem (1.7), (1.8), an estimate was obtained

oo n+1

Wiz, )] <)Y (2nM; ”“hJT

n=0 j=0

+j

= Lo, (4.9)
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where My = Jnax ;. Since (b, ¢, f) € ®(T), this estimate holds for [y (z,t)]:
717

|1 (2, 1)| < po, (z,t) € Dr.
Estimating (2.9) similarly to the estimation (4.6), we obtain
|’(/)2({I,'7t)| S M1, JQ(‘rvt)’ S M1, (xvt) € DT»

where the constant p; depends on 7', M. The domain Dy has an equivalent
description

T T
DT:{(:U t)'0<|x<2—‘t— 0<t<T}
Let
t) = b (x, t Jo(,
“(f) max[osmsg/l?ft—Tm (e, ”’oswmg%r/l?f\t—wm e, D)

max|¢j<t>,j:3,4,5,6,7], te 0.7

Let us evaluate the unknown functions of the system (4.2)—(4.8) in the domain
Dr by the value d, defined in Theorem 3. We estimate the first term in equation
(4.2). By virtue of the first equality of (2.7), we have

e 6] < 5 / / €
vo(x, —  max (x max
0 2 (I tyeDr CE f)G[GTXGT]

where

io(x,g)( , (4.10)

i:()('1:75) = 20(1‘75) - 20(1'75)5
Yo(x, &) is defined by the first term (2 2) and

S0(2,6) = 55 610(©)lE — 2lL3(z,€),

function &(z,¢) has the form (1.11) with b;, 5(x) = 7(z,0), Ez is the operator L,
with coefficients b;, ¢, i = 1,2, 3. By virtue of the equalities (1.11), (3.3) we have

io(l‘,f) =
= Eo(l‘,f) - So(m,f) = 21(33,{)\1/(1‘, f) - Sl(maf)\i’(‘x’ g) =
= %12, ¥(x, &)+ (2, OV(z, €), (4.11)

where ¥, (z,¢), ¥(x, &) is defined by equalities (2.2), (3.2) respectively, in which
functions b;, ¢, i = 1,2, 3, are replaced by bi, é, i=1,2,3. Note that ¢ —¢ =c—¢.
Function estimates for El(x, ), W(x, &) are done as follows

S0 =

Ls
w045 [ S i(ag)e +b e+ ale — ) (i — &) da -

=1

1671'2

0
L3
~exp %/Z (€)% +bi (€ + alz = ) (w: — &)] da p| <
0

i=1

3T
< 3902 exp [3T M) Hb*b” x,€) € Gr x Gr.
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Using (3.2), similar to the previous one, we find
#(z.6)| =

= |9(,€) = U2, 8] < p2 (IIb = Bll + e = €]l) , (,€) € Gr x G,
where the constant ps depends on T', My. Thus, from (4.10) and (4.11) follows the
estimate of the first term on the right side of the equation (4.2)

l80(z, )| < ps(T, Mo)d, (z,t) € Dr. (4.12)

It is quite easy to obtain estimates of the second and last terms in (4.2) by the
value d

1 t 27 1
3 lxlz/)g(t—T)/O dw[l Y1 (x, &) dzdr

‘ A= [, 1), ﬁl(x,t)]) < us(T, My)d, (,t) € Dr. (4.14)

< N4(Ta MO)da (Iat) € DTa (413)

The remaining terms in (4.2) are evaluated by the following integral expression:
¢
6(T, Mp) /w ydr, t €0, T).
0
So, from the above reasoning follows, that the function %, (z,¢) admits an estimate

t
"(ﬁl(l‘, t)’ < ILL7(T Mo)d+/16 T MO /w dT t e O T] (415)
0

~—

Using similar reasoning for equations (4.3)—(4.8), we find for wj,j =2,...,7:

[Va(, )] < ps(T, Mo)d + po (T, MO)/tw(T)dT, t [0, 1], (4.16)
0
s (t)] < ulO(T,q,Mo)d—l—,un(T,q,Mo)jw(T)dT, t [0,T], (4.17)
0
[da(t)| < m(MO)/tw(T)dT tefo, 1), (4.18)
‘7;5( < pi13 (Mo) /tw )dr, t € [0,T], (4.19)
b
”(/;6@)‘ < /tw(T)dT, t € 0,77, (4.20)
32| < muala) [ wiriar, te 0.7), @.21)

0
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From the relations (4.15)—(4.21) it follows that w(t) satisfies the integral inequality
t
w(t) < u00d+ﬂ/w(7)d7, telo, T,
0

in which pigo = max(pu7, ps, o), fi = max(l, ue, po, p11, 12, pas, fi14). Using the
Gronwall inequality, we obtain an estimate

w(t) < poo exp(at)d, t € (0,77,
hence,
I7()]lc1j0,77 < koo exp(at)d, t € [0,T]. (4.22)

Using the Gronwall inequality, from the integral equation of the form (1.6) for k(t)
we obtain

k@) lcror) < IF@)lcro,ry exp(tlIFllcrpo.m), t € [0,T]. (4.23)

From the inequalities (4.22), (4.23) an estimate (4.1) follows with C' = pgo exp(T'(ji+

HFHC’l[O,T]))' O
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