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CENTRAL ORDERS IN SIMPLE FINITE DIMENSIONAL
SUPERALGEBRAS

A.S. PANASENKO

ABsTRACT. The well-known Formanek’s module finiteness theorem sta-
tes that every unital prime Pl-algebra (i.e. a central order in a matrix
algebra by Posner’s theorem) embeds into a finitely generated module
over its center. An analogue of this theorem for alternative and Jordan
algebras was earlier proved by V.N. Zhelyabin and the author. In this
paper we discuss this problem for associative, classical Jordan and some
alternative superalgebras.
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1. INTRODUCTION

The study of simple and prime (super)algebras in different useful varieties is
an important part of the structure theory of these varieties. The prime algebras
with polynomial identities are especially interesting. The first point of this theory
is Posner’s Theorem [1]. It states that all associative prime Pl-rings coincide with
central orders in matrix algebras over finite dimensional division algebras. After this
result, the similar theory was constructed in other varieties of nearly associative
algebras. M. Slater [2] proved that an alternative prime non-degenerate algebra
is a central order in a matrix algebra or in the Cayley—Dickson algebra. Later,
E.I. Zel’'manov [3] obtained a description of prime non-degenerate Jordan PI-algeb-
ras: they are central orders in finite dimensional central simple Jordan algebras or
in the algebra of a non-degenerate symmetric bilinear form.

For alternative superalgebras the similar result was obtained by I.P. Shestakov
[4]. He proved that every alternative non-associative prime superalgebra under some

PaNasENKO, A.S., CENTRAL ORDERS IN SIMPLE FINITE DIMENSIONAL SUPERALGEBRAS.
(© 2020 Panasenko A.S.
Received December, 25, 2019, published July, 30, 2020.

1027



1028 A.S. PANASENKO

restriction on the even part (for example, if it is non-degenerate) is a central order
in a finite dimensional alternative superalgebra.

These results motivate one to study central orders in simple (super)algebras more
carefully. For example, E. Formanek in [5] proved that prime PI-algebra embeds
into a finitely generated module over its center. It is important to notice that the
proof of this result is essentially based on the Posner’s Theorem.

In paper [6] the author proved that an alternative prime non-degenerate algebra
embeds into a finitely generated module over its center. In [7], V.N. Zhelyabin and
the author showed that a central order in a finite dimensional simple Jordan algebra
embeds into a finitely generated module over its center.

It should be noticed that the study of Jordan superalgebras have been continued.
For example, in works [8-10] V.N. Zhelyabin and A.S. Zakharov studied simple
Jordan superalgebras with an associative even part. In works [11-14] F.A. Gomez
Gonzalez proved analogues of the Wedderburn Principal Theorem for the cases,
when the algebra A/N is one of the classical simple Jordan superalgebras (N is the
solvable radical of a superalgebra A).

In this paper, we study central orders in simple finite dimensional associative,
alternative and Jordan superalgebras. We prove an analogue of Formanek’s Theorem
for associative superalgebras and (with some restrictions) for alternative and Jordan
superalgebras.

2. CENTRAL ORDERS IN SIMPLE FINITE DIMENSIONAL ASSOCIATIVE
SUPERALGEBRAS

The definition of M-superalgebra in an arbitrary variety M of nonassociative
algebras may be found in a lot of papers (for example, in [15]).
Let us remind some notations. If A is a (super)algebra and z,y, z € A then
Definition 1. If A is a (super)algebra then a subalgebra
Z(A)={xz € Al (z,a,b) = (a,z,b) = (a,b,x) = [a,z] =0 Va,be A}
is called a center of a (super)algebra A.
Example 1. Let B = M, ,,(A) be the (n +m) x (n + m) matrix algebra with

elements from an associative k-algebra A. Then B is a Zs-graded algebra with the
following grading for every X € B:

D 0 0 D
X = Xo + X1, Xo:<01 Dz), Xlz(m 03>,

where Dl e Mn(A), D2 S Mm(A), D3 S Mnym(A), D4 S Mm,n(A)

It is easy to notice that in the example above My ~ M,(A) & M,(A), where &
denotes the direct sum of ideals of M.

Let B be an algebra. We will use a notation Cg(u) = {x € B | xu = ux} for the
centralizer of an element u in B. Similarly, Sp(u) = {z € B | zu = —uz}.

Definition 2. A superalgebra A is called central over a field k, if Z(A)g is
isomorphic to k.
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M.L. Racine in [16] proved that an associative Artinian simple superalgebra is an
algebra of linear maps of some vector superspace over some division superalgebra.
In the same paper all division superalgebras were described. Let us give a part of
this description for finite dimensional algebras:

Theorem (M.L. Racine, [16]). If D = Dy + Dy is a central finite dimensional
division superalgebra over a field k, then one and only one of the following statements
holds (everywhere below ¢ stands for some division algebra over a field k):

1) D=Dg=¢, D; =0;

2)D=c@pk[ul, > =X€k, \#0, Dy =c®kl, D; = ®y, ku;

3) D =¢, Dy = C.(u), where k[u] C € is a quadratic extension of the field k;

4) D = Ms(e) = € ®, Ma(k), Dy = € ® k[u], D1 = £ ®y, k[ujw, where u =

g\ 219 , W= 11) _01), and k[u] is not contained in . Here p = 0 if char(k) # 2
and p =1 if char(k) = 2.
We will prove the following theorem by using this classification.

Theorem 1. Let B = By + By be a unital associative superalgebra, Z = Z(B)g
does not have zero divisors of B, A = Z~1B is the central closure of a superalgebra
B. If the superalgebra A is simple and finite dimensional, then B embeds into a free
finitely generated Z-module.

Proof. In [5] E. Formanek proved this theorem for the case By = A; = 0. By
Racine’s Theorem [16] A ~ Endp(V) (algebra isomorphism), where D is a division
superalgebra and V is a superspace over D. We will use the following notations:
k = Z=1Z, k; means the odd part of the center of the superalgebra A.

1) Case D = Dy = e. Then Endp (V) ~ Mpq(D). Z(Myiq(D)) C A implies
Z(B) C Bp and A ~ Z(B)~'B. Since M, (D) is a simple algebra, we have our
statement by Formanek’ Theorem

2) Case D = ¢ ® k[u], u> = X € k and A # 0. Then A ~ M,,(Dy) + M, (D).

Firstly, we will consider the case ¢ = k, i.e. D ~ k[u]. Let a € B. Then a =

_Zl(aij + Biju)e;j. There exists z € Z, z # 0, such that e;; = fi;j/2, u=v/2,\ =
,)=
w/z, where f;;,v € B, u,z € Z. Note that

thiafjt = 2*(cvij + Biju) € BN Z(A) = Z(B),

t=1

that imply aijzz € Z. But
ZZ(Oéij + Biju)v = ZZ(Oéij’U + ﬂij,u) e BN Z(A) = Z(B),

hence (3;;uz? € Z. It means that B embeds into a free finitely generated Z-module
Z Zeij + Z Zue,-j.

Now, let € be an arbitrary finite dimensional division algebra. Then, according
to (|17], p.105), € contains a maximal subfield P = k[b], m = dimy P. Moreover,
we can assume that b € By. Note, that

Z Y B®y Z[b)) ~ M, (D) @z Z ' Z[b] ~ M,,(D) @z k[b] ~ M, (D) ® k[b] ~
~ My (e @y klu]) @1 P =~ klu] @ My () @ P
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By ([17], p-96) we have an isomorphism M, (&) ®x P =~ M, (P). So,

klu] @ Mp(e) @k P~ My (P) @y klu] ~
~ Myn(P) @p k|u] = My (P) ®@p Plu] = Myn (P @p Plu]) = My, (Plu]).

It means that B ®y Z[b] satisfies the conditions of case 1 and hence B ®z Z[b]
embeds into a free finitely generated Z[b]-module. Since Z[b] is finitely generated
over Z, B®y Z[b] embeds into a finitely generated Z-module. It remains to notice
that B C B®yz Z[b).

3) Case D =&, Dy = Cc(u), k[u] C e. Let us prove that Z(e) = k. It is enough
to show that Z(g); = 0. If 0 # x € Z(e)1, then ux = zu, that implies € Dy, a
contradiction. Now we can use the Formanek’s Theorem for non-graded algebras.

4) Case D = Ms(e) = € ®k My(k), Do = € Q k[u], D1 = £ ® k[u]w, where
w € My(k), and k[u] is not contained in €.

Let us consider the case € = k. In this case D = M(k), hence Z(A); = 0. The
algebra M,, (M, (k)) is simple, so we can use the Formanek’s Theorem.

Now, let € be an arbitrary division algebra. It is obvious that Z(M, (Ma(e))) ~
Z(e) ~ k like in case 3. Hence, we can use the Formanek’s Theorem. d

3. CENTRAL ORDERS IN SIMPLE FINITE DIMENSIONAL ALTERNATIVE
SUPERALGEBRAS

In [18] E.I. ZeI'manov and I.P. Shestakov proved that all simple alternative
superalgebras are either associative or trivial, if a field characteristic is not 2 or
3. Let us state examples of simple alternative superalgebras over fields with a
characteristic equal to 2 or 3.

Example 2. a) Char(k) = 2. Let O = H + vH be the Calyley-Dickson algebra
with a natural Zs-grading, H are quaternions over a field k. Then O = H + vH is
a simple alternative superalgebra.

b) Char(k) = 2. We need to apply the Cayley—Dickson process to algebra O. We
have k[u] = k + ku, u?> = a # 0 € k. Then O[u] = k[u] ®; O = O + Ou is a simple
alternative superalgebra.

c¢) Char(k) = 3. Let A = k1 be one-dimensional space and let M = kz + ky be a
two-dimensional space over a field k. We will use a notation B(1,2) = A+ M for the
commutative superalgebra over k, where 1 is a unit in B(1,2) and zy = —yx = 1.
Then B(1,2) is a simple alternative superalgebra.

d) Char(k) = 3. Let A = M>s(k) be a 2 x 2 matrix algebra over a field k,
M = km+kmsz be a two-dimensional space over k. We will use a notation B(4, 2) =
A+ M for Zy-graded algebra over k, where e;;my = 0;;m;, mime = eq1, mamy =
—eg9, Mm? = —ea1, m3 = e12 and ma = am for a € A. Here a is the symplectic
involution. Then B(4,2) is a simple alternative superalgebra.

e) Char(k) = 3. Let T" be an associative and commutative d-simple algebra, J
is a derivation on ', v € T and T is an isomorpic copy of linear space I'. Consider
B(T,0,7v) =T +T is a direct sum of linear spaces with multiplication below:
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where z,y € T, zy is the product in I'. Then B(T,d,~) is a simple alternative
superalgebra.

In paper [4] I.P. Shestakov classified all simple alternative superalgebras over a
field of characteristic 2 or 3.

Theorem (LP. Shestakov, [4]). Let B = A + M be a simple alternative non-
associative central superalgebra over a field k. If M # 0, then B is isomorphic
to one of five algebras from Example 2.

Now, using this classification, we prove the following

Theorem 2. Let B be a unital alternative non-associative superalgebra and Z =
Z(B)o. If Z7'B is a finite dimensional central simple superalgebra, then either
B embeds (as a Z-submodule) into a free finitely generated Z-module or Z~'B is
isomorphic to B(T',0,7).

Proof. Let B = A+ M be a unital alternative non-associative superalgebra and
Z = Z(B)o. We may define k = Z7'Z, B = Z7'B, A = By, M = B;. By
Shestakov’s theorem we have to consider one of the following cases:

1. charF = 2, B = O = H + vH is the Cayley-Dickson algebra over k with
natural grading, generated by the Cayley—Dickson process, H is the quaternion
algebra. There exist y € k, 3,y € (k\ 0) such that the multiplication table of B in
a certain basis eg, €1, ..., e7, ¢g = 1, has the following form (see., for example, [19],
§2.2):

€1 €2 €3 €4 €5 €6 er

el e1+u €2 + e3 pea eq + e5 peq ey er + peg
€2 €3 B Bey €6 er Bey Bes

€3 | es +pea | B+ Bes uB er aes +e7 | Bles + eq) upBey
€4 €5 €6 €7 Y Y€1 €2 es

es | es + pey er er +pes | Y+ e By v(es + e2) pyes

es | es+er Bes | Bles+es) | e | 7le2+es) By By(er —1)
er | pes Bes Brea ves pyes Bre pBY

There exists z € Z, z # 0, such that e¢; = %,u =Z,8= %,'y = g, where f; € B,

7
A eZ\{0},ve Z Leta € B,a= ) a;e;. We will use a notation aob = ab+ba.
i=0
We have two cases:

la. p # 0. Then the following relations hold:
vzag = (az —ao f1)(f1 — 2),
2vdag =v(ao f3)z — (az —ao f1)(f1 — 2
zvdasz = v(ao fo

zvday = v(ao f5

fa,
vAdag =v(ao fr)z— (az —ao f1)(f1 — 2) fq,
vAdar =v(ao fg)z — (az —ao f1)(f1 — 2) fe.

=~
=
|
N
S N N N N N
e

)

( )z —( )

( )z —( )

zvdas =v(ao fy)z — (az —ao fi)
( )z = ( )

( )z = ( )
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7
So, if zo = vAdz then azp € D = > Z-e;. As Bzg ~ B, the superalgebra B embeds
i=0
into the free finitely generated Z-module D.
1b. pr = 0. Then

A2 = ((((fs — f5)(az — ao f1)) f1) o f6) fo.
It means that A\d%22%2aq € Z. Therefore,
N25%anz = ((M%az? — No%za o fi — A62ap2?) o fe) fe,

hence \2§%;z € Z.

A6%anz = A\26%za o fs— )\264za1f3

N6 zas = N26%za 0 fo — N26%zaq fo

N5Pauz = N26%za o fs — AN26%zay fs

MN26%asz = N26%za 0 f4 — N26%20q f4

AN6%ag = N26%za o fr — N26%za fr

A6%ar = N26%za o fo — N26%zau fs
As A26%zaq € Z, we have \36°q;22 € Z. So if zg = A36°22 then Bzy embeds into
D = 27: Z - e;. As Bzy ~ B, the superalgebra B embeds into the free finitely
generaft:e?i Z-module D.

2. M = 0. Then B = A is a prime nondegenerate alternative algebra, so it is a
central order in the Cayley—Dickson algebra by [2]. Using the proof in [6] and case
1 we have that B embeds into a free finitely generated Z-module.

3. charF =3, A=Fk-1,M =k-x+k-y, 1is the unit, 22 = y> = 0 and
vy = —yx = 1. There exists z € Z, z # 0, such that v = 22, y = £. Let a € B.
Then a =azx+ By +v-1 and

((ayo)yo)wo = *0423,

((azo)wo)yo = —B2°,
(((ayo)zo)zo)yo = —7z*.
So,if 2o =2%thenazo € D=2 -2+ Z -y+ Z-1. As Bzy ~ B, hence B embeds
into the free finitely generated Z-module D.
4. charF = 3, A = Ms(k) is the matrix algebra over k, M = k- m + k - ma,
mf = —ezl,m§ = €12,M1M2 = €11, M2M] = —€22,
€ij - Mp = OipMy,

m-a=am, if a € A,
where @ is the symplectic involution on My (k). There exists z € Z, z # 0, such that
eij = fii m; = "+ Let a € B. Then a = > aijeij+ Bimy + fams and the following

4,J

relations hold:

any

(fiz(((ani)n1) fi2)) fo1 + 22((an1)n1)f12 = —an 2’
( ni)

((an1)
fi2(((an1)ni) far) + (((an1)n1) f21) fre = —a122?,
far(((an2)nz) fi2) + (((anz)nz) frz) fa1 = az12*,
(f21(((anz)n2) f21)) fi2 + 22((an2)n2)f21 = a2”,
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((fa2(fr2a))n2) fa1 + fo1((fe2(fr2a))na) = 12",

(fr1(f21a))m1) fi2 + fr2((fr1(f21@))n1) = — Bz
So, if 29 = 2° then azg € D = ZZ eij+ 24 -mi+ 2 -mg. As Bzyg ~ B, hence B

embeds into the free finitely generated Z-module D.

5. charF =2, k[u] = k + ku, u> = a # 0 € k is a two-dimensional superalgebra
and B = k[u] ®; O = O + Qu. Consider the same basis of (O) as in case 1.
There exists z € Z, z # 0, such that e; = fi,,u— 2,8 = Z,fy_ S,a=Su=7,

WherefZGB 6)\a€Z\{O},V€Z veZ(B)ﬂM LetaGB Then a =
Zazez—i— Zﬁzeu We have two cases:

5a I 7é 0. Then
vz(ay + B1u) = (az —ao f1)(f1 — 2),

zvA(az + Bou) = v(ao f3)z — (az —ao fi)(f1 — 2)fs,
2vA(as + Bzu) = v(ao fo)z — (az —ao f1)(f1 — 2) fo,
zvé(as + Bau) =v(ao f5)z — (az —ao fi)(f1 — 2)fs,
zvé(as + Bsu) = v(ao fi)z — (az —ao fi)(f1 — 2)f4,
vAS(ae + Beu) = v(ao fr)z — (az —ao f1)(f1 — 2) fr,
vAé(ay + Bru) =v(ao fg)z — (az —ao f1)(f1 — 2) fs

7
So, if zg = vA\dz then azg € D1 = > (BN (k[u)])) - e;.
i=0

5b. = 0. Then
A622% (a0 + Bow) = ((((f1 = f5)(az —ao f1)) fa) © f6) fo.
It means that A\5222(ag + Bou) € (B N k[u]). We also have
N26%(ay + Bru)z = (M62az? — Mo2%za o f1 — M6%(ao + Bou)2%) o fe) fe,
hence A\2§%(ay + B1u)z € Z. As above, the following relations hold:
N0tz = A26%za o f3 — A26%z(aq + Bru) fs,
N304 zas = N26%za o fo — A26%2(aq + Bru) fo,
N5z = N26%za 0 fs — N26%2(a1 + Bru) fs,
A8z = N26%za0 fu — )\254z(a1 + B1u) f4,
N8%ag = A26%za 0 fr — N26%2(ay + Bru) fr,
N5%ar = A26%za 0 fo — N20%2(aq + Bru) fo.
As A26%2(aq + Pru) € Z, then A36°(ay; + Biu)z? € Z. So if zg = A3§°22 then Bz
embeds into D; = '2720(3 Nkful) - e;

7 7
In both cases we have Bzg C > (BNk[u])e;. If a € A then azg € > (BNk)e; =
i=0 1=0

7 7 7 7
> Ze; and Azg C Y. Z -e;. If a € M then azgv € Y. (BNk)e; = Y, Ze; and
i=0 i=0 =0 =0

Mzgv € Z Z-e;. S0, Azy and M zgv are finite Z-modules, Azg ~ A and Mzqv ~ M,
hence B A + M is a finite Z-module. Theorem is proved.
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d

In [4], IP. Shestakov also classified all prime alternative superalgebras under
some restriction.

Definition 3. Let A be a Zs-graded algebra. It is called prime, if for every two
nonzero ideals I and J the statement I.J = 0 implies I =0 or J = 0.

Theorem (I.P. Shestakov, [4]). Let B = A+M be a prime alternative nonassociative
superalgebra over a field k, M # 0. Let one of the following two statements hold:

1) there exist a,b € A such that (ab — ba)* # 0;

2) A does not contain nonzero nil-ideals I satisfying condition (I, M, M) C I.
Then the even part Z = Z(B)o of a center of superalgebra B is not zero, Z does
not have zero divisors of B, and Z~ 1B is a central simple alternative superalgebra
over the field Z7'Z.

So we trivially have the following corollary.

Corollary 1. Let B be a unital prime alternative nonassociative superalgebra with
a restriction 1) or 2) from Shestakov’s Theorem and Z = Z(B)o. Then either B is
an order in B(T',d,~) or B embeds into a finitely generated Z-module.

4. CENTRAL ORDERS IN CLASSICAL SIMPLE JORDAN SUPERALGEBRAS WITH A
SEMI-SIMPLE EVEN PART.

In this section all fields are assumed to be of characteristic not equal 2.
If A= Ay + Ay is a Zo-graded algebra, then we may define an algebra A* with
the same linear structure, but with a new multiplication:

1 x
7oy = 5oy + (~1)ya)

for every z,y € Ag U A;. If A is an associative superalgebra then At is a Jordan
superalgebra.

Let A be an associative superalgebra with a superinvolution x — z*. Then the
algebra of symmetric elements relative to this superinvolution is a subsuperalgebra
of AT and denotes by H (A, ). Let the notation H,,(A) stand for the subsuperalgebra
of symmetric elements of M, (A) with a natural grading relative to the x-transpose
involution.

In [15] M.L. Racine and E.I. Ze'manov classified all finite dimensional simple
Jordan superalgebras with a semi-simple even part. Let us give examples of simple
Jordan superalgebras.

Example 3. a) If B = M,,,,(k) then B* is denoted by M,, ,,,(k).

b) We will use the following notation:

b ={( ) 1evemm} .

Then @, (k) is a simple Jordan superalgebra. It is easy to see that Q,,(k) = M, (k)+
M, (k) = A+ M, where A = M, (k) acts on M = M, (k) like the Jordan matrix
multiplication on M, (k) and for Z,7 € M, (k) we have Ty = % (z -y — y - z), where
x -y is the multiplication in the associative algebra M, (k).

c) We will use the following notation:

O [ R
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Then P, (k) is a simple Jordan superalgebra, if n > 1. Let the notation S, (k) stand
for the subspace of skewsymmetric elements of M,, (k). It is easy to see that P, (k) =
My, (k) + (Sp(k)+ Hy(k)) = A+ M, where A = M, (k) acts on M = S, (k) + H, (k)
in the following way:

1
as = 5(@5 +saT), a€ M,(k),s € S,(k),

— 1
ah = Z(a"h+ha), a € My (k) h € Hy (k).

For @1, T € Sy(k), U1,Ty € Hp(k) we have

1Ty = Y1Y2 = 0,
_ 1
71y = (@1 —y @),
where z - y is the multiplication in M, (k).

d) We will use the following notation:

a b1 bQ
T T T T
0sppam(k) =4¢ | =by e c2||a=a ,co=—cy,c3=—c3 o,

T T
bi ¢z

where a € M, (k), b; € My, xm (k) (matrices with n lines and m rows), d; € M, (k).
Then o0spy, 2m (k) is a simple Jordan superalgebra with Zs-grading

a bl bg a 0 0 0 b1 bg
—bg cit ¢l =10 ¢ c |+ —bg 0o 0],
bl ey T 0 c3 cf f0 0

i.e. 0spy am(k) is a subsuperalgebra of M, o, (k).

e) Let A = key + kea, M = kx + ky, where ej, es are orthogonal idempotents,
€;T = %x, ey = %y, xy = e1 + teg, where 0 # ¢ € k. Then Dy = A+ M is a Jordan
simple superalgebra.

f) Let V =V, @ V; be a Zy-graded vector space over k and let (-,-) be a non-
degenerate superform on V such that its restriction on V x V4 is symmetric, but
its restriction on V; x Vj is skew-symmetric. Let J = A+ M, where A = Vj + ke,
M =V, where e is a unit of J and zy = (z,y)e for x,y € V. Then J is a simple
Jordan superalgebra.

g) Let A = H3(k). Then there is a Jordan action of Hs(k) on S3(k). We will use

notations Ss(k) and Ss(k) for two isomorphic copies of Hs(k)-modules Ss(k), so

M = S3(k) @ Ss3(k). Let us define a multiplication on J = A+ M. If T1,Ts € S3(k)

1Tz =1, =0,
Ty, = 21 Y1,
where x1 -y is the multiplication in the Jordan algebra M3(k)*. Then J = Hs(k)+

(Ss5(k) @ Ss(k)) is a simple Jordan superalgebra.

h) Let B(4,2) = A+ M from Example 2.d. There is an involution * on B(4,2),
(a +m)* = a— m, where a € A, m € M and @ is the symplectic involution on
A = My (k). Then define a superinvolution on M3(B(4,2)), which is the *-transpose
superinvolution. The set of symmetric elements with respect to this superinvolution
is denoted by Hs(B(4,2)), it is a simple Jordan superalgebra.
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Definition 4. We will call algebras from Ezample 3 as classical simple Jordan
superalgebras.

Theorem (M.L. Racine, E.I. Zel’'manov, [15]). Every unital simple finite
dimensional Jordan superalgebra with a semisimple even part over an algebraically
closed field is isomorphic to one of the classical simple Jordan superalgebras.

Theorem 3. Let J = A+ M be a classical simple Jordan superalgebra and Z =
Z(J)o. Then a unital central order in J embeds into a free finitely generated Z-
module.

Proof. Let B = By + B; be a unital Jordan superalgebra, Z = Z(B)o, k = Z71Z,
J=27"1'B, A=72"'By, M = Z'B; and let J = A+ M be a classical simple
Jordan superalgebra over a field k. We will consider all posible cases according to
Example 3.

a) J = My m(k). Then J has a basis e;;, 1 <i<n+m,1<j<n+m.IfaecB
then

n+mn+m

a = E E Q€.

i=1 j=1

There exists an element z € Z, z # 0, such that e;; = f;j and f;; € B.
We have
2(a oy frk) 05 frk — a5 frk = 2° 05 Arerk
Let ¢ # k. Then we have

1

2ok (err o5 fik) 0s fri = 124041@1@(6“' +ers) € B.

So, we have that z*aye;; € B for 1 <i <n+m and

n+m

Zag, = Z Zagre; € BNZ(J)o = Z.

i=1
In other hand,
1
galk(ell +epr) = ((aos frr) os fu) os fr € B.
Hence

Zragren = 16(((a os fuk) os fu) os fri) os fu € B

for 1 <l <n+m. Then for 1 <7 <n+ m we have

2Poyp(es £ en) = 42" ayg(en o5 fur) o5 fii € B.
n+m
Then z8aqe;; € B and 28a, = Y. 28apes; € BN Z(J)y = Z. Hence, we
i=1
have 2% € Z:’j:"; Zei;. So the Z-module 2B ~ B embeds into the free finitely

generated Z-module Z?j:"; Zej.

b) J = Q. (k). Then J has a basis e;;,€;;, 1 <4,j <n.If a € B then

n n
a = E Qjjei; + E Bij€ij-

i,j=1 4,j=1
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. 7 Fij 7
There exists an element z € Z, z # 0, such that e;; = -, €;; = =% and fy;, f;; € B.
As in the case (a),

a1+ By - 1) € BN Z(J).
Hence ZGOZij € BN Z(J)O =7, ZGIBij -1 € B. But

leﬁij = Z 8(((((26@] T) os f12) o5 721) o f11) 05 fik) Os fr1—
k=2

—2(n—2)2%(((2°By; - 1) 05 f12) 05 f21) 05 fu1.
So 2MB;; € Z. If 29 = 2! then the Z-module zoB ~ B embeds into the free

n n
finitely generated Z-module Y Ze;j + > €.
i,5=1 4,j=1

c) J = P,(k). Then J has a basis e;; € My(k), 1 < 4,5 < n, &; € H,(k),
1<i<j<n,é;€S,(k),1<i<j<n.lfac B then

n
a= Zaijeij+ Z Bij€ij + Z Yij€ij-

ij=1 1<i<j<n 1<i<j<n

There exists an element z € Z, z # 0, such that ¢;; = %, €; =2

W |

fij,fij € B. In the same way as in the case (a), one may show that 2°q;; + b € B,
where b is a some element from M. Then 26041-]- € Z.

Let Y = <a GST) € J,ie. a € My(k), h € Hy(k), s € Sn(k). We have the

h
following identity:
0 0 1/(s d
Y<E 0> _2(33 —s>
for some d € S, (k), z € Hy,(k). Hence, like with a;; we have z7y;; € Z (since
0 0
(E 0) = Ut fan))-

, we take a matrix with zf8; on some

Using a multiplication by (8 hi 6 fa

place in the upper left quarter. So, we have 27 x; € Z. If 29 = 27 then the Z-module

2B ~ B embeds into the free finitely generated Z-module ) Ze;;+ > €+

ij=1 1<i<j<n
>, Eij
1<i<j<n
d) J = 0sppom(k). If x € B then
a b1 b2
T = —b2T c1 ¢

We will use the notation



1038 A.S. PANASENKO

Then
a 0 0
0 0 0)=(2z05S5—2)055,
0 0 0
0 0 O
0 1 c2] =Q2xosS—1x)o,(1-09).
0 c3 of

The first equation allows us to use case (a). The second one allows us to use case

(c). Let
by = Z Z 5ij€ija
i=1 j=1
by = ZZ’Yijeij~
i=1 j=1

Then we have:

0 0 0
(0 0 %‘jekj—%'j@jk>=
0 O 0
ei 0 0 0 0
—2( ((xosS—x)osS)os | 0 0O os |0 ej; O Os
0 0 0 0 €jj

0 0 0 0 0 e
os |0 €rj 0 > os | —exr O 0 )
0 0 e 0 0 0
where r #£ i, k # j.

This identity allows us to use case (c). Similarly, we can use it for 3;;. So, we
can find z € Z such that zB ~ B embeds into a free finitely generated Z-module.

e) J=D;, 0#t € k. Then J has a basis e, ea, z,y. If a € B then

o O O

a = age; + azeg + frx + Bay.

There exists an element z € Z, z # 0, such that e; = %, r=7%2,y=%2t=%and

fi,v,w € B, 0 #u € Z. We have the following identities:
uz*By = 4(((afr) f2)w)(ufi + 2 f2),
uz'fy = —4(((af1) f2)v) (ufi + 2 f2),
uzbar = 4(((((afr)v) fr) f2)w) (ufi + 2 fa),
uzlag = 4(((((af2)v) fr) f2)w) (ufr + 2 f2).

If zg = uz® then 2B ~ B embeds into the free finitely generated Z-module Ze; +
Zey + Zx + Zy.

f) J is the superalgebra of non-degenerate supersymmetric superform on a superspace
V = Vy @& Vi. Then J has a basis e,ey,...,en,91,.-.,92m, Where e is a unit,
{e1,...,en} is an orthogonal basis of Vp, (e;,e;) = i, {g1,.-.,92m} s a basis
of Vi, (92i—1,92i) = Bi # 0 and (g;, g;) = 0 otherwise. If a € B then

n 2k
a=ye+ Z(Siei + Zeigi.
i=1 i=1
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There exists an element z € Z, z # 0, such that e; = %, g; =
and f;, h; € B, A\;, u; € Z. We have the following identities:

ZXr2y = (((af1) 1) f2) f2,
Z)\1>\251 = ((afi)fl)fl, 7> ].,
2201 = ((af1) f2) fo

hi
z

Ntg

y Qg =

i:ﬁi:%

Therefore,
((ahor)hok)hok—1 = —2pe2m—1,
((ahak—1)hok—1)hok = —2pieok.
If zo = 22 H?:l i H?;l ,uf then zgB ~ B embeds into the free finitely generated
n 2m
Z-module Ze+ Y Ze;, + > Zg;.

i=1 i=1

g) J = Hg(k) + (Sg(k) D Sg(k)) Then J has a basis €11, €22,€33, €12, €13, €23,
€12, €13, €23, €12, €13, €23. If a € B then

a= Z Qijeij + Z Bij€ij + Z Yij€ij-

1<i<j<3 1<i<;<3 1<i<;<3

el
=

oS

There exists an element z € Z, z # 0, such that e;; = fTJ, € = L, CES

fijs Fijs Fij € B. Let

Fi(a) = (((af12) F12) F12) f11) f33,

Fy(a) = ((((aZm)zlz)?12)f22)f33a

Fs(a) = ((((a?13)?13)213)f33)f22a

Gi(a) = ((((0712)?12)212)]:11)f337

Ga(a) = ((((af12) F12) f12) f22) 33,

Gs(a) = ((((af13)F13) f13) f33) foz

Then we have the following identities:

2" Baz = 162F(a) f13 + 32(Fi(a) f23) fr2 + 32(Fi(a) f12) fos,
2" P13 = 162F5(a) f23 + 32(Fa(a) f13) fi2 + 32(F2(a) f12) fi3,
7512 = 162F3(a) f23 + 32(F3(a) f12) f13 + 32(F3(a) f13) f12,
2" ’Y23 = 162G1(a) f13 + 32(G1(a) f23) f12 + 32(G1(a) f12) f23,
2 713 = 162G2(a) faz + 32(G2(a) f13) fiz + 32(G2(a) fi2) f13,
2"y12 = 162G3(a) f23 + 32(G3(a) f12) fis + 32(G3(a) f13) f12,

22) f13) f23 + 4

3
f (((af11) f22) f23) f13,
f33) f12) f23 + 4(((

(

Ztong = 22((af11) f33) frs + 4(((af1s afi1) fs3) f23) fi2,
2laog = 22((afa2) f33) f23 + 4(((afa2) f33) fr2) fis + 4(((af22) f33) f13) fizs
Zany = 2(((2af11 — za) f11) fr2) frz +2(((2af11 — 2a) f11) f13) f13 — 2 (2af11 — za) fu1,
240422 = 2(((2afa2 — za) f22) f12) fi2 + 2(((2a fo2 — za) f22) f23) f23 — 22(20f22 —za) fa2

Ztags = 2(((2afss — za) f33) fas) fa3+2(((2af33 — 2a) f33) f13) f13 — 2° (2a fas — za) f33.
If 29 = z* then 29 B ~ B embeds into the free finitely generated Z-module > Zeij+

1<i<j<3
Yo Zei+ Y Zey.
1<i<j<3 1<i<j<3

(
(
(
Zars = 2z((afin) fa2) fi2 + 4(((afi1)
) )
)
)
)
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a1 b1 b2
b1 sz
bg bg Qs

1

1
1

Z Yij€ij + p1mi + pHama.

E Bijei; +e1my + eama,

a =
2
ij=
2
2
2

0]

b1
by
b3

Hs(B(4,2)). If a € B then

h) J
Let us denote
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We have representations of basis elements of J as fractions with numerators
ai,as,...,as from B and the common denominator z € Z. Then our identities

21
imply that z5B ~ B embeds into the free finitely generated Z-module Y~ Za;. 0O
i=1

5. ACKNOWLEGMENTS

The work is supported by Mathematical Center in Akademgorodok, the agreement
with Ministry of Science and High Education of the Russian Federation number
075-15-2019-1613.

The reported study was funded by RFBR, project number 19-31-90055.

The author is grateful to the referee for the useful comments.

The author also expresses his gratitude to P. S. Kolesnikov, whose remarks helped
to improve this paper.

REFERENCES

[1] E. Posner, Prime rings salisfying a polynomial identity, Proc. Am. Math. Soc., 11 (1960),
180-183. Zbl 0215.38101

[2] M. Slater, Prime alternative rings III, J. Algebra, 21:3 (1972), 394-409. Zbl 0235.17011

[3] E.I. Zel’manov, Prime Jordan algebras II, Sib. Math. J., 24 (1983), 73-85. Zbl 0534.17009

[4] L.P. Shestakov, Prime alternative superalgebras of arbitrary characteristic, Algebra Logic, 36:6
(1997), 389-412. Zbl 0904.17025

[5] E. Formanek, Noetherian PI-rings, Commun. Algebra, 1:1 (1974), 79-86. Zbl 0272.16004

[6] A.S. Panasenko, Just infinite alternative algebras, Math. Notes, 98:5 (2015), 805-812. Zbl
1360.17035

[7] V.N. Zhelyabin, A.S. Panasenko, Nearly finite-dimensional Jordan algebras, Algebra Logic,
57:5 (2018), 336—352. Zbl 07035676

[8] V.N. Zhelyabin, Simple Jordan superalgebras with associative nil-semisimple even part, Sib.
Math. J., 57:6 (2016), 987-1001. Zbl 1417.17034

[9] V.N. Zhelyabin, A.S. Zakharov, Some constructions for Jordan superalgebras with associative
even part, St. Petersbg. Math. J., 28:2 (2017), 197-208. Zbl 1388.17020

[10] V.N. Zhelyabin, Structure of some unital simple Jordan superalgebras with associative even
part, Sib. Math. J., 59:6 (2018), 1051-1062. Zbl 07035749

[11] F.A. Gomez Gonzalez, R. Velasquez, Orthosymplectic Jordan superalgebras and the
Wedderburn principal theorem, Algebra Discrete Math., 26:1 (2018), 19-33. Zbl 07083029

[12] F.A. Gomez Gonzalez, Jordan superalgebras of type Mn|m(F)(+) and the Wedderburn
Principal Theorem (WPT), Commun. Algebra, 44:7 (2016), 2867-2886. Zbl 1402.17037

[13] F.A. Gomez Gonzalez, Wedderburn principal theorem for Jordan superalgebras I, J. Algebra,
505 (2018), 1-32. Zbl 1423.17028

[14] F.A. Gomez Gonzalez, Jordan superalgebra of type JP,, n > 3 and the Wedderburn principal
theorem, Commun. Algebra, 48:5 (2020), 2258-2266. Zbl 07192181

[15] M.L. Racine, E.I. Zel’'manov, Simple Jordan superalgebras with semisimple even part, J.
Algebra, 270:2 (2003), 374-444. Zbl 1036.17026

[16] M.L. Racine, Primitive superalgebras with superinvolution, J. Algebra, 206:2 (1998), 588—-614.
Zbl 0915.16036

[17] I.N. Herstein, Noncommutative Rings, The Carus Mathematical Monograph 15, Wiley and
Sons, 1968. Zbl 0177.05801

[18] E.I. Zel’'manov, L.P. Shestakov, Prime alternative superalgebras and nilpotence of the radical
of a free alternative algebra, Math. USSR Izv., 87:1, (1991), 19-36. Zbl 0724.17022

[19] K.A. Zhevlakov, A.M. Slinko, I.P. Shestakov, A.I. Shirshov, Rings that are nearly associative,
Academic Press, New York etc., 1982. Zbl 0487.17001



1042 A.S. PANASENKO

ALEXANDER SERGEEVICH PANASENKO
SOBOLEV INSTITUTE OF M ATHEMATICS,
4, KOPTYUGA AVE.,

NovosiBirsk, 630090, RussIA.
NovosIBIRSK STATE UNIVERSITY,

1, UNIVERSITETSKIY AVE.,
NovosiBirsk, 630090, Russia

Email address: a.panasenko@g.nsu.ru



