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Abstract

The purpose of this work is to calculate the values for the generalized
Euler-Zagier-Hurwitz type of multiple zeta functions at non-positive integers
by using the Raabe’s formula and the Bernoulli numbers.

Mathematics Subject Classifications: 11M32; 11M41.

Key words: Euler-Zagier-Hurwitz type of multiple zeta functions;
integral representation; special values; Bernoulli numbers; Raabe’s for-
mula.

Introduction and notations

Let n an positive integer, a = (ay,...,a,) € C" and 8 = (B1,...,5,) € C" such
that
%(ﬁj) >0 and §R(Oéj) > —%(6]) Vi<j<n

The generalized Euler-Zagier-Hurwitz type of multiple zeta function is defined for
S = (Sla"'asn) E(Cnv by

- 1
Gl fis) = Z H (Bimy + - -+ Bim; + o) 0.1)

M= (Mo )ENP i=1
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This series converges absolutely in the domain
Dn = {(Sl7 Cey Sn) eC": éR(Snfk+1+...+sn) >k (1 S] S n)} (OQ)

and uniformly in any compact of D,, (see [15]). In the case where 5; = 1 for all
1 < j < n, the series (0.1) coincide with the multiple Hurwitz zeta function

Cula; 81,...,5,) = Z ! (0.3)

m:(ml o )EN” (ml + Oé1>51 N (ml —|— e + My, + an)Sn

which introduced by Akiyama and Ishikawa and proved its analytic continuation
to C™ [2]. Matsumoto and Tanigawa proved the analytic continuation of wide class
of multiple Dirichlet series and multiple Hurwitz zeta functions in [13] and [14],
and the analytic continuation of the series (0.3) is a special case of [13, Theorem
1.
In the case where o; = j and §; =1 for all 1 < j < n, the series (0.1) is just the
multiple zeta function.

In this paper, we consider the generalized Fuler-Zagier-Hurwitz type of multiple
zeta function, given by the following series

Gnla; B;s) = > 11 ! (0.4)

m=(my,...,mn)ENR i=1 (Brmy + - -+ Bim, + 2311 a;)si

where, a = (ay,...,a,) € R" and g = (B4, ..., [,) € R" verified some conditions.

Historically, Akiyama, Arakawa, Egami, Ishikawa, Kaneko, Matsumoto, Tani-
gawa and Zaho give the meromorphic continuation of the Euler-Zagier multiple
zeta function [12]. In addition, Akiyama, Egami and Tanigawa studied multiple
zeta values at non-positive integers in [2].

In recent years, many relations among zeta values were discovered by a lot of
mathematicians, for example, Hoffman, Kaneko, Ohno, Zagier and the author (see
Hoffman’s web page for more references).

Our main result in this work is the values at non positive integers of the se-
ries (0.4). The key of this study is the use of the Raabe formula [7] which expresses
the integral in terms of the sum.

1 Main results

For real numbers a = (ay, ..., a,) € R", such that, for all 1 <i <n:

i@j 7é O, —1, —2, ceny
j=1
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B=(B1,...,B,) € RY, such that, for all 1 <i <n:

Bi # 0
and a and [ verified the condition
Bimy + -+ Bim; + a; # 0, V1i<i<n (1.1)
So, for a complex n—tuples s = (s1,...,5,) € C", we define the generalized Euler-

Zagier-Hurwitz type of multiple zeta function by
Cola; Bss) = (o, . an; By o5 Bui Sty -5 8n)

= }: H( L (1.2)

prmay+ -+ Bimi + 2221 ;)%

and the corresponding integral function associated to the generalized Euler-Zagier-
Hurwitz type of multiple zeta function by

n

1
H@%&I/ ; dz. (1.3)
- [0,4-00[" E (Brvr + -+ B + D5 o)

Remark 1.1. We remark that:

o If B =(1,...,1), then the series (1.2) reduces to the generalized multiple
Hurwitz zeta function.

o Ifa=(va,...,a) and 8 = (1,...,1), then the series (1.2) corresponding
to the classical multiple Hurwitz zeta function.

o Ifa=(1,1,...,1) and B = (1,...,1), then the series (1.2) corresponding to
the multiple zeta function.

We recall that the series (1.2) converges absolutely in the domain
{s=(s1,...,8,) €C": R(s;+--+s,)>n+1—j Vj=1,...,n}

and has a meromorphic continuation to C" (for this, we refer the reader to [13, 15]).
For the meromorphic continuation of the integral (1.3), it just apply the Raabe
formula (see the point (1) of Proposition 4.1).

We first give well-known elementary result for the integral function.



Lemma 1.1.
Let N= (Ny,...,N,) be a point of N",

(1) The point (s = —N) is a polar divisor for the function Y, (a; B; s) if and only
if there exists a k = (ka, ..., k,) € N*7! such that

(Sn—1)(Sp+Sn_1—24ky)... (2”: s; —n+ Zn:l@) = ﬁ (Zn: si—n+7—1+ Zn: k:z> =

j=1 \i=j i=j+1

(1.4)

(2) If (s = —N) is not a polar divisor for the integral function, then the value
of this function at this point exists and is given by

Yo(a; B;s) = (=)™ ([Ti= 67Y)

(Nn-‘rl) Nn+Np_1+2—kn SPy Nitn=7 g ky | o (- i sitn={ o ki)
kn kp—1 kg !

n k;
ZE:(kg,...,kn)ET(M ;}:1 (ZZL:J Ni+n_j+1_2?:j+1 kz) Hj:Q Oéjj

with

T(N) := {E:(kQ,...,kn)eNn_lz 0<k; <> Nit+n—j+1— > k V2<j<n

i=j i=j+1

We give now a similar result for the generalized Fuler-Zagier-Hurwitz type of
multiple zeta function.

Theorem 1.

Let N = (Ny,...,Ny,) apoint of N if the point (s = —N) is not a polar divisor
for the integral function Y, (a; B; s), then the value of the generalized Euler-Zagier-
Hurwitz type of multiple zeta function C,(a; 5 8) at the point (s = —N) exists and
18 given by B

Gl B; —N) = (=1)" (TTi=, 57)

n 1
ZEZ(/’Q kn)T(N) 2 v=(onon) €N A=D) BEHj:l (Ci, Nitn—j+1-37 1 ki)

(1.5)
with

A-N) =
(Z;’L:I Nitn=327"» kz) aEZ?:l Nitn—v1-3 00, kl) Hn (Z?:j Nitn—j+1-370 .y kz) <k3) akj —vj

vl j:2 kj

0.

} |



and

T(N) := {@:(k:g,...,kn)eN”‘l: 0<k <) Nitn—j+1- > k, V2<j<n

i=j i=j+1

and .
B,=]]B,
j=1
where B, is the vj_th Bernoulli number.

2 Proof of lemma 1.1

Let the integral function

Ya(a; B;s) =/ [ (Biwr+--+ Biwi + > ay) ™ da.
[0,400[™ ;1

J=1

The change of variables:

for all 1 <14 < n, gives

n

H@@ﬁZ/

[0,+00™ ;1

Bl (ti+-+Hti+ Y o) dt
j=1
where, t = (t1,...,1,).
Now, if we use the following change of variables:
Yi =t +

for all 1 <17 < n, we find

n

Yo(a; B;8) = (Hﬁi‘l) /H [T+ +w) " dy

iy v, Foo[™ 5

thus, the following change of variables:

Zi:y1+"'+yi_zaj
=2

(2.4)

(2.5)

(2.6)

} |



for all 1 <i < n. gives

Y1= 21
{yizzi_zi—1+aia V2<i<n (27)
Since y = (Y1, ..., Yn) € [i—1[cu, +o0f, this gives
z€Va={2€R": o<z << <z) (2.8)

and, we find

i

Yn(g;ﬁ@):(H@l) /‘/H<Zi+zaj)si dz. (2.9)

n og=1 j=

This integral can be rewritten as follows.

Yn(gvﬁ7 §) = (ﬁ 51_1> /V h (Zz + ia]’)_si </+OO(Zn + i@j)_S" d2n> le...dZn,1

n-1 j=1 -1 j=2
(2.10)
with

—sn+1
n—1 N—sn+1 Sn
+oo n —5n N G L S ) o
fznfl <Zn + ZJZQ a]) dZn o sp—1 1 + Zn71+z’]n:_21 (7]

o Z —sp+1 (Zn—1+2?;21 ) TSn 1=k kn,
= kn €N o

kn sn—1 n

(2.11)

if and only if R(s,) —1 > 0.
Inductively on n, we find

Ya(a; g5s) = ([T, 57)
( e+l ) (—sn—skn,l-s-z—kn ) ( - Xt Si:n—zﬁs ki >a§* iy sitn=Xio ks) &
n 2 n J
ZE:(kg ,,,,, kn)eENn—1 (sn—1)(sn+sn—1=24kn)... (i si—n+37_s ki) Hj:2 7

n—1

ifand only if forall 1 <¢:<n—1

afe(zn:si>—n+j—1+§n:ki>o (2.12)
=2

i=1

and

R(sn) — 1> 0. (2.13)

Therefore, for any point N = (Ny,..., N,) € N”
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1) The point (s = —IN) is a polar divisor for the function Y;,(q;s) if there exists
a k= (kg,...,k,) € N*~! such that

(sn—1)(Sp+Sn_1—2+k,)... (Z ;i —n+ Zk) H (i si—n+j—1+ Z k:) 0.

=1 J=1 =] i=j+1
(2.14)

2) If (s = —N) is not a polar divisor we get

(Nn+l)m(Z?:gNiJrn—Z?:g’fz’) _H(Zz SNt =g+l -50 J+1k) =0

ky, ko k;

(2.15)
if and only if there exists an k = (ko,...,k,) € N*"1 and 2 < j < n, such
that

kj >ZN +n—j4+1-— Z k;.
i=j+1
Let

T(N) := {E: (kay .o ky) € N1 0 < Ky SZNi—l—n—j—l-l— Z ki, V2<j Sn}
i=j i=j+1
(2.16)
which is finite, then

Yo(a; B;s) = (=1)" (ITiey 87)

(Vo) Np+Np_1+2—kn (2?2 Nitn— D ) (= ZPq sitn—7 o k)
kn k1 ko 1

n k;
ZEz(kg ..... kn)ET(N) ;,l:l(zglszﬁn_JH_zi:jH l) Hj:g jy

3 Key Proposition
For a = (ay,...,a,) € R} and s = (s1, ..., 5,) € C", we define the function

_757 (Hﬂ ) / H($1++.’Ez+a1++al)_32 d£
[Tizy [evis oo™ 555

(3.1)

\ @

We prove the following useful result.
Proposition 3.1. Let N = (Ny, ..., N,,) a point of N*, then we have for a € R*

Yn,g(g; é; —M = (_1)n (H?:l Bi_l) Z@:(@ ..... k,)ENn—1

n (=) ay n J
Z v=(v1,...,un)EN ( " Nitn—y, kz) Hj:2 (Z?:j Nitn—j+1-31" 4 kz)

v <k; \‘/’QSan;vlS(—Z;L:l s,L-—O—n—E;L:Q kz)




with

A-N) =
(Zz 1 Nitn—=3"0o ks ) O_/EZ;L:l Nitn—v1=31 s k’) Hﬁ:Q (Z?:j Nitn—j+1-3"" .y k1> (’%) akj*”j

v1 kj

and

T(N) := {E:(kg,...,kn)eN”_lz 0 <k <ZN +n—j+1— Z ki, V2<j<n}
=7 i=j+1
(3.4)

Proof. Let a € R%, such that for all z = (21,...,2,) € [, +00[" and for all
1< <n
o; + a;

r1+..+xi1tar+ ... +ta;

<1, (3.5)

we have

Yn,g —’ (Hﬁ )/ ﬁ 1’1+ txita .. —i—az) % dg.

’L l[a’b +oo[n =1
(3.6)

This integral can be written as follows

Yiala; Bis) = ( i1 Bi )fnn 1as oo~ T (x1+...+xi—|—a1+...+ai)fsz~

X <fozoo (14 ..+ xp+ a1+ ... +a,)"" dxn> dxy...dr, 1

Since for (s,,) > 1 we have

(:L‘l + ... t+xpt+ar+ .0y + o+ an)ianrl

+oo
/ (v14 ..+ T+ a1+ ... +a,) " dz, =
an Sp,— 1

(3.7)
condition (3.5) yields
f;;oo (r1+ ... +xn+ay+ ... +a,) " dz,

- 3.8
= aneN <*S,:n+1> M(l’l + + xn_l —I— al + an_l)*Sn‘i’l*kn ( )

spn—1

Iffor1<j<n-1

(Z%sl—njtj—l%—Zk) (3.9)

i=j+1



then inductively we find

CB-Q) — -1 (a14ay)” Zim1 sitn—ioki
YTL,Q(Q) é? §) - (_]-)n (H?:l 61 ) ZE:(kQ,..-,kn)EN”—l a&,;?:l Si+nfz?:2 kz)
n = sitn—i 1= k) (aj4a;)*i
X Hj:g < i=j ks i=j (_Z?:j 5i+n_j+1_z?:j+l kl)

(3.10)
But, for all 2 < 7 < n we have

BN o
(aj+a;)" =) < j) of " ay (3.11)

v
vjEN J
ngkj

and

(al + al)f Z?:l Si+n72?:2 ki =
Z byen (7 S sitn—> ", kl> CYE_ Dizy Sitn—vi—3 i, ki) alt
)

V1 1
v1 S(— Z?:l Si+n_2?:2 k;
(3.12)
which yields
Yoa(e ﬁ% s) = (-1)" (H?:l 52'_1) Zgz(kg,...,kn)eanl
Z v=(v1,...,vn)ENT A(i) ail]l Hn a;}j
vi<k; V 2§j§;w1§1’(7’2?:1 si+n—0 kz) (7 Yty sitn—3il, ki) =2 (7 Z:';J' Si+n7j+lfz:'l=j+1 kl)
(3.13)
with
As) =
=30 sin—>" ki — iy sitn—v1—3 0 o ks n — > siAn—j+1-=>" ok L kj—wv;
( > ‘L‘l >is > Oég 1 2 )Hj:2 < Diejsit ]ﬁj it > (vj) aj] j
(3.14)
Setting s = —N = —(Ny, ..., N,,) € N” yields (3.2) and ends the proof of Proposi-
tion 3.1. UJ

4 Proof of Theorem 1

The proof relies on the Raabe formula [7|, which expresses the integral in terms of
the sum.

Proposition 4.1.

(1) Raabe formula:



for all s € C™, outside the possible polar divisors of Y,(«; B; 8), we have:

Yn(g;§;§)=/t[0 . Cnt(a; B; ) di (4.1)
where:
- 1
leiie) = eNng (B + 1+ an) + -+ (Bimi + i+ )™

and dt is the Lebesque measure on R™,

(2) For a fived point N = (Ny, ..., N,) in N the maps a+ Y, 4(c; B; —N) and
a— Cui(a; B; —N) are polynomials in a = (ay, ..., a,) € R}

Proof.

(1) Let s € C" be chosen in such a way that the integral function (1.3) and the
series (1.2) are absolutely convergent.
Thus, for t € R}, we have:

/ Cni(; B;s) dt
0,1]

N / ZH(tl+"'+ti+51m1+---+5im¢+zag‘)_sid’£
0,11

i—1 j=1
= Z / H(tl+61m1+"'+ti+ﬁimi+zaj)_8idt
menn Lo [mamit1] j=1
- / H(51$1+"'+5ﬂi+%)_8i dx =Y (a; B3;s).
[0,4-00[™ ;4

This last equality which is verified for all s € C™ follows by analytic contin-
uation outside the polar divisors.

(2) follows from (3.2) combined with the Raabe formula.

Lemma 4.1 ([6]).
Let P and @) to be two polynomials in n variables linked by

P(a) = /t o Qa+ 1) dt. (4.2)
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Write out

ay (4.3)
1

P(a) = P(ay,...,a,) = Y _hg

L i=
where hy € C and L = (L, ..., L,) € N" ranges over a finite set of multi-index.
Then

Q(a) = Qar, ..,an) = Y hy HBLi(ai) (4.4)

where the Br,(a;) are the Bernoulli polynomials [3].
Conversely, if Q is given by (4.4), then the relations (4.2) and (4.3) yield equivalent
formulas for the polynomial P.

Proof. Let V :=V,,,, be the finite-dimensional complex space of polynomials in n
variables a = (ay, ..., a,) with complex coefficients and having degree at most m.
Note that both {a}y, and {Bg(a)}y are C—bases of V. Here L = (L4,..., L,)
ranges over all multi-indices with |L| := Y- | L; < m and ak := [[\, a/". That
{Bp(a)}y is a basis of V := V},,, can be proved by induction on m, since a— By (a)
has degree strictly less than |L|. Let f : V. — V be the C—map taking @ =

Q(a) €V to
@@= [ Qla+ b
te[0,1]”
We can restated the Lemma as saying that the inverse map to f exists and takes
al to B(a).

Hence, it will suffice to show that f(Bg(a)) = al, for then f is an isomorphism
(it takes one basis to another). Using [4, p.4] and |9, pp.66-67]

%Bj+1(a:):(j+1)3j(x) and  Bja+ 1) — By(x) = jai !

we calculate

n 1
f(BL(§)> = fge[o,l}n B,(ﬂ + E)dE = Hi:l fo BLi (ai + ti>dti
= [I%, 255 (Brga(ai +1) = Bra(ai) = [T, o)

Which concludes the proof of the Lemma. O

Proposition 4.2. If we write out the polynomial Y4(a; B; —IN) as a sum of mono-
mials,

Ya(a; 8;—N) = Cp a*
L

11



with a® = Haf" and Cp = C(N) € C.
i=1

Then
Gula; B;—N) = CL By
L

where By, = HBM 15 a product of Bernoulli numbers.
i=1
More generally, for a = (a1, ...,a,) € R, we have:

(nala; i —N) = > Cy Bi(a)

where Br(a) = HBqu (a;) is a product of Bernoulli numbers.
i=1

Proof. Tt follows from the above lemma, with P(a) = Y, 4(a; 8; —N) and Q(a) = (,.q(2; 5;
[l

~N).

4.1 Proof of Theorem 1:
Relation (3.2) shows that for all ¢ € R}

.....

> — e I i
v=(v1,..., vn)€EN n n j=2 n ) n
i N7 ) j NN Apn—it 15" .
vj<k; ¥ 2§j§n;v1g(— TR sitn—R, kz) ( Ty Ni+n=3"", /ﬂ) (zz:g N;+n—j+1 Zz:]+1 k?z)

(4.5)
with
A(-N) =
(E?zl Nitz_z;:? kl) agzizl Nitn—vi—Y7 o ki) H?:z (ZZ-;]- Ni+n7j1;j172?:j+l k) <5j) a?—vj
(4.6)
and

T(N) := {E:(kz,...,kn) EN"': 0<k <> Nitn—j+1— > k V2<) gn}.
=7 1=j+1
(4.7)
Setting,

a’ = H ay’ (4.8)



this gives

Voales 8, —N) = (=1)" (TT, 5;7)
_ v TT" 1
Zk:(k‘z k‘n)eT(E) Z v=(v1,..., vn ) ENT A( E) a szl (Z?:j Ni‘l‘n_j‘f‘l—zzl:jJrl k‘z) .

vy iy ¥ 2<i <oy < (S Nin—S7, k)

sy

It follows from Proposition 4.2 that

Cula; B; —N) = (=1)" ([Ti=, B7Y)
Zkz(kg kn)GT(E) Z v=(v1,..., v ) ENT A<_E) BQ H]Z]. (Z?:j NZ‘+TL*]':’1*Z?=J'+1 k‘z)

(4.10)

and B, is the v; ~t Bernoulli number, which ends the proof of Theorem 1.

5 Generalized Euler-Zagier-Hurwitz type of dou-
ble zeta values

As an application of Theorem 1, we find

Co(a; B; —N) =
Byt YN N N2k ok (M) (MREE) () el T 0y 2B By

k=0 v1=0 vo=0 (N1+N2+27k)(N2+1)

with B,, is the v; ™ Bernoulli number.
So, we give some values in the table below

13



a= b=
(a1,00) (B f2) N =(Ni,No) Gofa; B;—N)N = (N, Na)  (a(a; B3 —N)

(1,1) (1,1 (0,0) : (1,0) =
(0,1) = (1,1) 65
(0,2) = (1,2) o
(0,3) =L (1,3) =

(1,2) (1,2) (0,4) o (1,4) =
(0,5) = (1,5) o5
(3,0) = (4,0) =5
(3,1) o (4,1) T35

(3v 4) (_1’ _2) (37 2) % (47 2) %2858
(3,3) v (4,3) 30940
(3,4) 0080 (4,4) 06880
(3,5) g (4,5) aiois

6 Values of some related multiple series

In this section, we give the values of some particular case of the generalized Euler-
Zagier-Hurwitz type of multiple zeta function.

6.1 Values of generalized multiple Hurwitz zeta function at
non positive integers

For 8:=1=(1,...,1), we find
Cola; B;5) = (lag, ..., a1, 181,000, 8,) = Galas s) (6.1)

- Y 1 1 62

m=(mi,....,mn)EN" i=1 (my - +mi 22:1 a;)*

which is the generalized multiple Hurwitz zeta function.
Thus, if we apply Theorem 1, we find the result

Corollary 6.1.
Let N = (Ny,...,N,) a point of N, if the point (s = —N) is not a polar
divisor for the integral function Y,(a; 1; s), then the value of the multiple Hurwitz

14



zeta function (,(a; 1; 8) at the point (s = —N) exists and is given by

Cnla; 1, —N) = (=1)"

2= ET(H) 2 p=(o1, vn) €N A(=N) B, I} (S0, Nitn— S

i=j+1 )

(6.3)
with

A-N) -
(Z?:l Nitn=327» kz) aEZ?:l Nitn—v1—=30i, kl) Hn (Z?:j Nitn—j+1-370 .y ki) <kj ) O/?J’ —vj

v1 Jj=2 kj Vj J

and

T(N) := {@:(kz,...,kn)eN”_l: 0<k <ZN +n—j4+1-— Z k:l,v2<]<n}

=7 1=7+1

and

where B, is the v;~"" Bernoulli number.

6.2 Multiple zeta values at non positive integers
Now, for :=1=(1,...,1)and a:=1 = (1,...,1), we find

Cn(g7é7§) = Cn(l;l;sla78n):<-n(§):m Z GNTLH m1+ —|—ml+l)
B m= Z )eN*"H m1—1— )

which is the multiple zeta function.
Thus, if we apply Theorem 1, we find the same result given in [16].

Corollary 6.2.

Let N = (Ny,...,N,) a point of N, if the point (s = —N) is not a polar
divisor for the integral function Y,(1;1;s), then the value of the multiple zeta
function (,(1; 1; ) at the point (s = —N) ezists and is given by

Ca(—IN) == (u(L; 1, —N) = (—=1)"
Zk (ka,..., GTN)Z v=(v1,-.,un ) ENT A(=N) B, HJ L (S, Nitn— g+1 >n

<k VvV 2<<n; v1<(2" N;+n—3 " i=9 kz)

i=j+1 )

(6.4)

15



with

Z?:l Ni+n — Z?:2 k%) ﬁ (Z?g Ni+n—j+1- Z?:j-&-l kZ) <kj>

U1 k; U

Ae-m = (

J=2

T(N) := {E:(kg,...,kn)eN"I: 0<k; <> Nitn—j+1l— ) ki,v2§j§n}.

i=j =741

and .
B,=[]B.,
j=1

where B, is the vj*th Bernoulli number.
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