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ABsTrACT. For certain properties B of topological Tp-spaces, we prove
that an arbitrary To-space Y has property 9 if and only if the function
space C(X,Y) endowed with the pointwise convergence topology possesses
P for some (and therefore, for each) [a*-|space X.
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1. INTRODUCTION

The question if certain properties of topological spaces are preserved when passing
to function spaces is connected with the definition of Cartesian closed category of
topological spaces and is therefore of natural interest. We mention some results
connected with this question. In [3, 4, 5] (see also Theorems 7.3.2, 7.3.4 and
Corollary 7.3.5 in [12]), the first author proved that for arbitrary sober A-spaces [f-
spaces] X and Y with least element, the space C(X,Y) of continuous functions from
X to Y endowed with the pointwise convergence topology is also a sober A-space [f-
space| having a least element. The first author established in [6] that the property
of being a d-space is also preserved when passing to function spaces. Moreover,
the first author showed in [8] that for arbitrary A-spaces X and Y, C(X,Y) is also
a A-space. These results allow, in particular, to construct natural models of the
A-calculus. Other results in this direction can be found in G. Gierz et al. [14] as
well as in the monograph of the first author [12].

The interconnection of a series of properties of topological Ty-spaces and those
of function spaces is studied in this paper. Specifically, we consider the following
properties of topological Tj-spaces:
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) to possess a least element;

) to be a d-space;

) to be a topological join-semilattice;
) to be a sober space;

) to be an essentially complete space;
) to be a [densely] injective space;
(7) to be a [sober] A-space.

Let B denote one of the properties (1)—(4). We show that an arbitrary topological
To-space Y possesses P if and only if the function space C(X,Y), endowed with
the pointwise convergence topology, has the property 3 for some (equivalently, for
each) Tp-space X, see Lemma 1, Theorems 3, 6, 10 and Proposition 9. Let £ denote
one of the properties (5)—(6). Then an arbitrary topological Ty-space Y has the
property 9 if and only if the function space C(X,Y) has 9 for some (equivalently,
for each) a*-space X, see Theorems 19 and 20. Finally, a Ty-space Y is a [sober]
A-space if and only if C(XY) is a [sober] A-space for some (equivalently, for each)
A-space X, see Theorem 23 and Corollary 24.

(1
(2
(3
(4
(5
(6

2. d-spaces C(X,Y)

Given topological spaces X and Y, let C(X,Y) denote the set of all continuous
functions from X to Y. An arbitrary function f € C'(X,Y) can be considered as an
element of the Cartesian power YX. The pointwise convergence topology on C(X,Y)
is induced by the Tychonoff topology on Y. Therefore, the set

Vev ={f€CX)Y)| f(z) € U}, where z € X and @ # U € T(Y),

forms a subbasis of the pointwise convergence topology; we denote this topology
by P. By C(X,Y), we denote the space (C(X,Y),P). Thus for f, g € C(X,Y), the
relation f <y g holds if and only if f(z) <y g(z) for all x € X. We write f < g
instead of f <5 g. Consider the mapping

&Y —-CXY); &y~ &, wherey(r)=yforall zeX.

It is straightforward to verify that {(Y)NV,p =&(U) for all z € X and U € T(Y).
Hence ¢ is a homeomorphic embedding of Y into C(X,Y). The following statement
follows in an obvious way from the definition of the pointwise convergence topology.

Lemma 1. A Ty-space Y contains a least element (with respect to the specialization
order) if and only if C(X)Y) contains a least element for some (equivalently, for
every) Ty-space X.

Lemma 2. [12, Lemma 8.4.1] Let X and Y be Ty-spaces and let F' = {f; € C(X,Y) |
i € I} be an up-directed set with respect to the specialization order. If a function
f: X =Y is such that f(x) = supy{fi(z) | i € I} and f(z) € cly{fi(x) | i € I} for
all z € X, then f =sup F in C(X,Y).

Proof. Tt suffices to prove that f continuous. Indeed, let x € f~(U) for some U €
T(Y). Then f(z) € U, whence f;(x) € U for some i € I as f(z) is a limit point of
up-directed set {f;(x) |i € I}. Ifue f;1(U) € T(X) then f(u) > fi(u) € U, which
implies that f(u) € U. We demonstrated therefore that = € f;'(U) C f~(U),
whence f~1(U) € T(X). O
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Definition 1. A Ty-space X is a d-space, if for each nonempty up-directed set
D C X, supx D exists and sup D € clx D.
A space X is an Ag-space, if X is an A-space and a d-space simultaneously.

Theorem 3. For Ty-spaces X and Y, C(X,Y) is a d-space if and only if Y is a
d-space.

Proof. Suppose that Y is a d-space. According to Lemma 2, each nonempty set
F ={f, € C(X,Y) | i € I} which is up-directed with respect to the specialization
order has a least upper bound f. Let zg, ..., z, € X, let Uy, ..., U, € T(Y),
and let f € Vyou, N... NV, v,. This means that f(zx) € Uy for all £ < n.
Since f(zg) € cl{fi(zx) | ¢ € I} by Lemma 2, there are g, ..., i, € I such that
fi(xx) € Uy for all k < n. If i > dg, ..., i, then fi(zx) > fi, (vx) € Uy; that is,
fi(zx) € Uy, for all k < n, whence f; € Vo v, V... NV, v, . This yields that f is a
limit point for F' and C(X,Y) is a d-space.

Suppose now that C(X,Y) is a d-space. Let a set D C Y be up-directed with
respect to the specialization order. Then the set (D) = {&; | d € D} is also
up-directed with respect to the specialization order in C(X,Y). According to our
assumption, there exists f = sup&(D) € C(X,Y) and f € cl{(D). We show that
f € &Y). Indeed, let f(xg) € U € T(Y); we choose an arbitrary element z; € X.
Then f € V,, u. Thus, there exists d € D such that {g € V,,, v, whence f(z1) >
€a(z1) = d = &q(zo) € U. It follows that f(z1) € U whence f(zg) < f(z1). A
similar argument shows that f(z1) < f(zo). Therefore f = &, for some y € Y.
Furthermore, the argument above also shows that y =supy D and y € cly D. [

The fact that C(X,Y) is a d-space whenever Y is a d-space was established in [6].

3. SOBER sPACEs C(X,Y)

Definition 2. [11] Consider a topological space X and a set Y C X. An element
x € X is a solimit point for Y in X if for each U € T(X) such that x € U, there
exists an element y € U NY such that y <gx) .

Let sobx Y denote the set of all solimit points for Y in X.

Definition 3. [9] An extension X < Y of topological Ty-spaces is a u-extension,
if for each space Z and arbitrary continuous functions f, g: Y — Z such that
flx = glx the equality f = g holds.

For the next theorem, see [11, Theorem 3.2] and [12, Theorem 5.2.2].
Theorem 4. [12, Theorem 5.2.2] For an arbitrary extension X <Y of topological

Ty-spaces, the following conditions are equivalent.

(1) X <Y is a u-extension.
(2) For each U € T(X), there is a unique set V € T(Y) such that VN X =U.
(3) Each element y € Y is a solimit point for X in Y; that is, Y = soby X.

Definition 4. [11] A subset Y C X is sober in X if Y = sobx Y. A topological
To-space X is sober if its ground set X is sober in each Tp-extension Y > X.

For the next theorem, see [11, Theorem 3.6] and [12, Theorem 5.3.2].

Theorem 5. [12, Theorem 5.3.2] For an arbitrary To-space X, the following con-
ditions are equivalent.

(1) X is sober.
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(2) If S C X is a nonempty irreducible set in X, then S = |xx for some x € S.

(3) For an arbitrary u-extension Yo <Y, each continuous function fo: Yo — X
has a [unique] continuous extension f: Y — X.

(4) X has no proper u-extension.

We establish our first main result.

Theorem 6. A Ty-space Y is sober if and only if C(X,Y) is a sober space for some
(equivalently, for each) Ty-space X.

Proof. Let X be a Ty-space, let C(X,Y) be a sober space, and let a subspace Zg < Z
be such that Z = sobyz Zy. Consider an arbitrary continuous function fy: Z¢ — Y.
Recall that £: Y — C(X,Y) is also continuous. Thus, the function £fy: Zg —
C(X,Y) is continuous. As C(X,Y) is a sober space, there is a continuous function
f:Z — C(X,Y) such that flz, = £fo. We prove that f(Z) C £(Y). Indeed, let
z € Z;then z = sup(lzNZy) and z € cl({zNZy). It is straightforward to verify that
f(z) ecl f(lzNZy) and f(z) =sup f(lzNZy). Let g, z1 € X and let [f(2)](z0) €
U € T(Y). Then f(z) € Vyyu, whence z € f~1(V,,.v) € T(Z). Therefore there is
20 € 2N Zy such that f(zo) € Vi, v. Since the function f(z) is constant, f(zo) €
Ve, v- But then f(z) € Vi, v, as f(z0) < f(2). Therefore [f(2)](z1) € U. Similarly,
[f(2)](z1) € U implies that [f(2)](zo) € U; that is, [f(2)](z0) = [f(2)](x1), which
is our desired conclusion. Inclusion f(Z) C £(Y) implies that €1 f|z, = fo. In view
of Theorem 5, Y is a sober space.

Conversely, let Y be a sober space and let X be an arbitrary Ty-space. Let
also F' C C(X,Y) be an irreducible set. We prove that for each x € X, the set
F(z) = {f(z) | f € F} is irreducible in Y. Indeed, we consider arbitrary open
sets Uy, Uy € T(Y) and suppose that F(x) C Fy U Fy, where F; = Y'\U; for each
i < 2. Then FNVyy, N Vaeu, = FNVyuynu, = 9. According to our assumption,
FNVyy, = @ for some ¢ < 2. This means that F(z) C F;, which proves that the
set F'(x) is irreducible. Furthermore, the sobriety of Y and Theorem 5 imply that
for each © € X, there is g(z) € Y such that |g(z) = cly F(z). We show that g
is continuous. Indeed, let U € T(Y) and let & € g~ (U). Then g(x) € U, whence
f(z) € U for some f € F. Suppose that 2’ € f~1(U). This means that f(z') € U.
Since f(z') < g(z'), we conclude that g(x’) € U. Therefore x € f~1(U) C g~ 1(U)
and g~ }(U) € T(X). Hence the function g is continuous. Let h € cl F; then for
x € X, we have h(z) € cly F(z). Indeed, let h(z) € U € T(Y). Then h € V, iy
and f € V, p for some f € F, whence f(z) € U, which was to be proved. Thus,
h(z) < g(x) for all z € X, whence h <3 g. This means that g is an upper bound of
clF.

In order to prove the sobriety of C(X,Y), in view of Theorem 5, it suffices to
establish that g is a limit point for F. Indeed, let g € U, where the set U C C(X,Y)
is open in the pointwise convergence topology. This means by definition that g €
Voo N - NV, v, €U for some xg, ..., z, € X and some Uy, ..., U, € T(Y).
Thus, g(x;) € U; for all i < n. Since g(x;) is a limit point of the set F(z;), we
conclude that F'NV,, y, # @ for all i < n. Therefore FNV,, v, N...NVy, v, # 9,
whence F'NU # @, which is our desired conclusion. d

4. ESSENTIALLY COMPLETE SPACES C(X,Y)

Following [7], we consider several properties of a Ty-space X.
(Ho) X has a least element 0 with respect to the specialization order <.
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(Hy) X is a join semilattice with respect to <; V denotes the join operation in
X.
(Hy) The join operation V: X? — X is continuous; that is, <X,\/,‘J'(X)> is a
topological join-semilattice.
The proof of the following statement is straightforward.

Lemma 7. If X is an Ag-space and xoV x1 € U € T(X) for some xy,x1 € X, then
there are Uy, Uy € T(X) such that o € Uy, 1 € Uy and UpyNU; CU.

In [7], the following statement was proved, see also [12, Corollary 10.4.2].

Theorem 8. [12, Corollary 10.4.2] A Ty-space X is essentially complete if and only
if X is a d-space with properties (Ho)—(Hz).

Proposition 9. A Tj-space Y possesses the properties (Hy)—(Ha) if and only if the
function space C(X,Y) possesses (Hy)—(Hs) for some (equivalently, for each) space
X. Moreover, Y possesses the property (Ho) if and only if C(X,Y) possesses (Hp)
for some (equivalently, for each) space X.

Proof. Suppose that Y has the properties (H;)—(Hs). Let fo, f1 € C(X,Y). We put
g(@) = fo(x)V fi(z) €Y, zeX.

We show that ¢ is continuous. Indeed, let g(z) € U € T(Y). Since the function V
is continuous on Y according to our assumption, there are sets Uy, U; € T(Y) such
that f;(x) € U;, i < 2, and Uy NU; C U. This means that 2 € W = f; ' (Up) N
fH(Uy) € T(X). For all 2/ € W and all i < 2, we have g(z') > f;(2') € U;, whence
g(z') € UyNU; C U. Therefore x € W C g~ 1(U), and the set g~1(U) is open in X.
Besides that, it is not hard to verify that g = sup{ fo, f1}. Thus, the space C(X,Y)
possesses the property (Hy).

We show that the function V is continuous on C(X,Y). Indeed, if foV f1 € Vi,.0,N
...NV,, v, for some elements zo,...,z, € X and some sets Uy, ...,U, € T(Y),
then fo(x;) V fi(z;) € U; for all i < n. Since V is continuous on Y according to our
assumption, for each i < n, there are sets Uy;, Uy; € T(Y) such that fo(z;) € Uy,
fl(.%'l) € Uy, and Uy; NU; C U;. We put

Vo = VIO,UOO n...Nn VIn,U0n7 Vi= Vwo,Ulo n...N Vrn,Uln'

Then fy € Vp and f; € V4. If h € VNV, then h(a?l) € Uyp; NU; CU; for all 1 < n.
It follows that h € Vv, N... NV, v, Thus, VoNVi CVy v, N... NV, v, and
the space C(X,Y) possesses the property (Hs).

Conversely, assume that C(X,Y) has the properties (H; )—(Hz). According to our
assumption, for arbitrary yo, y1 € Y, there is f = &,, V&, € C(X,Y). We prove
that f is a constant function. Indeed, let f(xzg) € U € T(Y); choose an arbitrary
element ;1 € X. Then f € V,, y. Since V is a continuous function, there are
elements ug, ..., Uy, Wo, - .., Wy € X and sets Uy, ..., Uy, Wo, ..., W, € T(Y)
such that &, € Vo = Vo uo N ... NV, s §yn € Vi = Voo N ... NV, w,., and
VonVi C V. We put Ag=UpnN...NU, G‘I(Y), Ay =Won...0nW,, GT(Y)
Since &y,, &, are constant functions, &, € Vi, 4, and &, € Vi, a,. Therefore
f € Va4V, 4, = Vay, A4, , whence f(z1) € AgNA;. Moreover, if y' € AgN A4,
then &, € Vo N'V1 C V,, 1, whence y' € U. We have therefore proved that f(z1) €
Ao N Ay C U. This means that f(zg) < f(z1). A similar argument shows that
f(z1) < f(xo). Thus, the space Y has the property (Hj).
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Finally, we prove that Y has the property (Hsz). Suppose that y =yoVy, € U €
T(Y). Then &, V&, =&, € Vv for each x € X. Since V is a continuous function,
there are elements uy, ..., un, wo,...,w, € X and sets Uy, ..., Uy, Wy,...,W,, €
T(Y) such that §y0 eVy= Vvuo,U0 n...N Vun,Un7 fyl eV = Vwo,Wo n...N vam’Wm7
and VoNV; C Vwo,U- We put Ag = UgN...NU,, € T(Y), A =Wyn...NW,, € T(Y)
Then we establish as above that yg € Ag, y1 € A; and AgN A; CU.

The last statement is obvious. ([

Corollary 3, Theorem 8, and Proposition 9 yield

Theorem 10. A Ty-space Y is essentially complete if and only if the function space
C(X,Y) is essentially complete for some (equivalently, for each) space X.

5. INJECTIVE SPACES C(X,Y)

The proof of the following statement is straightforward.
Corollary 11. If{X; | i € I} is a family of [densely] injective spaces, then [, ; X;
is a |densely] injective space.
Theorem 12. [12, Theorem 4.2.3] A topological Ty-space X is injective if and only
if the following conditions hold:

(1) X is a d-space;

(2) X is an a-space;

(3) (X;<x) is a complete lattice.
Theorem 13. [12, Theorem 4.2.4] A topological Ty-space X is densely injective if
and only if the following conditions hold:

(1) X is a d-space;

(2) X is an a-space;

(3) X is a be-domain.
In particular, the following statement follows, see [12, Chapter 7].

Corollary 14. A topological Ty-space X is [densely] injective if and only if X is a
Ag-space with a least and a greatest element [with a least element].

Definition 5. A space X is an a*-space, if for each set U € T(X) and each element
x € U, there are elements z, ..., z, € U such that x € int(tzo U...UTz,).

Given topological spaces X, Y, Z, let M(X,Y) denote the set of all functions from
X toY. We put
A M(ZxX,Y) = M(Z,M(X,Y)), Af): 2z f(z);
A M(Z,M(X, Y)) - M(Z xX,)Y), X(9): (z,2) = [9(2)](x).

It is not hard to verify that A and A* are mutually inverse mappings. Hence they
establish a one-to-one correspondence between sets

M(Z x X,Y)
and
M(Z,M(X,Y)).

For the following definition, we refer to [1]. A topology T on C(X,Y) is proper,
if M(C(Z xX,Y)) C C(Z,C5(X,Y)) for an arbitrary space Z. A topology T on
C(X,Y) is admissible, if \* (C’(Z, Cy(X, Y))) C C(Z x X,Y) for an arbitrary space
Z. A topology T on C(X,Y) is exponential, if T is both proper and admissible.
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Theorem 15. [2] The following conditions are equivalent for a Ty-space X.
(1) X is an o*-space.
(2) For all spaces Y, Z, a function f: X XY — Z is continuous if and only if
f is separately continuous.
(3) For an arbitrary space Y, the pointwise convergence topology P on C(X,Y)
s exponential.

The reader can find a proof of Theorem 15 in [12], see [12, Theorem 6.3.3].

Proposition 16. Let T be an exponential topology on C(X,Y).
(1) If Y is [densely] injective, then C5(X,Y) is [densely] injective.
(2) If Y is sober, then Cy5(X,Y) is sober.

Proof. Suppose that a subspace Z¢ < Z is such that Z = soby Z; and that
f:Zy - C5(X,Y) is a continuous function. Since T is an admissible topology,
A(f): Zo x X — Y is a continuous function. It is straightforward to see that
ZxX = sobzxx(ZoxX). By Theorem 5, there is a continuous function g: ZxX — Y
such that g|z,xx = A*(f). Since T is a proper topology, A(g): Z — C5(X,Y) is a
continuous function. It is obvious that A(g)|z, = f. According to Theorems 4 and
5, C+(X,Y) is a sober space. Therefore, statement (ii) is proved. Statement (i) has
a similar proof. O

Statement (i) of Proposition 16 was proved in [13].

Proposition 17. If C(X,Y) is an o*-space [an a-space] for some space X, then Y
is also an o*-space [an a-space].

Proof. Let C(X,Y) be an a*-space. Suppose that y € U € T(Y) and fix an element
x € X; then &, € V, . According to our assumption, there are continuous functions
fo, ---5 fm € Vau, elements zo, ..., z, € X, and open sets Wy, ..., W,, € T(Y)
such that &, € V C tfoU...UTfn, where V. = Vy o w, N... NV, w,. Then
yeWon...nWy, Ctfo(x)U.. .U () and fo(z), ..., fm(z) e U. If C(X,Y) is
an a-space, we assume in the argument above that m = 0. (]

Corollary 18. If X is an a*-space and Y is a densely injective [injective] space,
then C(X,Y) is a densely injective [injective] space.

Proof. According to Theorem 15, the pointwise convergence topology on C(X,Y)
is exponential. The desired conclusion follows from Proposition 16. (]

The following two statements generalize Proposition 16(i) for the pointwise conver-
gence topology.

Theorem 19. A space Y is densely injective if and only if C(X,Y) is a densely
injective space for some (equivalently, for each) a*-space X.

Proof. Let Y be a densely injective space and let X be an a*-space. According to
Corollary 18, C(X,Y) is densely injective.

Conversely, let the space C(X,Y) be densely injective for some Tj-space X.
According to Theorem 13, C(X,Y) is an a-space, a d-space, and a bc-domain.
According to Proposition 17, Y is an a-space. According to Corollary 3, Y is a
d-space. In view of Theorem 13, in order to prove the dense injectivity of Y, it
suffices to show that Y is a partial join-semilattice with respect to the specialization
order. Indeed, let yo, 1 < y in Y. This means that &,,, &, < & in C(X,Y).
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As C(X)Y) is a bc-domain, there is a continuous function f = &,, V §,,. We
prove that f is constant. Indeed, let f(xg) € U € T(Y) and let z; € X be an
arbitrary element. Then f € V,, v. According to Lemma 7 and the definition of
the pointwise convergence topology, there are elements ug, ..., Up, Wo, ..., Wy € X
and sets Up, ..., Uy, Wo, ..., Wy, € T(Y) such that &, € Vo = Vv, N---NVa, U,
& €V =V wo N .0V, w,,., and VoNVy C V, y. We put A9 = UpN...NU, €
T(Y) and Ay = WonN...NW,, € T(Y). Since the functions §,, and ,, are constant,
Eyo € Va4, and &, € Vi, a,. Thus, f € Vi, a9 N Va4, = Vi, 40n4,, whence
f(z1) € Ag N Ay Moreover, if y' € AgN A; then & € VoN'Vy C Vg, v, whence
y' € U. We have therefore proved that f(x;) € Ag N Ay C U. This implies that
f(xo) < f(x1). A symmetric argument shows that f(x1) < f(xo). It follows that
f=¢&, for some y €Y, whence y =yo Vy: in Y. ]

Theorem 20. A space Y is injective if and only if C(X,Y) is an injective space
for some (equivalently, for each) a*-space X.

Proof. Let Y be an injective space and let X be an a*-space. Then according to
Corollary 18, C(X,Y) is an injective space.

Conversely, let the space C(X,Y) be injective for some Tp-space X. According to
Theorem 12 C(X,Y) is an a-space, a d-space, and a complete lattice with respect to
the specialization order. By Proposition 17, Y is an a-space. By Theorem 3, Y is a d-
space. Since the space C(X,Y) possesses the properties (Hy)—(Hz) by Lemma 7, the
space Y also possesses the properties (Hp)—(Hz) by Proposition 9. This means that
Y is a complete lattice with respect to the specialization order. Applying Theorem
12 again, we conclude that Y is an injective space. O

6. A-spaces C(X,Y)

Definition 6. [8] A continuous function ¢: X — X from a topological space X into
itself is a deflation, if the set §(X) is finite and §(z) <x x for all z € X.

A Ty-space X is a A-space, if there is an up-directed family {9;: X — X | i € I}
of deflations of X with the property that for every U € T(X) and every = € U, there
is ¢ € I such that §;(z) € U.

A space X is a Ag-space, if X is a A-space and a d-space simultaneously.

From Definition 6, we obtain

Corollary 21. [12, Corollary 9.1.4] Every A-space is a a-space.

In view of Corollary 21 and Corollary 8.2.11 from [12], we obtain
Corollary 22. A A-space X is sober if and only if X is a Ag-space.
The following generalization of Theorem 1 from [8] holds.

Theorem 23. A space Y is a A-space if and only if the function space C(X,Y) is
a A-space for some (equivalently, for each) A-space X.

Proof. Let X and Y be A-spaces. According to [8, Theorem 1], C(X,Y) is a A-space.
Conversely, let C(X,Y) be a A-space for some Tp-space X. Let D denote an up-

directed family of deflations of the space C(X,Y) which satisfies all the requirements

of Definition 6. We fix an element a € X. For each § € D, consider the mapping

ke: Y =Y, ks:yr—0(&y)(a).
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The set x5(Y) is finite, as the set {3(¢,) | y € Y} is finite. Moreover, for every
y €Y, we have k;5(y) = §(&y)(a) < &,(a) =y, since § is a deflation of C(X,Y). Let
U € T(X); then

Ky N(U) ={y €Y | 6(&)(a) €U ={y €Y | 6(&) € Vau} =
= {y ey | gy € 5_1(Va,U)} = f_la_l(va,U) € ‘T(Y),

as £ and J are continuous. Thus, ks is continuous, whence it is a deflation of Y.
Moreover, if §,¢6’ € D are such that § < ¢’, then xs(y) = 6(§y)(a) < §'(§y)(a) =
ks (y) for all y € Y. Therefore {ks | 6 € D} is an up-directed family of deflations of
C(Y,Y). Finally, if y € U € T(X) then §, € V, 7. In view of the choice of D, there
is a deflation § € D such that §(&,) € V,,u. Then ks(y) = 0(&,)(a) € U, and the
proof is complete. U

From Theorems 3 and 23, we get

Corollary 24. A space Y is a Ag-space if and only if C(X,Y) is a Ag-space for
some (equivalently, for every) A-space X.
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