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ABSTRACT. In this paper, we investigate difference-differential operators of para-
bolic and hyperbolic types. Namely, we consider non-homogenous heat and wave
equations for Rubin’s difference operator. Well-posedness results are obtained in
appropriate Sobolev type spaces. In particular, we prove that the heat and wave
equations generated by Rubin’s difference operator have unique solutions. We even
show that these solutions can be represented by explicit formulas.

1. INTRODUCTION

In the theory of partial differential equations the heat and wave equations are most
important and basic examples. There are a lot of papers studying these equations
in different modifications. Also, in this paper we aim to study a g-analogues of the
following classical heat and wave equations

{ u(t, x) — Au(t,x) + mu(t,z) = f(t,z), (t,x) € RT xR
U(O,JZ) = 90(37)7 r € R",

and

{ u(t, ) — Au(t, x) + buy(t, x) + mu(t,x) = f(t,z), (t,z) € RT x R",
u(0, IL") = (), u(0,2) = (), r € R",

where b,m € R and A is the Laplace operator in R".

Here, we will consider the above equations with Rubin’s type g-difference oper-
ators instead of A. If we go back to the history, we see that already in 1748 L.
Euler [17] introduced basic elements of g-calculus. He considered the infinite product

(ol =11 17(1;’““’ lgf < 1. Around hundred years later the progress continued
k=0

under E. Heine, who in 1846 considered a generalization of the hypergeometric (g¢-
hypergeometric) series (see [23] and [24]). In the second part of the twentieth century
the g-calculus served as a bridge between physics and mathematics. The g-calculus
has numerous applications in various fields of mathematics e.g number theory, combi-
natorics, special functions, harmonic analysis, fractional calculus and also for scientific
problems in some applied areas such as computer science, quantum mechanics and
quantum physics (see e.g. [3], [15], [16],[21] and [30]). For the further development
and recent results in g-calculus we refer to the books [1] and [11] and the references
given therein.
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In the beginning of the last century, especially F.H. Jackson [25] (see also [20]),
R.D. Carmichael [12], T.E. Mason [31], and C.R. Adams [!] (see also [2]) intensively
studied the g-difference equations. Thereafter, the ¢-difference equations are used
to modelling some important linear and nonlinear problems and thereby played an
important role in different fields of engineering and science [0](see also [7]). More-
over, there has been a great interest in finding difference methods to study exact or
approximate solutions of ordinary and partial ¢-differential equations, see e.g. [7],
[10], [11], [27], [28] and [39].

In 1997, R.L. Rubin [33] studied spectral properties of one g¢-difference operator
(Rubin’s operator). By using established spectral properties, he constructed the
g-difference calculus associated with the Rubin’s operator. A ¢?*-analogue of the
exponential Fourier analysis via ¢>-Fourier transform was constructed in [29]. There
the author used analogues of trigonometric functions (or orthogonality results) and
applied it to g-deformed quantum mechanics [33]. Moreover, he used the D’Alembert
and Duhamels techniques to investigation the wave ¢-difference equation, using the
¢?-Fourier multiplier tools to aid the construction of solutions in [31]. The papers
[19], [20] and [22] were devoted to the study of the g-analogue of the Fourier transform
and to show how it plays a central role in solving the g-heat and g-wave equations
associated with the Rubin’s g-difference operator 0.

However, the theory of the ¢-difference equations with the Rubin’s ¢-difference
operator 0, is still at the initial stage and many aspects of this theory need to be
explored. To the best of our knowledge, the theory of the Cauchy problems for linear,
homogeneous and nonhomogeneous g-difference equations generated by the Rubin’s
g-difference operator are not yet developed.

From the other side, it is well known that the quantum calculus provides natural
discrete modifications of the heat and wave equations. To discretize, we will replace
the partial derivatives g—; by the Rubin’s g-difference operators g, in space, respec-
tively, and we will attempt to develop the g-analogues of these problems. Here, as we
take a limit as ¢ tends to 1, one recovers results related to the continuous heat and
wave equations.

Motivated by this, we study the Cauchy problems for the non-homogenous heat
and wave equations generated by the Rubins difference operator Dg}x in the Sobolev

space L2 (R])
u(t, ) +mu(t,z) = f(t,x), (t,z) € RT xR},

ut(tv ZE) - Dg,:v
U(O,.CE):(,D( )7 Z’GR(—;a
and
uy(t, ©) — D2 ult, x) 4+ bug(t, x) + mu(t, z) = f(t,x), (t,z) € R x R,
U/(O, l’) = ()O(x)7ut(07‘r) = ¢($)7 S R(—;>
here the g-partial differential operator [20, 3] is defined by
Dq xu(t, $> — u(t? q_ll') — U(t, qx) + u<t7 —qx) B U(t, _:C> + ’U,(t, _q_lx) — U(t, —Z’) )
’ 22(1 - q)

The method developed in this paper is different from that given in [20] and [33],
in our opinion, simpler and more clear and, in addition give the possibility to prove
uniqueness and derive explicit formulas for the solution.



WELL-POSEDNESS OF DIFFERENTIAL-DIFFERENCE EQUATIONS 3

1.1. Structure of this paper. In Section 3 we prove that these equations both has
a unique solution and also derive an explicit formula for this solution in both cases
(see Theorems 3.2 and 3.4, respectively). In order to illustrate that our method can
work also for other equations in Section 4 we prove a corresponding uniqueness result
for a non-homogeneous equation with homogeneous boundary conditions. Also in
this case we derive an explicit formula for the solution (see Theorem 4.2). In order
not to disturb our discussions in these two main Sections we present some necessary
preliminaries in Section 2.

2. PRELIMINARIES

We start by recalling some basic notation in the g-calculus, see e.g. the books [13]

and [11]. Throughout this paper, we assume that 0 < ¢ < 1.
Let a € R. Then a g-real number [o], is defined by
1—q*
[a]q T 1 _ q 9

&
where lim 1 1— = q.
q—1 -

We introduce for any x,a € R

(z,a)y =1, (r,a); =[] (¢ —d"a), (z,)7 = lim(z,a);.
k=0
The g-analogues of the binomial coefficients and the gamma function are defined
by

1, if n=0
[n],! ¢={ [1], % [2]y % -+ % [n], if n €N

and
(¢, )5
T (z q9 (1 —q 1—:1:7
o(®) (¢",q)° )
respectively.
The ¢*-exponentials e, (z) (see [29], [33] and [31]) are defined by
eg2(z) = cosp (—iz) +ising (—iz),
where
o (_1)qu(k+l)z2k
cosz2(2) = )
2= 2 5
and
_ o ) k(k+1)22k+1
Singe( 2% Qk: +1],

are the ¢-trigonometric functions. Note that the series defining e,2(z) is absolutely

convergent for all z in the plane, 0 < ¢ < 1, since both of the series defining its com-

ponent functions are absolutely convergent. Moreover, it yields that hrri ep2(z) =e(z)
q—
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pointwise and uniformly on compact sets, because both of its component functions
satisfy the corresponding limits (lin} cos,2(2) = cos(z) and lini singz(2) = sin(z)).
a— q—

The g-analogue differential operator is defined by (see [25])

_ @) = flgx)
R
and the ¢*-differential operator or Rubin operator is defined by (see [33] and [34])
Do) = LB+ Fae) = Flgw) + [(=g2) — 2/(~2)
! B 2z(1 —q) '

Moreover, we will use the g-partial differential operators D, ,u(t, z) in the following
form:

U(t, q_l‘x) + U(t, _q_lx) — u<t7 qx) + U(t, _qx) B QU(t, —$>
22(1 - q)
Note that if f is differentiable at z, then lirr% D,f(x) = f'(z) and lirr% D, u(t,x) =
q— q—
Qut, z).
The definite g-integral or the g-Jackson integral of a function f is defined by the
formula (see [25] and [20])

D, u(t,x) :=

(2.1) [ 10— 1= as Y s, <o <o,
) k=0
and the improper g-integral of a function f(x) : [0,00) — R, is defined by the formula

22) [rode=0-0 3 ),

k=—o00

Note that the series in the right hand sides of (2.1) and (2.2) converge absolutely.
We denote R} = {¢*, k € Z} and define

1

LPM(RS) = < f: /|f(:x)|pdq$ <00y,
0
for 0 < p < co and

kEZ

Lp (%) = {7ssuplra) < <.

Moreover, we define S, (R;) as the set of functions f defined on R satisfying the
following condition:

Pong (f) = sup |2 Dy f ()] < oo,

xeRf{
for all m,n € N and where glclir(l) Dy f(r) exists in R (see [21]).

We also define the space S, (]R;“) as the topological dual of S, (R;). The space
Sy (R;) is called the space of tempered distributions on R}
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Definition 2.1. (see [21] and [31]) The ¢*Fourier transform f is defined as follows
= 27rq/f ep2(—iz€)dyz, 56]1%;,

for f €5, (R;) and its inverse §(x) is given by

% /eq2<mf)9(§)dt]§v T e R;’

0

(149)%

Fa(h)

for g € Sy (RF), where ﬂiq =

Note that the ¢*-Fourier transform is an isomorphism from Lg (R7) onto itself. In
fact, we have the following version of the Parseval identity (see e.g. [33] and [31])

(2.3) 12 sy = Il ey, VF € L2(RY).
Moreover, for u € S! (RF) it yields that (see e.g. [31]):
(2.4) omu = (i),

for all £ € R, where n € N.

Definition 2.2. (sce [19]) For s € R, we define the Sobolev space Wi (R}) as

Wi (BY) = {ue s, (R)): (1+|¢P)  ae L2 (R)},
equipped with the norms

00 2

Il iy = | [ (1 1) P g

0

Let 0 < T < oco. We introduce also the spaces C* ([0, T; we (R;r)) and C* ([0, T7; L (R;r))
defined by the finiteness of the norms

Huuck([OT]Ws RY)) r£1a< H8 u )st(pf)
=0 = =

and

M»

Hu”ck([o,T];L;(R;)) = e 107 u(t, -)HLg(R;)a

I
=)

n

respectively.
Notation. The symbol M < K means that there exists v > 0 such that M < vK,
where 7 is a constant.
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3. MAIN RESULTS CONCERNING THE ¢-HEAT AND ¢-WAVE EQUATIONS

Our first main result concerns the solvability of the following.

Problem 3.1 (¢-Heat Equation). Let m € R and T > 0. We consider the following
Cauchy problem (CP):

(3.1) { w(t, ) — Dy u(t, ) + mult,z) = f(t.z), (t,z)€[0,T] xRy,

( ) 90<'T ) LUGR;_

Theorem 3.2. Assume that m is positive and T < oco. Let ¢ € qu (R;) and
feC([0,T];W2(R])). Then there exists a unique solution of Problem 3.1

we O (0.T] L2 (B))) 1.C (0. T] W2 (R)))

Moreover, this solution can be represented by the explicit formula

( 47T2///6—(t—7)(§2+m)f(7',:L‘)qu(—ifx)qu(igm)dqwdqde
(3.2)

”T
3|~

//et(m+52 z)ep(—ifx)eg (i€x)dyad,E,
00

for (t,z) € [0,T] x RY.

Proof. Ezistence. Let us fix t € [0,7]. Then, by using (2.4) we have that

(3.3) = / u(t, x)ep(—izé)d,o = —£2u(t, €),

0

for all (¢,€) € [0,T] x RY.
Now, by multiplying both sides of (3.1) by T}weqz(—ixé) and g¢-integrating with
respect to x we find that

~

(3.4) W (t,€) + (m+ &) a(t, &) = f(t.€),

for all £ € R, and all ¢ € [0,7].
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Applying the ¢*>-Fourier transform and using the definition of the ordinary deriva-
tive, we get that

J _ o u(t 4 h ) —u§)
g8 = Jim h
_ }lbig(l)%/u(t+h’i)l_u@’t)eq?(—ixﬁ)dﬂ

B / u(t+h 5 u(z,t) 2 (—iz€)dye

0

1 8u

= 2—% o —(t,z)ep(—izf)d,x

From (3.4) and (3.5) it follows that
(36) { Bt &) + €0(t,€) + ma(t, €) = [(1,6), (1€) € [0,T] x Ry,
(0.) = 3(©) £ R

The solution of the non—homogeneous ordinary differential equation with the con-
stant coefficient

(1) + (€8 + m) a(t. &) = f(t.6),
which is satisfying the Cauchy data u(0,&) = @(§), is the following function

t

(3.7 €)= [ I Fir, €)dr + GO,

0

for all £ € R}
Finally, we obtain that

u(t, x) = QL/ /e(t D F(7,€)dr + e IB(E) | ege(ida)dyg
0 0

T (7 3)ep (—ikw)ep (i) dyrd ST

,.\
w
X

»Ql\?

\“

m+§
42 0/0/6 o(z)ep(—ilr)ep (ifx)dadyg,

for all (t,z) € [0,7] x R}
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Next we will prove that v € C* ([0,T]; L2 (RF)) n C ([0,T); W2 (R})). By using
(3.7) and the Cauchy—Schwarz inequality, we can deduce that

t 2

o) < | [ eI fir ] +[pee ]
0

t
—~ 2
(39) <t [[e e il dr+ e o)
0

<t [ |firof ar+ e o,
0

for all £ € RY.
Since ¢ € W7 (RS), f € C([0,7]; W2 (R})) and by using the Parseval’s identity,
we arrive at

lat a2 =Y lat,oF

EERS

(3.10) 0 EeRf ¢eRry

= / 17 M 7+ e ol

o1l 2 2
< T o g myy) T Nz (eg) < oo

for T < co. Thus, we can conclude that ||u||C([0 T}13(k7)) < 0.
) g q
Repeating the procedure above, we have that

et M ) =) &l o)f

EeRY

7'5‘ dr +e” 2tm2§ |2(€)
(3.11) €ERS €er)

=1 / 176y + & 0l

< TQHfHQ c(omwz(eg)) T ||90HW2<R+) < 00,

for T' < 0o, and we find that ||u||C([O7T];Wg(Rq+)) < 00.
In an analogical way, we can derive the estimate ||ul| o (forz(rg)) < OO which
g
ends proof of the existence part.
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Uniqueness. Assume that there are two different solutions u(t,z) and v(¢,z) of
Problem 3.1 such that

uilt,2) — D2, ult,2) + mu(t, z) = f(t.2), (t,2) € [0,T] x R},
u(0,r) = ¢(x), reRS,
and
wlt, ) = D2 u(t, @) + molt,2) = f(t.a), (t,2) € [0,T] x R},
v(0,x) = ¢(z), xr € R;r.
Denote W(t,x) = u(t,z) —v(t,z). Then the function W (¢, z) is the solution of the
following problem.
Wy(t,x) — D2 W (t,z) + mW(t,x) =0, (t,z)€[0,T] xR,
W(0,z) =0, r € RY.
From (3.8) it follows that W (t,z) = 0. Hence, u(t,z) = v(t,z). This contradiction
shows that our assumption is wrong so the solution is unique. The proof is complete.

0

Our next main result is to derive a corresponding result for the one dimensional
q-Wave Equation.

Problem 3.3 (¢-Wave Equation). Let b,m € RT. We consider the following homo-
geneous wave equation with the initial conditions

uy(t, ©) — D2 u(t, z) + bue(t, x) + mu(t,z) =0, (t,z) € [0,T] xR,
(3.12) {umnuzwu»mmn»:wmx v € RY,

where 0 < T < oo.

Theorem 3.4. Fiz 0 < T < oo. Let b > 0 and m > 0 be such that b*> < 4m. Assume
that o € W2 (R;) and ¢ € Wy (R;). Then there exists a unique solution

we C2([0,T); L2 (R})) nC ([0,T]; W2 (R})),

of Problem 3.3. Moreover, this solution can be represented by the explicit formula

(3.13) UQ@Z/@@%MMWM+/W@LWMM#
0 0
where
e 5t T
B(t,0.9) = Sy [ Kt Qep(—iEy)eplign)dg
a 0
with
VI, ), M
Kt & =e 2 ‘qge 2 t4b :
NCERTED
and
b, OO b2 —4(m+¢2) b2—4(m—+€2)
ﬁ/e ity eplite) dig
Vit y) = e2(—i&y) e (i€x) dyé,
) 4my V0 =4 (m+ &) PR !
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Proof. Existence. Multiplying both sides of (3.12) by ﬁeqz (—i&x) and by g-integrating
with respect to z, we obtain that

(3.14) T (t,€) — D2 u(t, &) + b (t, &) + mi(t, &) = 0, t € [0,T),
for all £ € RY.
Then, by the property (2.4) we have that

1

2m,

B1) DLt = 5o [ Duultslep(-igoyde = ~€t,6)
0

for all £ € R, for ¢ € [0,T].
Moreover, in view of Definition 2.1, we get that
N 1 Vi ou ,
w(t, ) = 2—% E(t,x)eqz(—zfx)dqx
0

1 u(t+ h,x) — u(t, z)

e (—ilx)d,x

= lim . / ut+hz) — ult,7) e (—ir)d,x

(3.16) = Zpute),

for all £ € R, for ¢ € [0, 7.
By repeating this again, we find that

0%u

(3.17) Wa(t,€) = Salt.o), te0.T],

for all £ € RY.
Now by substituting (3.15), (3.16) and (3.17) into (3.14), we can conclude that

(
Ut ) + (m+ E)u(t,§) =0, t€[0,T],
(3.18) u(o, )
(

for all £ € RY.
The general solution of (3.18) is

b2—4(m+£2) ~

(819)  At&) = Gi(QeF T 4 Gyel T N,

where G1(€), Ga(€) are arbitrary constants.
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From the initial conditions (3.18) and (3.19) we obtain that

¢
7(0.6) = (—3 + 42(m+52)> Gie) + (—% S 42(m+£2)> Gal)
v

Hence,

~ 1 b - 1 ~
(3:20) Gi(e) = [§+2 o | POt e ©
and

~ 1 b N 1 ~
(3.21) Gal6) = [5—2 o | e

By using (3.20), (3.21) and inverse ¢*-Fourier transform (see Definition 2.1) in
(3.19), we find that

(3.22) u(t, ) = /(I)(t,xay)@(y)dqy—l—/\Il(t’x’y)w(y)dqy’
0 0
where
O(t, z,7) (—i€y)e, (i€x)d,E,
0
with
e, s, ), ),
K(tf):eft—i—e’ft_,_b ’
Vb —4(m+ &2
and
by "2*4(m+52)t b274(m+§2)t
U(t,x y):€_2 /e 3 —e” 2 e (—ily) e (i€x) d &
s 4y 4773 \/b2_4(m+§2> q q q

Hence , the existence part is proved.
Next we will prove that

(3.23) we C*([0,T; L2 (R)) nC ([0,T]; W2 (R))).
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According to the relations (3.19), (3.20) and (3.21) and taking into account that

‘—‘W‘ ~ (1+ 52)% ~ (14 &), we we can make the following estimates:

. 1 —b N 1 .
[u(t, &) < §—W @(f)erlﬁ(f)
2
S 1901+ 17 o).
Gt o) S (1+81BE)1+]0(0)|.

and

()] S 1+ 1B+ (1 +6)|D(E)

for all £ € RY.
Since ¢ € Wq2 (R;r) U € qu (R;r), and by using the Parseval’s identity and re-
peating the convergence part of Theorem 3.2, we arrive at

el oy (si)) S Nelhwa(er) + Iz < oo
and
Hu||cz<[0,T];L3(R;)) S ||90”W3(R;) + ||¢||W;(Rq+) < 00,

and (3.23) is proved.

Uniqueness. It only remains to prove the uniqueness of the solution. We assume
the opposite, namely that there exist the functions u(¢, x) and v(t, x), which are two
different solutions of Problem 3.3. Thus, we have that

utt(t7x) - Dg,xu(t)x) + ml/(t,x) = f(t,l’), (ta JZ) < [Oa T] X ]R;rv
u(0, ) = p(z), u(0, ) = () z € Ry,
and
Utt(twr) Dg ( )—I—m ( ) f(t,ff), (t,l’) < [OvT] XRj{a
v(0,2) = p(z),v:(0,z) = p(z), r e RY.
We define W (t,z) = u(t,z) — v(t,z). Then the function W (¢, x) is a solution of
the following problem
Wi(t, x) — D2 W (t,x) + bWi(t, x) + mW (t,z) =0, (t,z) €[0,T] x R},
W(0,x) =0, W;(0,2) =0, r e RY.
From (3.23) it follows that W (¢, z) = 0, that is, u(x,t) = v(x,t) and this contradiction
to our assumption proves the uniqueness of the solution. The proof is complete. [

4. FINAL REMARK AND RESULT

Remark 4.1. The technique we have developed above can be used to investigate also
other g-equations. We just present one example of this fact by solving completely the
following non-homogeneous equation (4.1) with homogeneous boundary conditions:
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Theorem 4.2. Fiz 0 <T < oo. Let b > 0 and m > 0 be such that b*> < 4m. Assume
that f € C ([0,T); W, (R])). Then there exists a unique solution

uwe C?([0,T); L2 (R))) nC ([0, T); W (R))),
of the Cauchy problem

utt(tam) - Dg,xu<t7x) + but(ta iL‘) + mu(tam) = f(tw%')a (tax) € [OaT] X RZ;:

4.1
(4.1) u(0,z) = 0,u(0,2) = 0, r € RY.

Moreover, the solution can be represented by the formula

1 t oo
(4.2) u(t,r) = 5— K(t,m,2,y)f(7,y)dgydr,
=]/
where
K(t,T,SB,y) = /F(tﬂ-) g)eq2<_i§y)eq2(i€$)dq€7
0
with

b A /b2 —4(m+£2) b2—4(m+£2)

B B G
NGETY T
Proof. Fxistence. The first part of the proof consists more as less of repeating the

first part of the proof of Theorem 3.4. In fact, by taking ¢*>-Fourier transform of both
sides of (4.1) and discussing as before, we have that

F(t,7,¢) =

~

(4.3) Uy (t) + by (t) + (m + &) a(t) = f(¢).

The general solution of the differential equation (4.3) is

~ b2 —4(m+¢2) - b2 _a(mte2)
u(t,§) = G1(f)€(7g+f)t+G2($)e(7%7f)t
t
]_ ~ b b274(m+§2)
T R P
2—4(m+§2)/
g V/PPAlnie?)
2 0
t o
! PPN LI
. - e [ fr e e
QN TS
2 0

for all £ € R
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Moreover, by differentiating with help of Leibniz’s rule we find that (Note that the

1 7 .
factor me(ﬂ €) cancels):

~ b b» —4(m+8&) » Ly VPA(mie?)
() = (o4 YA g et
b b —4(m+8&) 5 _p_ VPPAmre?)
o (h I et
by Ve b2 — (m+§2 \/m)(t g
* o /PP -4(m+€%) 4(m+§2 /f me)e !
_b_ M b2 4(m+52)
(4.5) S 2 /f(T £)el -5+ g
St
s LA A
By new using the initial conditions in (4.1), from (4.4)-(4.5) it follows that
0(0,6) = Gi(&) +Gal§) =0,
- b b —4(m+&) 5 b D2 —4(m+ &) ~
0.6 = (-2 + A gy (b e g o,

Therefore, Gy (&) = Go(£) = 0. Finally, we obtain that

(4.6) u(t,z) = o,

t oo
1
o [ [ K sdar
0
where

K(t,r,z,y) = /F (t,7,8)eq (—ily)eq (i€x)dyE,
0

e(_g+w)(t 7 6( M)(t 7)
F(t7 T? é-) = )
Vb —4(m+€2)
and the existence part is proved.
Next we will show that
(4.7) we C([0,T; W2 (RF)) nC?([0,T]; L2 (R))) .

From (4.4) and (4.5), by using the Cauchy-Schwartz inequality, it follows that
2

a5 | [|108) et
0
t | ~ 2
(.9
s [ e




WELL-POSEDNESS OF DIFFERENTIAL-DIFFERENCE EQUATIONS 15

2

@ OF < | [ |fne|ettd
u(t 0/’ T,8)|e T
s [|fmof
0
and
2
|y (t f /‘ (1 +§ ) (t—T)dT

s'/kl+@Aw@w

0

Since f € C ([O,T]; qu (]R;r)), by new using the Parseval identity and repeating
the convergence part of Theorem 3.2, we arrive at

H“Hc([o,T};Wg(Ri)) S ||f||c([o,T];Wq1(Rq+)) < o0,

and
||u||02([07T];L3(Rq+)) < ||f||c([o,T};w;(R;))<oo,

so (4.7) is proved.
Uniqueness. To prove the uniqueness we assume by contradiction that both of the
different functions u (¢, x) and v(t, x) are solutions of Problem 3.3, that is,

{ uy(t, x) — D2 u(t, x) + buy(t, z) + mu(t,z) = f(t,z), (t,x)€[0,T] xR,
u(0,z) = u(0,z) = 0, r € RY.

and

{ v(t, x) — D3 u(t, o) + bug(t, x) + mo(t,z) = f(t,z), (t,z) €[0,T] x RF,

x)
v(0,2) = v(0,2) = 0, r e RY.

We define W(z,t) = u(x,t) — v(z,t). Then the function W (¢, x) is the solution of
the problem

th — Dg’xW + bWt +mW = 0, (t,x) < R x R(—;’
Wlio = Wilt=o = 0, T e Rj{.

From (4.6) it follows that W (¢,z) = 0. Hence, u(t,z) = v(¢,x) which contradicts
to our assumption. The proof is complete.

O
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