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ON A BOUNDARY VALUE PROBLEM FOR A HIGH ORDER
MIXED TYPE EQUATION

B.YU. IRGASHEV

ABSTRACT. In this paper, we study a Dirichlet type problem for a
Lavrentiev—Bitsadze type equation of high order type in a rectangular
domain. The necessary and sufficient conditions for the uniqueness of
the problem solution are obtained by using the spectral method. The
solution is constructed in the form of a series of eigenfunctions. When
substantiating the convergence of a series, the problem of «small» deno-
minators arises. Sufficient conditions are obtained for the separability of
the «small» denominator from zero.
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1. INTRODUCTION
In the rectangular region Q = {(z,y) : 0 < & < l,—a < y < a}, where [ and a are
given positive real numbers, n € N, consider the partial differential equation
Lu = D*u (x,y) + (sgny) D;”u (z,y) =0. (1)
Suppose that Q@ = QN(y > 0), Q- = QN (y < 0) . We study the following problem

for the equation [1], similar to the Dirichlet problem.
Problem D. Given the region {2, find a function u (z, y), satisfying the conditions

ueC () NC (LU, (2)
Lu(z,y) =0, (z,y) € QL U0, (3)
D Vu(0,y) = D2 Mu(ly) =0, —a<y<a, (4)
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Dz(sfl)u (x,—a) = s (z), 0 <oz <I, (5)
2n

ls (u(a)) = ZijDg_lu (z,a) =1 (x), 0 <a <, (6)
j=1

where ¢, (2) , 15 (x) are fairly smooth functions for which the corresponding conditi-
ons are satisfied, s = 1,...,n, bs; € R. The following condition also holds:

bll b12 b1,2n
TgB =rg b21 b22 b2,2n —n.
bnl bn2 bn,?n

The equation (1) is insufficiently explored. For n = 1, the equation (1) is
the well-known Lavrentiev—Bitsadze equation, for which A.V. Bitsadze showed
the incorrectness of the Dirichlet problem [1]. Later, the application of various
methods helped to find the conditions for the uniqueness of the solution of the
Dirichlet problem, including mixed-order second-order equations and high-order
equations with smooth coefficients like in [2]-[4]. Note that the monograph of
B.I. Ptashnik [4] contains extensive materials regarding the mentioned subject.
A.V. Bitsadze pointed out the importance of studying the equations of mixed type
of high order [5]. Among the recent results related to the topic under study, we
should mention the works [6]-[10].

2. UNIQUENESS OF SOLUTION

Let u(x,y) be a solution of the equation (1) with the conditions (2)—(6). Consider
its Fourier coeflicients

1
ug (y) = gu(a:,y) X () dz, k=1,2,..., -

Xy, (z) = /% sin ”Tkx

Based on (7), we introduce the functions
l—e
e )= [ (o) X0 (o) ¥
€

where ¢ is a fairly small number. Differentiating the equality (8) with respect to y
under the integral sign 2n times and taking into account the equation (1), for y > 0
and y < 0 we obtain

l—e l—e
W (y) = / D2 (2,y) X (x) ade = / D2 (2,) X, (x) de, (y > 0), (9)
1> 1>

l—e l—e
™ (y) = / D2 (2, ) X () di = / D2 (2, y) Xy, (2) di, (y < 0).  (10)

In the integrals on the right-hand sides of the equalities (9) and (10), integrating by
parts 2n times, passing to the limit as ¢ — 40, and taking the boundary conditions
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(4) into account, we obtain the following ordinary differential equation:

u;fn) (y) + (*1)11 (sgny) (7rlk> ug (y) = 0.

We consider separately the cases of even and odd n. Let the order of the equation
be 4m (the case when the order of the equation is 4m + 2 is considered similarly).
Given the continuity of the function u(z,y) and its derivatives, on the line y = 0
we obtain the following problem:

m P 4m
utt™ (y) + sgny () " uy, (y) = 0,

(2s—2)

uk (—a) = psk, 11
L (1 (@) = (1)
“’) (+0) = ul” (=0, s = T,2m, p=0, (dm — 1),

where
l

/gos ) X (& dstk—/ws ) X () da.

0

For y > 0, the general solution of the equation (11) has the form

2m—1

un () = D (GYip () + Yol (1),

p=0
where

Vil (y) = €*7¥ cos By, Yah (y) = ¥ sin By,

(Y1+p (y)) Eq; - (ﬂTk)qe%y cos (Bpy +qb,) ,
(Y;p (y)) v = (ﬂTk)qe%y sin (Bpy + q0p)

For y <0,

ik
1

2m—1
ug (y) = doeﬁTky + Z et=y (di cos Vyy + d2 sin Vsy) + dome” T Y,
s=1

ug) (y) = (”Tk)j (doe T 4 Z =¥ (dl cos (vsy + jos) + d2sin (vey + jos))+
+ (—1)jd2me—"7“’) ,
where

_ mk mk __ Ts
s = T coso,, v = T sino, oy = 22,

s=0,2m —1),us >0, s=0,(m —1), pt, = 0.
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With the boundary conditions for the problem (11), we obtain a system of algebraic
equations, as follows:

—1

N
3

e~ (d cos (—vsa+ 2joy) + d2sin (—vsa + 2jo,)) =
0

1 \27
ﬁ) Piks

(6 (Vi (@) + 2 (Y (@) = b

1 (12)
(cp cos (t0,) + 2 sin (t6,)) =

2m—1

=do+ > (d}cos(top) + dZsin (toy)) + (=1) dopm,
p=1
j=T,2m, t=0,(dm —1).

Il o
]

—~

N
3

[\)
=

3
[}

=
Il
o

We introduce the following notation:

Tjs = —VsQ + 2j057
i (Yl-g (a)) 17 (Y;(; (a)) 17 Y;(_nfl) (a)
+ _ ;3 (Y1J6 (a)) ;3 (YQJ(S (a)) ;3 YzJ(rnﬂ) (a)
A2m72m ’
B (V@) B (V@) -+ B (Ve (@)
(Y, (@) 1 (Yo, (a)) i (Yatzm-1) (@)
A | BOT@)  BE@) B (Yo @) |
B (Vi (@) B (Vo @) -+ By (Yol (@)
e Hm+1% Cos Ty 1 R e H2m=1%8in 74 9y 1 e o
B+ _ e HmH1% CoS T 41 .. e H2m=1%gin 7y 5 eTa
2m,2m—1 . ’
e HmH1e Cos Tom—1,m+1 - - € P2 l1%sinTon, 1 om—1 e o

or

1 =0,2m—1
B+ — —Hsa . THs@ o3 . ”Tka I
2m.2m—1 — e COSTJ’S,e SlnT],S,e oy
’ s=m-+1,2m—1

h j=0,2m—1
Bomom-1= (e 4 e cosTy g, e 0 smqs) ,
s=1m—1
R =0 Am=T
Chmom = (cosjﬁs,smy&s)szo,m_1 ,
— _ . . j=0,4m—1
Cimom = (cos jbs, Sln]95)5:m7
N 7\ =0Am=T
Dy ome1 = (— cos jos, —sin jog, (—1) ) o,
’ s=m+1,2m—1

j=0,dm—1

D4m,2m71 = (17_COS]JS7_SIHJO—S)s:m )
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formally
COS To,m Sin 7g,m
B9 _ COS T1,m Sin 71y, .
2m,2 — -
COS Tom—1,m S Tom—1,m
eiTO,m, e_iTO,m,
_ 1 g + _
-2 . . _i(BZml B2m,1)7
e’LTmel,m eflT2m—1,m
cos0 sin 0
s : us
0 cos 5 sin _
D4m 2 = -
cos(4m —1) 5 sin(dm —1) 3
£i0-% e—i0-%
1 g + —
) . . ) ( D4m,1 4m,1 ) .

pidm—1)%  —i(4m—-1)3
Then the main determinant of the system (12) has the form

A3 2 0 0 0 0

7 2m,2m 2m,2m _ n ¥ -
=5 det 0 _0 2m,2m—1 Byom—1 B 2m,1
CZm,Zm O4m,2m D4m,2m71 D4m,2m71 D4m,1 D4m,1
When calculating the determinant A, we obtain the sum in which each term
contains a coefficient multiplied by an exponential with some exponent. We find
the asymptotic behavior of the determinant A for large values of k, calculating the
term which includes the exponent with the largest positive exponent. Up to a sign,
it has the form

|A2m 2m (’B2m 2m— lB2m 1 ‘ 4m 2mD4im,2mle4m71‘ -
B2m, 2m— 1B2m,1 | 4m,2mD4m,2m—lD4m,l
Next, we calculate each factor in the last expression

4m—1 ” 4m—1 X " j
Z b1]+1( el o) . z:O blj_H(TrTeﬂ m—l)
j=
4m 1 4m—1 ) X
| A3, 2m| = (i>m@2a“ Z baj (7 wo) S jgo bojir (Fre0m=r)’
4m—1 . ” S 4m—1 ' . " j
Z b2mj+1( et 0) ... E me]+1(7TT —1 m—l)
= j=
here

a=op+a;+..+a,_1.
Notice that the following holds:

4m—1 ” 4m—1 A " j
Z b1j+1( et 0) L. Z b1j+1(ﬂT€72 m71)
=0
4m 1 4]7n,—1 ) j
_ Z b2]+1( 190) . . . Z b2j+1(ﬂTk6_10"”*1) B
T2m><2m - =0 _
4m—1 . k i6\J S 4m—1 ) j
Z b2mj+1(ﬂ-Tel O) . . . Z b2mj+1(7TT —? 7n—1)

7=0 7=0
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bin bz ... bum
_ bar b2 ... boum
b2m1 b2m2 oo b2m4m 2mx4dm
1 .. 1
mk ,i0o 7k ,—i0m—1
( 1€ ) - ( 1 ¢ )
Tk _ifo Am—1 Tk, —i0m_1 Am—1
(TFet) oo (FReT ) Amx2m

Designating the first matrix by B, and the second one by L, we have
T =BL.
It is known that
rangT < min (rangB,rangL) = 2m,
thus, further we assume that we have the condition
rangT = min (rangB, rangL) = 2m. (13)

For example, we can take a diagonal matrix with a rank of 2m as a matrix B, hence,
when (13) holds, the following is true:

AL o] #0.

2m,2m

Now,
+ + _
det (BQm,Qm—UBQ’m,l) -
_ _ . xk ok A 7=0,2m—1
= det (e Ps® cosTi g, € HatginT; g, 6T @ ei(=7 ‘”‘”)) =
3,83 X ) I
s=m+1,2m—1
2m—1 &
—2a > ;J,S-i-"'Ta ka . —0om—T
— s=n+1 —i . : . ijm)I= =
e e det (cos Tjs,SINT; s, 1€ )s:m+1,2m—1

2m—1
—2a Z Ns+7era k . 1
_ s=ndl —i Tk (T
=e€ e (3)
Iy g o j=0,2m—1
. i(2jos) p—i(2j0s) ijm)I =2 =
det (e , e ,1,e )5:m+1)2m_1

2n—1
=20 30 M ak, _imka
= Moe I=ntl e T%TUVT £,
where
2m—1 2m—1 j-—1
My = -2 H 4sin®20; H H 16sin? (0 + o) sin? (0 — o) # 0.
j=m-+1 j=m—+2 k=m+1
We have
det (C4Tn,2m 47n,27n—1D47rL,1) =
7=0,4m—1

= det (cos jOs,sin jbs, 1, — cos jog, —sin jop,e 2 ) o =

i\ 2t o i o 5\ I=0Am=1
== det (e“ s, 1, ek eT VIR (=) ) =

2 s=m,2m—1;k=1,m—1

— ( ')2’”_11\43 (—i—1) Wﬁl (—i—e"%) (—i—e ") 2ﬁ1 (=i =€) (—i— ™) =

k=1 s=m

N | =
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om—1 2m—1
) Ms(—i—1) H 2icosoy |] 2isinfs =

s=m
m—1 2m—1

)2m 1( Z‘)2?7%*1]\43 (,ifl) H COS O, H sinf, =

sS=m

NS

(3
(3

NS

m—1 2m—1
= M;3(1+1) H CoS o, H cos .
k=1 s=m
We calculate M3 the following way:
2m—1
Mz = (=2i)"™ T] sinb;

s=m
2m—1 s—1

IT (2—2cos (0 —05)) (2 —2cos (0 + 05))-

s=m+1k=m

2m—1

H (2 — 2cosby) ni_[ (2 —2cosoy)(—2i)™ Hsmok-

m—1k—1

H H (2 —2cos (o + 05)) (2—2cos (o — 05))-

k=2 s=1

m—12m—1

JI T @ 2cos (o +65)) (2 = 2cos (ok — 0.)) = iMy

k=1 s=m
where
0+# M, € R.
Consequently,
m—1 2m—1
det (C4_m 2mD4_m 2m— 1D4_m71> = M4 (Z — 1) H COS Ok H COS 93 = ]\45 (Z — 1) .
k=1 s=m
Similarly,
2m—1
a<ﬂTk_2v 2 ”j> - rka
det ( 2m,2m—1> B2_m71) = M2€ j=m+1 et T 7& O7

2m—1 m—1
det (CZ:QODZQOleZm,l) = M3 (;) (7’ - 1) H (7’ - eiak) (Z - e_iak)'
=1

2m—1 ) ” ) _ip i\2m—1
LG em e =any
2m—1
(=20 G —1) H cosop [ cosb, =
=1 s=m

2m—1

3(i—1) HCOSO’k H cosfs = M5 (—1—1).

Finally, we have

m—1 2m
26 3 as—2a Y, ps+The
A =iMge =0 s=m+1

(=D e L ) ™) + Ay =
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m—1 2m
2b > as—2a >, ,uSJr"—ka k
= Me ==° s=mH " sin (ﬂ-la + 4> + Ay =
kg4 f . wka
= Mzpe't sin|{ — +— ) + A9 |,
l 4
where
m— 2m—1
A= chos& + 2a Z —coscoj)+al >0,
j=0 j=m+1

Agp = BAlke_wTkA, M7, B — const,
and, moreover,
lim Agk =0.
k— 400
Theorem 1. If a solution to Problem D exists, then it is unique only if the main
determinant A of the system (12) is nonzero for all k € N.

Proof. Suppose that A # 0 and the boundary conditions (4)—(6) are homogeneous,
then the system (11) only has a trivial solution ug (y) = 0, for all k¥ € N . Then,
the function u (x,y) = 0 almost everywhere, and u (,y) is continuous in 2, and
therefore u (x,y) = 0 in Q.

Now, suppose that for some values of a,l, k we have A = 0, which is possible if
we change the sign of the sine. Then the homogeneous problem (11) has a nonzero
solution, which contradicts the uniqueness of solution of Problem D. The theorem
is proved. ([

3. SOLUTION EXISTENCE

First, we obtain some estimates for the functions uy, (y) . In what follows, in order
to decrease the number of notations, all positive constants independent of k£ will be
designated by a single letter 7.

Lemma 1. If the condition (18) is satisfied, then for the function uy (y) and its
derivatives, for sufficiently large numbers k, the following estimates are valid (for

y#0):
o S Gonal ool

|sm7r( a4 > )+A2k|’
t=0,1,....2n — 1,7 > 0 is a constant.

) <7

Proof. 1t is easy to show that
[ )] < T us ()

Therefore, it suffices to prove the estimate for ¢ = 0. We will prove the lemma,
considering that the order of the equation is 4m and y < 0 (other cases are treated
similarly). Then we have

2m—1
k()] < [dol %0 3 e (|02 +[]) + [ =

s=1
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Solving the system (12) using the Cramer method, we obtain the following estimates:

2
Y

mk <1
1

MS

{kas‘+|¢ks|}“O(eﬂTkA)

Asin( ke +£) 0|

(&
k
eTY T =

e

N‘:l I
=)

2m—1
T s5=0
= @R aa)

xk
’dgme_ Ty

L 2m—1 b
> {|wks|+|wks|}-‘O(e"T“‘*a))]

0
eﬂTkA(sin("T’m—&-%)—Q—AQk)

_ | A(dam) | =y
- g

<T

<

2m—1

ZO {lprs| + |9¥ks|}
<T—= .
T |(sin (TR F) + Do)

If ps > 0, then

psy 2m—1 2k 4
A(dl) ets Z {|¢k5‘+|¢k5|}"o(e 1 )
|diersv| = | =5 | ety < T——=% <
TEA(G (mka | =
el (SIH(T+Z)+A2A~,)‘

2m—1
T ZO {I‘pks‘+|wks|}
< = .
S E )
If ps <0, then

|die”~*‘y‘ — A(Adé) ehsy <

2m—1
v lpanlHlbenl}

O(E’TTI"A-f—;Lsa)

e T (sin(=h 45 )+ )

2m—1
Z {|90k8| + |¢k5|}
<T—==0

T (sin (%2 F) + Aa) |
Here A (do), A (dam), A (d}) are the identifiers obtained from the determinant A
by replacing the corresponding columns with the right-hand side of the system (12).
The lemma is proved. |

<T

<

Next, we need to find the conditions under which the expression

. ka
(sm <7Tl + Z) + Azk)

is separated from zero, i.e. starting from some number £ > k; > 1 the following

estimate holds:
sin Lka + T + A
;i 1 2%k

Because klim Agi = 0, it is enough to find the conditions under which
— 00

wka
sin [ — + — 1) 0
51n< ] + 4)‘ > 01 >

for any values of k. The following lemma is true.

> 6 > 0.
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Lemma 2. Assume that one of the following conditions is satisfied: either ¢ € N,

or ¢ =79 (% ¢ N)7 s,t € N, (s,t) =1, (t,4) = 1. Then for every number k, the

following inequality holds:

sin (”I;“ + Z)‘ > 01 > 0. (14)

Proof. Suppose that 7 € N, then |sin (”T’m + g)’ = g, and everything is proved.

Now assume that ¢ = £ (2 ¢ N), s,t € N, (s,t) = 1, (t,4) = 1, then £ =

ks = ky + %2, where ki, ks € N, 1 < ky < t — 1. We have |sin (%52 + )| =
|sin (T2 4 Z)| # 0 (because (¢,4) = 1), and for every number k the following

inequality is true:

. (7ka . T > 5 . . ko L T -0
sin [ — + — = min |sin|——+ — .
> l 4] 7T 1che<ia > t 4
This implies the estimate (14). The lemma is proved. |

Note that if 7 = ¢ is an irrational number, it is not always possible to separate
the denominator of the expression A from zero. But in some cases one can find the
dependence of the “smallness” of the denominator on the number k. The following

lemma is true.

Lemma 3. If 7= >0 is an irrational algebraic number of a degree p > 2, then
there exists a number T > 0, such that for all p € N,0 < ¢ < 1 the following
estimate holds:

) ™
‘sm (ﬂkT + Z)‘ > RE=E (15)
Proof. Following the reasoning in [8], we get
m— 1
sin(rn’k’—k%)‘: sin<7rk<7'— k4>> ,
where m € N is arbitrary. Now we choose m, so that the inequality
m— 3+ 1

- < — 16
TR | T % (16)

is true. Set )
m:{ [rh], {rk} <%,
[Tkl + 1, {7k} > 1,

where [7k], {7k} are, respectively, the integer and fractional parts of the irrational

number 7k. Using the convexity of the function y = sinx on the interval (O7 g), we
get the inequality
2
|sin z| > %, 0<|z| < g (17)
Now let m € N be such that (16) holds, then using (17), we get
m— 1 -3 4dm —1
in(7k(7— 4 > 2k |1 — Ll =2k|T - . 1
sm<7r (’T . ))’ T T P (18)

It is known from [8] that for any algebraic number 7 of degree p > 2 and an arbitrary
0 < € < 1 there exists do > 0, such that for all integers s,q, ¢ > 0, we have the
inequality

(19)
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Using (18) and (19), we get

02 T
- 2k (4k)2+€ = k1+6’

4m —1
Sin<7TkT+Z)‘Z2]€’T— m ’

4k
which is the estimate (15). O

It should be noted that the resulting estimate (14) coincides with the estimate
obtained in [11], where the inverse problem for the equation (1) was considered in
the cases n = 1, while the estimate (15) coincides with the estimate obtained in
[8], where the Dirichlet problem for the equation (1) with smooth coefficients was
considered.

Given the above, we obtain the conditions under which the series

y) =Y g (y) Xy (2) (20)
k=1

is a classic solution to the problem. Formally, we have
T\ 2n e n12n
[DEu @) = (1) 2 (0", (1) X (@) <
S Uonal o)
|€1n7r( + )+A2k|

N~
T
k

Now, if A # 0, ¢ satisfies the conditions of Lemma 2 and (13) holds, therefore we
have the estimate

') n—1
D20 (2, 9)| < TSRS (sl + [thns]}- (21)
k=1 5=0

If A # 0, ¢ satisfies the conditions of Lemma 3 and (13) holds, therefore

n—1
|D2"u (z,y) <T2k2"+”52{\%|+\wk5|} 0<e<l
k=1 s=0

It remains to impose the conditions on the boundary functions.

Theorem 2. Suppose the following:

1. the condition (13) is satisfied;

2. the conditions of Lemma 2 are satisfied;

3. 4 (2), 0 () € CEHL[01], @27 (0) = @2 (1) = 42 (0) = 2™ (1) = 0, s =
0,1,.n—=1, m=0,1,..n—1.

Then the series (20) is a classical solution to the problem D.

Proof. Consider the following two cases:

Case 1. Let the determinant A of the system (12) be nonzero. Then the solution
of the problem D is unique. We seek a solution in the form of a series (20). Taking
into consideration the above reasoning, we show the convergence of the series (21).
We study the convergence for s = 0, and the convergence of the remaining terms is
shown similarly. We have

Z E2n lono| = Z kk2n+1 lorol < Z % Z k2n+1¢k0
k=1 k=1

k=ko
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H 2n+1) ‘
=7 L,
Case 2. Now let A = 0. Because Ay, taking into account that the estimate in
Lemma 1 tends to zero (for k — 400) exponentially and the estimate (14) holds,
we conclude that A can vanish only for some finite values of k = k1, ko, ..., kp, < ko,
where k1 < k2 < ... < kp, i = 1,p, ko and p are given natural numbers. Then,
for the solvability of problem (1 ) (6), we only need to satisfy the conditions g =

fgos ) Xpdx = 0, gy —fi/)s Xy (z)dz, s =0,(n— 1), k = k1, ka, ..., kp. Then,

the solution itself (not necessarlly unlque) has the form

y) = (k# ki ko, o kip) w (y) X (2) + Dt (y) X (@),
k=1 m

where in the last sum m takes values k1, ko, ..., kp, and the function u,, (y) is a
nonzero solution (not necessarily unique) of the homogeneous system (12). O

Theorem 3. Suppose the following:
1. the condition (13) is satisfied;
2. the conditions of Lemma 3 are satisfied;

3. s (2) 05 (x) € C2P3[0;1], 2™ (0) = 2™ (I) = 7™ (0) = ¥2™ (1) = 0, 5 =
0,1,..m—1, m=0,1,..n+ 1.
Then the series (20) is a classical solution to the problem D.

Proof. The proof is similar to that of Theorem 2. O

4. STABILITY OF SOLUTIONS

Suppose that
1/2

lu(z, ), = /|uxy|dx ,

luta, 9l e(p) = max u ()],

1/2

l n )
I @y = | [ 3 (19 @) s nenup
o k=0

Theorem 4. Suppose that the conditions of Theorem 2 are fulfilled. Then, for a
unique solution to the problem D, we have the following estimates

[u(z, y)lL, < Z lpsllz, + 1¢sllL,),
s=0

n—1

I Dllem) <73 (lpslliy + sy )

where the constant T > 0 is independent of v, Vs, s =0,n — 1.
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Proof. All constants will be designated by one letter 1" as has been mentioned
above. Because the function system {\/g sin ”lkx} is orthonormal and full in the
space Ls [0,1], the equality

Ju(z,y HL2 Zuk

is true. From Lemma 1 we have

o, <730 (3 fhowel + ol <TZ{H% 2, + s @), } -

k=1 \s=0
Consequently,

[uz, ), < Z llpall, + sl ,)-

s=0
‘We have

O{lwks|+|¢ks|} <

> (kpw) 44| & )’ ) | <

l
(¢, ())2de + / W () dz | <
0

(Vs (2))* + (', (2))2da | =

IA
~
5
&
o
+
.
&
U
8
+
O\N

S (Ilsosllm1 + ||1/’5||W21)'

s=0
Theorem 4 is proved. u

Similar results can be obtained if the conditions of Theorem 3 are satisfied.
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