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TWISTED BURNSIDE-FROBENIUS THEOREM AND
R-PROPERTY FOR LAMPLIGHTER-TYPE GROUPS

M. I. FRAIMAN

ABSTRACT. We prove that the restricted wreath product Z, wr Z* has
the Roo-property, i. e. every its automorphism ¢ has infinite Reidemeister
number R(¢p), in exactly two cases: (1) for any k and even n; (2) for odd
k and n divisible by 3.

In the remaining cases there are automorphisms with finite Reidemeis-
ter number, for which we prove the finite-dimensional twisted Burnside—
Frobenius theorem (TBFTy): R(yp) is equal to the number of equivalence
classes of finite-dimensional irreducible unitary representations fixed by
the action [p] — [p o ¢].

Keywords: Reidemeister number, twisted conjugacy class, Burnside—
Frobenius theorem, wreath product.

1. INTRODUCTION

Let ¢ be an automorphism of a group G. Two elements g1, g2 € G are said to
be p-twisted conjugate if there exists h € G, such that g; = hgap(h™1). It is well-
know that this relation is an equivalence relation. The p-class of an element g is
denoted by {g}, and is called the Reidemeister class of the element g. The number
of such classes is called the Reidemeister number of automorphism ¢ and is denoted
by R(p). A group is said to have R, -property if every its automorphism has infinite
Reidemeister number.

The study of Reidemeister classes is motivated by the study of Nielsen classes,
which play an important role in topological fixed point theory. Let X be a finite
cell complex and f: X — X a continuous map. The Nielsen number N(f) and the
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Reidemeister number R(f) are the main objects of the study in Nielsen theory.
The Reidemeister number R(f) coincides with the number R(yp) of ¢-conjugacy
classes in the fundamental group 71 (X), where ¢ = fx. In general, the inequality
N(f) < R(f) holds, however, for Jiang-type spaces, these numbers coincide (except
for the case of R(¢) =00, N(f)=0). This transforms the topological problem
into an algebraic one, namely, studying of the structure of Reidemeister classes.
A study of an algorithm of determining whether two elements of the fundamental
group belong to the same twisted conjugacy class was conducted in [1] for finitely
generated free groups.

Another important problem is the study of R.,-property for groups. Recent
results in this field can be found, in particular, in [2, 3, 4, 5, 6, 7]. We refer to the
paper [8] for a big overview of the families of groups which have been studied in
this context. In [9] it was shown that Z, wr ZF has the R..-property for prime p in
exactly two cases: p =2 and p = 3,k = 2d + 1 for some natural d.

Paper Structure. Section 2 serves as a brief overview of some general facts
related to Reidemeister classes. Also, the form of automorphisms of a wreath
product is discussed. Then, we introduce three main results of the paper: in Section 3
we prove Theorem 3.2, which implies R..-property for the groups Zs, wr Z* and
Zsy, wr Z2*F1 in Section 4 we prove Theorem 4.3, which has two applications —
combined with Propositions 4.5 and 4.6 it implies lack of R, for all the remaining
groups among Z, wr Z*, and combined with Proposition 5.1 implies TBFT; for
automorphisms with finite Reidemeister number (Theorem 5.2).

Acknowledgements. The author is thankful to E. V. Troitsky for suggesting
the problem and for useful advices related to the research.
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2. PRELIMINARIES

2.1. General theory. We begin with an overview of general facts, related to the
Reidemeister classes and wreath products.

Proposition 2.1 (see [10]). For an abelian group the p-twisted conjugacy class of
the unit element is a subgroup and other classes are the corresponding cosets.

Remark. In case of abelian group the (p-class of the unit element coincides with
Im(1 — ¢) and the index of this subgroup equals R(y).

Proposition 2.2 (see [9]). Let 7, be the inner automorphism of a group G, i. e.
74(h) = ghg™'. Then the right shift action by the element g maps Reidemeister
classes of ¢ onto Reidemeister classes of T,-1 0. In particular, R(yp) = R(14 0 ¢).

The following proposition collects several results from the papers [9, 11, 12] and
will be very useful in the future:

Proposition 2.3. Let G be a group and ¢ be its automorphism. Let H be a -
invariant normal subgroup. Denote by C(p) the fized-point subgroup, by ¢’ the
restriction of ¢ on H, by @ the quotient automorphism of G/H. The following
statements hold true:

(1) projection p: G — G/H induces epimorphism of each Reidemeister class of
@ onto some Reidemeister class of p, in particular, R(®) < R(p);

(2) R(¢') < R(p) - [C(@)I;
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(3) if G/H is a finitely generated residually finite group, then R(p) < oo holds
if and only if R(P) < oo and R(1y0¢') < oo forall g € G.

Now we introduce the definition of restricted wreath product.

Definition 2.1. The restricted wreath product of groups G and H is defined in the
following way:

Gwr H = (P (G)a %0 H, where a(h)(G)s = (G)na-
r€H
Note, that usage of the direct sum notation means that only finite sums of elements

of G are allowed. The same notion with the direct product instead of the direct
sum is known as unrestricted wreath product.

We consider the case of
U =Z, wrZF = @ (Zn)z ¥0 Z*
zEZk
Here the subgroup ¥ := @(Z, ), is completely invariant as the maximal torsion
subgroup. Hence, every automorphism ¢ of I' can be restricted on 3: ¢’ = ¢ 5 and
the quotient automorphism @: Z* — Z* can be defined.

2.2. Explicit form of automorphisms of Z, wr ZF. The statements of this
section should be well-known for specialists, though the author did not manage to
find an appropriate reference, so a short presentation with proofs will be given.

Let G be an inner semidirect product of its characteristic subgroup N and
subgroup H, i. e. G = NH and GN H = {e}. It is well-known that each element
g € G decomposes uniquely into product g = nh with n € N and h € H.

For such G and its automorphism ¢ one can define a quotient automorphism
©: H — H in the following way. First, define the projection p: G - G/N = H.
Now put @(h) := po @(h).

Definition 2.2. A mapping v from a group H to a group N is called a crossed
homomorphism, if there exists an action 8: H — Aut N of H on N, satisfying

(1) W € H o b(hl) = p(h) (B(h) ((1)).

Remark. Note that the mapping ¢: H — {e} C N is a crossed homomorphism,
regardless of H and N. Indeed, one can put 8(h)(n) =n for all h € H and n € N.

Proposition 2.4. Let ¢ be an automorphism of G, then for g = nh
(2) e(9) = ¢'(n)(h)B(h),

where ¢’ is the restriction of ¢ onto N, @ is the quotient automorphism, and
@: H— N is some crossed homomorphism, satisfying (1) with the action

(3) B(h)(n) = B(h)n(B(h))

Proof. Tt is clear that ¢(n) = ¢'(n). Let ¢(h) = 7k for some 7i € N and h € H. Note
that, on one hand, p o ¢(h) = p(ﬁﬁ) = h. On the other hand, po o(h) =(h) =: h,
so, h = h.

Define ¢(h) :=n. For h,h' € H,

p(hh') = G(hh)B(hh') = G(hh" )R (R)B(I).

-1
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Also,
p(hl') = p(h)p(h') = G(h)B(h)p(h")B(h).
Thus,
G(hh")B(h) = B(h)B(h)(h') = B(hh') = G(h)B(R) (2(1)),
where the action 3 is defined by
Bk)(m) = a(@(k)) (m) = B(k)(m) (B(k)) ", ke HmeN.
O
Note that for an automorphism ¢ the corresponding crossed homomorphism is
unique. Indeed, if p(nh) = ¢’ (n)g(h)o(h) = ¢’ (n)p(h)p(h) for all n and h, then
¢ =, since $(h) = ¢(h) = ¢(h) (@(h))_l. Conversely, every automorphism ¢ is
completely described by its restriction, the quotient automorphism and the corres-

ponding crossed homomorphism, since if ¢’ = ¢/, B = ¢ and @ = ¢, then due to the
formula (2) ¢ = ¢.

Corollary 2.5. In our case of N =X and H = 7F, applying (2), one gets for
ceEN, 2 €7k

(4) ¢((0,2)) = (¢'(0) + &(2),2(2)).

Proposition 2.6. Let O c AutX, & € AutZ* be given, as well as some crossed
homomorphism ®: ZF — ¥. An automorphism ¢ of I' = ¥ x4 ZF with the corres-
ponding o' = &', 5=, p = & exists, if and only if

(5) VoeX VzeZ ®(a(z)(0)) = a(®(2))((0)),

(6) V21,29 € 7k (5(21 + 22) = &;(2’1) + 01(6(251)) (&)(22))

Moreover, if it exists, then it satisfies (4).

Proof. Define ¢ using the formula ¢(o,z) = (9'(0) + $(z),5(z)) It is clear that
in this case ¢’ =@, o=, o = ®.
Let 01,00 € X, 21,20 € Zk, then

(7)) ¢((o1,21) - (02,22)) = o((01 + a(z1)(02), 21 + 22)) =

= ((1)/(01) + 9 (a(zl)(Uz))+5(Zl + 22), ®(21 + zz)),

as well as

®) @((o1,21)) - 9((02,22)) = (@' (01) + B(21), B(21)) - (P (02) + B(22), B(22)) =

- (@/(01) +a(B(21)) (9 (02)) + B(21) + a(P(21)) (B(22)), B(21) + 6(22)).

Note that ®(z; + 2z2) = ®(21) + ®(22). The mapping ¢ is a homomorphism, if and
only if the right hand side of (7) equals the right hand side of (8), or
(9) @'(01) + ¥ (a(21)(02)) +D(21 + 22) =

= ®'(01) + a(B(21)) (P’ (02)) + B(21) + a(B(21)) (B(22)).
Putting o2 = 0 yields

D(21 + 22) = B(21) + a(B(21)) (B(22)),



894 M. I. FRAIMAN

which coincides with (6). Combining it with (9) yields

@’(a(zl)(ag)): a(@(zl)) (@’(02)),
which is, essentially, (5).

Now we shall verify that ¢ is monomorphic. If (0, 2) = (®'(c) + 5(2),6(2)) =
(0,0), then ®(2) =0, so z =0, since ® is monomorphic. Therefore &)(z) =0, so
®'(g) =0, thus o = 0, since ®’ is monomorphic.

To complete the proof we show that ¢ is an epimorphism. For an arbitrary o € X
and z € Z¥ we construct such og € ¥ and zy € Z* that ¢(09,20) = (0, 2). Since
is epimorphic, there exists such zy that ®(z9) = z. Since ®’ is epimorphic, there
exists such o that ®'(c) = o — ®(z(). Observe that

¢(00,20) = (®'(00) + P(20), B(20)) = (0 — P(20) + B(20), 2) = (0, 2),

so the element (o9, 2g) is the desired one. O

Remark. Note, that if ® and @' satisfy (5), then there exists ¢ with ¢/ = &', 5 = ®
and ¢ = 0.

3. PROJECTION THEOREM

Let s, n, and k be positive integers. Define groups G and I' as Z, wr Z* and
Zsn, wr ZF respectively. By € and ¥ we denote their respective torsion subgroups.
Now we define a projection II from I' onto G. For 2 € ZF denote by A, and
0 generators of groups (Zsy,), and (Z,). respectively. First, define the projection
m: 2 — 1 in the following way:
(10) T (k1Ay, + -+ kiAg,) = (k1 mod n)dz, + -+ (ki mod n)dy,,
where k1,...,k; € Zgy, ®1,...,2; € Z*. The projection II can now be defined as
(o, 2) = (n(0), 2),

where 0 € 3, z € ZF. Observe that II is a homomorphism, since

H((Z_l; kAmz>(; mjij,w)> = H((Z_l; kiAmL; miAy, 1z Z+w)> _
(

(ki mod n)d,, + Z(mj mod n)dy, 1,2z + w) =

j=1

-

Il
o~ -

K2

T

(S tk mod m,. =) - (32 mod m)s, w) =

i=1 j=1

() (s )

Lemma 3.1. The subgroup kerII is completely invariant in T.

Proof. Let m(c) =0 € §2, where 0 = > k;A,,. Considering (10), one can observe
that all coeflicients k; are divisible by n. Hence, 0 =n - & for some ¢ € X. If y is
an endomorphism of ¥, then

rox(0) =mox(n-) =w(n- (&) =0,
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so ker 7 is a completely invariant subgroup of 3, which is completely invariant in T,
thus ker IT is completely invariant in T'. (I

Now we can state the main result of this section.

Theorem 3.2. Let ¢ be an automorphism of I'. Then there exists such an automor-
phism 1 of G with restriction ¢’ = 1/)|Q and quotient ¢ € Aut Z*, that the following
diagrams commaute.

r —“-r ) 7k % o 7k
(11) HJ ln wl lw Idl lld
a Y. ¢ W' k¥ 2

R 0“0 /S

Moreover, R(yp) > R(v).

Proof. Let g be an element of G. Define 9(g) in the following way: let v €T
satisfy TI(v) = g; put ¥(g) =L o @(v). This way ¢ is well defined, since kerIT is
characteristic.

By Proposition 2.3 (1), R(¢) > R(v). O

Corollary 3.3. The groups Zo, wr 7k and Zs, wr 72511 have the R -property.

Proof. In [9] it was shown that the groups Zs wr Z* and Zs wr Z?**1 have the
R-property. Now apply Theorem 3.2. O

4. GROUPS WITHOUT R,,-PROPERTY
In [9] the following two results were proved.

Proposition 4.1. If an automorphism ¢ of the group Z, wr Z* for prime p has
finite Reidemeister number, then R(P) < oo and R(1y0¢’) =1 for ally € T.

Proposition 4.2. If an automorphism ¢ of the group Z, wr Z¥ for prime p satisfies
R(¢') =1, then R(ty0¢') =1 for ally €T,

Now we generalize these results.

Theorem 4.3. Suppose n, m,k are positive integers and ¢ is an automorphism of
Do Wr Z%, such that the automorphisms ¢, and p.,, defined by the commutative
diagrams

Loy, Wr ZF S N Zoym, Wr ZF Zoyn, Wr ZF —* Lopn, Wr ZF
(12) Hnl lnn Hml lnm :
L wrZF —22 s 7., wrZF Loy wr ZF  —27 s 7. wr ZF

satisfy R(pl) = R(¢.,) =1. Then R(¢’) = 1.

Remark. In the case of n = m = p, where p is prime, this theorem, combined with
Theorem 3.2, implies that R(¢') = 1, if and only if R(¢),) = 1, where ¢ is an auto-
morphism of Aut Z,: wr Z¥ and I, 0 ¢ = ¢, o II,,.

Proof. Note that the condition R(¢') = 1 is equivalent to the condition of y =1 — ¢’
to be an epimorphism. Denote by X, and x., the epimorphisms 1 — ¢/, and 1 — ¢/,
respectively. As before, ¥, and X,, denote the torsion subgroups of Z,, wr Z* and
Zm wr ZF, while ¥ is the torsion subgroup of I
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Consider the non-homomorphic embedding ¢, : 3, < ¥, induced by the embed-
ding Z,, 2 {1,...,n} g {1,...,8n} ¥ Zs,, and, in the same manner, iy, : Ly, — 2.
Note, that m, o, =1Id and m,, o t,,, = Id.

To prove that x is an epimorphism, we show that for an arbitrary z € Z there
exists o € X, such that x(0) = A, (A, is the generator of (Zym,)2)-

Let m; € X, satisfy x,(n1) = A,, then xo¢,(n) =A, 4+ n-60 for some 6 € 3.
Indeed, 7, 0 X © tn(11) = Xn © Tn © tn(m1) = Xn(m) = A,. Now consider 12 € X,
such that X, (n2) = 7 (0). In this case x o ty,(n2) = 6 + mk for some k € X.

Observe that

X(en(m) = n-tm(n2)) = As +nb —n(f +mr) = A, +nb —nf +nmr = A,
Put o = t,(m) — 1 tyn(n2). H

Corollary 4.4. If for an automorphism ¢ of I' = Zpil.upft wr ZF it holds true that
R(¢") =1, then R(tyo¢') =1 for ally €T,

Proof. If R(¢") =1, then R(y;, ) =1 for all 4, since if 1 — ¢’ is an epimorphism,
then so is 1 — ¢}, , since 7, is an epimorphism and (1 — ¢}, ) om, = 7o (1 —¢').
Proposition 4.2 implies that R(TH(,Y) o @Li) =1lforally e Ifm, oy =y, oll,,
then 7, 0 7, 0 ' = 111, () © ¢, © IL;;,. Thus, by Theorem 4.3, R(7 o ¢') equals one
for all v € T (]

Note, that for ¢ € Aut Ly pse Wr ZF the number R(¢') is either equal to one,
or infinite. Indeed, if it is finite, then, by Theorem 3.2, all R(y,,) are finite, so, by
Proposition 4.1 all R(¢},,) equal one, thus, by Theorem 4.3, R(¢’) = 1.

Corollary 3.3 shows that the groups Za, wr Z* and Zs, wr Z?**1 have the Ro-
property, due to the fact that, for the former, the number R(y5) is always infinite
and for the latter, the number R(p3) is always infinite. It should be noted, that the
fact that all of Z,, wr Z* admit automorphisms with finite Reidemeister does not
automatically imply that Zpil_“p:'t wr ZF does. However, Propositions 4.5 and 4.6
show, that this implication holds true and is somewhat converse to Corollary 3.3.

Due to Proposition 2.3, to prove that the group Zpil_”pft wr ZF admits an auto-
morphism ¢ with finite Reidemeister number it is sufficient to verify that there
exists ¢ with R(¢’) =1 and R(¢) < oo, where the first condition is equivalent to
R(pps) = 1 for all i.

Proposition 4.5. The group Zp‘iln_p:‘t wr ZF, where all p; > 3, admits an automor-

phism with finite Reidemeister number.

Proof. Take the automorphism ¢, defined by (4) with
@/(Az) :2Afz» p= _Ida 95:0

Note, that Proposition 2.6 provides its existence. For every i the automorphism ¢,
satisfies

()0;11 (6z) = 2672) @pi = - Id) ()Zpi =0.
Note that R(p) = 2% < 0o and in [9] it was shown that 1 — ¢, is an epimorphism,
so apply Theorem 4.3 to complete the proof. O

Proposition 4.6. The group Zpilmp:t wr Z2¢ | where all p; > 2, admits an auto-
morphism with finite Reidemeister number.
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Proof. Take the automorphism ¢, defined by (4) with
QD/(AZ) = mA@(z% QZ = 07 @7
where 3 has the matrix M in standard basis in Z?*, where

M=MG--& M, M:(O1 11).
\ , o

k

The value of m will be chosen later. Note, that Proposition 2.6 provides the existence
of ¢ regardless of m. Observe that M? = E. For p; # 7 consider

It is easy to verify that for z € Z*

5. + 20nps + A0nges
(17(10;71'51‘) < M7 M )52’

so, 1 — 4,0;”% is an epimorphism. If p; #£ 7 for all 7, put m = 2.
If p;» = 7 put

30,751‘* (6z) = 35Mz;

Lo ) (Ot 2 A
7 26 =

Now m can be chosen as a solution of the system

m=3 (mod7"),
m=2 (mod p;%), for ¢ # i*.

then

The solution exists due to the Chinese remainder theorem.
Observe that for such m holds <p;§i (62) = 205(z) for i # i* and <p’7 (02) = 3052,

since ¢'(A;) = mAg(z) and o @' =), oIl i O
5. TBFT IN CASES OF FINITE R(y)

For a group G one can define the unitary dual CAJ, i. e. the set of equivalence classes
of unitary irreducible representations of G. We, however, are going to consider
only Gy C G, which is the subset of all finite-dimensionals representations. Each

automorphism ¢ of G induces a map @: @f — @f, P(p) =pop.

Proposition 5.1. Let ¢ be an automorphism of ' = Z,, wr Z* with R(p) < oo and
R(1y 0 ¢") =1 forally € I'. Then the TBFT} holds for ¢, namely R(p) = #Fix(9).

Proof. First, note that R(p) > #Fix($). A proof can be found in [11].

To prove the inverse inequality, consider the projection P: Z,, wr Z* — Z*. Since
R(¢’') =1, only one p-class is mapped onto the F-class of the unit element. And,
since R(7y o ¢’) =1 for all v € T, for each B-class in ZF only one ¢-class is mapped
onto it, so P induces a bijection of Reidemeister classes of ¢ and Reidemeister
classes of @, i. e. R(p) = R(P).

Since TBFT; holds for finitely-generated abelian groups (see [13]), R(y) =
R(p) = #Fix(). Note that #Fix(p) < #Fix(3), for if p is a p-fixed representation,
then p o p is a @p-fixed representation, and if p; and p, are not equivalent, then p; o p
and pg o p are not equivalent as well, which follows from he surjectivity of P. [
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Theorem 5.2. For every positive integer k the finite-dimensional twisted Burnside—
Frobenius theorem holds for the groups Zs, wr Z2*, ged(n,2) =1 and Z,, wr Z*,
ged(n, 6) =1, 4. e. in all cases, where R(p) can be finite.

Proof. Apply Propositions 4.5, 4.6, and 5.1. O
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