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ABSTRACT. The goal of the paper is to describe all equationally noethe-
rian graphs in terms of forbidden subgraphs for the categories of simple
graphs and graphs with loops.

Keywords: simple graphs, graphs with loops, graph groups, equationally
noetherian, one variable equations.

1. BBE/IEHUE

WccmemoBanueM pernreHuii ypaBHEHUH HAT PA3IHIHBIME aJIT€0PANnIeCKUMU CHCTE-
MaMU 3aHUMAETCs HAIIPABJICHNE MATEMATHKHU C HA3BAHUEM « Y HUBEDPCAJIbHAS AJIred-
pamdeckas reomerpus». CymecTByer HemMasao paboT, MOCBAIIEHHBIX ITON TeMaTHKe.
Jocrarodao 60IbIION CIUCOK TAKUX CTaTell U TEOPETUYIECKYIO OCHOBY II0 YHHUBED-
CaJlbHOM ajrebpandeckoil reomerpun MOKHO Haiitu B Monorpaduu [1]. Hacrosimas
pabora TakyKe OTHOCHUTCS K 3TOMY HAIMPABJIEHUIO NCCJIEIOBAHMII.

BazkHbIM CBOICTBOM aJIr€OpamYIecKuX CUCTEM, C TOYKH 3PEHUs ajredpandeckoit
PEOMETPUH, SBISETCsS CBOWCTBO HETEPOBOCTH MO ypaBHeHUsAM. Anrebpandeckas cu-
cTeMa SIBJISeTCs HETEPOBO [0 YPaBHEHUSM, €CJId Ji00asi CHCTeMa yPAaBHEHUH OT
KOHEYIHOTO HabOpa mepeMeHHbIX HaJl 9TOH aaredpamdecKoil CHCTeMON SKBUBAJIEHT-
Ha HEKOTOPO# CBOE KOHEUHOI mojicucTeMe. 119 KpaTKOCTH W3I0KEHU S, MHOT/TA, MBI
OyZeM MOJIh30BATHCSA TEPMUHOM <«HETEPOB rpad», moapasdymeBas MO ITUM rpad,
ABJIAIOMINAICA HETEPOBLIM IO YPABHEHUAM.

Héreposbl anrebpandeckue CHCTEMBI JOCTATOYHO YAOOHBI /i OIMMCAHUSA Pelre-
HUM CHCTEeM ypaBHEHHI HaJ HUMH. B 3TOM ciaydae cyiecTByeT oOIuii Teopernde-
CKUil MOIXOJ, TO3BOJISIOINI B3TJISTHYTH HA AJITeOPANIECKHe MHOXKECTBA C PA3HBIX
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Touek 3penns. Omucanue ITOro MOAXOJa MOXKHO HaliTu B maparpade «O0benuns-
IOI(e TEOPEMbI /I HETEPOBBIX 1O yPAaBHEHUsAM ajrebpaudeckux cucrem» us [1], a
rakxke B pabore [2]. Crucok HETEPOBBIX 10 yPABHEHUSAM aJrebpPanvyecKux CUCTEM
JIOCTATOYHO MUPOK. B 3TOM Criucke, B 9aCTHOCTH, COAEP’KATCS BCE KOHEUHBIE aIred-
pamYecKue CUCTEMBI, ADEJIEBBI TPYIIIbI, THHEHHbBIE TPYIIIbI, THIEPOOJINIeCKUe TPYII-
bl 6e3 kpyderus [1], cBOGOJHBIE pa3peIINMbIe TPYIIIbI TPOM3BOJIBHBIX CTYIEHei
paspemuMocT U paHroB [7]. Cnucok HEHETEPOBBIX AJIrebpPaMYecKUX CUCTEM TOXKE
JocraTouHo Oombinoit. K mpuMepy, HeHETEPOBBIMHI ABJAIOTCS CILTETEHHsS Heabese-
BOH I'pyuiibl u GeckoHeuHOlt rpyuibl [4], GeckoneuHas upsiMasi creleHb HeabeseBoi
TPYTITIBI UK TIOJTYTPYTIEI [6], €CTh TpUMephI IBYCTYNEHHO HUJIBITOTEHTHBIX MPYTIT 1
KOHEYHOTIOPOXKIEHHBIX [IEHTPATbHO-META0EIEBIX IPYIII, HE SIBJIAIONINXCS HETEPO-
BbIMU 110 ypaBuenusMm [7]. laiee paccMOTpUM IpUMepbl HETEPOBBIX U HEHETEPOBBIX
rpadoB Gostee aeTaATLHO.

Hycrs £ = {E(x,y),=®} — aspik Teopuu rpacdos, rae F(z,y) npemgukar co-
CeJICTBA BEPIIMH & W Y, a =2) — GUHAPHLII NMpPEINKAT PABEHCTBA s BEPIIHH
rpadra. Tak Kak MBI paccMaTpUBaeM CHCTEMbI YPABHEHHI OT KOHEYHOTO Habopa 1e-
PEMEHHBIX W si3bIK L HE COMEPXKHUT KOHCTAHT, TO B #3biKe L Bce rpadbl ABIAIOTCH
HETEPOBBIMHU B CHJIy TOTO, YTO B ITOM SI3bIKE HE CYIINECTBYET OECKOHEUHBIX CHCTEM
ypasaenwuii. Takum 006pa3om, BOIPOC HETEPOBOCTH i TpadOB MMEET CMBICT pac-
CMAaTPUBATDH I A3bIKa L, PACIIMPEHHOIO0 HEKOTOPHIM HA0OpOM KOHCTAHT. I103T0-
My juist mpou3BoabHOrO rpada I' Mbr GyaemM paccMaTpUBATH YPABHEHUS B SI3BIKE
Lr = LUV(D). YpaBHeHusi, 33JaHHbIe B A3bIKE C MHOXKECTBOM KOHCTAHT, PACILIH-
DEHHBIM BCEMH 3JIEMEHTAMU AJIe0PAnYEeCKONl CUCTEMbI, HA3BIBAIOTCS JTUO(MAHTOBbI-
MU ypaBHeHusiMu. B cTarhe Mbl paboTaeM TOJBKO C AMO(DAHTOBBIMU YPABHEHUSIMU
Hag rpadaMu.

N3BecTHO, 9TO HETEPOBLIMY MO YPABHEHUSIM SBJISIOTCS BCE JIOKATHHO KOHEUHBIE
rpadbl, TO ecTb Tpadbl, CTENeHb JIOO0H BEPITHHBI KOTOPHIX KOHEYHA. JTOT (PAKT
JIOCTATO4HO IPOCTO 00OCHOBATL, UCLO/Ib3Ys Aemmy I, nokazannyio B [8]. B 1o xe
BpeMsi, CPeIy He JIOKAJbHO KOHEYHBIX IpadOB €CTh MHOrO rpadOB, SIBISIOIIAXCS
HETEPOBBIMU. B 9aCTHOCTHU, HEMOCPEICTBEHHO MPOBEPSIETCS C MOMOIIBIO JAeMMbl 1
n3 maparpada 3, 9ro 000l rpad, comeprKaIuii KOHEIHOEe KOJUIECTBO BEPIINH
OECKOHEYIHOI cTerneHu, aBisercsa HéTepoBbiM. Ho TakKe cymecTByioT u rpadml, SB-
JIIONIMECcss HETEPOBBIME 1[I0 YPABHEHUSM, B KOTOPBIX €CTh OECKOHETHOE YUCIIO BEp-
muH 6eckoHewHON crerneHu. C Ipyroi CTOPOHBI OTMETUM, UTO OECKOHEYHAS KJIUKA,
K B xareropuu mpocThiX TpadOB HEHETEPOBA MO YPABHEHUSIM.

B crarpe mbr Oyaem paccmarpuBarh rpadbl B IByX Kareropusx. Ilepsas karero-
pusi — 3T0 mpocThie rpadbl, TO €CTh HEHAIIPaBJIEHHbIE rpadbl 6e3 KPaTHBIX pedep
u merenb. Bropasi Kareropusi — 3TO HEHAIIpaB/eHHbIE rpadbl 0e3 KpaTHLIX pedep,
HO C HEeTJISMU, TO eCTh JJist JII000# BepIIuHbl v rpada 3T0i KATeropuu Mbl CIUTAEM,
uro mapa (v,v) aeasercs pedpom. IlepByio kareropmio rpados 6yaeM 0603HAYATH
cumvBosioM &, a BTOPYI0 — £. 9T IBe KATErOPUHU UCIONB3YIOT OJUH U TOT YK€ S3bIK
teopuu rpados L, modTomy 00asi CHCTEMA yPABHEHUI MOXKET OBITh PACCMOTPEHA
u B kareropun S, u B kareropun L. Bciony nasee B crarpe mom cioBoMm “rpad”
Mbl oHuMaem Jjubo rpad u3 kareropuu S, smbo rpad uz kareropuu £. Bosbmmn-
CTBO TIOJIyYE€HHBIX PE3YJIbTATOB CTATHU BEPHBI CPA3Y [JIST IBYX KATETOPUA, U, B 9TOM
CIydae, MbI HE YKA3bIBAEM KATeropuio rpados, 1jis KOTOPOil STOT Pe3yIbTaT BEPEH.
e ke 910 HEOOXOAMMO, MBI SIBHO yKa3biBaeM kKareropuio G wmian £.
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OcHoBHOIT TTpOOJIEMOIi, peraeMoii B CTaThe, sIBJASIeTCS OIMUCAHNE BCEX HETEPOBBIX
o ypaBHeHHsAM IpadOB B YKA3aHHBIX BBIINIE KATErOPUIX. IDTa 33a49a PEIraercs
B meopeme 8 u3 naparpada 4 Ha A3blKe 3allPelleHHbIX HOArpad OB ik KJIacca
HETEPOBBIX TPadOB.

ABTOpPBI BEIpaAsKaIOT 6JIArOJAPHOCTH PEIIEH3EHTY 34 [EHHBIE 3aMeUaHust K padoTe.

2. [IPEJABAPUTEJILHLIE CBEAEHUS

HeopuenrupoBantbivm rpadom HasbiBaerca mnapa muoxecrs (V) E), roe V. —
HEILYCTOe MHOXKECTBO BEPIIUH, & F/ — MHOXKECTBO HEYIOPSI0YEHHDBIX AP 9JIEMEHTOB
n3 V', Ha3piBaeMbix pebpamu. Bee ucnob3yemble HaMU B 9TOH CTATHE CTAHIAPTHDIE
ompesesieHnst u3 Teopun rpadOB, TakKue KaK BIOxKeHue rpados, moarpad, wHIymm-
poBaHHBI ToArpad, MOXKHO HailTH B KHHUTE [9I)].

Bseném ucmonb3yembie HaMu MIOHSITHS alreOpamdecKoil reOMeTpUr Ha anredpa-
UYecKuMHU cucreMamu, ciaenys monorpacduu [1]. Hecmorps na 10, 4ro 31U HOHATUS
HOCSAT YHUBEPCAJIBHBIA XapaKTep, Mbl IIPUBEJEM UX B aJANTAIUU HA S3bIK TEOPUHU
rpadoB.

Azpik L = {E(z),:(z)} HazoBeM s3bIKOM rpadoB. [IponsBosnbHbIil rpad sBis-
ercd ajrebpanveckoii cucremoit man si3eikoM L. Ilycts I — HeopuenTupoBaHHDII
rpad. Pacimupenue sizbika £ mHOxkecTBoM Bepinun rpada ' Lr = LU V(T), na-
30BeM #A3bIKOM rpadoB ¢ koHcTtanTamu u3 ['. YrBepKaeHne o TOM, 9TO BEPIIMHbBI U
W U CMEXKHBI, 3aMnchiBaeTcss B Buze ypapHenus F(u,v) s3pka Lr. OTMernm, uTo
JUTst Besikoro mpoctoro rpada ypasrenne E(x,x) Bcerpa JIOXKHO, B TO BpeMsi Kak
Juist rpadoB € METISMH OHO BCerjia UCTUHHO. f3bIK L JIONyCKAeT TOJBKO IIECTh
BuzoB ypasuenwuii: F(xz,y),z =y, E(z,c),x = ¢, E(c1,¢2),¢1 = ¢o, TIE T,y — HEU3-
BECTHBIE, C, (1, Cy — KOHCTAHTBL. JII000e MHOXKECTBO TAKUX YPABHEHUII HA3bIBAETCS
cucreMoil ypaBHeHuil a3bika L.

Touka a € I'" HasbiBaercs penienneM ypasHerust s(X) s3bika L OT 1 TIEpEMEH-
HbIX X = {21,...,z,} Hag rpadom T, ecin T’ |= s(a). Touka a € T'™ nazbiBaercs
pemtenuem cucreMbl ypauenuit S(X) max rpadom I'; ecu a siBiisiercsi perienueMm
KaxKJ0ro ypasHenus cucrembl S(X ). MuoxkecTBO Bcex perieHuil cucreMbl ypaBHe-
uuit S(X) HaspiBaercs anrebpandeckuM MHOXKecTBOM HaJl I' n obo3HauaeTcs depes
VE(S(X)).

Hpe cucrembr ypaprenuit Sq(X) n So(X) s3pika £ Ha3BIBAIOTCH SKBHBAJEHTHbI-
vu uHag rpadom I') eciim ux MHOXKecTBa pernennii copnanamT. ['pad [ mazwiBaercs
HETEPOBLIM [0 YPABHEHUSIM, €CJIH IJIsd JI0OOr0 TEJI0r0 TOJOKUTETBHOrO N JTIodast
cucrema ypasaenuii S(X) or n uepemennbix X SKBUBAJIEHTHA CBOEHl HEKOTODOI
KoHeunoit momcncreme So(X) C S(X). JanHoe yCIOBHE MOYKHO OCIAbWTh, BBEIST
MoHsITHE HETEpOBOCTH rpada oT GUKCHPOBAHHOTO YNCIIA TIepeMeHHbIX. Byiem roso-
puth, uro rpad I HETEpoB 10 ypaBHEHUSIM OT 1 IIEPEMEHHBIX, eCJIU J00as CUCTeMa,
ypasuenuii S(X) or n nepemennbix X 5KBUBAJIEHTHA CBOEl HEKOTOPOIl KOHEYHOM
nogcucreme So(X) € S(X), To ecrb sABIAETCA HETEPOBOIA.

YpasBHeHus, cocrosimue TONBKO u3 KoHcTant: E(cy,cq),¢; = ¢, mubo Beerma
JIOXKHBI, TUOO0 Beerga NCTUHHBI. CUCTEMBI TAKUX YPABHEHUH MOXKHO 3aMEHUTH OTHUM
3aBEIOMO JIOXKHBIM WJIM WUCTHHHBIM yYPABHEHWEM BHUIA ¢; = Co. 1l03TOMYy MBI He
Oy/leM paccMaTpuUBaTh CUCTEMBI YPABHEHUIA, copepKaliue GECKOHETHOE KOTUIEeCTBO
YPABHEHWU, COCTOSIIUX TOTBKO W3 KOHCTAHT.
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3. YPABHEHUS OT OAHOWM IIEPEMEHHOW HAJ| TPA®AMU

B [8] upencraBiena Jjiemma, KOTopas siBISETCS KPUTEPUEM HEHETEPOBOCTH IO
ypaBHEHHSAM i ajrebpamdeckux cucreM. B opurnnaabHO# (OPMYIHPOBKE JIEM-
MBI €CTh OTPDAHWYEHUE HA T3BIK AJIreOPANIECKOi CUCTEMbI: OH HE JOJIZKEH CO/IePIKATh
MPEINKATHBIX CUMBOJIOB. OTHAKO 9TO OrpaHUYEHNE HE SABJISIETCS CYIIECTBEHHBIM, U
JIOKa3aTesIbCTBO JIEMMbI 0€3 KaKUX-JIn00 M3MEHEHNH BEPHO JJIsi TPOU3BOJIbHOM ajl-
redOpandeckoii cucrembl. IlpuBemem HGOpMyTHPOBKY 3TO# JEMMBI M €€ T0KA3aTe /b
CTBO /I MPOU3BOJILHOMN anreOpanvecKoil CHCTEMBI.

JIemma 1. Auazebpauueckasn cucmema A = (A, L) ne asasemca HEMePosot no
YPABHEHUAM 0200 U MOALKO M0o20a, k0200 HaUdYMmCca NOCAedo8amMesbHOCTNL Ie-
menmos (a;)ien, a; € A", u nocaedosamesvrocmv ypasuenut (s;(X))ien, X =
{z1,..., 2} asvka L, 043 KOMOPLIT BHINOAHEHO CAEOYOUELE YCAOBUE:

(1) AW si(a;) dna ecex i € N u A= sj(a;) dan ecex j < i.

Joxasamenvemeo. «=» Ilyctsh anrebpandeckas cucrema A He ABIAETCS HETEPO-
BOIi TI0 ypaBHEHUIM, TOTJA, 110 ONPEIE/ICHUI0, HAllAéTCa cucrema ypasuenuii S(X ),
He SKBUBAJIEHTHASA HUKAKOW CBOeil KOHeYHOU moacucTeMe. llokaykeM Mo MHIyKIAH
CYIIIECTBOBaHME MCKOMBIX IIOCTEIOBAaTENbHOCTEH. B KadecTBe ag BbIOEpEeM JH000#
anement u3 A" \ V4(S(X)), a B kadecrBe $o(X) — Takoe ypaBHEHHE CHCTEMbI
S(X), ato ag € Va(so(X)). Hanee, nonokum a; PABHBIM KAKOMy-HUOYIb 3Jie-
menty u3 Va(so(X)) \ Va(S(X)), a B xadecrse s1(X) BeIGepeM 11060€ ypaBHEHIE
u3 S(X), aua koroporo a; ¢ Va(s1(X)). I rak gamee. Ilycrs ag,ai,...,am U
50(X),51(X), ..., 8m(X) c TpebyeMbiMu CBOWCTBaMH yzKe NOCTPOEHbI. B KauecTse
Gm+1 BbIOEpeM J1i000it meMenT u3 V4 (so(X), s1(X), ..., $m(X))\Va(S(X)). Takoit
9JIeMeHT Beerja Hainérces, tak kak S(X) ne 9KBUBAJICHTHA HUKAKOI CBOEH KOHE4-
HOIi TIOZICUCTEME, & B KAUeCTBe S;,+1(X ) BbIOEpeM Jt060e ypaBHeHue, st KOTOPOTO
Gms1 & Valsmir (X)),

«<» Paccmorpum cucremy ypasrenuit S(X) = (s;(X))ien. Hecioxuo 3ame-
tuTh, 910 a; ¢ VA(S(X)) mna moboro i, HO Ayig 11060fi KOHEYHON MOJCHCTEMBL
So(X) = (8:(X))icr d€MeHT Gppazr+1 npunagiexut Vu(So(X)). O

Bynem rooputh, 9TO MOCIEIOBATEIHHOCTH YPABHEHUH W 9JIEMEHTOB YIOBJIETBO-
pPAOT semme 1, ecau JJIg HUX BBIMOJHEHO ycjaoBue 1 u3 semmol 1.
OrmeTnM, 9TO U3 HOKA3ATETHCTBA AeMMb, 1 CTIEAYET eI U TaKOe YTBEPKICHHE:

CuenctBue 1. B a0601l nenémeposot cucmeme ypashenutd S(X) om n nepemen-
woux X = {x1,...,o,} Ha asnzebpauneckol cucmemolti A cywecmeyem beckonen-
nasa nodcucmema ypasnenut S” = {s1(X),...,s:(X),...} u nocaedosamesvrocmo
anemenmos (a;)ien, a; € A™, 04 KOMOPHIT GLINOAHEHDL YCAOBUA AemMb. 1, MO
ecmv cucmema S’ He asasemea Hémeposoti no ypasuenusm. Kpome mozo, aobas
beckoneunas nodcucmema S” C S’ u coomeememeyrowan eti nodnocaedosamens-
nocmy anemenmos (a})jen C (ai)ien mosice ydosaemeoparom aemme 1, mo ecmo
HE ABAAECMCA HEMEPOBOT N0 YPABHEHUAM.

Ha ocnoBe BbimenpuBeneHHbIX Pe3yIbTaTOB CHOPMYIUPYEM CIEAYIONIEE TIPEe/i-
JIO2KEHHUeE:

2 2 2
Ilpenmnoxenne 1. [lTycmov L = {Pl( ), P2( ), . 7B(n)} — A3LK C KOHEYHDIM YUCAOM
OUHAPHBLT NPEOUKAMHBIE CUMBON0E U S — OECKOHEUHAA CUCTEMA YPABHEHUT A3bl-
xa L oM KOHEUH020 MHONCECMBEA NEPEMEHHLIT X, He CO0epHCaUas beCKOHEWHbLT
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nodcucmem YpasHEHUT, COCTNOAUUT MOALKO u3 kowcmanm. Tozda cywecmeyem
beckoneunas nodcucmema ypasuenuti ST C S om 00noti nepemennoti u3 MmHoice-
cmea X .

JHoxazameavemso. Mlycre X = {zy1,...,z,} 1 S = SCU S US*T U...U 5%,
rjie mnojacucremMa ST CONEPKUT ypaBHEHMs] TOJBKO OT OJHOM MepeMeHHON x;, i =
1,...,n, S’ conepKuT ypaBHeHUs TOJLKO 0€3 KOHCTAHT, S¢ COAECPKUT ypaBHEHU
TOJILKO C KOHCTaHTaMU. TaK Kak KOJIMIECTBO HEU3BECTHBIX KOHEUHO, TO MOICUCTEMA,
S’ koreuna. S° korewdHa MO ycaosnio. OTCIOmA CIEAYeT, 9TO 10 KpaiiHei Mepe Kakasi-
10 u3 moacucrteM S¥ ¢ =1,...,n aBasercsa OECKOHEYHOM. (I

OTMmeTuM, 9TO IPEIOKEHNE BbIIIE UCTHMHHO i rPpadOB 10 TOW HpUYUHE, 9TO
B WX s3bIKe L €CTh JIITh KOHEYHOE YMCJIO THTIOB YpaBHEHWMI.

B [5] ayist rpymnn epopmynupoBaHa, cieLyomnas mpobiemMa:

IIpo6aema 1. ITycrs rpynna G = (G, L4,.¢) HETEPOBa IO yPaBHEHUSM OT OIHOM
nepemennoit. Ciegyer nmu orciofa, aro rpymnmna G HETEpOBa MO ypaBHEHUIM 7

B [8] upuseuen upumep airebpanvdecKkux CUCTEM, KOTOPbIE sBJIAITCs HETEPOBbI-
MU IO YPaABHEHHSIM OT M. MEPEMEHHBIX, HO He SABJISIOTCS HETEPOBBIMH TIO ypaBHe-
HUSAM OT M + 1 mepemeHubIx. JIjist anreOpanveckoil CHCTEMBI ¢ KOHEIHBIM THCIOM
OWHAPHBIX MPEIUKATHBIX CUMBOJIOB HUMEET MECTO CJIEAYIOIIasi TeOpeMa, KOTopas Ja-
€T MOJIOKUTENbHBIH OTBET Ha npobaeMy 1 myist TaKnX anreOpanvdecKux CUCTEM.

Teopema 1. ITyemv A = (A, L) — aszebpauneckas cucmema sa3vka L = {Pl(z),

P2(2)7 cey P,SLQ)} C KOHEUHBLM YUCAOM OUHAPHOIT NPEOUKAMHBEL CUMBOAOE, HE ABAI-
wWaAcs Hémeposot 6 asvke ¢ koncmarwmamu Lq4 = L U A. Tozda cywecmeyrom
makol npeduxam Py aswka L u nocaedosamesvrocmo aemenmos (a;)ien, 4mo
oas ypasnenuti (Py(x,b;))ien u nocaedosamesvrocmu (a;)ien, GbNOAHEHDL YCAO-
eua semmv, 1, mo ecmv A He sa6asemcsa HEMEPOBOT NO YPAGHEHUAM OM, 00HOT
nepemerHotl.

Joxazamesvemeo. Tak kak A He SBISeTCS HETEPOBOH IO yPABHEHUSIM, TO, 110 C.A€0-

cmeuto 1, cymecTByior nocseoBaresbHocry ypasuenuii S(X ) u snementos (a;)ien,

ynosjersopsiontie aemme 1. TIo npedaosicenuro 1, cymectByer GECKOHEUHAS TOI-

cucrema ypasHenuit S’ C S or ognoit mepemennoii x. Torma S'(x) = {x = ¢li €
m 'y ’ .

Io} U2 {Pj(z,b7)|i € I;}. o caedemeuro 1, nopcucrema S’ raxske nenéreposa,

mo3TOMY B Heit He MoxeT ObITh ypapHenuil Buma x = c¢. C apyroit cTOpOHBI, st

Hekoroporo k € {1,2,...,m} muoxecrso I} Geckoneuno. Torna, no caedemeuso 1,
ns cucrembl ypashenuit S = (Py(x,b%));cr, TaKiKe BBIIOTHEHBI yCIOBUS ACMMbL
1. (I

4. TPA®DI, HE ABJSIOIMINECS HETEPOBBIMU 11O YPABHEHUAM

B sTom maparpade Mbr omuiiem Bce HETEPOBHI Tpadbl B Kareropusx & u L.
Haunem c ompezesieHust COBEpIIEHHO HEHETEPOBOTO rpada, Wrparoniero BaxKHYIO
POJIb B JAHHOM OITMCAHUH.

Omnpenenenne 1. I'pag I' 6ydem naszvieamo cosepuenno HeHEMEPOSbIM, €CAU OH
codeporcum OeCKOHEUHYI NOCAEA08AMEALHOCTIID TONAPHO PA3AUNHOLL SEPULUH
ai,by,a2,ba,...,0,,bn,... maxyto, wmo Kascdas u3 6EPWUH a; COCOUHEHA PeOPaAMU
co ecemu sepuiunamu b; npu j < i, Ho ne coedurena pebpom ¢ eepuiunot b;.
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Bepmunsr a; u b; coBepIiiieHHO HEHETEPOBOTO rpada B JaJbHEHIITeM /115t KPACOThI
nrchbMa OyIeM Ha3bIBaTh NapHuimu eepuwunamu. I'pad, TpUBEeIeHHBIN HA CIETyTO-
IIeM PHUCYHKE, HA30BEM 0a3UCHbIM HeHEMePosvim TpadoM u 0O03HaAINM depe3 B:

a1 @ by
a2 by
as b3
an eb,

OueBugno, uro rpad B coBepmienHo nenérepoB. Jlajiee mpuBeIeM HECKOJIBKO
3aMeYaHuil O COBEPIIIEHHO HEHETEPOBBIX rpadax.

Bameuanue 1. Kaowcduil cosepuwenno nenémepos zpad I ne asasemces wémepo-
BULM 110 YPaBHEHUAM 6 Asbike L : nocaedosamenvrocmu ypasnenut S = {E(x,b;) }ien
u sepwur A = {a;}ien, 2de Kaoicdan sepwuna a; CMENCHA CO 6CEMU BEPULUNAMU
b npu j < i u ne cmescua ¢ b;, ydosaemsoparom ycrosuam semmovs 1 6 2page I,

3ameuanmne 2. Fcau Mo, 0moscdecmsum 6ce naprvie 6epututs, 6a3ucHozo nenéme-
posa zpaga, mo nosywum cuemuyro Kaury K, Komopaa ne ABAAEMCA COBEPULEHHO
HeHEMeEPosuiM 2padom. elicmeumenbno, 0603HAMUM “Hepes3 C; PE3YALTNGI OTNOHC-
decmesenus eepwiun a; u b; epada B. Tozda, 6 cuay cmedcnocmu sepuwunvt bj
€O 6CEMU BEPUUHAMUY ; NPU § < 1, NOAYYEHHAHA 6ePWUNA C; OYdem cmedicna co
ecemu c;. Omceroda caedyem, wmo cuemnas xaura K 6 xamezopuu & nenémeposa,
max kax FE(c;, ¢;) aoocno 6 kamezopuu npocmwux epagos S. Haobopom, 6 wamezo-
puu £ cuemnas KAuka AGAAEMCA HEMEPOBOT 6 CUAY UCTHUKHOCTU YPasHeHUT 6uda
E(c;, ¢;) 6 amoti kamezopuu.

ameuanue 3. J0b60U epagp, codepocawutl 8 Kauecmee uHIYUUPOSAHHO20 N002Pa-
Pa nHenémepos 2pag, nenémepos no ypasneruam. eticmeumenvro, no meopeme 1,
8 NPoU36ONLHOM Hewémeposom epagde ' cywecmesyrom nocaedosamenvrocmu ypas-
nenuti (E(x,b;))ien v sepwun (a;);en makuz, wmo T (= FE(a;,b;) dasn ecer i u
I = E(a;,b;) daa ecex i > j. Ilyemo T' undyyuposarnutt nodepad epada H. Ilo
onpedesenuro undyyuposarnozo nodepada, Er(u,v) = Ey(u,v). Snawum nocaedo-
sameavrocmu ypasuenut (E(x,b;))ien u sepuun (a;);en ydosaemsoparom ycaoeu-
am semmo, 1 6 epage H.

I'pad, comepzxkaruii caeTHyo Kanky K B KadecTBe WHIYITUPOBAHHOTO moATrpada
Oymem HasbiBaTh Hadkaukol. Crelyomnas KJI0UeBas JeMMa HOKA3bIBAET, 9TO €CIIU
rpad HEHETEPOB U HE SBJISIETCS KJIUKOW, TO OH COBEPITIEHHO HEHETEPOB.

Jlemma 2. ITycms T’ - npousdsosvuwiil nenémepos zpad, aubo ua wamezopuu S,
aubo u3 £. Tozda ecau T' ne asasemces nadkiukotl, Mo OH COBEPULEHHO HEHEMEPOE.
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Zoxasameavcmeo. Ilycts rpad I' HeHéTepoB M0 ypaBHEHUIM, HO HE SBJISIETCS HAI-
kymkoii. Torna, 10 meopeme 1, CylmecTBYIOT 1I0CIE0BATEILHOCTH BEPIIHH (a;);eN
u ypasuenuit S(x) = (E(z,b;))ien Takue, uro I' = E(a;,b;) nna Bcex @ € N, u
I' = E(a;,b;) nms Beex @ > j.

O6o3naunm uepe3 I, = {i € N|a; = b;} MHOXKECTBO MHIEKCOB, JJIsi KOTOPBIX
BEpIIUHGL a;, b; coBnamaior. B cuiy samewanus 2 mmeem, 4to pa3 ' me saBnsercs
HAJKJIUKOH, TO MHOKecTBO [. KomeuHo. Torma, B cuiy caedecmeus 1, cylmecrBy-
er OeckoHeuHas moxcucrema ypasHenuit (E(x,b;));¢s, I MOANOCTENOBATENLHOCTD
BepumH (a;);gr,, KOTOPbIE YIOBJIETBOPSIOT yCaoBHAM semmo, 1. Tlosromy mamee
OyzmeM cuuTarh, 9T0 [, — MyCTOE MHOYKECTBO. 3aMETHM, UTO €CJU BCE BEPIIUHBI
a;,b;, i # j € N, momapro paznmunsl B rpade I', To I' coBeprerno HeHéTEpOB H,
CIe0BaTe/IbHO, OH HEHETEPOB II0 ypaBHeHusM. IlycTh Temepb He BCe M3 BEpLIUH
a;, b;, re i, 7 € N, monmapHO pa3THIHEL

ITo muokecrBy Bepmm {a;, b;|i € N} rpada I’ mocrpoum rpad T, caenytommm
obpa3om: mape BepIwH a;, b; rpada I' coorsercryer BepinHua ¢; rpada [, , u Bep-
IIUHEL ¢;, ¢; Tpada ['e, CMEKHBI B TOM U TOJIBKO B TOM CJIydae, KOLJa ¢; COBIAIAET
¢ b; mm a; coBnmazmaer ¢ b; B rpade I'.

Bo-mepsbIx, 3ameTnM, 9T0 b; He MOYKET COBIAJIATE ¢ b; Ama mobbIX 4, j € N, Tak
KakK B cucreMe S HeT OJMHAKOBBLIX ypaBHeHuil. Bo-BTOpbIX, a; HE MOXKET COBIAJIATh
C aj, B CUJly CMEXKHOCTHU a; € b; u HecmezkHocTu a; ¢ by s yobeix 1 < j. Cienosa-
TeJIbHO, CTeneHb J000i Bepimab! rpada I, He Gobine 2. 13 sToro ciemyer (cum.,
Hanpuwmep, [9], Tnasa 5. «Packpackas ), dro mo6oit koreunsrii moarpad rpada I'e,
MOXKeT ObITh packpaleH He 6osee yem Tpems useramu. Ciienyiomass TeopeMa U3
[10] mo cyTu gBasiercs aganTanueii reopemMbl KoMuakraHoctu L€nensa-Masbuesa s
packpacok rpados:

Teopema 2. [Tycms k — namypaasvhoe wucao u nycms 2pad G umeem c60ticmao,
ymo KasHcovill e20 Koneunv il nodzpad moocem 6vims packpawer k ysemamu. Tozda
u cam 2pad G donyckaem packpacky k ysemamu.

Takum obpazom, o meopeme 2, Bce Bepimabl GeckonedHoro rpada [, Mmox-
HO PACKpPACUTh He Dojlee UeM TpeMms IBeTaMu. Boibepem GeCKOHEIHOe MHOXKECTBO
BepIIUH OAHOTO 1BeTa B rpade [, u 3aMeTnM, 9T0 B HHAYIUPOBAHHOM moarpade

i, Ha 9TUX BepImHax Her peGep. 3naunt, Bce Bepmmubl {a;, b;} rpada I', coor-
BeTCTByIOmMe BepmmHaM rpada I'f, , momapro pazmmansl. CremoBaTensHo, Tpad

I" coBepiierHO HEHETEPOB. O

IloaprToXkmBas Pe3yabTaThl 3amevwaruti 1, 2 U AemMb, 2, MBI TIOJIy9aeM KPUTe-
puit HéTepoBOCTH rpadOB B KATETOPHSAX MPOCTHIX TpadoB & 1 HEOPUEHTHPOBAHHBIX
rpados ¢ neriamu £, chOpMyTUPOBAHHBIN HA S3bIKE 3AIMPEIIEHHBIX MOATpadOB:

Teopema 3. Cnpasedausn, caedyrousue ymeepicienus:

1. I'pag u3z xamezopuu & nHenémepos no ypasHeHuAM MO20a U MOABKO MO-
2da, x020a on AUOO COBEPULEHHO HEHEMEPOS, AUOO ABAAEMCA HAOKAUKOTU.
2. I'pap u3 xamezopuu £ Henémepos no ypasreHusm moz2da U MmoabKo Mo-
2da, K02da on cosepuleHHO HEHEMEPOS.

Pabora Beimonnena B pamkax rocynapcersertroro 3aganus UM CO PAH, npoekt
FWNF-2022-0003.
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