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CRUMBLED ICE ON THE SURFACE OF A MULTILAYERED
FLUID

D.O. TSVETKOV

ABsTRACT. We study the problem of the small motions and normal
oscillations of a system of two ideal fluids with a free surface partially
covered with crumbled ice. By crumbled ice we mean the situation in
which heavy particles of some substance float on the free surface and
these particles do not interact (or the interaction is small enough to be
neglected) when the free surface oscillates. We find sufficient conditions
for the existence of a strong solution (with respect to the time variable)
to the initial boundary value problem describing the evolution of the
specified system. We also study the spectrum of normal oscillations, basic
properties of the eigenfunctions, and other questions.

Keywords: initial boundary value problem, differential equation in Hil-
bert space, Cauchy problem, strong solution, spectral problem

1. INTRODUCTION

1.1. History of the question. During the last half-century, the study of many
problems of the hydrodynamics of an ideal fluid has been carried out by methods
of functional analysis. Attention also has been paid to the classical problems about
the oscillations of a system of two nonmixing ideal fluids filling up an arbitrary
basin, which were generalized and summarized in the monograph [1]. In particular,
in [1], the problem was considered about small motions of a system of m homoge-
neous ideal fluids located one above another (like in a sliced pie) so that the fluid
of the greatest density p; occupies the lowest position (with respect to the gravita-
tional acceleration), above which is the fluid next in density, etc.; in other words,
the inequalities p; > p2 > ... > p,, > 0 hold. In the study of this problem, a princi-
pal role is played by the Weil decomposition of the space of vector-functions Lo ()
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into an orthogonal sum of subspaces. Namely, denoting by €2 the domain occupied

in a rest state by the fluid of density px; the areas of the solid wall of the basin
adhering to Qy, by Si, (k =1, m); the normals n; to the separation boundaries IT';
between the ith and (¢ + 1)th fluids will be directed inside the (i 4+ 1)th fluid

(i = 1,m —1). We will consider the collection @ = {u}}"; of the velocity fields

of the fluids as an element of [_:2 (©); in addition, we have the orthogonal decompo-
sition

Ly(Q) = Jo(Q) & G, 5(Q) & Go,r(Q),
where Jy(Q) = {@ = {@}7, € Ly(Q) | divdy =0 (in Qi ), @Wr-itp =0 (on )},

Ghs(Q) ={T={0}, € Ly(Q) | O = Vor, Apr =0 (in Q),
Opr/On =0 (on Sk), O¢;/0n; =0pit1/0n; (on I, i=1,m—1)},

Gor(Q) = {a={}{, € L2(Q) | @k = Vpi, k=T,m,
pipi — pix1Piv1 =0 (on Ty, i=T,m—1) }.

With this taken into account, the original problem is rewritten as a collection of re-
lations for the initial objects and then, by the method of orthogonal projection onto
the chosen subspaces, it is reduced to an equivalent Cauchy problem for a second-
order differential equation in a Hilbert space, for which an existence theorem for so-
lutions is proved. However, no transition was carried out from sufficient conditions
that require the membership of functions in domains of the matrix operators to suf-
ficient conditions in which constraints are imposed on the initial conditions and
the external forces at the corresponding boundaries.

The present article deals with the problem of the small motions and normal
oscillations of a multilayered fluid with a free surface consisting of two domains:
the surface of the fluid without ice and an area of crumbled ice. By crumbled ice we
mean solid particles of some substance floating on the free surface (see, e.g., [2]).

For studying the posed problem, we had to modify the above approach. Namely,
we consider the initial objects separately and not in collections, separating trivial
components while reasoning. This is due to the fact that, firstly, using this ap-
proach, we manage to formulate sufficient conditions for the existence of a solution
strong with respect to time in terms of the original problem. And secondly, we plan
to use the developed approach also in a problem with the so-called internal flota-
tion (the separation boundary between the layers of the fluid is a solid surface).
The interest in such problems is that, in the experimental research of the distribu-
tion of the characteristics of water, for example, in the Black Sea, it was discovered
that, at the separation boundary between the two main layers (the upper and
lower layers), particles of various materials float whose volume density is greater
than the density of the upper layer and lower then the density of the lower layer
float. These materials include wet wood, seaweed, vegetable residues, “environmen-
tal garbage”, and the like.

1.2. Contents of the article. The presentation in this paper is carried out by
the following scheme: After the introduction, in Section 2, we give the statement
of the initial boundary value the problem of small motions of a multilayered fluid
with free surface consisting of two domains: the surface of the fluid without ice and
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an area of crushed ice. In Subsections 2.2 and 2.3, we construct orthogonal decom-
positions naturally adapted to the application of the method of orthogonal projec-
tion for the original problem. Then the original initial boundary value problem is
reduced to an equivalent Cauchy problem for a second-order differential-operator
equation in a Hilbert space H. After a detailed study of the properties of the opera-
tor coefficients corresponding to the resulting system of equations (Subsection 2.5),
in Subsection 2.7, we prove a strong solvability theorem for the obtained Cauchy
problem on a finite time interval. Next, we pass from the sufficient conditions (72),
in which the membership of functions in the domains of matrix operators is required,
to sufficient conditions (Theorem 5) in which constraints are imposed on the initial
conditions and the external forces. Finally, for the problem of the normal oscilla-
tions of a hydrosystem (in Section 3), the discreteness of the spectrum is proved
with two limit points: at the endpoint of the positive axis and at infinity. Asymp-
totic formulas for two branches of eigenvalues with these limit points are obtained.
We prove the orthogonal basis property of the system of eigenfunctions.

2. THE EVOLUTION PROBLEM

2.1. Mathematical statement of the problem. Consider a fixed basin partially
filled up by a system of two ideal incompressible fluids. Fluids are assumed heavy
and, owing to this, the action of the capillar forces in neglected in the problem.
Denote by Q; (i = 1,2) the domain occupied at a rest state by the fluid of density p;
(p1 > p2), the corresponding segment of the solid wall will be denoted by S;; all
parameters concerning the lower fluid will be given index 1, and those concerning
the upper fluid, index 2. Represent I' = 95 \ S = I'y UT'g, where I'; and Ty are
the lower and upper boundaries of €25 respectively; moreover, I'; consists of domains
of several types: I'y = I'59UTl'91, where I'yq is the area of “pure water,” I's; is the area
of “crumbled ice.” Denote by pg the surface density of the crumbled ice.

Introduce the coordinate system Oxizox3 so that the axis Oz be directed oppo-
site to the action of gravity, and the origin lies on the separation surface I'y. Denote
by 7; the unit vector normal to 9€2; and directed outside €2;. Consider the small
motions of the hydrosystem close to a rest state. Let u; be velocity field and let
¢i = (i(t,2), & € T'; be the deviation of the freely moving surfaces of the fluids I';(¢)
from T'; along the normal 7i;; p; = pi(t,z), = € Q; is the deviation of the pressure
fields from the equilibrium fields.

The linear statement of the initial boundary value problem looks as follows (see,
for example, [1, 2]):

(1) o 7 pt (), divii=0 (@),
ﬁi-ﬁi:() (OHSZ‘), 8(1/6t:121~ﬁ1:ﬁ2-ﬁ1 (onfl),
0 L
(2) %:ug-m (onTy), ¢dly =0,
t Iy

p1—p2=Apgli, Ap:=p—p2>0 (onTy),
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82
(3) p2 = gp2G2 (on 'z ),  p2 = gp2G2 + po atiz (on I'y ),
¢dl = [ ¢dlao+ | CdDyy =0,
s 2o Ta
(4) ﬁi<0’x) = ﬁ?(x)a Ci(ov'i‘) = Czo(i')a i=1,2.

The last two conditions are the initial conditions added to the problem for the com-
pleteness of its statement, fF‘ ¢;dl'; = 0 is the condition of the preservation of its
volume.

2.2. On one orthogonal decomposition of a Hilbert space. Suppose that
we have a domain Q C R?. The boundary of the domain 92 = S UT, where I is
a connected set with mes I' > 0. Introduce the space H{(Q) of functions in H! ()
having zero as the mean value over I' with the norm

(5) Pl = | VpPd2 < oo, [ par=o.
For H{ (), we have the orthogonal decomposition (see, for example, [1]):
(6) H\(Q) = Hj, 5(Q) & H p (),

where  Hjp(Q)={pe Hr(Q)|p=0 (on T)},

~ {pe HHD)| Ap=0 (in @), £ =0 (on 8), [ par=o},
T

and orthogonality in (6) is understood with respect to the scalar product corre-
sponding to the norm (5).

Suppose now that ' = I'y Uy, 'y N Ty = @, I'; and I'y are connected sets
of measure zero located horizontally.

Consider the set
(1) H-(Q) = {pe HAQ)| Ap=0 (in @), 2 —0(ons
ﬁ,gv =P F( ) P = (ln )7 87”_ on )7

Jp Jp /
—dl'1 =0 —dl'5 =0 dl' =0}.
T an 1 5 T an 2 ) Fp }

In [3], we proved

Lemma 1. The orthogonal decomposition
(8) Hj, 5(Q) = Hi=(Q) @ {a o},

where {a g} is a one-dimensional subspace and the function g is the solution
to the boundary value problem

9) App=0 (inQ), oo (ins),

wo=mesT'y (on Ta), pog=—mesTy (on I'y).

Decomposition (8) generates a decomposition of the subspace of potential fields
G, s(2) into an orthogonal sum:

(10) Ghs(©) = Gg(Q) & {a Vipo).
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2.3. The method of orthogonal projection. For the domain €2, introduce
a decomposition of the space of vector fields Ly (€21 ) into an orthogonal sum (see [1]):

(11) Ly() = Jo(Q1) & Gh.s, () & Gor, ().

Jo(Ql) = {171 | divﬂ'l =0 (in Ql ), 121 'ﬁl =0 (on 691)},
éh,Sl(Ql) = {171 | 171 = Vp1, 171'ﬁ1 =0 (OH Sl ), V171 =0 (in Ql), / P1 dF1 = O},
Iy
Gory () == {1 | W = Vo1, g1 =0 (on I'1)}.
We will assume 1 (¢, ) and Vp; (¢, z) to be functions of the variable ¢ with values

in L5(€1); then, by the equations and the boundary conditions (1)—(2), the orthog-
onal expansion (11), we have

@1(t,x) € Jo(Q) & Ghs, (),  Vpi(t,z) € Gor, () ® Gs, ().
Therefore, for each t, we will search for them in the form
(12) @ (t,x) = T1(t,2) + VO, (t,z), Ti(t,2) € Jo(Q1), V(L)€ Ghs, (),
Vpi(t,z) = Vpra(t,x) + Vpio(t,2), Vpri(e,t) € G, (), Vpia(t,z) € Gor, (Q1).

Denote by Fy1, Ph,s,, and Py, the orthoprojections onto the spaces %(Ql),
Gh,s, (1), éo’r‘l(ﬂl) respectively. Then, inserting (12) in the first equation of (1)
and applying the orthoprojections, we infer

o - .
(13) aitl :P011f1 (m Ql),
0 > .
(14) Plav‘pl =—-Vpi1+piPrs fi (in Q),
(15) 0= —Vpi2 + PIPO,Flf_i (in 4 )

From (13), reckoning with the initial conditions (4), we immediately obtain

t
171(75796):/ Py fi(7,x)dr + Py .
0

Therefore, it suffices to confine ourselves to considering relation (14) and also
the boundary conditions and initial data with the corresponding change p1 — p1.1
since p1 = p1,1 +p1,2, P12 =0 (on I'y).

For the domain 5, introduce the decomposition of the space of vector fields Lo (Q22)
into an orthogonal sum:

(16) La(9) = Jo(22) ® Gh.s, () ® Go.r(Qa).

The subspace C_jmsz(Qz) of (16) consists of potential harmonic fields with zero
normal component on the solid wall S5 for which the condition of the preserva-
tion of the volume along the whole boundary I' = I'; U T's. In the problem under
study, due to the incompressibility of the fluids, the condition of the preservation
of the volume must be fulfilled on each of the boundaries I'y and I's separately.
It follows that the subspace @h732 (Q2) is wider than required. In this connection,
we make use of the decomposition of this subspace into the orthogonal sum of two
subspaces (see (10)) naturally adapted to the problem.

Reckoning with (10) and (16), introduce the orthogonal decomposition

(17) La(Q2) = Jo(Q2) ® é@(%) @ {aVeo} @ Gor(Qa),
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where I' = I'; U I's. Introduce also the orthoprojections onto the corresponding

subspaces: Fy 2, Pﬁv P,, Pyr.

As above, by the solenoidality condition and the nonpenetration condition on
the solid wall Ss, we assume that @z € Jo(€2) @ Gh/-s\z (Q2).
The field Vps is potential; therefore,

Vs € Grg () @ {aVipo} @ Gor(2).
Represent the fields iy and Vps in the form:
iy =T+ Vs, T €Jo(Q), VP € Grg (),
(18) Vps =Vpa1+ Vpao+a(t) Voo, Vpai € é@(QQ), Vpa,a € éo,r(ﬂ2)~

Insert these representations in the motion equation for an ideal fluid from €,
and apply to it the orthoprojections corresponding to decomposition (17). We infer

0

(19) E = Poygﬁ (1n Qg),
0 - .
(20) P2EV‘I’2 = —Vpo1+ PQPmﬁ (in Q9),
(21) a(t)Vo = p2Pyfo  (in Q2),
(22) Va2 = P2P0,FJF2 (in Qo).

From (19), with account taken of the initial conditions (4), we obtain

t
172(t7$) :/ PO’QfQ(T7 $)d7‘+ PO’Qﬁg.
0

It follows from (22) that the component Vps o of the pressure field Vps is deter-
mined directly from the field of external forces fg Moreover, the potential of this
field vanishes on I' and hence is not involved in the boundary conditions. Note
also that the elements of the subspace {aVy} satisfy conditions (26); therefore,
from (21) we find all the coefficients « and hence the component aVpy.

Agree to refer to solutions to equations (13), (19) and also the components
of the gradients of the pressures (15), (21), (22) as trivial solutions. Thus, the main
equations we will consider are equations (14) and (20).

2.4. Statement of the problem after the separation of trivial relations.
Introduce the displacement fields of fluid particles by setting

0 = -
(23) Vo, = aV\I/“ A\YAZNS Gh,S1 (Ql), V¥, € Gh/,S\Q(QQ)

Here the deviations (; of the moving boundaries I'; in the process of motion are
obviously equal to
v ) v
(24) Q:Ll:iaQ _ 9%
8TL1 8”1 8712
Furthermore, if Py, fi = VFi € Gug, (1), Prgfo = VF € Gz (Qs), then
(14) and (20) imply

(on I'y), ©) (on I'y).

0? .
(25) DPk,1 = Pk <Fk - atQ‘I’k> +ci(t) (in Qp, k=1,2),
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with arbitrary functions c¢(t) depending only on the time variable (the so-called
Cauchy—Lagrange integrals).

With account taken of what was said and also after the separation of trivial
relations, the initial boundary value problem (1), (4) is formulated as follows:

(26) AV, =0 (in€;), o _, (onS;), / ;dl; =0,
87742‘ T,
_ (9\1/1 . 8‘1’2 _ 8\112
G = oy, " oy (onl'1), G= D1ty (onTy),
2 oV,
(27) 2 (=p1¥1 + pa¥s) — QAPaTH = p2Fy — p1F1 +ca(t) —ci(t) (onTy),
(28) —2\11 + 92 _ Fy +co(t) (onTy)
p28t2 2T gp2 s = p2l2 2 20 )5
o2 0% 0v, OV,
(29) pzﬁ‘l’z + Pow% + gp2 By paFo 4+ ca(t) (onToer),
8\111 8\112 8\112 3\1’2
—dI'1 =0 —=dl'y = —=dr —=dl's91 =0
v O 1 ) v, O 2 /1120 O 20—|-/F21 O 21 )
0 0
(30) 7 VY1 (0,2) = Py, 5,13 (x), 5V V2(0,2) = Pr-iy(x),
ov;
(0.2) = O(3) = v 7 P —
¢i(0,2) = ¢ (2) (8ni )Fi (0,%), i=1,2.

2.5. Reduction of the system to a differential-operator equation. For pass-
ing to an operator statement of the problem under study, consider a number of aux-
iliary boundary value problems.
Auxiliary Problem 1.
A\I/1=0(in Ql), %:O(On Sl), / \IfldP1:O7
3n1 I

oV,
— = I dl'; = 0.
oy Mo (OD 1), /Fl Mo alq

Endow the space Hy = Lo, := La (I'1)©{1r, } with a rigging in the form H;" C
H, C H{ ,where Hf = H\'*(T)nH, = H!*, H{ = (H{")" =: H;'/*. The sym-
bol ™ designates the class of functions in H;ll/ ? extendible by zero to the whole

~_1
boundary 9§ in the class H~/2(991) (see [4]). If no € Hp. ? then the problem has
a unique solution ¥y € H%I(Ql). Introduce the following operator from the solu-
tion to Problem I: Pr, Wq|p, =: Sono, the operator S is selfadjoint, positive, and
compact in Ly p, = Hy (for details, see, for example, [5]).
Auxiliary Problem II.

ov
AUy; =0 (in Qy), W22’1=o(on Ss), / Wy dl =0,
0¥y 1
877,2

=m (OIl Fl), 2’ ZO(OH FQ)
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By analogy with the previous arguments, if 71 € flr_lé then Problem IT has a unique
solution ¥, € H%(Qg); moreover, Pr, W, =: Sim, where the operator S; is self-
adjoint, positive, and compact in Lo, = H;.

Auxiliary Problem III.

ov
A\IJ272:O(in Qg), ﬁ:O(on Sg), / \11272dF:0,
Ongy r'=I;Uls
3\1/2 2 8\112 2
= =0 r), 2 — Iy =T9y Ul ).
s (on 1 ) Ny T2 (on 2 20 21 )

We will regard the function 7, as an element of the space Hy = Lo, := Lo (T'2) ©
{1r,} and search for it in the form of a pair of functions 1y = (72,0;72,1), where
M20 = M|y, and 721 = Ma2|r,,, i.e., of functions defined on the corresponding
domains FQO and Fgl.

Consider the following subspaces of Ha:

(31) Hyo :={ (m2,05m2,1) | m2,0 € L2 (T'20) © {1rye}, 721 =0},
(32) Hoy = { (m2,0;m2,1) | m21 € Lo (T21) © {1ry, }, m20=0}.

The space Hs can be decomposed into the orthogonal sum of three spaces (see [2]
for details):

(33) Hy = Hao ® Hy @ H,

where H is the one-dimensional subspace in Hy spanned by the vector @: H=
{U|v=0ap, Ya € C, § = (mesTa1; —meslyy) } . On the space Ha, introduce the or-
thoprojections Py, P»1, and P onto the subspaces Hog, Hsq, and H respectively.
They will act by the following rules:

Pryw = (wa,0 — W2,0;0), 12,0 = (mes F20)71/ wa,0 dI'20,

T'20

(34) Pyyw = (0;we1 — Wo,1), We,1 = (mes F21)71/ wo,1 dl'21,
T2

ﬁ’LU = (I — P20 — PQl)w = (12’}270;7.’[)2,1) .

Pass to constructing the potential W5 5 in the domain Q9 by expressing it in terms
of ny. For obtaining the general form of the function Wy, taking into account
the representation of 7y in the form

(35) m2 = (12,0 — 12,0;0) + (0;m2,1 — 72,1) + (712,0; M2,1) =: Paonz + Porma + ﬁﬂza

consider three auxiliary problems.
Auxiliary Problem III.1.

oY
AU, =0 (in ), 22 —0 (on Sy), / U, dl =0,
7 Ony r=r,ury
o3, oy, _ oy,
= = O r = = — P =~ = 0 F .
Ny (on I'y), O n2,0 — M2,0 (on I'yg ), I (on Tay)

Since Hog C Hj, the necessary condition for the solvability of Problem III.1 is
fulfilled, and hence this problem has a unique solution ¥ , = W9, (z) in H} (Qy).
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Introduce the operator Tp, which assigns to a function Pagn9 the solution to Prob-
lem III.1:

v, = \118,2|92 =: ToPaon2 = To(n2,0 — 112,0;0) = Towo, wo := Pagna € Hao.

Now, consider the values of the function W9, on the boundary of I'y. Introduce
the trace operator of the boundary I's: s (\11872|92) := W9,|p, and represent
the function \11872|p2 as the sum of its projections onto the subspaces Hsy, Ho1,

and H:

(36) W9 olr, = PaoyToPaonz + PoryToPaotia + PyTo Paon2
= COO'LUO + Clo’wo + 02011)0.

Auxiliary Problem III.2.

ovl
AW, =0 (in Qy), 22 —0 (on Sy), / W, dl =0,
’ Ong r=ruly
W3 W3 5 oW 4 _
2 =0(on T 2 =0(on T 2 = — a1 ).
I (on I'r), s (on Ty), Ony 1 T2 (on Tgp)

Auxiliary Problem IIL.2 has a unique solution W3 , = ¥4 , (2) € H}: (Q2). Introduce
the operator T3 assigning to a function Ps179 the solution to Problem III.2:

Uy =V, q, = T1Paime = T1 (03120 — 12,1) = Thwy,  wi = Pz € Hay.

Consider the values of the values of the function \11572 on the boundary I's and
represent the function \If§72|p2 as the sum of the projections to the subspaces Hog,

Hgl, and ﬁ:

(37) W3 ,lr, = PaoyT1Painz + PoryTiPons + PATy Poyn
=: Corwi + Criwy + Corws.

Auxiliary Problem III.3.

ow?
A¥3, =0 (in ), 8:2’2:0(011 Sa), /1“ our W3 ,dl =0,
=11Ul'y
ov3 o2 .
22— 0 (on Iy), —5—2=Pn (onIy).

E)ng 8n2

Since H is a one-dimensional subspace, it suffices to consider Auxiliary Problem
I11.3 with function @ instead of Prs, i.e., with the boundary conditions on I'yg and
T'31 of the form

0w 0w
877122’2 = mes P21 (OH FQ()), 671222

= —Imes FQ() (on Fgl).

Problem II1.3 has a unique solution W3, = al € HL (92), where U is the so-
lution to Problem III.3 with the boundary conditions rewritten above. Introduce
the operator T5 assigning to a function P7ny the solution to Problem III.3:

‘1’3,2 —: TyPyy = To, @ = PnyeH.
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Represent the function \11372|p2 as the sum of its projections to the subspaces Ha,
H21, and ﬁ:

(38)  W3,lr, = PaoyTaPra + PuyTaPna + PyTa Py =: Cox@ + Cra@ + Cand.
In this case, the operators Cps, C'12, and Cyo are one-dimensional.

Proposition 1. Due to the membership of VVUsy in é@ (Q2) and the defini-

tion of éh/@ (Q2), the potential Yo is representable with the use of the solutions
to the auxiliary problems in the form:

(39) Uy =Wy + Wy o;

we assume that
_ 6‘1’2,1 8111271 8\111

4 = = = — = — = — T
(40) i o, oy 70 G (on Ty),
— 8\11272 —
(41) 772_67712_@ (on Ty).
That said, decompose the space éh/s\z (Q2) as the following direct sum:

(42) Gz (Q2) = G1(Qa) + G2(Qa),

where

- ) dp dp

G1(Q2) ;== Vp|Ap=0(in Q2), =— =0(on S2), =— =0(on I'z), [ pd[ =0;,
8’112 6n2 r

Ga(Qs) ;== Vp|Ap=0(in Q), . =0(on Ss), o =0(on I'1), /de:O .
Ono Ong r

Reckoning with (39), rewrite relations (27)-(29) in the form

2
Fr] (=p1V1 + p2Wai + p2VWa2)p — gApno = p2Falr, — prlilr, + c2(t) — c(t),
2 2 2

d d d
(43) P2 (Wa,1lr50; Y2,1]15,) + P2 s (V221505 Y2 ,2]1,, ) + PO@(O; 12,1)

+p29 (772,0; 772,1) = P2 (F2|F20; F2|F21) + (C (t) ;C(t)) .

Henceforth, we assume all functions depending on ¢ to be functions of ¢ with val-
ues in the corresponding Hilbert space; in this connection, we replace 9/0t with d/dt
in the equations of the problem.

In correspondence with decomposition (35), represent the solution to Problem III
as the sum of the solutions to the three auxiliary problems:

(44) Voo = ‘I’g,Q + ‘1’5,2 + \113’2.
First of all, by (36), (37), (38), and (44), we have
(45)  (Walraes Uoolry,) = Woolp, = Wos|p + Ul + ¥o,[. =
= Coowo + Crowg + Caowp + Corwy + Criwy + Corwy + Coow + Craw + Corw,

where the elements Cj; are defined by (36), (37), and (38). Therefore, by these
definitions, we respectively have

Coowo + Corwi + Coa® € Hyy, Chrowp + Criwr + CroW € Hoy,
CQ()U)Q + Corwy + CQQ@ € ﬁ
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Further, we obviously have the relation

(46)  (12,05m2,1) = (M2,0 — 112,05 0) + (03 m2,1 — M2,1) + (M2,0372,1) = wo + w1 + @.

Let Pr, be the orthoprojection onto Hy = Lo (I'2)©&{1r, }. Then easy calculations
show that

Pr, (0;m2,1) = (03m2,1 — 1M2,1)+Pr, (0572,1) = (05 m2,1 — 72,1) 4 (112,05 72,1) = w1+,
mes FQO
0<aa:= < 1.
@ mes 'og + mesT'ag
Project both sides of the first equation in (43) to the space Hy = Lo (I'1) & {1r, }
and project the second to the subspaces Hyg, Ha1, and H respectively. Then it is
convenient to write system (43) in the orthogonal sum of Hilbert spaces

H:=H ¢ H,, Hy = Hyo & Hyy & H

in the form

d? ~ .

(47) ﬁMC+IOCZF7 ¢=(no;w)’, w= (wo;wy; )",
150 + p251 —p253 gApl 0

48 M= D= :

(48) < —p252 p2C + Pofa) 0 ( 0 gp2lo
Coo Cor1 Coz

(49) C=|[Cio Cin Cia|, ILarethe identity operators in H;,
Cy C21 Co

Ia = dla‘g(()? 1;04), ﬁ = (ﬁl;ﬁQ)t = (plprlFl - pQPF1F2;PF2 (F2|F20;F2‘F21))t;

Pr, (Falrae; Folry) = Pao (Falrae; Folra,) + Pot (Falrse; Folrg,) + P (Folrag: Falrs,)

Sano = —Pr, (P21|rs0; Y2,1|10, ) Szw = Paslr,, S; (¢ =0,1) are the operators
of Auxiliary Problems I and II.
The initial conditions (30) for equation (47) can also be written down:
t t

(50) = (G@),n° @), = (@) @),
where (1 (2) = [(Pa,s, @ () 'ﬁl]rl’
wO = ( 8;w?;12)\0)t7 U)? :PQICS (221,2), @O:ﬁéga
w'(@) = (whwis @), wl = P [ (P (@) -], @' = P (Prg () - iz
moreover, the initial data must satisfy the following kinematic condition by decom-

position (42):

(51) Y Phs, @} (x) = =721l Prg-iiy(z)  (on Iy).

Here II; stands for the projection onto the space G; (Q22) and ~; is the operation
of taking the normal trace on I'y for fields defined in Q; (i =1,2).

Theorem 1. The initial boundary value problem (26)—(30) is equivalent to the Cauchy
problem (47)—(51) for a second-order differential equation in the Hilbert space H.

Observe the properties of the operator blocks in (47).

Lemma 2. The operator C (see (49)) is a selfadjoint, compact, and positive oper-
ator acting in the space Hy = Hog @ Ho1 ® H.

The proof repeats verbatim the proof of Lemma 2 in [2].
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Lemma 3. The operator M (see (47)) is bounded, selfadjoint, and positive.

Proof. Boundedness follows from the fact that all the operator coeflicients of the ma-
trix M are bounded.
Find the quadratic form of the operator M; for every ( € H, we have

(p1S0 + p251)10 — p2Szw Mo
M =
(¢, 0) <(0252770 + (p2C + pola)w) * \w
= ((p150 + p251)n0,Mm0) — p2 (S3w,n0) — p2 (S2mo, w) + ((p2C + pola)w, w)

= p1 (Somo,n0) + (p2S1M0 — p2Ssw,no) + (—p2Sano + p2Cw, w) + po(law, w)
= p1 (Sono,no) + p2 (—Pr, ¥a2,m0) + p2 (Pr,¥2,w) + po(low, w).

Moreover,
oW, ov, ov,
S, = (P, Uy, — )= | Pp, 0 — dl'} = Pr, ¥, — dS
( 07707770) ( Iy *1, Bnl) /F1 T, ¥1 ony 1 . INR S ony 1
:/ U, - (VU -77y)dS; = Wfl-vq:ldm:/ |V, |2 dQy ;
192 Q4 4
ov ov
— (Pr,Wa,10) + (Pr, V2, w) = / Pp, Wy —2% dl'y + / Pr, Uy —22 dly
N9 E)ng
T T
ov ov ov
- / U, 21 222 ) 4, = / Uy =2 48, = / Uy - (VUy - iiy) dS,
Ona Oonsg Ona
002 12192 002

:/V\I/Q.WQ dQs :/|V\I/2|2d§22.
(92 Qo
This, we obtain

62 (MG.Q) = o1 [ IV d + o [ IV % + polun [, + ol
gll QQ

Reckoning with the boundedness of the operator M in (52), we can show that it is
selfadjoint and positive. O
2.6. Auxiliary assertions. Consider the Cauchy problem for a second-order linear

differential equation of the following form:

d2

(53) AR (A1/2u) Y Bu=f(@t), u(0)=u, o (0)=nul
where the operator coefficients satisfy the conditions
(54) 0<A=A"cL(H), B=DB">0.

Here £ (H) is the space of bounded linear operators acting in the space H.

In particular, the operators A~! and B can be unbounded selfadjoint operators
defined on domains D (A™!) and D (B) dense in H.

The results proved below are justifications of the corresponding assertions in [1,
p. 57-62], see also [6, p. 3876, 158-170].
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Definition 1. We say that a function u(t), 0 < t < T, is a strong solution

to the Cauchy problem (53) with values in Hy-1 = D (A_l/g) C H if the fol-

lowing conditions are fulfilled: u(t) € D (B) and Bu(t) € C ([0,T];D (A71/?)),

the function AY?u (t) is twice continuously differentiable, AY/?d?/dt? (AY?u (t)) €

C ([0,T);D (A7Y/2)), and equation (53) holds for any t € [0,T].

Theorem 2. If the following conditions are fulfilled:

(55)  u® e D(A"V2B), Wl e D(BY?), f(t)eC ([O,T] ;D(A‘l/Q)) :

then the Cauchy problem (53) has a unique strong solution (with values in D (A=1/%))
on [0,T].

Proof. Consider the Cauchy problem for the equation

2
(56) Gy ATPBATP0 = ATE(1), 0(0) = AV, o (0) = A2
that is obtained from (53) after the change

(57) AYV2 (1) = v ()

and applying the operator A~'/2 from the left.
Here the operator A~/2BA~1/2 is defined on the domain

(58) D (A71/2BA71/2) R <A1/2B71A1/2) D (Al/QBflAl/Z) -

Since the operators B and A~! are positive definite, we can verify that so is the op-
erator A~1/2BA~1/2,

Perform a change of variable in (56) by introducing a new sought function
by the rule
dw
dt
If dw/dt is a continuously differentiable function (this assumption will be justified
below) then (since the operator BY/2A~1/2 is closed)

(59) = —iBY2A" Y2y (), w(0)=0.

d*w d 1 dv

el Sl /2 4-1/2,\ _ _.pl/2 4—1/2
(60) o i (B A v) 1B/ A T
(61) w' (0) = —iBY2A=Y24(0).

Write down (56), (60)—(61) with account taken of change (59) in the form
of the system of equations

& ((t) + 0 AR d (o(t)\ _ (ATV2f(t)
dt? \w(t) B1/2A-1/2 0 dt \w(t)) 0 ’
(62) v (0) = AVt W' (0) = —iBY2u0.
Introducing the new sought function y(t) := (dv/dt; dw/dt)!, where, as above,

the index (-;-)" stands for transposition (in this case, of a row vector) and also
the new given function f(t) := (A7'/2f(t);0)* and the operator matrix

0 A-1/2B1/2
(63) A= <Bl/2A—1/2 0 ) )

defined on the domain
(64) D(A) := D(B2AY2) ¢ D(A"1/2BY/?),
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, which is dense in the space H?> = H & H, rewrite problem (62) as the first order
differential equation

d ~
(65) iy = f(), y(0) = (A2 —iB )"
in the Hilbert space H2.
Here the operator matrix A is (in general) unbounded and selfadjoint operator:
its symmetry is obvious, and its range R(A) = D(A~!) = H? because

0 A1/231/2)

(66) A= (-/471)* = <B—1/2A1/2 0

is a bounded selfadjpoint operator defined on the whole space H?. This implies
that the operator —iA is a generator of a (strongly continuous) Cy-group of unitary
operators U (t) := exp (—it.A) (see [7]), and the solution to problem (65) is expressed
by the formula

(67) 1) = U0) + | U= 9)f(s)ds.
If
(69) y(0) € DAY, F(t) € C (0,7); H?),

then problem (65) has a unique strong solution on [0, 7] (see [6, p. 164]). It is easy
to check that conditions (68) are fulfilled if conditions (55) hold. Then problem (65),
i.e., problem (62), has a unique strong solution for ¢ € [0, T]. Moreover, all functions
in (62) are continuous functions of ¢ with values in H.

Using the initial condition w’(0) = —iB'/?u® and integrating equation (60) over ¢
from 0 to ¢, we get equation (59). Since, for a strong solution (see the first equality
in (62)), we have

(69) %’ e D(AY/2B1/?), A*I/QB”Z% e C([0,T];H),

inserting (59) in the first equation of (62), we obtain equation (56), where now all
the summands are continuous functions of ¢ with values in H, t € [0, 7.
Performing in (56) the inverse change (57) and applying the bounded opera-
tor A2 to both sides, we conclude that equation (53) holds, where all summands
are continuous functions of ¢ with values in D (Al/ 2) = Hy-1 C H. The theorem
is proved. ([l

Proposition 2. Since the operator 0 < A = A* € L (H), the operator A*? can be
inserted into the derivative sign d*/dt?, and hence the conditions of Theorem 2 are
also sufficient for the existence of a strong solution for the equation

(70) % (Au)+ Bu = f(¢).

Proposition 3. If the operator B is bounded (in this case, D (B) = H ), conditions
(55) for the strong solvability of the Cauchy problem (53) can be rewritten as follows:

(71) WL eDAY?), wleH, f()eC ([O,T] ;D(A*1/2)> .
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2.7. An existence theorem for a strong solution. As a consequence of Theo-
rem 2 and Proposition 3, we obtain the following theorem:

Theorem 3. If the following conditions hold:
() CepM), el Fyec (0,7);DM),
then there exists a unique strong solution to problem (47), (50).

From the sufficient conditions (72), where the membership of functions in the do-
mains of the matrix operators is required, we can pass to sufficient conditions where
constraints are imposed on the initial conditions and external forces.

For this we prove the following theorem:

Theorem 4. Suppose we have two Hilbert spaces Ey and FEo with Hilbert riggings
Ef C By C E{ and ES C Ey C E;. In the Hilbert space E = E; x Ey, consider

the operator matrix
(0 0 A Apg
A= (0 J) + (A21 A22) ’

where the operators possess the following properties: The operator J : E5 — FEs is
bounded and positive definite. A;; acts boundedly from E; into EZ+ (i,7 = 1,2).
Moreover, the operator A;j : E; — E; is compact. The operator A;il : E;r — B
A A
Az1 Az
compact in E. Then the operator A~1 is bounded as an operator from E+ = Ef X Fo
into E= = E; x By and D (A~Y/?) = E*.

is also bounded. The matriz operator C = ( ) is selfadjoint, positive, and

Proof. Consider the equation
(73) Ay =v.

For arbitrary v € E*, with account taken of the operator A, we obtain the system
of equations

(74) A11yr + A1ye = v1, As1yr + (J + Ag2) yo2 = va.

Since v € Et, we have v; € E, and, for yo € Ea, we obtain Ajoy, € E;. Then,
from the first equation (74) we infer

(75) Yy = A;ll ('Ul — Algyg) S E;

Hence, Az1y1 € ES C By, and, after inserting (75) in the second equation of (74),
we have

(76) (J + A)ys = vy — Ao AT v, A= Agy — A A Ava.

The properties of the operators A;; implies that the operator A is compact as
an operator acting in Fsy. Furthermore, since C is selfadjoint and positive, A is also
selfadjoint and positive. Indeed, for Yy, € F5 and y; 1= —AﬁlAqu, we obtain

0 < (Cy,y) = (A11y1,y1) + (Ar2y2, 1) + (A21y1, y2) + (A22y2,y2)
= (—A12y2,y1) + (A12y2,y1) + (—A21 A7} A12y2, y2) + (A22y2, 92)

= (1@2792) y Y2 #0,

i.e., A is a positive operator.
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Then, in problem (76), (J + A) > 0, and hence it has a bounded inverse acting
in Fy. Therefore,
(77) Y2 = (J + A\)il (Uz — A21A1_11’01) € Fs.
Inserting (77) in (75), we infer
(78) y1 = [Aﬁl + A7 A (J + /Al)*lAzlAﬁl} v = A Ao (J + A) Mo,
Thus, from (77), (78) we finally obtain the relation
(79) <y1) _ (Al_ll +A1_11A12Q11421A1_11 —A1_11A12Q) (m)
Y2 —QAxn AL Q vy )’

where Q := (J —I—E)_l, which gives the solution to the problem under consideration,
ie.,

(80) y=A"1v.
It follows from (79) that if v; € E", vo € Ey, then
(81) y1 € By, 1y € Eo.

Indeed, if v; € Ef then
Ajlv € BEf = AnAj'v € BEf C By — QAsAjj'v € By C B —
— A1pQAn A € Bf = A['A12QA Aflv € BT
and hence (Al_ll + Al_llAngAglAl_ll) v; € B . we similarly conclude that
—A A12Qua € By, —QAnAjlvy € By, Qus € By,

which gives properties (81).

Thus, we have proved that the operator A~! acts boundedly from E+ = E}" x Ey
into E~ = E7 X Es. It is also obvious that A acts boundedly from F~ into E* and
the restriction of the operator A to E = Fy X Es is a bounded positive selfadjoint
operator.

Since ET, E, and E~ constitute the rigging

(82) EtYCECE™,

generated by the operator A (or A1), it follows that, by the constructions from
Yu. M. Berezanskil’s book (see [8, p. 45-53]), we have

(83) E* =D(AY?) = Ef x Es.

For applying the proven theorem, rewrite equation (47) as follows:

(84) d2<M11 M ><y1>+<Pg11 0 n\ _ (9
dt2 \Ma1 Mo+ J ) \y2 0 gpala) \y2 92) "’

where y; := (n9;wo)t € Hy ® Hao, yo := (w1;0)" € Hyy @ ﬁ; moreover,

p150 + p251 —pzSQ) <p251 P2§3)
My, = . My = 3 ;
H ( —p259 p2C00 2 p2Co1  p2Co2

—02521 p2C10 p2C11 p2Cia
My, = p . My = :
2 (—p252 p2C20 22 p2Ca1 p2Co
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Si = PyS;, S; = PS; (j =2,3,i=0,1), J = diag(l,a), g1 = (F1; Pr,, F2)",
g2 = (Pr,, Fo; PFy)', pg = (9Ap; gp2)'.

Put E1 = H1 D HQQ and Eg = Hgl @ﬁ
The rigging of F; has the form Ef” C E; C Ey, where Ef = H{" x H,
(Ef)* = By, H == H? = H'2(0)n Hy, Hy = Ly (1) 6 {1r,}

(85) H, ::Hl}\;?:{UEH1/2(F2)ZUEO(OHF21),/

udF20 = O} s
20

For Ey we have: Ef C FEy C E;y , where B = H, x Hy,, (Ef)* = E5,

H;rl = H%gf{’UJEH;/Q (FQ)ZUEO(OH FQQ),/ udFmO},
T

21
Hiy = HY/2(Ty) N H.

Proposition 4. The construction of the spaces H;; and the study of their properties
are carried out by analogy with the case when the boundary of the domain consists
of a solid wall and a moving surface of one type (see, for example, [1], [5]). As
a consequence, we have the following properties of the operators Cs;.

1. The operator C;; is a bounded operator acting from H,; into H;; ; moreover,

it is compact as an operator acting from HQ_J into Ho;.

2. The operator C’;l is bounded as an operator acting from H;; into Hy,; more-
over, 051/2 acts boundedly from H;; into Hy; and from Ho; into H,.

Note that similar assertions also hold for the operators S, (k = 0,1), S;, §j
(7=2,3,i=0,1).

It is not hard to show that all the requirements of Theorem 4 are fulfilled

for the operator
(0 0 My Mo
M= <0 J) + (M21 MQQ) ’

of (84). Then, basing on Theorems 3, we prove the following

Lemma 4. If the conditions

(86) "€ BV = (Hy ® Hyo)" x (Hy @ H),

(87) (e Hi® Hy® Hy & H=H, F(t)eC'([0,T];E")

are fulfilled then there exists a unique strong solution to problem (47), (50).

Starting from the statements of problems (1) — (4), (26) — (30), (47) — (51),
we now give the definitions (coordinated with each other) of the so-called solutions
to these problems strong with respect to the variable ¢.

Definition 2. Refer as a strong solution (with respect to the variable t) to prob-
lem (1)—(4) on [0,T] to a set of functions @; (t,x), p; (t,x), and §; (t, &) (i =1,2),
satisfying the following conditions:

1. @ (t) et ([QT];fO,Si (Qi)), Jo.s, () == Jo () ® Grs, (),

— —

0
Vpilt,w) € C (0,71:G(2), G () = Chs, () @ CGor, (%) (i =1,2),
and the first equation in (1) holds for every t € [0,T);
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1 ’

3. The following boundary condition is fulfilled on 'y and I's:
p1 —p2 = gApeG1 € C ([O,T} ;H§f2> ;

2. (el ([O,T] ;HIE/Q) C2 € C([0,T); Ha); moreover, PyyCa € H%éoz,

82
pr=apso € C (10T ) o = goata+ 0 2 € O((0,7]: La(Tn)
where all summands are functions continuous in t with values in the corresponding

spaces;

4. The initial conditions (4) are fulfilled.

Definition 3. Refer as a strong solution (with respect to the variable t) to prob-
lem (26)—(30) on [0,T] to a collection of functions U, (t,z), ((t,2) (i = 1,2)
satisfying the following conditions:

1. VU, € C? ([O,T}  Gns, (Ql)); VU, € C? ([o,T] G (92)),
where éh/\sQ(Q2) = G1 () + Go () (see (42) for details);

2. The following kinematic conditions hold for U;(t,x) and (;(t,T):
8\1!1 8\1/2 1 1/2 8\112 1 1/2
R _9%2 _ec (O,T;H ) 922 e CL([0,T]; Ha), PooCo € HY?:
il G 0,T]; Hy) oy G ([0,T]; Hz), PaoC2 € Hy,

3. The boundary conditions (27)—(29) are fulfilled, where all the summands are
functions continuous in t with values in the corresponding spaces;

4. The initial conditions (30) are fulfilled.

Definition 4. Refer to a function ((t) defined on [0,T) as a strong solution to prob-
lem (47)—(51) with values in H = Hy @ Hy if the following conditions are fulfilled:
L ¢ty € C0, T H), MC() € C2 ([0, T); H);
2. The equation and the conditions of (47)—(51) hold.

Theorem 5. Suppose the fulfilment of the conditions:
1.4 € Jos, (%) (i=1,2) (see (11), (17) for details),
moreover, y1 Py s, 05 (x) = f'yQHlPh/@ﬁg(z) (on T'y) (see (51) for details);

2. e Hf =HL, (§ € Hy, Poy(3 € Hiy (see (85) for details),
5. ¢ = [(Pusi® @) -] e, ¢ =[(Pgd’ @) m| em,
1 ’ 2

4o fi(t) € ([0.7] L ()
Then each of the problems (1)—(4), (26)—(30), (47)—(51) has a unique solution
strong with respect to t.

Proof. Carry out the proof in stages, passing consecutively from problem (47)—(51)
to (26)—(30) and then to the initial problem (1)—(4).

Passage from problem (47)—(51) to (26)—(30). Suppose the fulfillment of the hy-
potheses of Theorem 5, then (¢%; Pyo(9)! = (n9; wd)t =49 € Hi xHy,, (ParCY; PCY)' =
(w?; @°) =19 € HyyH , and hence, ¢° = (y%:19)" € (Hy@® Hao)™ x (Hoy @ H). Since
yl = ((hwg)' =yl € HioH, (wh;@")" =y} € Hn®H, then ¢! = (yi;y3)" € H.
Further, by the assertions (see [5] for details)

fi(t) € G ([0,T]5 La(1) ) § & 4 Pus, fi = VFL € C ([0,7];Ghs, (1)
{ ( )y d ( )}
& {Fl\pl ec! ([U,T] JHY = Hﬁf)}a
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{f;(t) X ([O,T] ;52(92))} = {Pﬁfg —VEF, e O} ([O,T] G (92))}
e {Blpec (o,1); 8 =)},
we infer that F = (g1; g2)t, where g1 = (ﬁl;Ppmﬁg)t, go = (Pr2oﬁ2;ﬁﬁ2)t7 belongs
to the space (Hl D H20)+ X (H21 (&%) H)

Thus, if the conditions of Theorem 5 are fulfilled then the functions ¢°, ¢!, and
F satisfy the hypotheses of Lemma 4. Consequently,

d2
(88) pTe] (My1y1 + Miays) € C ([0,T); (Hy & Ha) "),
d> ~
(89) pre] (Mary1 + (Max + J)y2) € C ([OvT] s Hoy @ H) .

Since (Mas + J) is bounded and positive definite, from the condition d?/dt? (Mas+ J)yo
eC ([O,T] s Hor @ ﬁ), acting by the bounded operator (Mas + J)_l, we obtain

that d?yq/dt* € C ([O,T] i Hoy @ }AI) By the properties of the operators M;;, we
conclude that

o (Mizy) € O (10,71 (Hy @ Ho) ), 3 (Maaa) € © (10,7T); (Hoy © H)).

Then (88) implies that d?/dt? (My1y1) € C ([0, T]; (Hy; @ Ha)T), and hence

= (M) € C(0.77: (H1 & Hao))

Therefore,

g & _
Mo M 2 (M) = 25 (M) € © (1070 (Hor @ H)T).

Recalling the representations of the operators M;; and the relationship with the func-
tions ¥; and also by the embeddings Hy, C H%/z and (Hy & H)* C H%/z, we
obtain

Uiy, € 2 (0,71 Hf = H?) = VO (t,2) € ¢ (10,T);Ghs, (1))

Wy, € C? ([o,T] Hf = H;/z) — Vi, (tz) e C? ([O,T] G (Qg)) .
Moreover, the conditions

ov ov ov
T = g =G e O (O TLH) . 5 =6 e O (0.T]: M), P € Hyl,
valid for the solution to problem (47)—(51), are fulfilled.

Hence, by definition 3, the collection of functions U; (¢, ), (;(t, &) (i = 1,2) is
a solution to problem (26)—(30) strong with respect to t.

Passage from problem (26)—(30) to problem (1)—(4).

Relying upon the above-proven facts, reckoning with representations (12) and (18),
connections (24), (25), relations (27)—(27), it is easy to check that problem (1)—(4)
has a strong solution (with respect to t) in the sense of definition 2. (]
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3. EIGENOSCILLATIONS

3.1. The spectrum of the problem and the basis property of eigenele-
ments. In the absence of external forces (except for the gravitational field), i.e.,
for ﬁ(t,x) = 0, consider the eigenoscillations — the solutions to problem (47)
depending on time by the law exp (iwt): ¢ (t,7) = e™“!( (x). For the amplitude
elements ( (), we obtain the spectral problem

(90) AMC =1o¢, X:i=w

For A = 0, we obtain ¢ = 0. Hence, A = 0 is not an eigenvalue for the spectral
problem (90). Divide both sides by A and change the notation:

(1) MC=plo,  pi=1/A

By definition, the operator Iy is invertible, and the inverse operator I Lis
bounded and positive. Hence, there exists I, /2 Introduce the notation
(92) 12 =,

Insert (92) in equation (91), act at both sides of the equation by the bounded
operator 151/2 and obtain
(93) I P MIG Py = .

We obtain the eigenvalue problem for the operator

Jo= Iy MG = 1 (So ol ) 1P = 1Sl Y poly PTG,

where
M= p1S0 + p251 —p2S3
—p252 p2C + pola
p1S0 + p2S1 —p2S3 0 0 T
( —p2S2 p2C + o 0 I SR
_1/2 0 O
94 I 1/21.1 1/2_PO,< >’ I, = diag(0;1; o).
(94) poly 0 gps \O I, 8( )

Obviously, J is a selfadjoint bounded positive definite operator, and hence its spec-
trum is real and positive. Moreover, the operator J is the sum of two bounded
selfadjoint operators, and the operator .70_1/250.70_1/2 is compact. Hence, we can
use Weil’s theorem, and hence the limit spectrum o, of J coincides with the limit

spectrum of the operator pOIal/szal/z

. In accordance with representation (94),
its limit spectrum consists of the points 0 and pg/gps (here the space H is one-
dimensional, and hence the point « does not belong to the limit spectrum). Recall
that the limit spectrum of an operator is the set of the points of the continuous
spectrum, the limit points of the point spectrum, and the eigenvalues of infinite
multiplicity.

Check that the point pg/gp2 is a limit of a branch of eigenvalues and not an eigen-
value of infinite multiplicity.
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Rewrite (91) componentwise for the case p = po/gp2; we have

(p1.So + p2S1) 110 — p2Ssw = (po/gp2) - 9Apno,

—p25910 4+ p2Coowo + p2Corwi + p2Co2 = powo,
—p25310 + p2Crowo + p2Cr1wy + p2Cr2W + powr = pows,
—p2§2770 + p2Capwo + p2Corwy + paCorl + poat = pow,

(95)

where Sio := —Pai (U2,1]r505 U2,1lr,): S2m0 = —P (V2,1|rp0: Yoy, ). After re-
ducing, the third equation takes the form:

(96) —p2S3mo + p2Ciowo + p2Cr1wy + p2Cra@ = 0

Express w; from (96) wy and insert it in the remaining equations of (95); this
will give the system that can be written down in block-matrix form as

A A Asgs o 00 O 7o (po/p2)Apno
(97) Aoy Axy Az wo | +(0 0 O wo | = PoWo ;
A3z Agzy Ass w 0 0 pocx w pow

Avy = p1So + p2(S1 = S3C1'S3),  Avz = pa(—53 + 5301, Cho),
Ayg = pa(—Ss + SiC Cra),  Agy = pa(—S3 4+ Co1C1SY),
Az = pa(Cop — Co1011' C1o),  Asg = p2(Cr2 — C1C1;' C12),
Az = pa(—=S2 + OO SY),  Asy i= pa(Cao — Ca1 Oy Cho),
Asz = pa(Cop — C1Ci' C12),  Sii=PyS;, S;:=PS;, j=2,3,i=0,1.

Consider, for example, the operator COlCﬂlClo. The operator Cy acts bound-
edly from H,, into Hy,. The operator C;;' acts boundedly from Hj into H,;.
The operator Cp; is compact as an operator acting from H,; into Hao. Then,
by the embedding H;E) C Hyy C Hj,, we conclude that 00101_11010 is a com-
pact operator in Hog. The compactness of the remaining operators in (97), where
the operators .S; are compact by construction (see the auxiliary problems), is proved
similar. Consequently, the operator corresponding to the first summand in (97) is
compact. By Weil’s theorem, the limit spectrum in (97) coincides with the limit
spectrum of the second summand. Since the space H is one dimensional, for this
operator, py # 0 can only be a multiple eigenvalue. Consequently, also for the op-
erator J of (93), the point pg/gp2 can be only an eigenvalue of finite multiplicity.

Thus, the limit spectrum of the operator J of (93) consists of two points: 0 and
po/gp2, and to each of the points, there converges a branch of eigenvalues of .J. Then,
for the squares of the eigenfrequencies of the oscillations wy, we obtain the limit
spectrum +o0 and the points gps/po; moreover, there exist corresponding branches
of eigenvalues converging to these eigenvalues. Since all eigenvalues of the selfadjoint
operator J have finite multiplicity, the union of the eigenelements {nk}ﬁi‘{ of J
constitutes an orthogonal basis of H (see [9, p. 409, 411]). What was exposed
enables us to finally formulate the spectral theorem for problem (90).

Theorem 6. Problem (90) has discrete positive spectrum {\g }25 with limit points
at infinity and Ao = gpa/po > 0. The set of all eigenelements {(k};;“i of prob-
lem (90) constitutes an orthogonal basis in H.



798 D.O. TSVETKOV

3.2. Asymptotics of the branches of eigenvalues. The presence of two branches
of eigenvalues (see Theorem 6) in the spectral problem (90) generates the problem
of finding the asymptotical behavior of these branches.

Let us first consider the branch of eigenvalues with limit point at zero. As was
proved, ;4 = 0 is not an eigenvalue; therefore, henceforth, we assume that u # 0.
Write problem (84) as a system:

(98) Miyr + Mi2ys = pgpiya,

(99) Moryr + (Maz + J) y2 = pagpyo.
We can express yo from (99):

(100) yo = — (Maz + J — ppagl) ™" Mary.

Indeed, @ := (Ma2 + J) > 0, and hence @ is boundedly invertible. Consequently,
for small u, the operator (Mas + J — upagl) is also boundedly invertible.

Inserting the obtained expression for yo in (98) and taking into account that
i = 1/)\, we obtain the spectral problem

A A
(101) {I — —Myy + — Mo <M22 +7- 29 ) le] y1 = 0.
Pg Pg A

Perform the following transformations for the operator (Mas + J — pag/ )\)71

(s 520)" = (0= 220)” - (@ (- 50 ) )
(102)

W(i p20)" _>Q1/2 Q1+ 200 +o(1> (A = 00) .
k=0

Insert (102) in (101); we obtain

(103) [I i1\411 + A — M <Q + ngQ +0 < )) Mgl] y1 = 0.
Pg Pg

This yields

A
(104) [I s (M1 — M12Q ™" M) + %MHQ*QMm + G(A)] y1 =0,
9 9

where G (A) is an analytic operator-function for A — oo, and also G (A\) — 0.
The operator M12Q~2M»; is compact, being the product of two compact operators
and a bounded operator. Then the bunch of problem (104) satisfies the Markus—
Matsaev theorem (see, for example, [1, p. 71]), and the asymptotics of the problem
is determined by the asymptotics of the reduced bunch

(105) [I - pi (M — M12Q1M21)] y1=0
9

if the operator (M11 — MuQ’lMgl) has power asymptotics. Demonstrate that this
is true. Consider the eigenvalue problem for this operator:

(106) (Miy — M12Q71M21) Y1 = pgly1.
Introduce one more variable by the law

(107) Yo := —Q ' Moyys.
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From this, reckoning with the form of the operator @), from the eigenvalue prob-
lem (106), pass to the equivalent problem

(108) Miyyr + Mi2yo = pgry,
(109) Mayy1 + (M2 + J) yo = 0.

To this problem there corresponds a problem for the displacement potentials
of the form

0w

A\I’k- =0 (in Qk), ank

=0 (on Sk), / \I'k.dFk.:O,
Ly

8\111 6‘1}1 _ 8\1’2 _
(P1¥1 — p2Va)p, =vglp- <8n1) Ty ony ¢ (on I'y),
AN
(110) p2 Walp,, = vpag - <3”2>r20 (on Tyg),

0¥y
J| = v =0 a1 ).
i (Guz ), 02 Ve =0 (on Tar)

Problem (110) can be studied by variational methods. But this problem is close
to the analogous problem appearing under the oscillations of a system of m = 3
homogeneous ideal fluids located one above another considered in [1]. By analogy
with the arguments carried out in [1], one can show that problem (110) indeed has
power asymptotics. We will give only some explanations about it. The relations

ov
O:—pg/ A\pg.%dggzm/ |V, |? er/ T 2 (pa¥y) dS
Qz Q2 892 n2
ov ov
=P2/ VT, [° dQ2—/ e 2 (p2Ws) dlsy — 2 (pa¥y) dl'gy
Qo Dy ON2 F21 a n2

ov _
_ 6 2 (pQ\IIQ) dFl = p2/ |V\I/2|2 dQQ =+ —2 J 1\112 . \112 dFQl
r, on2 Qo PO JTy
v, |? OV,
—ngV/ ——| dl'20 — (p2¥3) dl'y;
T20 3n2 Ty 8 Up)
ov
0=—p1 [ AUy T dOy = pl/ VU, % dQy — 8—1 (p1¥1)dS
o o a0, 91
ov
= pl/ |V\I/1|2 dQl — a ! (pl\I/ )dF1
Ql l—‘1 1

imply that the eigenvalues of problem (106) can be found as consecutive minima
of the variational relation

Zk 1 Pk ka |V\I’k‘ dQdy, + fr 1y - Wadly

Vi = M py,  MAXPe M,y o b) 5
1
dl’;

ov 0
: drzowpgfpl o

P29 Jr,, .

where the minimum is taken over the subspaces Mj_; of dimension £ — 1. But
the second summand in the numerator is quite subordinated to first summand and
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does not influence the main term of the astymptotics (see [10]). Indeed, for the sec-
ond summand, we infer

/ J Wy Usdlyy = (J7172‘1/2772\I’2)H21 = (75(]*172\1/2,\112)[{21 )
T21

and since the operator v, : H! (€22) = Lo (I'z1) is compact and J~1 is bounded, we
conclude that this summand is quite subordinated to the first summand.
On the other hand, to the variational relation

Shey ok fo, [V dy,
AN 0¥y
(’)ng anl

vV = mianflman%Mkfl 3 s

3
dla0 + Apg [, dl’y

P29 frzo

there corresponds the previously considered problem (see [1, ¢.195]) with the known
power asymptotics

v = CY2E7V2[1 4 0(1)] (k— o0),

1 p1+p2\?
111 = Tr
(1) ¢ dmg? < Ap ) mest

Ing? mes 5.

Therefore, problem (106) has the same power asymptotics.

Lemma 5. In problem (90), to the branches of eigenvalues with limit point at +00
there correspond waves typical for the system of fluids in a basin with free boundary
and asymptotic behavior

wi=C72EY2 (k= o0),
where C' is defined by (111).

Now, for problem (90), consider the branch of eigenvalues with limit point pg =
po/p2g. Perform the change

(112) v:=p— po/(p29)-

By analogy with the previous arguments, we can show that the main term
of the asymptotics is defined in this case only by the operator C;; (see (49)) corre-
sponds to the problem

ov
AU, =0 (in Qy), =——2=0 (on S,), / Wydl' =0,
Ong I'=I;Ul'y
oY, oV, oV, 1 1
an2 0 (on 1), 8n2 0 (OD 20), ang v g 2 (on 21),

which has power asymptotics (see, for example, [1],[11])

_1 (mesTy 1z —1/2
V=g < o ) k 1+0(1)] (k— +400).

Then, returning to py = 1/Ak, we obtain

p2g 1 p2g < p2g )
=22~ P (B 4o k — +00).
"0 1+ (p2g/po)ve po po " we) ) )

Thus, we have the following lemma:;:
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Lemma 6. In problem (90), to the branch of eigenvalues with limit point \g =
p29/pa, there corresponds the type of waves conditioned by the presence of crum-
bled ice on the surface. The frequencies of the eigenoscilations of these waves have
asymptotic behavior

1/2
2 P29 P2 mesF21> —1/2
w = — - — E— k 1 + o0 1 k — Q).
a2 (12 (e 1+0(]) (k- o0)
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