TRIBONACCI AND TRIBONACCI-LUCAS TRIGINTADUONIONS
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ABSTRACT. In this paper, we intend to make a new approach to introduce the concept
of Tribonacci and Tribonacci-Lucas trigintaduonions and study some properties of
these trigintaduonins like norm value, Binet’s formula, generating function, summation
formula and matrix formulation.

1. Introduction and Preliminaries

In [11) M. Feinberg a fourteen-year-old student introduced the concept of Tribonacci num-
bers. Tribonacci numbers are like the Fibonacci numbers but instead of starting with two
predertermined terms, the sequence starts with three predetermined terms and each term
afterward is the sum of the preceding three terms. The Tribonacci sequence {U, },>0 and
the Tribonacci-Lucas sequence {V,, },>0 are defined by

(1.1) Up = Unr+Ups+Uns, Up=0, Ur=1, Up=1
and
(12) Vo=Va1+ Va2 +V, 3, Ww=3 Vi=1, V=3

respectively. To know more about Fibonacci and Tribonacci sequences, one may refer to
the articles (see [1], [4], [6], [8], [9], [10], [12], [14], [16], [17], [20], [21], [22], [24], [25]).
For negative values of n, the sequences {U, },,>0 and {V,, }»>0 can be defined by using the
recurrences

U, = 7U—(n—1) - U—(n—2) + U—(n—3)
and

an = _V—(n—l) - V—(n—2) + V—(n—3)

for n = 1,2,3, ..., respectively. Thus, recurrences (1.1) and (1.2) hold for all integers n.
Now, the Binet formula for the usual Tribonacci and Tribonacci-Lucas numbers can be
expressed as

(1 3) U - un+1 N Vn+1 N 5n+1

' T [ B T [ ) B GRS
and
(1.4) Vi=p"+v"+0"

respectively, where u, v and § are the roots of the characteristic equation 23 —z2—x—1 = 0.
Moreover,

e 1+ /19 +3v33+ V/19 - 3V/33
- - :
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L 1+ @V19+3V33+ = V19 - 3V33

3 ;
5o LH@?V19+3V33 4+ @ V19 - 3V/33
3 b
where,
~1+iV3

The generating functions for {U, },>0 and {V},},,>0 are defined as

= x = 3 — 21 — 22

2 Ut = e L Ve = T

n=0 n=0

Now, we discuss some properties of Cayley-Dickson algebras. In the Cayley-Dickson

process we extend the field R of reals to Complex C. It can be carried further to higher
dimensions using a doubling process yielding the quaternions, octanions, sedenions and
trigintaduonions. The Cayley- Dickson algebras have been studied in several papers (see
[3], [19]). Octonions and sedenions are hyper-complex numbers as quateronions have been
studied in some of recent papers ([2], [15]). In this paper, we want to extend these ideas and
study trigintaduonions which is 32-dimensional Cayley-Dickson algebra. Actually, trigin-
taduonions is a 32-dimensional hyper-complex number that is a non-associative extension
of a sedenion. A trigintaduonions is defined by

31
T= to + Ztkek
k=1

where tg,t1, ..., t31 are real numbers, eq is the identity (or unit) and ey, ..., e31 are called
31

imaginaries. tg is called the real part and Z trer is called it’s imaginary part. The trig-
k=1

intaduonions product can be presented in the matrix-vector multiplication form as follows

[5]:

31 31 31
Ty =ag + Zakem Ty =bo + Zbkek, T3 =TiT> =co+ ch€k~
k=1 k=1 k=1

The operations requiring for the matrix-vector multiplication in trigintaduonions are quite
alot. Detailed informations about these operations have been presented in the literature
(see [5], [7], [28]).

In [13] k-Fibonacci and k-Lucas trigintaduonions have been introduced by Giil as

31
TFk,n = Z Fk,n+i€i

i=1

and
31
TLk,n = E Lk,n+ieia
=1

where F}, ,, and Ly, ,, are the nth k—Fibonacci number and £—Lucas number, respectively.
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Now, we explain Tribonacci and Tribonacci-Lucas trigintaduonions. The nth Tribonacci
trigintaduonions is defined by

31 31
(1.5) l/jn = Z Uptie; =Upy + Z Untie;
i=0 i=1
and nth Tribonacci-Lucas trigintaduonions is
31 31
(16) Vn = Z Vn+iei = Vn + Z V,H_iei.
i=0 i=1
It can be easily shown that the following iterative relation holds:
(17) fjn = ﬁnfl + ﬁn72 + Un73
and
(18) ‘7” = ‘77171 + ‘77172 + ‘7”73.

For negative values of n, the sequences {ﬁn}nzo and {Vn}nzo can be defined as

~ ~

Uu_, = _U—(n—l) — ﬁ_(n_z) + (7—(77,—3)

and

o~ ~

Von = —‘77(%1) - ‘77(7172) +V_(n-3)-
The conjugate of l?n and ‘A/n are defined by

- 31
U,=U, - E Un+iei =U, — Un+161 - Un+262 — - — Up431€31
i=1
and
o 31
V=V, — E Vn—l—iei =V, - Vn+1€1 - Vn+2€2 — '~ Vn431€31-
i=1

The norms of ﬁn and ‘7” are
[Tl = N*(0n) = Unl = U2 + Uy + -+ Ulyyy

and

I
<)

||‘7nH2:N2(‘7n) n§n2V712+V712+1+"‘+Vn2+31-

2. MAIN RESULTS

In this section, we introduce some properties of Tribonacci and Tribonacci-Lucas trigin-
taduonions like norm value, Binet’s formula, generating function and summation formula.

Lemma 2.1. [18] The following formulas are valid:

< 1+ 4UnUn+1 - (Un—i-l - Uvn—l)2
2.1 2
(21) vz ) ,
i=1
- —V2 1= V2 + Vangs + Vano
2.9 2 _ n+1 n—1 n+ n _9
(22) DV 5
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Theorem 2.1. The norms of nth Tribonacci and Tribonacci-Lucas trigintaduonions are
defined as:

4(Un431Unq32 — Un—1Up) + (Up — Up—2)? — (Unqs2 — Upny30)?

AR : ,
||‘7 ||2 _ _Vn2+32 - Vn2+30 + Vnz + Vn272 + ‘/2n+65 + V2n+6() - ‘/2n+1 - Vv2n74

Proof. We know that
n+31 n+31

Hfjn||2 _ Z U2 Z U2 ZUQ
_ 1 + 4Un+31Un+32 - (Un+32 —Unt30)® 144U 1Un — Uy = Up—2)?
4 4
 A(Uns31Ungs2 — Un1Up) + (Up — Up—2)?® — (Upng32 — Ungs0)?
4
and

n+31 n+31

Vol = ZVQ ZW sz

(_Vn+32 - Vn+30 + V2n+65 + Vanieo 2)

2
-~ Vi = Vi sVani1 + Van-a _y
2
_ V250 = Viiao + V2 + V2 5 + Vantes + Vanteo — Vant1 — Van—a
) )

Theorem 2.2. Binet’s formula for the nth Tribonacci trigintaduonions is

- ﬁunJrl I’/\Vn+1 3\5n+1

R (7R PP R PR | Y R P

and the nth Tribonacci-Lucas trigintaduonions is

Vi, = [ip" + ov" + 56™.
where,

L= ey + per +,u262+---+/$31€317

U=eq+rve + 12y + -+ v3es,

0 =ep+dey + 6%eq + - - + 63les;.

Proof. By using Binet’s formula for the Tribonacci numbers (1.3) and definition of (1.5),
we hauvgt’e1

31 n+1+i n+1+i n+1+i
~ ) € v e 0 e >
Un = Un i€ — + +
; i §<<u—u><u—6> = -28)  (-wO-v)
I’J‘unJrl l//\VnJrl g§n+1

+ + :
(p=v)p=206) Ww—pv=20 ©-p@-v)
which is the Binet’s formula for the Tribonacci trigintaduonions. Binet’s formula for
Tribonacci-Lucas trigintaduonions can be proved in the similar way. 0
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Theorem 2.3. The generating functions for the Tribonacci and Tribonacci-Lucas trigin-
taduonions are:

o ~ ~ ~ ~
=~ Uy + (Ul — Uo)x + U_1$2
g(x):ZUnx - 1 — 2 _ 22 _ 43
and
PN n ‘70 + (‘71 - ‘70)1‘ + ‘7—1152
g(‘r)_z‘/nz = 1—1‘—1’2—(E3 .

n=0

~

Proof. Now, we define g(x) = Z U,x". Compute that

g(z) = U0+U196+U217 —|—U3x+ +[7x 4.

zg(z) = U090+U11‘ -I-sz —|—U3x —+ - +Un "+

22g(x) = Upa® + Ura® + Upa* + Usa® + -+ + Up_aa™ + -

z g( ) UOJ: +U11‘ +U2I +U31‘ + - +ﬁn_3x7l+...

By using recurrence U = Un 1+ Un 5 + U _3 and above defined table, we have

(1-z—2”—2)g(z) = g(&)—zg(z)—2’g(z) —2°g(x)
= Up+ (U —Up)x+ (Uy — Uy — Up)a® + (Us — Uy —
[71 UQ)(IJ +(U4—U3—U2—U1) + -+

(U Un 1 — Un 2 — Un 3).’K + -
= Uo + (Ul — Uo)x + (UQ — [71 — (70)1‘2
Since ﬁg -U 1— ﬁo =U _1, then the generating function for Tribonacci trigintaduonions is

ﬁo + (U1 Uo)l‘ + U_1J3
1—az—22—2a3

g(z) =

Similarly, we can find generating function for Tribonacci-Lucas trigintaduonions. O

In the next theorem by using generating functions, we discuss another forms of Binet’s
formula for the Tribonacci and Tribonacci-Lucas trigintaduonions .

Theorem 2.4. For any integer n, the nth Tribonacci trigintaduonions is

0 — (12 = w)To + plh + U_y)u" " (V2 = v)Uo + vU, +U_y )"
! (h—=0)(n—v) (v —0)(v—p)
(62 = 8)Uy + 86Uy + U_y)6™
(0 =) —v)

and the nth Tribonacci-Lucas trigintaduonions is

(12 = Vo + pVi + Vo) (2 = )V + vV + Voo

L TR =0
((02 = 6)Vo + 6V4 + V1 )o"
(6 —p)(—v)

Proof. To prove this theorem, we use generating function. Since

l—x—2%—2°=(1 - px)(1 —va)(l - d2)
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Now, the generating function of (A]n is given by

(.CC) . (70 + (ﬁl — ﬁo)l‘ + (7_1.%2 - fjo + (61 — ﬁo)l’ + ﬁ_1x2
g B 1—az—22—2a3 (1= px)(1 —vz)(1 - dz)

P Q R
0 —po)  (—va)  (1-02)
P(1—-vz)(1—-6z)+Q(1 — px)(l —dz) + R(1 — pzx)(1l — va)
(1—px)(1 —vx)(1 —ox)
(P4+Q+R)+ (—Pv — Pé — Qu— Q6 — Ry — Rv)x + (Pvd + Qud + Ruv)x?
(1 —p2z)(1—vz)(l—ox)

We need to determine the value of P, and R, then we have the following system of
equations:

P+Q+R=10,
—Pv—P§—Qu—Q5—Ru—Rv=0U, — U,
Pvé + Qud + Ruv = U_4

Then, we get
p— [771 +MU1 +M2[70 —Mﬁo _ (1 —M)ﬁo +Mﬁ1 +[771
W2 — pv — pié + v (=108 (p—v)
0= [7,1 —‘rl/[/jl +V2fj() —VUO _ (V2 — l/)fjo—l—l/fjl —l—[/j,l
v? — pv+ pud — vo (v—30)(v—p)
R— ﬁ_l +5[71 +5200 *(5[70 . (52 75)[70+51'71 +ﬁ_1
R4 —ps—vs (0 —p)(6—v)
and
(Mz—u)ﬁ()+uﬁ1+ﬁf1 nomn (VQ—V)ﬁ(]ﬂ-ijl-i-fjﬁl > non
glx) = w4+ v'x
(@) TEDTET CEDIZEn Y
((S —6)U0+(5U1+U 1 non
+ G Zé
_ i(((u —M)U0+HU1+U—1)M (2 = v)Up + vUy + U_y)v"
2 (= 0)(u—v) v=0)v—p)
(6% = 8)Uo + 8T, + 17_1)5") n
(0 —p)(6—v) '

Then, we get the Binet formula for the Tribonacci trigintaduonins is

7 _ (12 = U + plh + U_1)p™ (2 = v)To + vUs + U_y)v"

(n—0)(p—v) (v=0)(v —p)
((6%2 = 8YUo + 6U, + U_1)6™
(0 —p)(6—v)
Similarly, one can proof Binet’s formula of the Tribonacci-Lucas trigintaduonins. O

Now, we discuss the formula which gives the summation of the first n Tribonacci and
Tribonacci-Lucas numbers.
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Lemma 2.2. (]9], [12]) For every integer n > 0, we have

- 1 1
2.3 U, =Uy+ =(U, U, —-1)=-(U, U, -1
(2.3) ; 0+2( +2 + ) 2( +2 + )
and
- Va Vi
(2.4) VS:%.
s=0

Theorem 2.5. The summation formula for the Tribonacci and Tribonacci-Lucas trigin-
taduonions are

n

>

s=0

)

1 ~ N
= §(Un+2 +Up+c1)

@
|

and

)

n 1 ~ R
Z s = §(Vn+2 + Vn + 02)
s=0

respectively, where

c1 = —1+€1(—1 —2U()) +€2(—1 —2(U0+U1))+63(—1—2(U0+U1 +U2)) +-~-+631(—1 —
2Uo +Us ++ - + Uo))

and

ca = e1(=2Vp) tea(=2(Vo+ V1)) +es(=2(Vo+Vi+ Vo)) +- - +ear (=2(Vo+Vi+- -+ V3)).

Proof. By using eq. (1.5) and eq. (2.3), we have

n n n n n
Zﬁs = ZUerBlZUsH+622U3+2+"'+6312Us+31
s=0 s=0 s=0 s=0

s=0
= (Uo+-+Up)+er(Ui+-+Upt1) +e2Uz + - + Upg2)
+--+e31(Ust + -+ + Unyan)

and

U = (Uns2+ Uy —1)+e1(Ungs + Upyr — 1 — 205)

@
Il
=)

+eo(Upta + Upngz — 1 —2(Uy + Uy))

+€31(U’n+33 + Un+31 -1- Q(UO + Ul + -+ USO))
= fjn+2 + ﬁn +

where ¢ = —1 +€1(71 — 2U0) + 62(71 - Q(Uo + Ul)) + 63(*1 - 2(U0 +U; + UQ)) + -+
631(—1 - 2(U0 + U1 +- Ugo)). Thus, we have

n

. 1 ~ .
Z Us = g(Un+2 + Uy + c1).
s=0

Similarly, one can prove summation formula for the Tribonacci-Lucas trigintaduonions. [J
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3. MATRIX REPRESENTATION OF TRIBONACCI AND TRIBONACCI-LUCAS
TRIGINTADUONIONS
Suppose the sequence {X,,} which is defined by the third-order recurrence relation
Xo=X1=0, Xo=1.

Xn = XApn-1+ Xn72 + an?n

Some mathematicians call { X, } as a Tribonacci sequence instead of {U,, }. By using Binet’s
formula, the numbers X,, can be defined as

T =0 w=m—0)  G-mo—2)
and for negative numbers X_,,, it is expressed by
X X
X—n _ n+1 n+2| _ X2 *X'n. X'n,
’ Xn Xn+1 ntl +2

Let us consider a square matrix D of order 3 as:

1 1 1
D = 1 0 0
01 0
such that det D =1 and
X2 Xny1+ X, Xnt1
(3.1) D" = Xn+1 X, + X1 X,
Xn Xn—l + Xn—2 Xn—l

To know more about (3.1) matrix (see [1]). Matrix formulation of U,, and V,, can be given
as

n

Up o 11 1 Us
(3.2) Ui | =1 0 0 Uy

U, 01 0 Uo
and

Voo 11 1\"/ W
(3.3) Vier | =1 0 0 Vi

Vi 010 Vo

The matrix D was defined and used in [23]. To know more above matrix see ([26], [27]).
Now, we define the matrix Dy and Dy as

Uy 123 +(22 Us

Dy=1| Us Uy+Us Uy
Uy Uy+Uy U,
and
Vi Va+Va Vs
Dy=| Vs Vot Vi Vi
‘72 ‘71 +‘70 ‘71

These matrix Dy and Dy can be called the Tribonacci trigintaduonions matrix and
Tribonacci-Lucas trigintaduonions matrix, respectively.
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Theorem 3.1. Forn > 0, the following holds:

(i)
11 1\" [:j\n+4 (zn+3 + Qn+2 [zn+3
(34) Dy 1 0 0 = g"""S UQ"'Q + UZL\+1 qn+2 ,
010 Unv2z  Upt1+Un  Unna
(i)
11 1\" ‘:/n+4 ‘:/n+3 + ‘:/n+2 ‘:/n+3
(3.5) Dy 1 0 0 = | Vass Varz+Vapr Vage
O 1 O Vn+2 Vn+1 + Vn VnJrl

Proof. To prove (i) we use mathematical induction on n. If n = 0, then the result is
obvious. We suppose that it is true for n = v, then we have

Uv+4 Uv+3 + Uv+2 Uv+3

DyD" = | Usss Upp2+Upt1 Unso
UU+2 Uv+1 + Uu Uv+1

By using eq. (1.7), then for v > 0, we have [71,+3 = ﬁv+2 + (71,+1 + U, Now, by induction
hypothesis we have

DyD'"t = (DyDY)D
(:\jv+4 [/Z'u-i-?) + (:\jv-‘rQ [/Z'u-i-?) 1 1 1
= (/{’U+3 U})\+2 + U})\+1 qurQ 100
Usto  Up1 +U, Uppr 0 10

~

Uv+4 + U’U+3 + U7J+2

gv+4 + [/J\U+3 gv+4

= Upis +Ups2 +Upt1 Upyz +Upiz Upys
Uv+2 + Uv+1 + Uv Uv+2 + Uv+1 Uv+2
gv+5 [/J\U+4 + l/{v+3 [/J\v+4
= ZZU+4 [/{erS + ZZU+2 [/{erS
Uvys Upgo+Uppr Upga

Hence, (3.4) holds for all non-negative integers n. (ii) can be proved in the similar way. [

Corpllary 3.2. Forn >0, the followingAholds:
(i) Uny2 = U2 Xnp2 4+ (Ur + Up) Xnp1 + Ur X,
(4) Vg2 = VaXppo + (Vi + Vo) Xnp1 + V1 X

Proof. The proof of (i) can be easily seen by the coefficient (3.2) of the matrix Dy and
(3.1). Similarly, the proof of (ii) can be seen by the coefficient (3.3) of the matrix Dy and
(3.1).

If the matrix D replaces with the matrices £ and F, then we obtain the same results as
the matrix D, matrices E and F' are defined by

1 1 0 010
E=11 01 Jand F=| 0 0 1
1 00 1 11



10 KULDIP RAJ, KAVITA SAINI, AND SANDEEP SHARMA
Conflict of interest: The authors declare that there are no conflicts of interest.

Acknowledgement: The corresponding author thanks the Council of Scientific and In-
dustrial Research (CSIR), India for partial support under Grant No. 25(0288)/18/EMR-II,
dated 24/05/2018.

REFERENCES

[1] M. Basu and M. Das, Tribonacci Matrices and a New Coding Theory, Discrete Math. Algorithms
Appl., 6 (2014), 14500086, (17 Pages).

[2] G. Bilgici, U. Tokeger and Z. Unal, Fibonacci and Lucas Sedenions, J. Integer Seq., 20 (2017), 1-11.

[3] D. K. Biss, D. Dugger, D. C. Isaksen, Large annihilators in Cayley-Dickson algebras, Commun. Alge-
bra, 36 (2008), 632—664.

[4] 1. Bruce, A modified Tribonacci sequence, Fibonacci Quart., 22 (1984), 244-246.

[5] A. Cariow and G. Cariowa, An algorithm for multiplication of trigintaduonions, J. Theor. Appl.
Comput. Sci., 8 (2014), 50-75.

[6] M. Catalani, Identities for Tribonacci-related sequences, https://arxiv.org/pdf/math/0209179.pdf
math /0209179, 2002.

[7] R.E. Cawagas, A. S. Carrascal, L. A. Bautista, J. P. Sta. Maria, J. D. Urrutia and B. Nobles, The subal-
gebra structure of the Cayley-Dickson algebra of dimension 32 (Trigintaduonions), arXiv:0907.2047v3,
(2009).

[8] E. Choi, Modular Tribonacci numbers by matriz method, J. Korean Soc. Math. Educ. Ser. B Pure
Appl. Math, 20 (2013), 207-221.

[9] S. V. Devbhadra, Some Tribonacci Identities, Math. Today, 27 (2011), 1-9.

[10] M. Elia, Derived Sequences, The Tribonacci Recurrence and cubic Forms, Fibonacci Quart., 39
(2001), 107-115.

[11] M. Feinberg, Fibonacci—Tribonacci, Fibonacci Quart., 1 (1963), 71-74.

[12] R. Frontczak, Sums of Tribonacci and Tribonacci-Lucas Numbers, Int. J.Math. Anal., 12 (2018),
19-24.

[13] K. Giil, On k-Fibonacci and k-lucas Trigintaduonions, Int. J. Contemp. Math. Sci., 13 (2018), 1-10.

[14] F. T. Howard, A Tribonacci Identity, Fibonacci Quart., 39 (2001), 352-357.

[15] O. Kegilioglu and I. Akkus, The Fibonacci Octonions, Adv. Appl. Clifford Algebras, 25 (2015),
151-158.

(16] E. Kilig, Tribonacci Sequences with Certain Indices and Their Sums, Ars. Comb., 86 (2008), 13-22.

[17] P. Y. Lin, De Moivre-Type Identities for the Tribonacci numbers, Fibonacci Quart., 26 (1988), 131-
134.

(18] J. Li, Z. Jiang and F. Lu, Determinants, Norms and Spread of Circulant Matrices with Tribonacci
and Generalized Lucas Numbers, Abstr. Appl. Anal., 2014 (2014), 381829.

[19] G. Moreno, The zero divisors of the Cayley-Dickson algebras over the real numbers, Bol. Soc. Mat.
Mexicana, 4 (1988), 13-28.

[20] G. Cerda-Morales, A Three-By-Three Matrixz Representation of a Generalized Tribonacci sequence,
arXiv 2018 , arXiv:1807.03340v1.

[21] K. Raj, S. Pandoh and S. Jamwal, Fibonacci difference sequence spaces for modulus functions,
Matematiche (Catania), 70 (2015), 137-156.

[22] A. Scott, T. Delaney and V. Jr. Hoggatt, The Tribonacci sequence, Fibonacci Quart., 15 (1977),
193-200.

[23] A. G. Shannon and A. F. Horadam, Some properties of third-order Recurrence relations, Fibonacci
Quart., 10 (1972), 135-146.

[24] Y. Soykan, Tribonacci and Tribonacci-Lucas Sedenions, Mathematics, 74 (2019), 1-19.

[25] W. Spickerman, Binet’s formula for the Tribonacci sequence, Fibonacci Quart., 20 (1982), 118-120.

[26] C. C. Yalavigi, A Note on ’Another Generalized Fibonacci sequence’, Math. Student, 39 (1971),
407-408.

[27] ME. Waddill, Using matriz techniques to establish properties of a generalized Tribonacci sequence,
Applications of Fibonacci Numbers, (1991), pp. 299-308.

(28] Z. H. Weng, Compounding fields and their Quantum equations in the Trigintaduonion space, arXiv:
0704.0136.



TRIBONACCI AND TRIBONACCI-LUCAS TRIGINTADUONIONS

SCHOOL OF MATHEMATICS, SHRI MATA VAISHNO DEVI UNIVERSITY, KATRA-182320, J&K (INDIA)
Email address: kuldipraj68@gmail.com

Email address: kavitasainitg3@gmail.com

Email address: sandeepsharma8022@gmail.com

11



