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Abstract. In this paper, we intend to make a new approach to introduce the concept

of Tribonacci and Tribonacci-Lucas trigintaduonions and study some properties of

these trigintaduonins like norm value, Binet’s formula, generating function, summation
formula and matrix formulation.

1. Introduction and Preliminaries

In [11] M. Feinberg a fourteen-year-old student introduced the concept of Tribonacci num-
bers. Tribonacci numbers are like the Fibonacci numbers but instead of starting with two
predertermined terms, the sequence starts with three predetermined terms and each term
afterward is the sum of the preceding three terms. The Tribonacci sequence {Un}n≥0 and
the Tribonacci-Lucas sequence {Vn}n≥0 are defined by

(1.1) Un = Un−1 + Un−2 + Un−3, U0 = 0, U1 = 1, U2 = 1

and

(1.2) Vn = Vn−1 + Vn−2 + Vn−3, V0 = 3, V1 = 1, V2 = 3

respectively. To know more about Fibonacci and Tribonacci sequences, one may refer to
the articles (see [1], [4], [6], [8], [9], [10], [12], [14], [16], [17], [20], [21], [22], [24], [25]).
For negative values of n, the sequences {Un}n≥0 and {Vn}n≥0 can be defined by using the
recurrences

U−n = −U−(n−1) − U−(n−2) + U−(n−3)

and

V−n = −V−(n−1) − V−(n−2) + V−(n−3)

for n = 1, 2, 3, ..., respectively. Thus, recurrences (1.1) and (1.2) hold for all integers n.
Now, the Binet formula for the usual Tribonacci and Tribonacci-Lucas numbers can be
expressed as

(1.3) Un =
µn+1

(µ− ν)(µ− δ)
+

νn+1

(ν − µ)(ν − δ)
+

δn+1

(δ − µ)(δ − ν)

and

(1.4) Vn = µn + νn + δn

respectively, where µ, ν and δ are the roots of the characteristic equation x3−x2−x−1 = 0.
Moreover,

µ =
1 +

3
√

19 + 3
√

33 +
3
√

19− 3
√

33

3
,
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ν =
1 +$

3
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√
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33

3
,

δ =
1 +$2 3

√
19 + 3

√
33 +$

3
√

19− 3
√

33

3
,

where,

$ =
−1 + i

√
3

2
.

The generating functions for {Un}n≥0 and {Vn}n≥0 are defined as

∞∑
n=0

Unx
n =

x

1− x− x2 − x3
and

∞∑
n=0

Vnx
n =

3− 2x− x2

1− x− x2 − x3
.

Now, we discuss some properties of Cayley-Dickson algebras. In the Cayley-Dickson
process we extend the field R of reals to Complex C. It can be carried further to higher
dimensions using a doubling process yielding the quaternions, octanions, sedenions and
trigintaduonions. The Cayley- Dickson algebras have been studied in several papers (see
[3], [19]). Octonions and sedenions are hyper-complex numbers as quateronions have been
studied in some of recent papers ([2], [15]). In this paper, we want to extend these ideas and
study trigintaduonions which is 32-dimensional Cayley-Dickson algebra. Actually, trigin-
taduonions is a 32-dimensional hyper-complex number that is a non-associative extension
of a sedenion. A trigintaduonions is defined by

T = t0 +

31∑
k=1

tkek

where t0, t1, ..., t31 are real numbers, e0 is the identity (or unit) and e1, ..., e31 are called

imaginaries. t0 is called the real part and

31∑
k=1

tkek is called it’s imaginary part. The trig-

intaduonions product can be presented in the matrix-vector multiplication form as follows
[5]:

T1 = a0 +

31∑
k=1

akek, T2 = b0 +

31∑
k=1

bkek, T3 = T1T2 = c0 +

31∑
k=1

ckek.

The operations requiring for the matrix-vector multiplication in trigintaduonions are quite
alot. Detailed informations about these operations have been presented in the literature
(see [5], [7], [28]).
In [13] k-Fibonacci and k-Lucas trigintaduonions have been introduced by Gül as

TFk,n =

31∑
i=1

Fk,n+iei

and

TLk,n =

31∑
i=1

Lk,n+iei,

where Fk,n and Lk,n are the nth k−Fibonacci number and k−Lucas number, respectively.
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Now, we explain Tribonacci and Tribonacci-Lucas trigintaduonions. The nth Tribonacci
trigintaduonions is defined by

(1.5) Ûn =

31∑
i=0

Un+iei = Un +

31∑
i=1

Un+iei

and nth Tribonacci-Lucas trigintaduonions is

(1.6) V̂n =

31∑
i=0

Vn+iei = Vn +

31∑
i=1

Vn+iei.

It can be easily shown that the following iterative relation holds:

(1.7) Ûn = Ûn−1 + Ûn−2 + Ûn−3

and

(1.8) V̂n = V̂n−1 + V̂n−2 + V̂n−3.

For negative values of n, the sequences {Ûn}n≥0 and {V̂n}n≥0 can be defined as

Û−n = −Û−(n−1) − Û−(n−2) + Û−(n−3)

and

V̂−n = −V̂−(n−1) − V̂−(n−2) + V̂−(n−3).

The conjugate of Ûn and V̂n are defined by

Ûn = Un −
31∑
i=1

Un+iei = Un − Un+1e1 − Un+2e2 − · · · − Un+31e31

and

V̂ n = Vn −
31∑
i=1

Vn+iei = Vn − Vn+1e1 − Vn+2e2 − · · · − Vn+31e31.

The norms of Ûn and V̂n are

‖Ûn‖2 = N2(Ûn) = ÛnÛn = U2
n + U2

n+1 + · · ·+ U2
n+31

and

‖V̂n‖2 = N2(V̂n) = V̂nV̂ n = V 2
n + V 2

n+1 + · · ·+ V 2
n+31.

2. Main Results

In this section, we introduce some properties of Tribonacci and Tribonacci-Lucas trigin-
taduonions like norm value, Binet’s formula, generating function and summation formula.

Lemma 2.1. [18] The following formulas are valid:

(2.1)

n∑
i=1

U2
n =

1 + 4UnUn+1 − (Un+1 − Un−1)2

4
,

(2.2)

n∑
i=1

V 2
n =

−V 2
n+1 − V 2

n−1 + V2n+3 + V2n−2

2
− 2.
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Theorem 2.1. The norms of nth Tribonacci and Tribonacci-Lucas trigintaduonions are
defined as:

‖Ûn‖2 =
4(Un+31Un+32 − Un−1Un) + (Un − Un−2)2 − (Un+32 − Un+30)2

4
,

‖V̂n‖2 =
−V 2

n+32 − V 2
n+30 + V 2

n + V 2
n−2 + V2n+65 + V2n+60 − V2n+1 − V2n−4

2
.

Proof. We know that

‖Ûn‖2 =

n+31∑
i=n

U2
i =

n+31∑
i=1

U2
i −

n−1∑
i=1

U2
i

=
1 + 4Un+31Un+32 − (Un+32 − Un+30)2

4
− 1 + 4Un−1Un − (Un − Un−2)2

4

=
4(Un+31Un+32 − Un−1Un) + (Un − Un−2)2 − (Un+32 − Un+30)2

4

and

‖V̂n‖2 =

n+31∑
i=n

V 2
i =

n+31∑
i=1

V 2
i −

n−1∑
i=1

V 2
i

=

(
−V 2

n+32 − V 2
n+30 + V2n+65 + V2n+60

2
− 2

)
−

(
−V 2

n − V 2
n−2V2n+1 + V2n−4

2
− 2

)
=
−V 2

n+32 − V 2
n+30 + V 2

n + V 2
n−2 + V2n+65 + V2n+60 − V2n+1 − V2n−4

2
.

�

Theorem 2.2. Binet’s formula for the nth Tribonacci trigintaduonions is

Ûn =
µ̂µn+1

(µ− ν)(µ− δ)
+

ν̂νn+1

(ν − µ)(ν − δ)
+

δ̂δn+1

(δ − µ)(δ − ν)

and the nth Tribonacci-Lucas trigintaduonions is

V̂n = µ̂µn + ν̂νn + δ̂δn.

where,
µ̂ = e0 + µe1 + µ2e2 + · · ·+ µ31e31,
ν̂ = e0 + νe1 + ν2e2 + · · ·+ ν31e31,

δ̂ = e0 + δe1 + δ2e2 + · · ·+ δ31e31.

Proof. By using Binet’s formula for the Tribonacci numbers (1.3) and definition of (1.5),
we have

Ûn =

31∑
i=0

Un+iei =

31∑
i=0

(
µn+1+iei

(µ− ν)(µ− δ)
+

νn+1+iei
(ν − µ)(ν − δ)

+
δn+1+iei

(δ − µ)(δ − ν)

)

=
µ̂µn+1

(µ− ν)(µ− δ)
+

ν̂νn+1

(ν − µ)(ν − δ)
+

δ̂δn+1

(δ − µ)(δ − ν)
.

which is the Binet’s formula for the Tribonacci trigintaduonions. Binet’s formula for
Tribonacci-Lucas trigintaduonions can be proved in the similar way. �
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Theorem 2.3. The generating functions for the Tribonacci and Tribonacci-Lucas trigin-
taduonions are:

g(x) =

∞∑
n=0

Ûnx
n =

Û0 + (Û1 − Û0)x+ Û−1x
2

1− x− x2 − x3

and

g(x) =

∞∑
n=0

V̂nx
n =

V̂0 + (V̂1 − V̂0)x+ V̂−1x
2

1− x− x2 − x3
.

Proof. Now, we define g(x) =

∞∑
n=0

Ûnx
n. Compute that

g(x) = Û0 + Û1x+ Û2x
2 + Û3x

3 + · · ·+ Ûnx
n + · · ·

xg(x) = Û0x+ Û1x
2 + Û2x

3 + Û3x
4 + · · ·+ Ûn−1x

n + · · ·
x2g(x) = Û0x

2 + Û1x
3 + Û2x

4 + Û3x
5 + · · ·+ Ûn−2x

n + · · ·
x3g(x) = Û0x

3 + Û1x
4 + Û2x

5 + Û3x
6 + · · ·+ Ûn−3x

n + · · ·
By using recurrence Ûn = Ûn−1 + Ûn−2 + Ûn−3 and above defined table, we have

(1− x− x2 − x3)g(x) = g(x)− xg(x)− x2g(x)− x3g(x)

= Û0 + (Û1 − Û0)x+ (Û2 − Û1 − Û0)x2 + (Û3 − Û2 −
Û1 − Û0)x3 + (Û4 − Û3 − Û2 − Û1)x4 + · · ·+
(Ûn − Ûn−1 − Ûn−2 − Ûn−3)xn + · · ·

= Û0 + (Û1 − Û0)x+ (Û2 − Û1 − Û0)x2.

Since Û2− Û1− Û0 = Û−1, then the generating function for Tribonacci trigintaduonions is

g(x) =
Û0 + (Û1 − Û0)x+ Û−1x

2

1− x− x2 − x3
.

Similarly, we can find generating function for Tribonacci-Lucas trigintaduonions. �

In the next theorem by using generating functions, we discuss another forms of Binet’s
formula for the Tribonacci and Tribonacci-Lucas trigintaduonions .

Theorem 2.4. For any integer n, the nth Tribonacci trigintaduonions is

Ûn =
((µ2 − µ)Û0 + µÛ1 + Û−1)µn

(µ− δ)(µ− ν)
+

((ν2 − ν)Û0 + νÛ1 + Û−1)νn

(ν − δ)(ν − µ)

+
((δ2 − δ)Û0 + δÛ1 + Û−1)δn

(δ − µ)(δ − ν)
.

and the nth Tribonacci-Lucas trigintaduonions is

V̂n =
((µ2 − µ)V̂0 + µV̂1 + V̂−1)µn

(µ− δ)(µ− ν)
+

((ν2 − ν)V̂0 + νV̂1 + V̂−1)νn

(ν − δ)(ν − µ)

+
((δ2 − δ)V̂0 + δV̂1 + V̂−1)δn

(δ − µ)(δ − ν)
.

Proof. To prove this theorem, we use generating function. Since

1− x− x2 − x3 = (1− µx)(1− νx)(1− δx)
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Now, the generating function of Ûn is given by

g(x) =
Û0 + (Û1 − Û0)x+ Û−1x

2

1− x− x2 − x3
=
Û0 + (Û1 − Û0)x+ Û−1x

2

(1− µx)(1− νx)(1− δx)

=
P

(1− µx)
+

Q

(1− νx)
+

R

(1− δx)

=
P (1− νx)(1− δx) +Q(1− µx)(1− δx) +R(1− µx)(1− νx)

(1− µx)(1− νx)(1− δx)

=
(P +Q+R) + (−Pν − Pδ −Qµ−Qδ −Rµ−Rν)x+ (Pνδ +Qµδ +Rµν)x2

(1− µx)(1− νx)(1− δx)
.

We need to determine the value of P,Q and R, then we have the following system of
equations:

P +Q+R = Û0

−Pν − Pδ −Qµ−Qδ −Rµ−Rν = Û1 − Û0

Pνδ +Qµδ +Rµν = Û−1

Then, we get

P =
Û−1 + µÛ1 + µ2Û0 − µÛ0

µ2 − µν − µδ + νδ
=

(µ2 − µ)Û0 + µÛ1 + Û−1
(µ− δ)(µ− ν)

Q =
Û−1 + νÛ1 + ν2Û0 − νÛ0

ν2 − µν + µδ − νδ
=

(ν2 − ν)Û0 + νÛ1 + Û−1
(ν − δ)(ν − µ)

R =
Û−1 + δÛ1 + δ2Û0 − δÛ0

δ2 + µν − µδ − νδ
=

(δ2 − δ)Û0 + δÛ1 + Û−1
(δ − µ)(δ − ν)

and

g(x) =
(µ2 − µ)Û0 + µÛ1 + Û−1

(µ− δ)(µ− ν)

∞∑
n=0

µnxn +
(ν2 − ν)Û0 + νÛ1 + Û−1

(ν − δ)(ν − µ)

∞∑
n=0

νnxn

+
(δ2 − δ)Û0 + δÛ1 + Û−1

(δ − µ)(δ − ν)

∞∑
n=0

δnxn

=

∞∑
n=0

(
((µ2 − µ)Û0 + µÛ1 + Û−1)µn

(µ− δ)(µ− ν)
+

((ν2 − ν)Û0 + νÛ1 + Û−1)νn

(ν − δ)(ν − µ)

+
((δ2 − δ)Û0 + δÛ1 + Û−1)δn

(δ − µ)(δ − ν)

)
xn.

Then, we get the Binet formula for the Tribonacci trigintaduonins is

Ûn =
((µ2 − µ)Û0 + µÛ1 + Û−1)µn

(µ− δ)(µ− ν)
+

((ν2 − ν)Û0 + νÛ1 + Û−1)νn

(ν − δ)(ν − µ)

+
((δ2 − δ)Û0 + δÛ1 + Û−1)δn

(δ − µ)(δ − ν)
.

Similarly, one can proof Binet’s formula of the Tribonacci-Lucas trigintaduonins. �

Now, we discuss the formula which gives the summation of the first n Tribonacci and
Tribonacci-Lucas numbers.
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Lemma 2.2. ([9], [12]) For every integer n ≥ 0, we have

(2.3)

n∑
s=0

Us = U0 +
1

2
(Un+2 + Un − 1) =

1

2
(Un+2 + Un − 1)

and

(2.4)

n∑
s=0

Vs =
Vn+2 + Vn

2
.

Theorem 2.5. The summation formula for the Tribonacci and Tribonacci-Lucas trigin-
taduonions are

n∑
s=0

Ûs =
1

2
(Ûn+2 + Ûn + c1)

and
n∑
s=0

V̂s =
1

2
(V̂n+2 + V̂n + c2)

respectively, where
c1 = −1 + e1(−1−2U0) + e2(−1−2(U0 +U1)) + e3(−1−2(U0 +U1 +U2)) + · · ·+ e31(−1−
2(U0 + U1 + · · ·+ U30))
and
c2 = e1(−2V0)+e2(−2(V0+V1))+e3(−2(V0+V1+V2))+ · · ·+e31(−2(V0+V1+ · · ·+V30)).

Proof. By using eq. (1.5) and eq. (2.3), we have

n∑
s=0

Ûs =

n∑
s=0

Us + e1

n∑
s=0

Us+1 + e2

n∑
s=0

Us+2 + · · ·+ e31

n∑
s=0

Us+31

= (U0 + · · ·+ Un) + e1(U1 + · · ·+ Un+1) + e2(U2 + · · ·+ Un+2)

+ · · ·+ e31(U31 + · · ·+ Un+31)

and

2

n∑
s=0

Ûs = (Un+2 + Un − 1) + e1(Un+3 + Un+1 − 1− 2U0)

+e2(Un+4 + Un+3 − 1− 2(U0 + U1))

...

+e31(Un+33 + Un+31 − 1− 2(U0 + U1 + · · ·+ U30))

= Ûn+2 + Ûn + c1

where c1 = −1 + e1(−1− 2U0) + e2(−1− 2(U0 +U1)) + e3(−1− 2(U0 +U1 +U2)) + · · ·+
e31(−1− 2(U0 + U1 + · · ·+ U30)). Thus, we have

n∑
s=0

Ûs =
1

2
(Ûn+2 + Ûn + c1).

Similarly, one can prove summation formula for the Tribonacci-Lucas trigintaduonions. �
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3. Matrix representation of Tribonacci and Tribonacci-Lucas
trigintaduonions

Suppose the sequence {Xn} which is defined by the third-order recurrence relation

Xn = Xn−1 +Xn−2 +Xn−3, X0 = X1 = 0, X2 = 1.

Some mathematicians call {Xn} as a Tribonacci sequence instead of {Un}. By using Binet’s
formula, the numbers Xn can be defined as

Xn =
µn

(µ− ν)(µ− δ)
+

νn

(ν − µ)(ν − δ)
+

δn

(δ − µ)(δ − ν)

and for negative numbers X−n, it is expressed by

X−n =

∣∣∣∣Xn+1 Xn+2

Xn Xn+1

∣∣∣∣ = X2
n+1 −Xn+2Xn.

Let us consider a square matrix D of order 3 as:

D =

 1 1 1
1 0 0
0 1 0


such that det D = 1 and

(3.1) Dn =

 Xn+2 Xn+1 +Xn Xn+1

Xn+1 Xn +Xn−1 Xn

Xn Xn−1 +Xn−2 Xn−1

 .

To know more about (3.1) matrix (see [1]). Matrix formulation of Un and Vn can be given
as

(3.2)

 Un+2

Un+1

Un

 =

 1 1 1
1 0 0
0 1 0

n U2

U1

U0


and

(3.3)

 Vn+2

Vn+1

Vn

 =

 1 1 1
1 0 0
0 1 0

n V2
V1
V0

 .

The matrix D was defined and used in [23]. To know more above matrix see ([26], [27]).
Now, we define the matrix DU and DV as

DU =

 Û4 Û3 + Û2 Û3

Û3 Û2 + Û1 Û2

Û2 Û1 + Û0 Û1


and

DV =

 V̂4 V̂3 + V̂2 V̂3
V̂3 V̂2 + V̂1 V̂2
V̂2 V̂1 + V̂0 V̂1

 .

These matrix DU and DV can be called the Tribonacci trigintaduonions matrix and
Tribonacci-Lucas trigintaduonions matrix, respectively.
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Theorem 3.1. For n ≥ 0, the following holds:
(i)

(3.4) DU

 1 1 1
1 0 0
0 1 0

n

=

 Ûn+4 Ûn+3 + Ûn+2 Ûn+3

Ûn+3 Ûn+2 + Ûn+1 Ûn+2

Ûn+2 Ûn+1 + Ûn Ûn+1

 ,

(ii)

(3.5) DV

 1 1 1
1 0 0
0 1 0

n

=

 V̂n+4 V̂n+3 + V̂n+2 V̂n+3

V̂n+3 V̂n+2 + V̂n+1 V̂n+2

V̂n+2 V̂n+1 + V̂n V̂n+1

 .

Proof. To prove (i) we use mathematical induction on n. If n = 0, then the result is
obvious. We suppose that it is true for n = υ, then we have

DUD
υ =

 Ûυ+4 Ûυ+3 + Ûυ+2 Ûυ+3

Ûυ+3 Ûυ+2 + Ûυ+1 Ûυ+2

Ûυ+2 Ûυ+1 + Ûυ Ûυ+1

 .

By using eq. (1.7), then for υ ≥ 0, we have Ûυ+3 = Ûυ+2 + Ûυ+1 + Ûυ. Now, by induction
hypothesis we have

DUD
υ+1 = (DUD

υ)D

=

 Ûυ+4 Ûυ+3 + Ûυ+2 Ûυ+3

Ûυ+3 Ûυ+2 + Ûυ+1 Ûυ+2

Ûυ+2 Ûυ+1 + Ûυ Ûυ+1


 1 1 1

1 0 0
0 1 0



=

 Ûυ+4 + Ûυ+3 + Ûυ+2 Ûυ+4 + Ûυ+3 Ûυ+4

Ûυ+3 + Ûυ+2 + Ûυ+1 Ûυ+3 + Ûυ+2 Ûυ+3

Ûυ+2 + Ûυ+1 + Ûυ Ûυ+2 + Ûυ+1 Ûυ+2


=

 Ûυ+5 Ûυ+4 + Ûυ+3 Ûυ+4

Ûυ+4 Ûυ+3 + Ûυ+2 Ûυ+3

Ûυ+3 Ûυ+2 + Ûυ+1 Ûυ+2

 .

Hence, (3.4) holds for all non-negative integers n. (ii) can be proved in the similar way. �

Corollary 3.2. For n ≥ 0, the following holds:

(i) Ûn+2 = Û2Xn+2 + (Û1 + Û0)Xn+1 + Û1Xn,

(ii) V̂n+2 = V̂2Xn+2 + (V̂1 + V̂0)Xn+1 + V̂1Xn.

Proof. The proof of (i) can be easily seen by the coefficient (3.2) of the matrix DU and
(3.1). Similarly, the proof of (ii) can be seen by the coefficient (3.3) of the matrix DV and
(3.1).
If the matrix D replaces with the matrices E and F, then we obtain the same results as
the matrix D, matrices E and F are defined by

E =

 1 1 0
1 0 1
1 0 0

 and F =

 0 1 0
0 0 1
1 1 1

 .

�
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