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HE®PMHNTAPHBIE AJITEBPHBI
n X I'PYIIIIbBI ABTOMOP®N3MOB

1N.H. 30TOB, B.M. JIEBUYK

ABSTRACT. Let I' be an infinite arbitrary chain (or linearly ordered
set) and K be an associative commutative ring with identity. Then the
K-module M (T", K) of all matrices ||a;;|| over K with indexes from I is
not an algebra because usual matrix multiplication is not its bijection.
Denote by NT(T', K), the submodule of all matrices with a;; = 0 for all
i < j. We show that NT'(T', K) is an algebra if and only if ' = N, Z or
Z \ N. Also, each such algebra is radical. When K is a domain we find
structure of the automorphism groups of the ring R = NT(T', K) and
associative Lie ring R(7). For these cases we also show that any local
automorphism module R? is an automorphism.

Keywords: nil-triangular subalgebra, nonfinitary generalizations, radical
ring, adjoint group, group automorphisms, local automorphism.

1. BBEJEHUE

IIycts K — accommaTuBHO KOMMYTATUBHOE KOJIBIO ¢ enmHuiei u [ — jguHeitHo
YIOPSIZIOeHHOe MHOXKECTBO (KpaTKo, memnsb). Bee I'-marpuist o = ||aij|i jer Ham K
¢ OOBIYHBIMHU JIHHEHHBIME oneparusivu 0bpasytor K-moxyas M (T, K) ¢ mogmomy-
asvu NT(T', K') MarTpuif ¢ ycjoBueM HUJIBTPEYTOJIbHOCTH a5 = 0 jyist Beex 4 < j
u T(T, K) tpeyrosbubix marputl. K ajnrebpe ¢ OObIYHBIM MATPUYIHBIM yMHOKEHUEM
upusogut nogamonyib FM (T, K) dunurapusix marpun 8 M (T, K). Eé noganre6pa
R = FNT (T, K) — pajukajbHas U JaxKe HIWIb-ajredpa, a aHOMAJIbHBIE CBOWCTBA
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npucoenuHeHHOi rpynnsl G(R) ormedanucs B [1]. ABromopdusmer kobia R, ac-
cormposanHoro Koibia Jlu R(™) u rpynmst G(R) usysamcs B [2] u [3].

Besikast KoHeuHas nenb I nopsiagka n uzomerpudsa nemu {1,2,...,n}; Moayis
M (T, K) upusomut 31ech K usBecTHO anrebpe n X n marpur, M(n, K). Kak BbI-
sBuiioch B [4] u [5], aya Geckoreunoit nenu ' MaTpudHOE YMHOXKEHHE Ha MOJYJIe
T(T', K) moxer sBisaTbes bunapuoii onepanueii (u nosromy T'(T', K') — anrebpoit),
a Ha momysne M(T, K) — Her.

Pasiimanble KOHCTPYKIMU TPYII He(UHUTAPHBIX MaTpPHI] ucciegoBat B. Xo-
nybosckuit, [6]. ABroMopdusMbl peesbHO yHUTpeyrosbHOl rpymisl UT (0o, K)
HaJt osteM K nopska > 2 uccaenosasa P. Crosuk [7]. Cum. takzke [8], [9] u 3ame-
ganue 1 B § 2. B [4] rpynua UT (0o, K) upencrasiena rpynnoit UT(T, K) ¢ nenbio
I’ = N narypaJbHbIX 4mces, a TakxKe IpucoequnenHoil rpymmnoit koubia NT (N, K).
Hpyrue nedunurTapuble rpynmnsl gaer nepenecerne B [4] koncrpykuun NT (N, K)
Ha HUJIBTPEYTroJbHble mojaareopsr anre6p [llesasre kiaccmveckux tumos. ['pym-
ubl apromopdusmon koabia R = NT(N, K), koabua JIu R(7) u npucoeammennoit
IPYIIIBI BBISIBISIOTCS B [5].

B § 2 Bce nenu I' ¢ nedpunurapnoit asreépoii T'(T', K') BolsaBiisier Teopema 1. Do,
B Tounoctn, et N, Z u Z \ N n mus kaxzoi u3 wux noakonsno NT(T, K) —
paJInKaJIbHOE.

Crpoenne rpymn asromopdusmos Beex Hedunurapubix kojer, R = NT(T, K)
HaJ 06sacThio nesoctroctn K u kosterr JIu R(7) BpistBaistior Teopembl 3 u 4 B § 3.
O06e TeopeMbl OCHOBBIBAIOTCS HA TEOPEMe 2 0 MaKCHUMAJIbHBIX aDeJIEBbIX UJICAJIOB.

C 90-x roJoB cuCTEeMATHYEeCKH U3Yy4YaroTCs JIOKAJbHBIE aBTOMOP(U3MBI U, B3a-
MMOCBSI3aHO, JIOKaJbHBIE auddepennupoBanus aareop. JlokagapHbIM aBTOMOPGhU3-
MOM aJIredpbl A Ha3BIBAIOT KasKIbIA ee MOIYJIbHBINA aBTOMOPMU3M, AeHCTBYOMIU
Ha, JII000i1 371eMeHT o« € A KaK HEKOTODBIi (3aBUCAIIHI OT () aBTOMOPGU3M ajrebpbl
A. JIokanbHbIe aBTOMOPMU3MBI IIPOCTOi aarebps! JIu sl Ha I moeM XapakTepucTu-
ku 0 uccneayrorest B [10]; s anrebpsr M (n, C) nx ucuepubiBaoT aBTOMOPQOU3MBL
u anruaromopduamsl [11]. Cum. takxe [12].

ABToMOpdU3MBI AJIN€OPBI HABIBAIOT MPUSUALALHBLMU JTJOKAJIHHBIMA aBTOMOP(U3-
mamu. P. Kpucer [13] mocTpons onus u3 epBhIX MIPUMEPOB HETPUBHAIBHOTO JIOKAIb-
Horo aBTomMopdusMa nojanredpsr Marpur B T(3, C) ¢ monapHO paBHBIMHA 3JI€MEH-
TaMM Ha KaxkJo# Juaronany. JlokasbHble aBToMopdusMel anrebpel R = NT'(n, K)
u acconuuposantoit anre6per JIu R(™) uccienosamucs B [14] u [15]; onm ormcamnbt
npu n = 3 u, Korga none, n = 4. A. II. Exucosa [16] ycraHoBIIA DETyKITMOHHYIO
TeopeMmy, J0Ka3aB IpU 1 > 4 TPUBHAJBHOCTD JIOKAJBHBIX aBTOMOP(MU3MOB ajaredp
Ru R o moayitio kommyTanta. VI.H. 3otos [17] nepenec peayKImoHHyIo Teope-
My Ha HIWIBTPEYToJIbHbIE moaaareopsr anredp [leBasie Bcex KIacCHIECKUX TUIOB.
Teopema 5 pacupocTpaHsieT peAyKIINO Ha HepUHUTAPHBIE AJIT€OPHI.

2. HE®MHUTAPHBIE AJITEBPBI

Berony masee, roe He OrOBOPEHO IPOTHBHOE, K — IPOU3BOJIBLHOE aCCOIMATHBHO
KOMMYTaTHBHOE KOJIbIIO ¢ ejunuiieil, [' — IuHeHO yIopsiioueHHoe MHOYKECTBO WJIU
Helb.

Marpunpt o = ||a;;j|| Hag K ¢ ungekcamn i, j u3 I' OTHOCHTEIBHO JIMHEHBIX
onepanuii obpasytor K-monyne M (T, K) ¢ mogmonynem T(T, K) (HimkHUX) Tpe-
YTOIBHLIX MaTpul. HamomamM, 9T0 OHEKTUBHOE COOTBETCTBHE ABYX IeIeil Ha3bI-
BalOT M30MeTpHeil, ec/id OHO COXpaHseT OTHOILIEHUE IIOPS/IKa, U aHTUU30MeTpHeit,
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€CJIM OTHOIIEHUE TIOPS/IKA MEHSIEeTCs Ha MIPOTUBOIONOKHOE. Tak, BedKas KOHeYHas
venb ' nopsiyika n odeBuaHo uzomerpudna menu {1,2, ... . n} u momyas M (I, K) ¢
OOBIMHBIM MATPUIHBIM YMHOKEHHEM IIPUBONT 3/16Ch K €MHCTBEHHON, ¢ TOYHOCTHIO
10 nzoMopdusmos, anredpe n X n marpur M (n, K).

Cornacuo [4] u [5], mst Geckonetnoii nemn I’ MaTpUYHOE YMHOXKEHUE Ha MOZYJIE
NT(T, K) aunbrpeyroybabix (HeUHATAPHBIX) MATPUL, MOKET ABJIATHCA OMHAPHOMN
onepanueit (u nosromy NT(T', K) — anrebpoit), a na moaysne M (T, K) — Her.

Bce nedunurapusie anrebpsl NT(I', K) u T'(T', K) BolaBisier

Teopema 1. Mampuunoe ymmoorcerue ecmov bunapnas onepayus na NT(D, K) uau
T(T, K) mozda u moavko moeda, xozda T' usomempuuna uenu {1,2,...,n}, Z, N
uau Z\N. Bo ecex amuz caywasz T (T, K) ecmv anzebpa, a ee nodkoavuo NT (T, K)
- paduranvHoe.

Zoxazameavcmeo. Orpeskamu 1enu [ Ha3bIBaeM OJIEIN

p.q) ={jel|p<ji<q} (pgel,p<gq).

OueBuIHO, JI0KA3ATEIHCTBO TPedyeTcs JINIIb Jjist Oeckoneunoii nernu I'. Ee nepsbiit
WM HAUMEHBINH 3JIeMeHT (€C/IM CyIIEeCTBYeT) W TIOCJIEIHUN 3JEMEeHT HAa3bIBaeM
TaK>Ke KPaiHUMU.

s pukcrpoBaHHbBIX (IPOU3BOJILHO) 3JIEMEHTOB p 1 ¢ Geckonednoit menu I’ Moxk-
HO BBIOpaTh MaTpuusl o = ||a;;|| 1 8 = ||b;;|| B M (T, K) ¢ ycmoBueM agmbmpy = 1
J7s1 OeCKOHETHOro umciia 3uadenuit m B I m Tobko ¢ anementamu 0 mim 1.Bec-
KOHEYHBIE CYMMBI HEHYJIEBBIX 3JIEMEHTOB B Kouiblle K He omnpesesnensl. [losromy
(g, p)-1 KoOpMHATA TPOU3BEJEHNUs] (f HE ONPEJIEIEHa 1 MATPHIHOE YMHOXKEHNE B
M (T, K) ne aByisiercsa GUHAPHOI oriepaiueii.

Homycrum, 9ro orpe3ok [p, q] nenu I’ Geckoneden s HeKoTopwix p,q € I', p < q.
Torga mMarpunsl a u 8 ¢ HeonpeeseHHOH (¢, p)-ii KOOPAMHATON IpOU3BeIeHus v
MOXKHO BbIOpaTh, Kak u Bbie, gaxe B moayie NT(I', K). CiuenoBareiabHo, KOp-
pekTHOCTH MaTpuaHoro ymuoxKenust B Mogyse NT(T, K) nom T'(T', K) paBHOCHIIBHA
KOHEYHOCTH KaxKJI0ro orpeska 1emnu I'. B wactHoctn, nens I — cuernasi. Korna B Heit
ecTh X0Ts Obl Ol Kpaitnuii snement, npuxomum K ciaydaio I' = N wim Z \ N. Ecin
B I' Her kpaiinux s/iemenTOB, npuxoguM K ciydaio [ = Z. KoppekrtHOocTh MaTpud-
soro ymuoxenus B mogyiax NT(I', K) u T(T', K) B oboux cirydasix [OKa3bIBAIOT
npsiMble BbranciieHust. Takum obpasom, B obonx caydasx T(I, K) ectsb anreGpa ¢
nogasredpoit NT (T, K) u ocraercst OKa3aTh [OCJIE[HEE YTBEPXKICHUE TEOPEMBI.

JIroboe accormaTuBHOE KOJIBIIO 1R €CTh MOJIyrpyIia OTHOCUTEIBHO IPUCOeTITHEH-
HOTO yMHOXKeHUsS ¢ 0 b = a + b+ ab u 0 — €€ equHuUIEA; aCCONMUUPOBAHHOE KOJIBIIO
JInu RO mosygaror 3aMenoit yMHOKeHIsI B R KOMMYTHpPOBaHHEM @ * b = ab — ba.
OGpaTHbIiI K 2JIEMEHTY (¢ B HPHCOEIMHEHHON IOJIyIPYIIE 3JEMEHT ¢ Ha3bIBa-
foT kBasuobparueiM. Korga (R, o) — rpymmna, KoJbio R HA3BIBAIOT PAJMKAIBHBIM.
Tak, xonbiua NT(n, K) pajuKaidbHbl, B CHIy MX HHJIBIOTEHTHOCTU M TOrO, UYTO
o =3 _ (—@)™ M HUIBIOTEHTHBIX JIEMEHTOB (.

B anre6bpe NT'(T', K) Bce MATPHIBI ||Gyy|| € yCIOBHEM Gy = 0 ipr v — v < k
Jutst bukcupoBannoro Homepa k > 1 obpasytor ugean L. Orvernm, 9To mepecede-
HU€e TaKuxX uieasoB HyJseBoe, npuieM LiL,, C Ly,,,. B npucoenunennoit rpyrie
kosbiia NT(T') K) u B acconumpoBaHHOM KOJIbIle JIu T0JIydaeM IeHTPaIbHBIN Psijl,
Ha3bIBAEMbIIl CTAHIAPTHBIM:

Li=NTIT,K)DLyD>...DLpD...
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M3BecTHO, uTO /It coTydas KoHeYHOH nenu [' cTaHmapTHBI HUKHIN IEHTPAIbHBIN
P&/ U PHIIEPUEHTPAJIbHBIN (MM BepXHUN HEHTPAIbHDIH) Psijl
Zo=0CZ1CZC....
Hecnoxuo ycranasnusaercs (upu I' = N em. [4])

Jlemma 1. Ecau I’ = Z uau N, mo nuschut ueHmpasvhoili pad npucoeduHerHot
epynnu Koavya NT(T, K) u accoyuuposantozo koavua Ju cmandapmen, o 2unep-
UEHMPANLHOLT PAD CMAbUAUSUPYEMNCHA HA HYACBOM UOEGAE.

Pagukanbnocts kosten, NT(N, K) u, Kak ciejacrBue, aHTUM30MOP(MHBIX ¢ HUMU
koster, NT(Z \ N, K) nokazana B [4]. Ocraercsa mokazaTh PaJMKadbHOCTH KOJIEIL

NT(Z,K).
YKarKkeM J|Ist TIPOU3BOJIBHON MATPHIL & = ||y || € L1 KBa3MOGpaTHYIO MATPHUILY
v = ||cuv||- E€ k-to nuaronans {cy, | u,v € Z, u—v = k} onpejensieM paBeHCTBAMI
k—1
v = Z(fa)m =—a+a?—a’+... +(—a)® mod Ly
m=1
mocsieoBarebao ipu kK = 1,2,3,... . O4eBuIHO, YTO MOCTPOEHME KAXKION OdUe-

peJHO AMaroHa/n He M3MeHsleT yrKe IIOCTPOeHHbIe nuaroHaan. B cuiay pasencrsa
MNie; Lk = 0, marpuua 7 onpejenena monHOCTbI0. TakuM 06pasomM, JJ0Ka3aTe/b-
cTBO pajukaabHocTn Kosblia NT(Z,K) u, BMecTe ¢ TeM, TEODEMbI 3aBEpIIAeT-
csl. ]

B. Xony6osckuii u P. Ciosuk usyvamnu B [9] sHedbunnrapusie rpymnst SLy g (R),
KaK OIIPEJIJIEHHbIE HAIPYIIIBL IPee/bHOM yauTpeyroibuoil rpymst UT (oo, K).

Bameuanme 1. B yenu I' = N, Z uau Z \ N wmoboti ompesox xonevwern u 6 mody-
ae M (T, K) emy coomsememeyem nodanzebpa. Bobepem npoussoavroe cemelicmaeo
ompesxos I'1, 'y, ... 8 ', 2de T;UL'; (i # j) — ne ompeswu; nodaneebpa M(I';, K) npu
Kasrcdom i usomopdra anzebpe M(|T;], K). Bee nodaseebpo M(T;, K) u T(T, K)
nopoorcdatom ¢ M (T, K) nodmodyav P(T'1,Ta,...), Hasviaembill napabosuseckum, u
maxoice asasmouyulics neunumaphol arzebpoti. Hepurumaproie epynnot S Ly g (R)
u3 [9] usomopPro 6A0CUMDL 8 MYALBMUNAUKAGMUBHYIO 2DYNNY 0OPATNUMBLE IACMEH-
moe napaboauseckotl anrzebpo. suda P(I'1).

Paznmame opmocroponnux annyssitopos anre6p NT(T, K), BblIeJeHHBIX B TEO-
peme 1, IOKa3bIBAET CJIEAYIONAsT OUEBUIHAS JIEMMa, UCIOIB3YIONAs UJIeAIIbI

Tij = (a=|lauwl|| € NTT,K) | ayp =0, ecmm u<i mm v >j) (i,j €l).

JIemma 2. Jleswti annyasmop 6 anzebpar NT(n,K) (n > 2) u NT(N,K) pa-
sen Toy, a npasvili — Tynp—1 u 0, coomsememsenno. B NT(Z, K) oba annyaamopa
HYACBDLE.

JioGast anreGpa R u nporusonosozkHast ajarebpa R(P) (mostyuena 3aMeHoi a O
b := ba ymHOXKeHUs B R) OlpeJiesieHbl Ha OJHOM MHOXKECTBE: TOXKIECTBEHHOE 0T00-
paxkeHue siBJjisiercs ux anruuzomopdusmom. Ussecrna [18, Jlemma 1]

Jlemma 3. Beaxuti udean 6 R ecmv udean maxoce 6 R u Aut R C Aut R,
Kpome mozo, R ~ (RP))(=) ~ 1(R)() das wo6ozo arnmuusomopdusma i an-
2ebpo R.
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Ormermm, uTo sumoMopdusM & — —z (z € R) moxymeit R u R(7), B cuny
paBeHCTB

(—z)x(—y)=xxy=ay—yzr=—(y*x) (z,y€R),

Bcerya ecth anTnasroMopdusm anrebpsr R(7). Ero kommosmimst —p : ¢ — —axt
¢ JIOOBIM aHTHH30MOPMU3MOM [ anrebpsl R paer mzomopdusm aarebp R(T) u

p(R)).

3. I'PyIIIIBI ABTOMOP®U3MOB

Bouiesum BHavasie 0CHOBHbIE aBTOMODPGU3MbI KoJien u ajrebp R = NT(I', K) u
R,

Iomrpynmy J BHyTpeHHUX aBTOMOPGMU3MOB ajredpbl R 00pasyoT BHYTpEHHUE
aBTOMOP(MU3MBI IprcoeMHeHHON rpyibl. CompsizkeHnst 00PATUMBIMA JTUATOHAJIb-
HBIMU MATPUTIAMHE JAIOT ToArpyIiny D auaroHadbHbIX aBToMopdu3mos. [Ipu nepe-
X07Ie OT asrebp K KOJbIlaM R T0GABIAIOTCS Takke (MHIYIIMPOBAHHBIE) KOJIBIEBHIE
aBTOMOP(PU3MBI

0 [auwsl] = [|0(aw)l| (0 € Aut K).

ApromopdusMbl W u30MeTpun Ha cebst Jioboi KOHewHOoM menwu, neneir N u
Z \ N ouesunno enumandnble. Kak u B [2], npoussosnbHelii apromMopdusm ' nenn T
HHAYIUPYeT aBTOMOPDU3M ||dyy|| — ||ayw .|| anrebper R (B wacTHOCTH, Te;; —
zeyy mpu x € K, 1> j).

B cuny 3ameuanms mocse leMmbl 3, Beakmii antuaproMopdusm | nemm [N nrmy-
mupyeT aHTHABTOMOPOU3M ||ayy|| — ||@vw || 1 aBrOMOPDUIM ||ayy|| = —||@wrw]|
asreGpet JIu R(7).

I xomewnoit menm ' mopsiika n > 2 rpymmy aBTOMOPMOU3MOB U aHTHABTO-
MOPGU3MOB HOPOXKAAeT anTuasroMopdusm ¢ — n + 1 — i. Ilonrpynny W asro-
mopdusmos anre6psr JIn R mpu R = N T(n, K) NOpOXIAIOT UJAEMIIOTEHTHBIE
aBTOMOPQU3MBI Tf, conocraisiemble B [19] kazkaoMy niemuorenty f = f? komnbla
K 1mo mpasuity

(1) T e = fei; — (1= flen—jrim—iv1, 1<j<i<n.

Asromopduam Ty anrebpst JTu R(T) usBecren kax rpacoBblii aBTOMOPMOUIM. (AB-
TOMOpPHBIE IPOIOIKeHns Ty Ha anrebpy Jn R(™) u Ha mpuCcoe MHeRHYO TPYIITY
pasmmansl, [19].)

Yepes Z(@ u Z(") 0603HauAEM HOATPYIIITY IIEHTPATBHBIX ABTOMOPMI3MOB, COOT-
BETCTBEHHO, aarebps! JIu u xkobia JIn R(’)7 TO €CTh JIEUCTBYIOMUX TOXKIECTBEHHO
110 Mozyitio tienTpa Z; = Key,. Ouesnano, noarpymma Z(® msomopdua (n—1)-it
JIeKApTOBO# crerenn ajymaTuBHON rpymme! (K, +), a momrpymma Z() — (n — 1)-it
JIeKapTOBOIl CTelneHn aJIUTUBHON Irpynubl Kosbla sugomopbusmos End (K, +),
ITOCKOJIBKY €€ MOPOXKIAI0T aBTOMOP(MU3MbI

G awsl] = lawsl] + Maizri)ent, X € End (K,4), 1<i<n.

[HenTpaJibHble aBTOMOPGMU3MBI JOIIYCKAIOT 00061eHne. ABTOMOPQMU3M [IPOM3-
BOJIBHOII I'PYIIIIbI WJIM KOJIbIA JIu ¢ HeTPUBUAJIBHBIM 11-M T'HIIEPIIEHTPOM Ha3bIBa-
0T 2UNEPUEHMPAALHBIM 6bicOMb, M, (WM, KPATKO, 2UNEPUEHMPAALHBLM), €CITH 10
MOJIYJIIO 1M-T'0 TUIEPIEHTPA OH eJMHUYEH, a 110 MOy (m — 1)-ro rumepuenrpa
SIBJISIETCST BHEIITHUM aBTOMOPMU3IMOM.
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IIpu R = NT(n,K) (n > 4) B [19, Teopemsr 1 u 2| moarpynmy V mopoxmaior
BbIJIe/IEHHBIC THTIEPIEHTPAIBHBIC ABTOMOPMU3MBI BHICOTHI 2 i 3 asrebpnr JIn R(7).
Crpoenme rpymmr apromopdusmos koster, R u R(™) soissieno B [19, Crencrsue 3):

(2)  Aut R=((JZ)YND)NAut K,  Aut R©) = ((Aut R) N V)xW.

Apromopdusmer kosbia R = FNT (T, K) u xonbua JIu R() . a takske mpuco-
€JIMHEHHOM TPYIIIbI ONUCAHBL B [2] i cirydas npoussosibHOi nemu ' u kosbua K
6e3 menureseit mHyns. [lpn Ha3BaHHBIX OrpaHWYEHMAX BHAYAJE BBISABIISINCH MAaK-
cuMasbHble abeseBbl uieainl koser, B u R(7), a rakxke MakcuMasbHble abeseBbl
HOpPMaJIbHBIE TIOJIPYIIIBI IPUCOEIMHEHHON TPYIIIbI. DTy CXEMY YJIAeTCs [IEPEHECTH
Ha Bce Hedunurapusle anrebpel R = NT(T', K).

Teopema 2. Ecau K — obnracmo yeaocmuocmu, mo Tir1; (i € T) ucuepnwsarom
sce makcumasvive aberesv udearvs koavuya R = NT(T, K) u xoavua JTu R, a
MAKIHCE MAKCUMANDHBIE GOEAEEBL HOPMAADHDLE NOJZPYNNBL NPUCOCOUHEHHOT, 2PYNTDL.

JHoxazameavcmeo. B [4] teopema nokazama juist anre6pol NT(N, K) u, ciaemosa-
TesibHO, i anTunzoMopduoi anrebpsr NT(Z \ N, K). Wccaenyem ocraBimuiics
cioyqgait I' = Z.

st wedpuamnrapubix anrebp NT(T, K) upu garobom m € T' BbIessieM Takxke
nJ1eaIbl

Tinoo = (@ =llaw|| € NT(T,K) | ay, =0, ectm u <m ),
T om=(a=|lauwl| € NT[T,K) | Gy, =0, ectm v > m ).

ITycts M — npon3BoJIbHBIH MaKCUMaJIBHBIH abeses uaean koabna R = NT(Z, K)
wm komea Jlu RO mw A =1 d() — unean kosbia R, 1OPOXKIEHHBIN MaTpHIEH
a € M. Eciu o mMeeT HeHYJIEBbIE CTOJIONBI ¢ KAKUMU YTOTHO OOIBIITIMI HOMEPaMH,
To nenrpammzarop C(A) nneana A xak B R, Tak u B R(7) mynesoit, anasorundso
[4, JTemma 1]. TTooTOMY OJHO3HATHO OIPEJIEJIEHO TIeJI0e IUCI0 m ¢ yeaoBusivu M C
T com 8 M € T_ yn—1. AHAJIOIHYHO, CYIIECTBYET LEJIO€ YUCIO Kk C yCIIOBHEM
M CTioou M € Tii1,00. CotenoBaTeibHo,

M g T—oo,m N Tk,oo = Tkm-

Cayuait k < m npuBomuT K nmporuBopednto ¢ abemeBoctbio M. YunrbsiBas abesre-
BOCTB Beex nzeastoB T;; (i > j) u ycaosue Makcumaimbrocta M, momydaem k = m+1
un M= Tm+1,m-

C HCIOJIB30BAHEEM COOTBETCTBUS Heatos Koubia Jln R(™) u HopMmaibHbIx m0/1-
I'PYIII IPUCOEINHEHHOM TPYIIIIBI JIOKA3aTE/IbCTBO IIEPEHOCUTCSI U Ha, CIydail MaKCh-
MaJIbHBIX a0eJIeBBIX MMOATPYIII TPUCOEIUHEHHON TPYIIIIHL. O

13 Teopemsr 2 cpa3y Ke BbITEKAET

CaneacrBue 1. ITycmov R ecmwv nepunumaprian anzebpa NT(T, K) nad obaacmoio
ueaocmmocmu K u @ — asmomopdusm xomvua JTu R uau npucoedunennoti 2pyn-
nw. Toeda cywecmeyem nodemanoska ' uyenu I maxas, wmo ©(Tiy1;) = Typ1i 0as
ecex i €I

Teopema 3. Ecau R ecmwv koavyo NT (N, K) uau NT(Z \ N, K) nad obaacmvio
uyeaocmuocmu K, mo ezo epynna asmomoppusmos daxmopusyema Aut R = (J N

D)X Aut K u cosnadaem c epynnamu asmomopdusmos xorvua Ju R v npuco-
eQUHEHHOT 2PpYNNbL.
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Hoxazamenavcmeo. Tpu I' = N B [5, Jlemma 5| nokazana xapakTepUCTUIHOCTD BCEX
Tiy1s (i €T) B R(7). CrenoBaresnsno, Bee mojicTanosKn ' u3 ciiecTBus 1 e mHIHbT
U XapaKTepUCTUIHBI

(3) Tij =Tiic1 NTjp15 = Keij + Qij, Qi =Ty N Li—jyr (i > 7).

HecnoxxHo moKasbpIBaeTcs W XapaKTePUCTHIHOCTD U1eaoB Tpy, . IlosToMy mroboit
aBTOMOPGU3M (¢ HHAYOUPYeT aBTOMOpGU3M Ha KakIoM daxrope R/T, 41100
NT(n, K). Ilpumenss dbaxropusaiuu (2), npuxoqum K onucauuio [5, Teopema 2|
rpyun asroMopdusmos koster, R = NT(N, K) u R(7)| a takxke K nx bakTOpH3aIIT
OJIrPyIIIaMU Aut K , DulJ.

enp Z nenbIx duces J0IMyCcKaeT aHTUABTOMOP(MU3M

T:m——m (m€EZ).

Orpannvenne T Ha nenu N HATYyPaJIbHBIX YHCEN JAET €€ aHTHU30MOPMHU3M Ha el
Z \ N u uapynupyer anrunzomopdusm anrebpol NT(N, K) na NT(Z\ N, K).
Takum o6pazom, kosbiio NT(Z\N, K) anrunzomopduo NT'(N, K) u ero rpynua
aBTOMOP(U3MOB JIOIyCKACT AHAJIOIHYHYIO (bakropusanuio noarpymmnamu J, D u
Aut K. O

dcuHo, uro aBTOMOpGDU3MBI U aHTHABTOMOPMU3MBI J1I060it 1enin ' 0bpa3yoT B
CUMMETPHUYECKOI I'PYIINe ee MOJICTaHOBOK moArpyiry. OueBnHa

Jlemma 4. I'pynna asmomopdudmos u anmuasmomopPudmos kaxncdot u3 yened
N u Z\ N edunuuna, a das uenu Z yeavix wucea ecmsv beckoneunas 0usdpaibHas
epynna

(o1) N{(T), TOmT = O';Ll =0_m, T°=1, OxOm = Omik (k,m e Z).

O6osnavenue 7 (AHAJIOTUIHO Gy, ) COXPAHIEM U JIJIS UHLYIUPOBAHHOIO aBTOMOD-
buzma anrebpet JIu NT(Z, K)(7)| soigenss nogrpymms: (1) i (07) ee aBromopdms-
MOB.

Onncanve rpynn aproMopdusmos HeduauTapHbix anredp NT(T', K) 3agepruaer

Teopema 4. Ecau R ecmv koavuyo NT(Z, K) nad obracmoro uesocmuocmu K, mo
Aut R=((J D) X {o1)) ™ Aut K, Aut R©) = (Aut R) (7).

JHoxazameavcmeo. Ilycrs R ectb anrebpa NT(Z, K) nan 06JacTbiO 1EJI0CTHOCTH
K. Uccaenyem nojctanoBky ' menu I, cOIOCTABIICHHYIO ClIeICTBAEM 1 IPOU3BOJIL-
HOMy aBroMopdusmy ¢ kombia JIu R(7). C TOYHOCTBIO 10 YMHOMKEHHs ( Ha MO
XOZSIIIAN M~CIBUT Oy, MOXKHO cunTarh, uto 0’ = 0 u ¢(T1o) = Thp. Ucnonssys mo
MOJTyJII0 L3 COOTHOTIICHUS

©(To0) = @(To1 * Tho) = Th1 10 * Troy  Tig(—1y (1) * Tio = Th,(—1y,
nosydaeM ¢(To1) = Toy wmm Tp 1, Tak uro 1’ =1 wm 1’ = —1.
C TOYHOCTBIO JI0 YMHOXKeHUsI ¢ Takxke Ha T, umeeM 0/ =0, 1" =1wu (-1)' = —1.
Hycts m > 1 u j' = j mua aoboro j ¢ yeaosuem |j| < m. Torma |m/| > m u
@(Tm—&-lm—l) =Ts1m’ * Tnm—1  mod Ls.

Orcioma m' = m u anasoruano (—m)’ = —m. [Ipomo/pkas najee, nojaydaeM eu-
HraHOCTH nojcranosku /. [losromy p-uuBapuanTHbl cefivac Bee uaeasst T;yq; u Tjj,
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a TakrKe Kaxk bl uneas I, = T_ _,, +T), o. Kpome Toro, nepeceuenue njieaion
I, HyJIeBOE U Y WHAyIUPYeT aBTOMOPMU3MBI Ha (DAKTOP-KOJIbIIAX
R /I, ~NT2m+1,K), m=1,23,....

K unnynupoBanHbIM aBTOMOpdu3MaM (PaKTOP-KOJIel, MOXKEeM TPUMEHSITh TIPU KayK-
nom m dakropusanuu (2). Kak u B [19], monygyaem Briaoyenune B Aut R Kax0-

ro asromopdmsma u3 Aut R(7)| xoroperii duxcupyer sce mueamst Tjy1;. Ilo g0
KasaHHOMY U C y4eToM BKitodeHus (o1) C Aut R, npuxomuMm K bakTOpU3aImun
Aut R = (Aut R) (7).

Obosnatas 1epes () noarpymy B Aut R asromopdusmos, dbUKCHPYONIX Bee
uneansl T;11;, Haxogum Aut R = Q XN (o1) u Q = (Qo X D) X Aut K, rue Q —
MOATPYIIa aBTOMOP(U3MOB KOJIbIA B R, TOXKIECTBEHHBIX M0 MOILY/IIO Lo.

B HeHHATAPHBIX CIIyYasx THIEPIeHTPaIbHbil psi anre6psr JIn R(T) crabumm-
3UPYETCs Ha HYJEBOM WJIEAJIE W IMOITOMY (¢ JEHCTBYET KaK BHYTPEHHUIT aBTOMOD-
dusm. B cayuae R = NT'(n, K) n1060ii runepuieHTpaibHblii aBroMopdusM geiicTBy-
er TOXxKAeCTBeHHO 110 MoAyo Zs N (Toy +Thp—2) = Th—21 + Ty 3. CiieosaresnsHo,
10 3TOMY MOJLYJIIO (0 JeHCTBYeT KaK BHYTPEHHUII aBTOMOPMHU3M,

OxapakrepusyeM BHyTpPEHHUE aBTOMODMU3MBI 110 aHAIOruu ¢ [2|, rue mis onu-
canus Aut FNT(T', K) (¢ mpousBosbHOit nensio I') ucnosb3oBanuck Beegenubie 0.
M. TopuakosbiM [20] JIOKaIbHO BHYTPEHHNE ABTOMOD(MUIMBI.

Bamerum™, uro coupsizkenue B (R, o) Mmarpuneil « € R paBHOCUIILHO COIPSIZKEHHIO
VHUTPeyTOIbHO MaTpureii e + o, mockosbKy (e +a) ' =e+a’ u

(e+a)Ble+a) ™t =B*=aoBoad =B+ af+ Bd +abd.

B wacraOCTH,

(o) (o)
(4) (ei)" =es5 + Z akier; + Z @jm€im mod Tiy1j-1 (i> ).
k=i+1 m=j+1

ITosTomy i-it cTober MaTpuIpbt ¢v 115t (PUKCHPOBAHHOTO ¢ COBIAJIAET C j-M CTOJIOIOM
MaTpuisl (e;;)® mpu moboM BbIbope j < ¢ — 1. AHAJIOTUYHO j-s1 CTPOYKA MATPHIIBL
o 11t GUKCHPOBAHHOIO j COBIAJAET C i-if CTPOUKON MaTpuiusl (€;;)* 1pu J060M
BBIOOPE i > j. DTO MOKA3BIBAET, UTO JeiCcTBHe JII060To aBToMOopdu3Ma ¢ € )y
COBIIAIACT HA MATPUYHBIX JMHUIAX C COIPSIKEHUEM MTOIXOAIIeH MaTpuneit o € R
U B 9TOM CJIydae ( eCTb (-COIIPSI?KEHUE.

Tpebyemasi B Teopeme dakTopusarius rpynnbl Aut R TakKe J0Ka3aHa. d

4. PEOYKIIVS JIOKAJIbBHBIX ABTOMOP®U3MOB 10 MOJIYJIIO Lo

Jlokaabable aBroMopdusmbl anreop NT'(n, K), n = 3,4, uccienosansl B [14] u
[15].

UssecrHo, uro Jjokajabable aBroMopdusmbl anmrebpst NT(n, K) (n > 4) u ac-
COIMUPOBAHHON aireOpbl JIn IO MOIYJII0 KOMMYTaHTa Lo TPHBHAJILHBI, TO €CThb
JeieTByoT o Momymio Lo xak asromopdmusm ([16, Teopema 3]).

Ha medunnrapmbe anredpsl peayKIAio paciIpoCTPAHIET

Teopema 5. IIycmv R = NT(n,K) (n > 4) uau K obaacms yesocmnocmu u R
- negpurnumapran anrzebpa NT(T, K). Tozda ecaxudl sokairvhvill agmomophusm ¢
aneebpve R usu R asasemes mpusuanvrowm no modyao L.
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Loxazameavcmeo. U3 ompenesiennst JIOKAJIbHBIX aBTOMOP(MU3MOB CpPa3y Ke BbITe-
KaeT

Jlemma 5. Jlokaavrwil aemomoppusdm 1106020 K0AbUaA, C MOYHOCTDBIO 00 YMHOMHCE-
HUA HG ABTMOMOPHUIM, 0CTMABAAEM HENOJBUNCHBIM PUKCUPOSAHHBLT NPOU3BOALHO
2NEMEHN.

C TOYHOCTBIO 10 yI\JHO}KeHHH (p nu3 TeOpeMbI Ha aBTOMOp(bI/BM, I10 JIEMMeEe 5 nMeem
(5) plear) = ear, @(xea) = zp(ean) = zear (v € K).

Ilepecedyenne moarpynmb Aut K ¢ rpynmnoit aBroMopdu3MoB ajarebper Jlu R
€INHUTHO.

Jlemma 6. Beawuti aokanvnuiii asmomopdusm ¢ anzebpu. JJu NT(n, K)(7) (n > 4)
¢ yeaosuem p(ea1) = ea1 deticmeyem no modyamo Lo wax duazonasvrvl a6momop-
Ppuam.

Zoxazameavcmeo. Ucnob3yeM onucanusi rpyii aBroMopdusmos. JIwoboii guaro-
HAJILHBIN aBTOMOPGU3M 13 D yMHOXKAET KaXK/IyI0 MATPUIHYIO €IUHUILY €;41; HA
obpaTuMyio KOHCTaHTY u3 K ¥ OJHO3HAYHO OIPEIEsIsieTCs HADOPOM BCEX TAKHUX
KOHCTAHT.

flcno, 9ro ecsiu ujieMnoTeHTHELI apToMOopdu3M Ty u3 W bukcupyer ezq, o f =1
u Ty — ToxAeCcTBeHHBI aBroMopdusM. Cum. Takxke [17, Jlemma 5]. ABroMopdusMbL
U3 OCTAJIBHBIX MOAIPYII pa3jioxkenus (2) meficTBYIOT 110 MOIY/I0 Lo TOXKIECTBEH-
HO Ha MATPUYHBIE €IWHUITBI. ¥ TBEPAKIICHNUE JIEMMBI CJIE/IyeT Ceifidac m3 TOro, UTO
aBroMOpdu3Mbl u3 JV 1efCTBYIOT TOXKIECTBEHHO 110 MOIY/IIO L. (I

JlemMma 6 3aBeprraeT J0Ka3aTeIbCTBO TEOPEMBI JIJTs Caydas Koneunoit nermu I'. B
cuny (5) 1 TeopeMmbl 3, 10Ka3aTENBCTBO IepeHocuTest 1 Ha ciaydait I' = N wm Z\ N.

B cuy (5) u Teopemst 4, ipu I' = Z jtoKaabHBIH aBTOMOPOU3M ¢ JEHCTBYET 110
MO0 1o Moynio Lo Ha R Kak aBroMopdusMm u3 npousseienus D X (o1), a Ha
R kak apromopdusm uz npousseenns (D N (1)) N (7). O
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