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On a nonlocal boundary value problem for the degenerating mixed type equation
fractional derivative

Abstract: Main goal of this work is to study the existence and the uniqueness
of solution of a non-local problem for the degenerating mixed type. Considering
parabolic-hyperbolic equation involve the Caputo fractional derivative fractional order.
The uniqueness of solution is proved by the method of integral energy using necessary
properties of hypergeometric functions and integro-differential operators fractional or-
der. The existence is proved by the method of integral equations.
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Introduction

Well known, that the theory fractional differential equations is one the much at-
tended directions of DEs (see [1]-[4]). Moreover, the fractional calculus is widely
applied to investigations of problems of partial differential equations and also of mixed
type equation with degenerations [4]-[6]. In a series of papers [7]-[9], the authors con-
sidered some classes of boundary value problems for mixed type non-degenerating and
degenerating differential equations involving Caputo and Riemann-Liouville fractional
derivatives of order 0 < a < 1.

This work deals the existence and uniqueness of solution of the problem for the
mixed type equation with two lines of degenerating which involve the Caputo fractional
derivative.

Definition.  Caputo fractional derivatives ¢Dj, f and ¢D{, f of order @ > 0,
(@ ¢ N U {0}) are defined by [1.p.92]:
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respectively.
From (1), (2), as a conclusion we will have: k — 1 < a <k, k € N; consequently,
while for @ € N U {0} we have

(cD0uf) x = £, (D% f) x = £, (D f) x = f*(0) 5

(cDLyf)x = (=1 "), neN.
Gauss hyper geometric function F(a, b, c, z) is defined in the unit desk as the sum
of the hyper geometric series (see [1. p.27]):
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F(a,b,c,z) = Or kU
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where
ll<1l,a,beCrceC\Zand(@y=1, (a),=a(a+l).(a+n—-1)=5E" neN.
One such analytic continuation is given by Eyler integral representation:

Coy — (o) b _ Ne=b=l/1 _ _ ~-a
F(a,b,c,z)—r(b)r(c_b)ﬁx 1-x (1 —zx)“dx,

0 < Reb < Rec, |arg(1 - z)l <. 4)

The Gauss hypergeometric function F(a, b, c, z) allows the following estimation:

1, if ¢c—a-b>0, 0<z<1,
F(a,b,c;z) <4 c(l -2, if c—a-b<0, 0<z<lI, 5)
(1+In(1 =2)DA3, if c—-a-b=0,

c—a c+a-1
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Generalized fractional integro-differential operators with Gauss hypergeometric func-
tion F(a, b, c, z) defined for real a, b, ¢ and x > Owill be given by formulate:

F(a,1-a,c,7) =l —z)c_lF( ,c,47(1 —z)). (6)

X k
fk } f(x) = % fo f(t)(xk—tk)"_'F(a, b, c; = ! ) ki ldt, ¢>0, k> 0.
(N
The elementary definition of the Wright type function at @ > 3, @ > 0 and for all
z€C,is [10]
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If @ = u = 1, then owing to (3) from (8) we have:
1,6 i z"
eljﬂ(z) = S — Bn) ©)
— n!l'(6 — Bn)
Problem formulation and main functional relation
We consider equation:
_J ue—cDgu, x>0, y>0,
0= { (=) "thxx — X'ttyy, x>0, y<0 10)
with operators (see (1)):
D% u = ! fy( )™ %u(x, t)dt (11
c oyu_r(l_a,) 0 y U X, )

where 0 < a <1, m = const>0.
Let’s Q) domain, bounded with segments: AjA, = {(x,y) : x =0, 0 <y < hy,}
BB, ={(x,y): x=h;, 0<y<h}, A,B, ={(x,y): y=hy, 0 <x<hy}



atthe y > 0 and by the characteristics:
1 1 1 1
AIC: =X = —(=y)’ =0, BiC: —x1+—-(-y)'=1
q p q p

of equation (10) aty < 0, where A;(0;0), A,(0;hy), B, (h1;0) B, (h;h2) and

1 1
C((g) - (2) /”). Here 2g = n+2,2p =m+2 . hy = ¢4, hy > 0, and that m > n.

Introduce designations: 6(x) = (%)w - i(’;;%q)l/p ,2a1 =nf/(n+2), 281 =m/(m+2),

0<a <pB< (12)

57
Q" =QN(>0,Q =QN <0 ={x: 0<x<h},h=1{y:0<y<h).

For the equation (10), we consider the following problem:
Problem I. Find a solution u(x,y) of equation (10) from the following class of
functions:
A={uxy): u(xy) € C@NCHQ), uy €C(Q), cDyueC(@Q))

satisfies boundary conditions:

u(x,y) |, = e10).0 <y < hy, (13)
u(x,y) BB, = ‘PZ(y),hl < y < hZa (14)
d , l-”12-!f1 QI*ﬁI*I’ a1 +f) , #
2t () Fe| T () elol =
= a(x)uy(x,0) + b(x), 0<x<h, (15)
and gluing condition:

limoyl_”uy(x, +0) = uy(x, -0), (x,0) € A|By; (16)

y—+

where ¢1(y), ¢2(¥), a(x) = a(x}24), b(x) = b(x!/%1) are given functions, and that

£100), $2) € C(R) N C' (1), a(x) € CI) N CX(1y), b(x) € CX(I),

In fact, that functional relation between 7(x) and v(x) transferred from the parabolic
part Q* (hyperbolic part Q to the line y = 0) is played important role on the proved
unique and existence of solution.

It is well know, that the solution of the Cauchy problem for the equation (10) in domain
Q7 satisfies conditions

u(x,-0)=7"(x), 0<x<lu(x,-0)=v(x), 0<x<l, (17)

presented on the form [11, 12]:
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x[z(1 - 2P~ {L%(—y)p(k — 1)+ x4
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— —(—v)? — 4 —(—v)? 2 _1 —+4
VAT~ B1) (p( y)) (qx) fo [p( e D]

x[z(1 =Pty {[%(—y)” “QRz-1D+x?

1
q} F(ay, 1 - ay,B1,p)dz—

i} Flai,1 - a,Brp)dz, (18)

(=7 2(1-2)
PPt ()P Qe+ fae] |
Further, using formulates (6) and (7), from (18) we will find

where p =

9\ 01351 Bizan a+pi-l o AL
ul0 ()] =y (™)~ Fy, ,812 ’ g | TET T ()
5 BrL-ey 1-g1—a; a1—Bi 2 Bl
V2 (x*) "7 F, 1—2ﬁ1’ P [TV, kO, (19)
h = TQB) Ha1-p, _ 2re-op) (p)“zﬁ'
where y) = TER297 v = TR g

Based on the condition (14), from (19) we obtain functional relation betweent™(x)
and v~ (x) transferred from hyperbolic domain Q~ on the line y = 0:

B 220 g 1-28) + 28.-1 ot
a0 = () 5 () | P T ) e
I-a1+8)
—(@) 7 b, 0<x<h, (20)

1-a|+B)
where a(x) = (xzq ) Pa(x) +ys.

On the other hand, considering designations (17) and limoyl’”uy(x, y) = vi(x),
y—o+
0 < x < hy from gluing condition (16) we have
vi(x) = v (). 2D
For further supposes, from Eq.(10) at y — +0 considering (11), (21) and
limDg! £(y) = T(@)limy' ™ £(y)
y—0 y—0
we get:

T’ (x) = T(@)v*(x) = 0. (22)

The uniqueness of solution.

Theorem 1. If satisfy conditions 0 < @ < 1, (12) and

1-a1+8]

a(x) = (¥) 7 a)+y, >0, V(x0)€l,

then, the solution is unique.



Proof . As usual, we consider corresponding homogeneous problem
(01(y) = ¢2(y) = 0) and prove that u(x,y) = 0. With this aim we multiply to 7(x)
equation (22) and integrate from O to & :

h] hl
I'(a) f T(xX)V (x)dx = f 7" (x)r(x)dx. (23)
0 0

Integrating by part and using the relations 7(0) = 7(h;) = 0, owing to (21)we obtain
7y hy /1)
f T(xX)v~ (x)dx = f (X)) (x)dx = — (T'(x))2 dx <0. 24)
0 0 0

Now, we prove that fohl T(X)v~ (x)dx >0 .
At first, using by formulate (7) we make some simplifications in (20):

1-2a

- _7/1()62(1)T d 2 % * 2 20\2B1—1 1 o 2a'z?]
V() = e (24) fo(xq_tq) () x

a(xT(2B)) dx*

Loy +5

28, - 1 2 _ 124 1) 7 b(x)
<= F (an + 1. 22 0p,, 2 dr - L (25)
2 x24 a(x)
Entering replacement ¢ = xz and after some simplifications we have:
281
2gv (a1 + B1) x2a) ? 1 281 2a;+1
v (x) = _ ( ) f (1 _ qu) B (qu) T«
a(l'(2B1) 0
( )2/z|+1
2q) 2
_ 261 + 1 5 2qy1 (¥
X ]? - > ’ 2 5 1 - g Ci + —
7 (x2) (,81 a, —— 2B, 1 -z dz 2T
( ) )]—ayw]
! 21-1 28) + 1 x%) 7 b(x)
Xf (1-20)"" 210 oF (/31 —on B g —Zz")dz— .
0 2 a(x)
Consequently, using inverse replacements s = x z we can receive
- 2qy1 (@1 +B1) [ s\-1B f" e 2\2Bi-1 [ n2ar
V(X)) = ————(x" x4 — 5 s) T ()X
a(xﬂlﬂ(2[31) ( ) 0 ( ) ( )
28, -1 X% — g% 2g7 20\ 3B fx 2o\
xF|a; + B, ,2B1, ds + g 1 X
(CYI ﬂl ) ﬂl 24 S Zl(x)F(2,31) ()C ) 0 (S )
( ) )17a|2+ﬁ|
20 2\Bl 26, -1 x4 — 5% x b(x)
X(xq_sq) T (s)F(a'l + 1, > ,2B1, 27 s — o
(26)

There holds the following preliminary assertion (see [14] ).



Lemma. If a function 7(x) has a positive maximum (respectively a negative mini-
mum) at the point x = xg € (0, 1), then v~ (xy) > O (respectively ).
Proof. Let’s a function 7(x) has a positive maximum at the point and b(x) = 0, then
from (26) we have:

v (x0) = M (xéq)—m—ﬁl jO\XO T/_(t)dt IXO (xéq B szq)Z,BI—l (qu)2a] y

a(x)'(2B1)
2q 2
281 -1 Xy — S a 297 2q 3B
<F + By, ,2B1, ds + p
(0’1 Bi 3 B xéq s a(x)Il'(2By) (xo )
! 2q 2q
- 2\ (2g 2g)\ 2P 2p -1 T~
xj(: T (s)(s q) (xo -5 q) F(m AL =52k X! @

29 _ 2q
.)CO )

Duetoy, >0, a(x)>0, T(28)>0, 0<2— <1, ["7(s)ds =
o

f * lim %ds > 0 and taking (12), (5) into account, from here we deduce that

X0—S

v~ (xg) > 0.
Similarly, we can prove that on the point of negative minimum v~ (xg) < 0. Lemma is
proved.

Based on the Lemma, we can conclude that, foh] T7(x)v~(x)dx > 0, consequently

from (24) we will get v"(x) = 7(x) = 0. Hence, based on the solution of the first
boundary problem for the Eq. (10) [7],[15] owing to account (13) and (14)we will get
u(x,y) = 0in ﬁJr, similarly, based on the solution (18) we obtain u(x,y) = 0 in closed
domain Q~.

The existence of solution of the Problem I.

Theorem 2. If satisfies all conditions of the Theorem 1 and
010), ©200) € C(L)NC' (1), a(x) € CIy) N CX (1), b(x) € C*(I),  (27)

than the solution of the investigating problem is exist.
Proof. Taking (21) into account from Eq. (22) we will obtain

(%) = f(x), (28)

where
fx) =T(@v (x). (29)

Solution of the equation (28) together with conditions 7(0) = ¢1(0), 7(h;) = ¢2(0)
has a form:

X 1
T(x) = fo (x -0 f(ndr - xfo (I =0 f(@dr + e2(0)(1 — x) + x¢1(0),

consequently, we can find:

X 1
T'(X)=f0 f(t)dt—fo(l—t)f(t)dt+¢1(0)—90z(0)- (30)
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Further, considering (29) from (30), after some simplifications we will get

X 1
7(x) = F(a)j(; v(t)dt — F(a)j(; (1 = yv(H)dt + ¢1(0) — ¢2(0). 31

Substituting (26) into (31)we have:

, 2gy1 () + DT (@) (™ —a1—B) ! 28,1 204
T= qyla(i;r(zﬁll) . ; (Pe) ™ ar fo (=57 (s5) 7

281 -1 24 — 24 §
xXF (al + 81, 512 .20, 57 )dsf ' (z)dz+
0

2qyil(@) (™ 2 ' 2Bi-1 e
+Zz(iglll"(2;1) 0 (12‘1) dtfo (tzq - sz") (sz") T

261 -1 124 — 524
2 | ds-

2gy1 (e +BD)T(@) —a1-pi "o agBl (g
a(oOT(28)) f (=) dr fo(’q ST () %

261 — 29 — 5% s
xF(al +B1, ﬁlz 2B, tqu )dsf 7 (2)dz—
0

XF(Cl’l +ﬂ1,

2aq+1

2qyi (@) 1 # t 251-1 o
_#(2[0;1) 0 (=9 (tzq) dtj(; (tzq B s2q) (qu) 7 (5) X

281 — 1 29— g%
7 ,2p1, e ds + F(x), (32)

xF (0’1 +ﬂ1,

where

2qy1 (1 +BDT(@) (™) 5 -6 d 2 -1 20
F(x)= la(x;r(zél) i () dt fo (1= s)7 () @a(0)x

W1 =) gl +ByiT@)
XF(“‘%’T’%’ zZ )ds_ a(or )

f (1- -1 dlf (2q q)Zﬁl—l (szq)Zm 02(0)x

281 - 21 — 5% T(@) () 25
5 Log,, )3 ) (P9) 7 bdr+

XF(Q’] +ﬁ1,

L@
_( )

Changing the order of integration in (32), totally we have integral equation

1-a +8)
f (=0 (1) boydr + 1(0) - ¢2(0). (33)

1
7(x) = f K(x, 27 (2)dz + F(x). (34
0



Here

keo={Hen VI
Ki(x,2) = 2‘]”&((2;(2’;);(“) Zx (P) "™ ar f (- 2 ()
XF(a1 g, P 5 L og,, £ ;qsz ) ds — 2%51((3;;5511);(&)
Jamoeya [ AP
xF (a1 +B1, 2'82 . 2p1, o ;qszq)ds + az(i;/ll{z(gl)) ( )ZWI X
o s S -5l
@) [umn(e) T e F(m . Zﬂ; o S i
(36)

Ko(r.2) = qul_F(a) (a; +B1) fl(l _p (tzq)—m—ﬁl 0 ft ([2q B szq)Zﬁl—l (szq)Zal y

a(ol'(2B1)
2B - £ — 5% 2gy\I'(@) =y
xXF (al +ﬁ1, 2 2ﬁ1, 24 )ds — a(x)r(zﬂl) ( ) X
29 2
f(l—t) () = (-2 F ( a1 +Bi, ﬂl 2ﬁl,tqtzqzq)dr. 37)

Due to properties of hyper geometric function (5) from (37) we will get

X 2 —a1—p ft 2 2 2B1-1 2 2 1-2q 7 .2q
f(;) dtz(t s) (s)sds.

Hence, due to class of given functions (38) considering (36) and (37) from (33)
and (35) respectively we will receive |K(x,z)| < const forall 0 < x, z < 1,
|F(x)| < const,0 < x < 1.

Since kernel K(x, z) is continuous and function in right-side F(x) is continuously
differentiable, solution of integral equation (34) we can write via resolvent-kernel:

IK1(x, 2) < (38)

1
= FW - [ Rxareus (39)
0

whereR (x, z) is the resolvent-kernel of K(x, z).
Unknown functions v~ (x) we will in accordingly from (26).



Solution of the Problem I in the domain Q* we will write as follows [15], [7]:

"y Yy 1
u(x,y) = fo Ge(x,y,0, my(n)dn - fo Ge(x,y, 1, me(mdn + fo Go(x — &, y)1(§)d¢,

here
Golx =) = Fr—ws f 7Gxy, £ ),
- n)” o 1x—E&+2n] o lx+E+2n|
G(x,y,&,m) = _Zm[ Hﬁ( T )—ef,(ﬁ (—Wﬂ

Is the Green’s function of the first boundary problem Eq. (10) in the domain Q* with
the Riemanne-Liouville fractional differential operator instead of the Caputo ones [15],

© n

Lo, N _ <
e = Z::O IS = on)

is the Wright type function [10].

Solution of the Problem I in the domain Q~ will be found by the formulate (18).
Hence, the Theorem?2 is proved.
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