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Abstract

In this paper we present an extension of the original version of
Leggett-Williams fixed point theorem for a k-set contraction perturbed
by an expansive operator. Our approach is applied to prove the exis-
tence of non trivial positive solutions for initial value problems (IVPs
for short) covering a class two-dimensional nonlinear wave equations.
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1 Introduction

The most well-known version of Leggett-Williams fixed point theorem [10]
provides conditions which ensure the existence of at least three fixed points
in cones of Banach spaces. However this theorem is only an extension of the
original version, presented in the same paper by the authors. This version
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presents conditions which guarantee the existence and the localization of
at least one fixed point, as well as in krasnosel’skii’s cone compression and
expansion one.

By Krasnosel’skii’s fixed point theorem the fixed point is localized in
a conical shell of the form {z : a < |z|| < b}, where a,b € (0,+00),
while in the Leggett-Williams it is localized in a conical shell of the form
{r : a < a(z)and |z| < b}, where a,b € (0,+00) and « is a concave
positive functional. Although the two approaches are not easily comparable,
using the functional «, which, by its definition, cannot coincide with the
norm, allows for easier calculations and more versatile results. In this context,
it is preferable to use the Leggett-Williams approach.

In [4], Djebali and Mebarki developed a new fixed point index for the sum
of an expansive mapping and a set contraction defined in cones of Banach
spaces. Then fixed point theorems, including Krasnosel’skii type theorems,
have been derived. This results have been applied to obtain existence re-
sults for positive solutions of various types of boundary and/or initial value
problems (see [2, 3, 7, 8]).

In what follows, let us consider (£, ||.||) be a real Banach space, P be a
cone in it, and Q be any subset of P. Let a : £ — [0,400) a continuous
concave functional, i.e.,

a(Az+ (1= N)y) > Aa(z) + (1 — Na(y), forall z,y € Fand A€ 0,1].
For two numbers 0 < a < ¢, we define
P.={zeP: |z|| <}

S(a,a,c) ={x €P: a(r) >a and |z| < c}

such that
S(a,a,c) ﬂQ # 0.

In [10], Leggett and Williams are discussing the existence of at least one
solution in S(«, a, ¢) to the nonlinear operational equation

Az =x (1.1)

where A is a given nonlinear map acting in P.
The original Leggett-Williams theorem states the following.



Theorem 1.1. (Leggett-Williams [10] ) Suppose that ¢ > b > a > 0, « is
a continuous concave positive functional with o(x) < ||z|| for all x € P and
A:P.— P is a completely continuous operator such that:

(i) {x € S(a,a,b): alx)>a} #0 and a(Ax) > a if x € S(a,a,b),

(i1) Az € P. if = € S(a,a,c),

(1ii) a(Ax) >a for all x € S(a,a,c) avec ||Az|| > b. Then A has a fizved
point in S(a,a,c).

Noting that many researchers have been interested in the extension of the
above theorem we cite for example [1, 9].

Our main contributions are presented in the next section. We first present
a new extension of the original version of Leggett-Williams fixed point the-
orem for sums of k-set contraction and expansive mapping with constant
h > 1 when 0 < k < h — 1. The approach used is the generalized fixed point
index i,, developed in [4]. As application of our main results, the existence
of non trivial positive solution for IVPs of a class of two-dimensional non-
linear wave equations is considered in the second part. The corresponding
Green’s function of Problem (2.3) is given in order to transform it into a fixed
point problem. Noting that this is a new approach to study the existence of
solutions for nonlinear partial differential equations.

2 Main Results

2.1 A Theoretical Result

In this work, instead of equation (1.1), we consider the nonlinear operational
equation
Tr+ Fx =, (2.1)

where T : 2 — FE is an expansive mapping with constant h > 1 and F' :

P. — E is a k-set contraction with £ < h—1. The concept of set contraction

is related to that of the Kuratowski measure of noncompactness (see [6]).

Using the main properties of the generalized fixed point index i,, developed

by Djebali and Mebarki in [4] for such class of operators, we will establish a

generalization of Theorem 1.1 in the case of the sum of two operators.
Recall that the index 7, has the following properties:

Theorem 2.1. ([4, Theorem 2.5]).



(a) (Normalization). If U =P, 0 € Q, and Fx = zy € B(=T0,(h—1)r)NP,
for all x € P,, then
i (T+FP.AQP) =1.

(b) (Additivity). For any pair of disjoint open subsets Uy, Us in U such that
T + F has no fized point on (U \(U; JUz2)) N2, we have

i (T+FUQP)=i.(T+FU [ |QP)+i.(T+ F.U[)QP),
where
L (T+FU;(QX) =i (T+Flg, U; (A P), j=12
(¢) (Homotopy Invariance). The fixed point index i, (T + H(t,.), U, P)

does not depend on the parameter t € [0, 1] whenever

(i) H:[0,1] X_U — E is continuous and H(t,x) is uniformly continuous in t
for each x € U,

(i) H([0,1] x U) C (I - T)(Q),

(i) H(t,.): U — E is a l-set contraction with 0 <1 < h —1 and k does not
dependent on t € [0, 1],

() Tz + H(t,x) # x for allt € [0,1] and x € OU (2.
(d) (Solvability). If i, (' + F,U(Q,P) #0, then T+ F has a fixed point in
UNoQ.

The following result guarantee the existence of at lest one non trivial
positive solution of equation (2.1).

Theorem 2.2. Let ¢ > b > a > 0 three real numbers and o be a continuous
concave positive functional with a(z) < ||z|| for all x € P.

Assume that T : Q — FE is an expansive mapping with constant h > 1,
F:P. = E is a k-set contraction with 0 < k < h — 1, and there exist
20 € B(=T0,(h —1)¢)(P. such that

tF(P.)+ (1—t)zo C (I —T)(2), forallte0,1]. (2.2)
If the following conditions are satisfied:
1. {x € S(a,a,b): a(z)>a}#0 and a«(Tx+ Fx) > aif z € S(,a,b);
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2. a(Tx+ Fz) >a and o(Tx+ z)) > a foral z € S(a,a,c)(\N2
with | Tx + Fz|| > b;

3. Tz + 2| <b for all x € S(,a,c)(Q, with a(z) = a,
then T + F has at lest one fived point x € S(a,a,c) (2, with o(z) > a.

Proof. Consider the set U = {x € S(a,a,¢) : a(x) > a}; U is then the
interior of S(a,a,c) in P,.
Suppose that x € U () is a fixe point of T'+ F; then a(z) = a with or
z € S(a,a,b), or ||z|| > 0.
If z € S(a,a,b), we get a(x) = a(Tx + Fx) > a, which is a contradiction.
If ||z]| > b, we get ||[Tx+ Fz|| > band a(z) = a(Tz+ Fx) > a, leading again
to a contradiction with (2).
Consequently, the fixed point index i, (T + F,U [, P) is well defined and
satisfying the properties (a)-(d) of Theorem 2.1.

Consider the homotopic deformation H : [0,1] x P. — E defined by

H(t,z) =tFz+ (1 —t)z.
The operator H is continuous and uniformly continuous in ¢ for each z.
Moreover, H (t,.) is a k-set contraction for each ¢ and the mapping T+ H(t, .)
has no fixed point on U () 2. Otherwise, there would exist some zq € U NS
and ¢y € [0,1] such that
xo = Txo + H(ty, x0).

We have a(xg) = a and we may distinguish between two cases:
(i) If ||Txg + Fxol| > b, the concavity of @ and the condition (2) lead

a(Txy + toFzo+ (1 —to)20)
Oé(t()(TCCO + F.To) + (]_ - to)(TIO + Zo))
to Oé(Tl'() + FLZ'Q) + (1 — to)Oé(T.Z’O -+ ZO)

a,

(o)

ALY,

which is a contradiction.



(ii) If ||Tzo + Fxol| < b, the condition (3) leads

zoll = |ITxo +toFwo + (1 —to) ol
= |[(to(Txo+ Fxo) + (1 — to)(Txo + 20)||
S tUHTwo—{—F.’ﬂo” —F(l—to)”Tﬂ?o—l—Zo“
< b

Thus, xy € S(«,a,b) and by the condition (1), we get a(Txg + Fxy) > a,
which imply that a(xy) > a and again we come to a contradiction with
a(xg) = a.

By properties (a) and (d) of the index 4, in Theorem 2.1, we deduce that

i (T+FU(QP)=i(T+2,U[)Q2P) =1

As a consequence, T + F' has a fixed point in U [ €.
O

2.2 An Application to IVPs for a Class Two-Dimensional
Nonlinear Wave Equations

In this section we will investigate the following IVP
Ut — Ugy — Uyy = f(u), —o0o<z,y<oo, 0<t<oo, (2.3)
u(z,y,0) = w(x,y,0) =0, —oco<z,y< o0, (2.4)
where

(H1) f:R — (—00,0] is a continuous function such that
I
—f) <) alol", veR,
j=1
for some nonnegative constants a;, j € {1,...,1}, and for some positive
constants [;, j € {1,...,1},l € N.

Our main result is as follows.

Theorem 2.3. Suppose (H1). Then the IVP (2.3), (2.4) has at least one
solution u € C*(R? x [0,00)) such that u % 0 on R? x [0, 00).



2.2.1 Some Preliminary Results

Firstly, we will note that in [5] is shown that the function

ot L H(t—7— V=2 - )

xayata 1, T) = — 5= )

2m \f(t—7) = (z =€)~ (y —n)?

—00 < x,y,&,mn < 00, 0 < t,7 < oo, where H(-) denotes the Heaviside
function, is the Green function for the considered IVP (2.3), (2.4), i.e., we
have

b2G(w,y, t,6,0,7) — Z5G(w,y,t,6,0,7) — 25C(x,y,1,6,m,7)

=0(x = &)o(y —n)d(t —7),

—oo < z,y,&,n <00, 0 <t T <00,

0
G(%?/a O?&anv ) = EG(QT y70 677777-) = 07

—00 < x,Yy,&,m < co. Here 0(+) is the Dirac delta function. Thus, if

ule,y.t / / /' G, g, .60, 7) F(u(€, 7)) drdnde,  (2.5)

—oco < z,y <00, 0 <t < oo, we have
0? 0? 0?

8t2 (l‘ Y, )_ Ox2 (l‘ Y, ) 8y2u<xayvt)

:///(6%2 (@, 9, t.&m,7) — 55G(2,y,1,6n,7)

62
—WG(:(;, Yy t, 8,1, T)) fu(&,n, 7))drdndé

B /Z /Z /OOO O — €)3(y —m)d(t — 7) f (u(&,n, 7)) drdnds

= f(u(z,y,t)), —oco<my<oo, 0<t<oo,

and 5
u(z,y,0) = au(m,y,O) =0, —oo<uz,y<o0,



i.e., u, defined by (2.5), is a solution of the IVP (2.3), (2.4). Note that
G(z,y,t,&,n,7) <0, —oco<ux,y,én<oo, 0<tT<o0.
Below we suppose
(H2) a, b, ¢, a, by, A and € are constants such that
c>b>a>0, A>0, e€(0,1),
(14552
0<a; <by,

(H3) g € C*(R? x [0,00)) be a positive function such that

Lo S S S S T Jo S J7 9(es )
dtsdtodtdysdysdy, drsdredr; < A,
S S S S T Jo o 57 9, s, )
dtsdtydty dysdysdyydasdry < A,
S P S T J I3 S 9tas, s, ts)
dtsdtodt,dysdysdydrs < A,
Lo S S S T2 I o 5 9y, ta)
dtsdtodtydysdysdrsdrodry < A,
S S S T Jo ot Iy a(as, s, t)
dtsdtodtdysdrsdradr, < A,
S o S S S S S 05 (s, s )
dtsdtydysdysdy, dasdzsde, < A,
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S S S P 2 T2 Sy (s, s, ts)

dtsdysdysdy, drsdradr, < A,
S A Y o AN R Koy i A A IC Ry
ffo ffo fOOOG xg,y;;,tg,ﬁ,n,T)dendetgdthtldygdygdyldxgdxgdazl <A,
— S S S T T f Sy 9, ys t)
f_oo ffo fOOOG :1:'3,yg,tg,é,77,T)dendfdtgdtgdtldygdygdyldxgdxg <A,
— L S S S S S S 9ws, g, ts)
o e R € a:3,y3,t3,§,n,T)de?]d{dtgdthtldygdygdyldazg < A,
L S S P S T I S 9l s, )
f_oo ffo fOOOG xg,yg,tg,é,n,7')dendfdtgdtgdtldy3dy2dx3dx2dx1 <A,
— L S S T I S S 9w, ys, ts)
ffooo ffooo fooo G(z3,ys, t3, &, n, T)dTdndEdtsdtsdt dysdrsdradr; < A,
S T P S S S S 9w s 1)
ffo ffo fOOOG r3, Y3, ts, &, m, T)drdnddtsdtadysdysdydrsdradr; < A,
S S T T S S 9 e t)

ffooo f_oooo fooo G (w3, y3,t3,&,m, T)dTdndSdtsdysdysdy, dvsdredr, < A,
—oo < z,y <00, 0 <t<o0.

Let F = C?(R? x [0,00)) be endowed with the norm

| = max{ swp (e8], sup e yt)
R2%[0,00) R2x[0,00)
sup |ug(z,y,t)|,  sup |ug(z,y,1)],
R2x[0,00) R2x[0,00)



sup |sz($7yat)| ) sSup |uy($7yvt)| )
R2x[0,00) R2x[0,00)

sup gy (.1 }
R2x[0,00)

provided it exists,

ﬁ:{ueE:uzo on RQX[(),OO)}H

P be the set of all equi-continuous families in P (an example for an equi-
continuous family is the family {(3+sin(t+n))(3+sin(z+n))(3+sin(y+n)) :
le [0700)’ $7y€R}nEN)a

alu) = min u(xz,y,t)|, uweEFE,
() = win Juleg)
P = {ueﬁ on R?x [0,00),
c .
|lul| < 2 if a(u) <a,
afu) >a if c>ul > b},

Pe = {ueP:|ul| <c},

S(a,a,¢) = {ueP:afu) >a, |ull <c},

3A (c + 22:1 ajclj> }

Q = e P <
{u |lul| < e+ 71 e
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Let R =2A (c + 22:1 ajclj>. For u € E, define the operators

T 1 T2 y Y1 Y2 t t1 to
Quu(z,y,t) = —/ / / / / / // / 9(w3, Y3, t3)u(w3, Y3, t3)
—oc0dJ—0J—00J—0J—00J—00JO 0 0

dtgdtgdtldygddeyld(lfgdl’gdl’l
x 1 T2 Y Y1 Y2 t  rt1 to
+/ / / / / / / / / 9(xs, Y3, t3)
—00 J—00 J—00 J—00 J—00 J—00 JO 0 0
/ / / G($37y37t375a7777_)f<u(€a7777_))
—00 J —o0 JO

de?]dgdtgdtg dtl dyg dy2 dyl d$3d$2 dﬂ?l s

Qu(z,y,t) = R+ Quu(z,y,t),

—oco < x,y <00, 0<t<o0.

Lemma 2.4. Suppose (H1) — (H3). Foru € E and ||u|| < ¢, we have

l l
1Q1ul| < A <c+ Zajclj> and  ||Qu|| < 34 (c—i— Zajclj> .
j=1

j=1

For u € P., we have Qu > 0 on R? x [0, c0).
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Proof. Let u € E and ||u|]| < ¢. Then

T 1 z2 Y Y1 Y2 t et t2
|Q1U(«'an,t)| = ‘ - / / / / / / / / / 9(5537937?53)“@37937153)
—o0J—00dJ—0dJ—00J—0J—00J0 0 0
dtgdtgdtldygdde’yldﬁngQde‘l
T T1 T2 Y Y1 Y2 t t1 to
LTS L
—o0dJ—o0dJ—00J—0J—00J—00J0 0 0
/ / /0 G(x3,y37t3;§7777T)f(“(ga"%7'))

dendfdtg dtg dtl dygdyz dy1 d(L’g dl‘QdIl

x z1 2 Y Y1 y2 t ety pty
/ / / / / / / / / g<$3,y3,t3)|u($3,y3,t3)|
—00 J—00 J—00 J—00 J—00 /=00 JO JO JO

dtgdtgdtldygdygdyldl’gd.IQd(L’l
T T T2 Y Y1 Y2 t t1 to
S s
—00 J—00J—00J—-00J—00J—00J0 0 0

| [ [ ctamtennsasn

deﬁdgdtg dtz dtl dygdyg dyl dIg d.TQdQZl

x T pr2 LY v py2 pt pti pta
N A B B A e A
00 J—00 J—00 J—00 J 00 J—c0 JO JO JO

dtg dtg dtl dy3 dy2 dy1 d$3d$2 dflfl

IN

IN
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l z z1  pra Y Y1 Y2 t pt1 pto
S S LTS LL [ s
j=1 —o0 J —00 J—00 J—o0 J—00 J—00 JO 0 0

/ / / G(I3)y37t37§77]77—)|u(§7n7T)|lj
—oo0 J —o0 JO

de’r}dfdtg dtg dtl dygdyz dy1 d(L’g dl’gdﬂ?l

!
< A <c+2ajclf> ,
j=1

—oco < z,y <o00,0<t<oo,and

o T z1 T2 [y Y1 Y2 t pt2
a@ﬂ(%yat)‘ = ’ —/ / / / / / / / 9(3, Y3, t3)u(w3, Y3, t3)
—o0dJ—o0dJ—0J—0J—00J—0 J0O 0
dtgdtgdygdygdyldxgdl’gdl’l
x z1 x2 Y Y1 Y2 t pta
S
—00 J—00 J—00J—00J—00J—0c0JO JO
/ / / G(ZU:s,93775375,7%7)]0(“(5’77,7))
—00 J —o0 JO

de’f]dgdtgdtQ dyg dyg dyl dl’gde’Qd.I 1

T 1 T2 y Y1 Y2 t prl2
/ / / / / / / / 93, ys, t3)|u(rs, ys, t3)|
—00 —00 —00 —00 —00 —00 0 0

dtgdtgdygdygdyldfﬂgdl'gdl’l
z 1 rr2 LY Y1 Y2 t pt2
S s
—o0J—0dJ—00dJ—0J—0J—00JO 0

| [ [ ctamtennssnn

de?]detg dtg dygdyg dy1 dl’g d$2 dJTl

IN
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Y 1 2 Y Y1 Yo t to
< LSS LT s
—00 —0oQ —00 —00 —00 — 00 0 0

dtg dthy3dy2 dyl dl’g dl’z de’l

l T 1 T2 Y Y1 Y2 t to
S [ Lo
j=1 —o0 J—00 J—00J—00J—00J—-c0JO JO

/ / / G(x3>y37t3a£>7777—)‘u(€7naT)’lj
—o0 J —o0 JO

deT]dfdtgdtz dy3 dygdyl d133 dZL’Q dl’l

!
< A <c+2ajclj) ,
j=1

—oco<z,y<oo,0<t<oo,and

92 x z1 x2 Y Y1 Y2 t
@Qlu(ﬂ%yvt)‘ = ‘ - / / / / / / / 9(3,y3, t3)u(ws, Y3, t3)
—00 J—00 J—00 J—00J—00J—00J0

dtgdygdygdyldxgd.il}gdxl
T 1 T2 Y Y1 Y2 t
S LT [
—00 J—o0 J—00 J—00 J—00 J—00 JO
/ / / G(I?ny?n t3a §77777—)f(u(§7 7777—))
—o0 J —o0 JO

de??dé.dtgdyg dyg dyl dwg d.’L’QdQ? 1

x 1 o Y Y1 Y2 t
/ / / / / / / 9(x3, Y3, ta)|u(zs, ys, ta)]
—00 J—00 J—00 J—00J—00J—00JO

dtg dy3 dy2 dy1 d$3d332 del

IN
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T T1 o y Y1 Y2 t
+/ / / / / / / 9(w3,ys3,t3)
—o0 J —00 J—00 J—o0 J—00 J—00 JO

| [ ] Gt nn

drdndédtsdysdysdy, drsdrada,

T 1 T2 Y Y1 Y2 t
/ / / / / / / 9(x3, Y3, 3)[u(xs, ys, t3))|
—00 J—00 J—00J—-00J—00J—00J0

dtgdtgdtldygdygdyldl'gdl'gdfﬂl
l x 1 z2 Y Y1 Y2 t
_Zaj/ / / / / / / 9(3, Y3, t3)
j=1 —00 J —00 J—00 J—00 J—00 J—00 JO

/ / / G, s, ta, €, 7)€,y 7)1
—00 J —00 JO

dendgdtgdyg dyg dyl diL‘g dl'Q dz 1

IN

I
< A <c+2ajclj> ,
j=1
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—oco < z,y <o0o,0<t<oo,and

o x T2 LY Y1 Y2 t pt1 pt2
‘a—Qlu(% ?/J)‘ = ‘ - / / / / / / / / 9(x3,y3, t3)u(zs, y3, t3)
X —00 J —00 J —00 J —00 J —00 JO 0 0

dtgdtz dtl dyg dyg dyl d[[’d dﬂfg

ST s
[ [ [ ctamtennssnn

d’i’dndﬁdtg dtg dtl dyg dy2 dyl dl’3d$2

T x2 Y Y1 Y2 ¢ 4 to
NN NN YR
—o0 J—00J—0J—00J—00 JO 0 0
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dtgdtg dtl dygdyg dy1 dl’g d(L’Q

x T2 Y y1 py2 ptoopty pto
S
—00 J—00 J—o0 J—00 J—00 JO 0 0

| [ ] Gt nn

de’f]dgdt:gdtQ dtl dyg dygdyl d[L‘gdl‘Q

x x2 Y Y1 Y2 t ptr pl2
/ / / / / / / / 9(w3, ys, t3)|u(ws, ys, t3)|
—00 J—00 J -0 J—00 J—00 JO 0 0

dtgdtg dtl dygdyg dyl dﬂ?g dl’g

l z T2y Y1 py2 pt ot pte
S [ e
=1 —00 J—00J—00J—00J—00JO JO 0

/ / / G(J.Say37t37£a7]77—)’u(£77777-)‘lj
—o0 J —o0 J O

de?]dgdtgdtQ dtl dy3 dygdyl d&?gd.ﬁlﬁg

IN

!
< A (c+2ajclj> ,
j=1

—oco < z,y <00, 0<t<oo,and

82 T Y Y1 Y2 t  rt1 to
m@ﬂt(%ya t)' = ’ - / / / / / / / 9(xs3,ys, ta3)u(zs, ys, ts)
x —o00 J—o0 J—00 J—00 JO 0 0

dtgdtg dtl dygdyg dy1 d!L’g

T Y Y1 Y2 t t1 to
ST e

| [ ] e nn
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IN

IN

IN

deT]dfdtg dthtl dyg dyg dyl dl’g

T Y Y1 Y2 t t1 t2
/ / / / / / / 9(3, Y3, t3)[u(z3, ys, t3)|
—00 J—00 J—00 J—00 JO 0 0

dtgdtg dtl dy3 ddeyl dJTg

T Y Y1 Y2 t t1 to
S e
—00 J—00 J—00 J—00 JO 0 0

| [ Gt nn

dendfdtg dtgdtl dyg dyg dyl de’3

T Y Y1 Y2 t t1 2}
/ / / / / / / 9(3, Y3, t3)[ulzs, ys, t3)]
—00 J—00 J—-00J -0 JO 0 0

dt3dt2 dtl dyg d’ygdyl d.133

! z y Y1 Y2 t pt1 pt2
_Zaj/ / / / / / / 9(x3, 3, t3)
j=1 —00 J -0 J—00J—00JO JO 0

/ / / G(x37y37t37€7n77)|u(£77777—)|lj
—o0 J —00 JO

deT]dgdtg dtgdtl dyg dy2 dyl dl‘g

!
A (c—l— ZajclJ) ,
j=1
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—oco < z,y <o0o,0<t<oo,and

o T 1 T2 Y Y2 t t1 to
‘a—Qlu(l’,y, t)’ = ’ - / / / / / / / / 9(w3, ys, t3)u(zs, ys, t3)
Yy —00 J —00 J—00 J —00 J—0 JO 0 0

dtgdtg dtldy;;dyg dl‘g d(L’g dl’l

S S s
| [ [ ctamtnsnnsenn

deT]dgdtgdtQ dtl dyg dygdxgdl‘g dl’l

T 1 T2 Y Y2 t t1 to
/ / / / / / / / 9(x3, Y3, 3)[u(xs, ys, t3))|
—00 J —00 J—00 J—00 J—00 JO 0 0

dtgdtz dtl dygdyg d.ﬁlfg de di[)l

T T1 T2 Y Y2 t rta to
S s
—o0 J—00 J—00 J—0c0 J—00 JO 0 0

| [ [ ctwmtennsasn

de?]dfdtgdtz dtl dy3 dy2 d.ﬁEng?g dﬂfl

x T1 T2 Yy Y2 t t1 to
/ / / / / / / / 9(w3, Y3, t3)|u(rs, ys, t3)]
-0 J—00J—0J—00J—0 JO 0 0

dt3dt2 dtldy3dy2 dl‘g dl’g dl’l

l x 1 z2 Py Y2 t pt1 pte
_Zaj/ / / / / / / / 9(3,Y3,3)
j=1 —00 J -0 J—-00J—-00J—-0c0JO JO 0

/ / / G($3;937753,577777')’U(§a77a7')|lj
—o0 J —00 JO

19

IN

IN



dendfdtg dtg dtl dygdyz de‘g d(L’Q dl‘l

l
< A <c+2ajclf) ,
=1

—oo<z,y <oo,0<t<oo,and

82 T 1 To y t t1 to
‘ﬁ@lu(%yat)‘ = ‘ —/ / / / / / / 9(@3,ys, t3)u(zs, ys, t3)
Yy —00 J —00 J —00 J —00 JO 0 0
dtgdtgdtldygdl‘gdl'gdl‘l
T T1 T2 y t t1 t2
+/ / / / / / / 9(w3, Y3, t3)
—o0 J —00 J —00 J—o0 JO 0 0
/ / / G($37y3, t37 577]77—).]0(71’(57 7]77—))
—o0 J —0o0 JO

deT]dgdtgdtg dtl dyng3d$2 dl‘l

T T1 T2 Y t t1 to
/ / / / / / / 9(x3, Y3, t3)[u(xs, ys, t3)]|
—00 J—00 J—00J—00 JO 0 0

dtgdtgdtldygdl’gdl’gdxl

T T1 T2 Y t t1 to
S e
—00 J —00 J—0c0 J—00 JO 0 0

| [ [ ctmtennsan)

dendé.dtgdtQ dtl d’ygdﬂﬁgdl’g dﬂfl

T 1 To y t t1 to
/ / / / / / / 9(x3, Y3, ta)|u(zs, ys, ta)]
—00 J —0o0 J —o0 J—00 JO 0 0

dtgdthtldygdflfgdl‘le'l

IN

IN
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l T T1 9 Y t t1 to
_Zaj/ / / / / / / 9(xs, Y3, t3)
=1 —00 J—00 J—00 J—00 JO 0 0

/ / / G<x37y37t37§a7777-)|u(§77777—)|lj
—o0 J —o0 J 0

de?]dfdtg dtgdtl dy3 dl‘g dl’2d$1

l
< A (c—i—Zajclj),
j=1
—oo < T,y <o00,0<t<oo. Let u € P, Then

Qu<x7y7t> = R+Q1u<x7y7t>

Z R — |Q1U($,y,t)|

I
> A (c—l— ZajclJ') > 0,
j=1

—oo < z,y < 00, 0 <t < oo. This completes the proof. O
For u € E, define the operators

Tu = —(1+¢€)u,

Fu = (24 ¢)u+ Qu.

Lemma 2.5. Suppose (H1) — (H3). Ifu € E is a fized point of the operator
T + F, then it is a solution of the IVP (2.3), (2.4).

Proof. We have

u = Tu+Fu
= —(14+e6u+(2+eu+Qu

= u+tQu,
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whereupon Qu = 0. We differentiate trice in z, trice in y and trice in ¢, the
last equation and we get

0 = —g(fL’, Y, t)U($, Y, t)

gy, b) / / / Gy, 1. €, 1, 7) f(u(€, n, 7))drdde,

—00 < x,y < 00, 0 <t < oo. Hence, we arrive at (2.5) and therefore u is a
solution of the IVP (2.3), (2.4). This completes the proof. O
2.2.2 Proof of Theorem 2.3

1. For u € P, we have
[Tul| = (1 + €)ful],

ie, T :P — E is an expansive operator with A =1 + €.

2. For u € P., we get

[Full < 2+ )lull + | Qul|

!
< (24¢€¢c+3A <c+2ajclﬂ'> :

=1

Therefore F' : P. — FE is uniformly bounded. Since F' : P, — FE
is continuous, we obtain that F(P,.) is equi-continuous and then F' :
P. — FE is relatively compact. Consequently F' : P. — FE is 0-set
contraction.

3. Let A € [0,1], 20 € B(0,ec)(\P. and u € P. be arbitrarily chosen.

Take
A2+ Qu+AQu+ (1 - Nz
N 2+4¢€ '
We have
L AFu+ (1= Xz
N 2+c¢
or

AFu+ (1 =Nz = (I —T)z.

22



Next, z € P and

A2+ @)llull + A|Qull + (1 = M|zl

<
EE o
A2+ €)c+ 3A (c + 22:1 ajclj) + (1= Nec
<
- 2+¢€
A2+ €)e+ 34 (c +3, ajclj) T (1= N2+ e)e
<

24+ €

(24+¢€¢)c+3A (c + 22:1 ajclj)
2+¢€ '

Thus, z € 2 and

AF(P)4+(1—=XNzC (I-T)(Q), Xelo,1].
4. Note that
be{ue S(a,a,b): afu) >a}, ie {u€S(aab):alu)>a}#0.
Moreover, if u € S(a, a,b), then a(u) > a and
a(Tu+ Fu) = a(u+ Qu)
> ou)
> a.

5. Let u € S(a,a,c) and ||[Tu + Ful| > b. Then, by the definition of P,
we have o(Tu + Fu) > a. Let 2p = Su. Then

€
lzoll = 5llull

IA
|
o
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and zg € B(0,ec) () P.. Hence,

a(Tu+z) = a(—(1+e)

> (1+ %) a
> a.
6. Let u € S(a,a,c) and a(u) = a. Then |u| < §
have zo € B(0,ec) (P, and
|Tu+ 2| = H—(l%—e)u—l—%uH

= (1+3) Il

< b

. Take zy = Su. We

2

By 1, 2, 3, 4, 5, 6 and Theorem 2.2, we conclude that the operator 7'+ F' has
a fixed point u € S(«, a,c) (2 with a(u) > a. This completes the proof.

2.3 Example

Consider the IVP
4

u
. 4’LL10
14 ud ’

2
Upp — Ugg — Uyy = —U" — 3

U(I7y70) - Ut(ZE,y,O) = 07

Here

—00 < x,Y < 00.

u € R.



Then
—f(u) <u*+3u* +4u'?, uweR

For € = 1, the conditions (H2) take the form

c>b>a>0, A>0,

5 1
§c+3A (c+02+3c4+4cm) < 3
5c¢
1—6§b, 0<a1<bl.
Then, we take
1 1 1 1 1 1
“=p Ty TR 640 7 32 10000000000

and we get that (H2) holds. Observe that

1 00 00 00
T o / / / G(x>y7t7§77777-)nd7—d77d£
2m —o0 J —0o0 J0
1

1 oo
%/ /W V- —@- (-

- dédndr

dpdt

- /Ot(t —7)dr

t2

2

Now we will construct a function ¢ so that (H3) holds. Let

1+ t4/2 + 48 t*v/2
ogﬁ, l(t):arctan—\/;, t>0.
1 —t4/2 +t8 1—t

25
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We have

/ _ 1 3 N1 44 8
W(t) = (1+t4\/§+t8)(1—t4\/§—|—t8)(<4\/§t +8t7T) (1 — t*V2 + %)

—(L+ V2 + %) (—4v2t* + 8t7))

1
= 4243 — 87 1+ 4241 1 817
(1442 + t8)(1 — t4V/2 + 18) (

—8V2tM 4 8t1% 1 423 — 8T 4+ 8T — 8241 4 4/ 2t — 8t15>

8V23 (18 — 1)

. . t>0.
(14142 +8)(1 — t4/2 4 t8)
Thus,
2+ /2
sup h(t) = h(1) = log ———,
up (t) = h(1) L

h is an increasing function on [0, 1] and it is a decreasing function on [1, 00).
Next,

1 42631 —18) + 8t7t4/2

Tr L ()

4213 — 4y/2t11 4 84/2tM1
1+ ¢16
4263 (1 4 t3)

- Tagm o E
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Therefore [ is an increasing function on [0, 00). Note that

. _ h(t)
et = B
h(t
= lim (1)
t—o00 -z

8vV2t5 (8 — 1

= lim \/_ ( )

t=oo (18 4 /214 + 1) (18 — V2t4 + 1)

= 0,
and
h(t
lim t°h(t) = lim (1)
t—o0 t—o0 =
R (t
= lim (2)
t—o00 -3
. 40/2t5(1% — 1)
= lim
t=oo (18 4 /214 + 1) (18 — /214 + 1)
= 0,
and
: L)
Jm e = tlgglo?
Ut
= lim (1)
t—o00 -z
44/215(1 + %)
= —lm ———=
t—o0 14 ¢16
= 0,
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and

. 2 . .
tlggt ) = tllglo =
()
o tlioo _2

= 0.
Consequently, there exists a constant B > 1 such that

1 1+t4%/2+48 1 t4/2
arctan

lO + 9
16v/2 gl—t4\/§+t8 82 11—t~
t( 1 1+t4%2+48 1 t4\/§>

arctan

lo +
16v/2 gl—t4\/§+t8 8v/2 1—1¢8
t2< Lo +thve+s 1 /2

0 + arctan
162 gl—t4\/§+t8 8v/2 1—1¢8

Note that, by [11](pp. 707, Integral 79), we have

/ dz 1 | 1+Z\/§+22+ 1 ; 21/2
= 0 arctan ,
I120 42 P1-2+22 22 1— 22

and, by [11](pp. 704, Integral 30), we have

)SB, t>0.

/ 2? p 2z N 2z N 1 .
—_— A = — — a. .
(1+22)3 A1+ 222 8127 grAS
Let
t3
)= — t>0
fl() B(1+t16)7 = Y,
3
fo(z) = i —00 < < 00.

2B(3+ m)(1 + 22)*(1 + 26)(1 + b)’
Then, we can take

1 1
— t
100000000000000000000 22 17 () 2(@) f2(v),

g(z,y,t)
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—o0 < x,y <00, 0<t<oo. Tocheck that (H3) holds, we have a need to
estimate the following integrals

O Fuls)ds,

by = [ [ st = [w-9nas

L) = /Ot/otl /Otz f1(s)dsdtadty — %/Ot(t—s)Qfl(s)ds, £>0,

and
nw) = [ nos

o) = [ [ psasdn = [ @ s)gas)as

06 = [ [ [ st = L[ s, e <

1. Firstly, we will estimate [,(t), I>(t), I3(t) for t > 0. We have

1 [t dst
Lt) = 15 SRR
1 L
4B J, 1424
1 ( L 1+Z\/§+z2+ L zﬁ>zzt4
= — (0] arctan
4B\ 42 gl—z\/§+z2 2v/2 1—-22/|._,
1(1 , 1+t\/§+t2+ Lo t\/i)
= — (0] arctan
B\1v2 P1-0atr 2 22 1— 2
< 1, t>0,

29



and

L(t) = / (t = )f1(s)ds

< th(t)
t(l , 1+t\/§+t2+ 1 . t\/§)
= — O arctan
B\1v2 P1-tvatr it 22 1— 2
< 1, t>0,
and
1 [t )
I(t) = 5 (t —s5)"fi(s)ds
0
t2
< It
< 3 1()
t2< L, 1+t\/§+t2+ 1 . t\/i)
= — (0] arctan
8B\ 4v2 gl—t\/ﬁ+t2 2v/2 1 —t2
< 1, t>0.

. Now, we will estimate J;(x), Jo(z) and J5(z) for —oo < & < 0.

(a) Let # < 0. Note that, for s € (—oo, z], we have

2?2 < 52, r< —s, —sr< 32,

and

(r—s)? =2 —2rs+5* <4s®, x—5< —2s.
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Then

Jl(.QT)

J2 (SC)

IN

IN

IN

IN

IN

IN

1 x |S|3
2B@+Wy[m(y+§yu+swx1+ﬁf“

1 /w ds
2B(3+7) J_ oo 1+ 52

arctan s

2B(3+7)
2B(3+7)

S§=—00

1, —oo<zx < oo,

1 /x (z —s)|s/® s

9B(B+7) o (1 + s2)3(1 + s1)(1 + s9)

1 /“ T — 38 s
2B(3+m) J_o (1 + s2)3

_B(31+ ) /_zo (1 +Ss2)3d‘9
1 / d(1+ )

2B(3+m) J_o (14 s%)3

S=T

1
AB(3 +m)(1 + 52)?
1
AB(3 + m)(1 + 22)2

S=—00

1, —oc0o<z< o0,
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X = S
’ 3+7r) - 1+s2 1+516)(1+56)
<
- /OO 1+ s2)3
= — arctan s
3+7r 1—|—s 8(1—1—32) 8 oo
= Ty L arctanas + T
- 3+7r 1+x2 TS TRt g
< 2 )
- 3—1—7T<Jr
1
<
=~ 2B

IN
|
g
A
8
A
g

(b) Let x > 0. Then, using the previous case, f; is an even function
and the computations for I;, Iy and I3, we find

Ji(z) = /:; fa(s)ds
— /_: fa(s)ds + /_z fa(s)ds

= Ji(—x)+ 2/090 fa(s)ds

™ S

= 23(3+w)+3(3+w)/0 AP0+ 91 101 1590

< T + ! /r i ds
~ 2B@B+m) B@B+mwm) Jy 1+
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T + 1 7
2B(3+7) 347 '

< s + 1
~ 2B@B+47w) 347
- 1+1
-2 2

= 1, —oco<uz<oo.

Now, using that sfs(s) is an odd function on (—o0, ), the com-
putations for J5 in the previous case and using that x — s < —2s
for s € (—oo, —x), we find

e = [ " (o - ) fals)ds

—0o0

_ /_x(g; ) fals)ds + / (z — 5)fo(s)ds

[ee) —Z

_ /_x(x — 8)fa(s)ds + x / fa(s)ds

o0

_ /_x(g; — 8)fa(s)ds + 2 /O fa(s)ds

o0

x 53

B(3+m) /0 (14 52)4(1 + s1)(1 + %)

ds — 2/—=’f sfo(s)ds

< x /‘” 53 p 1 /"3 S 4
s — ———ds

~ B@B+m) Jy 1416 BB+4m) J_ o (1+52)3

x 1
= 1
LGy T e g
< 1 +1
- 347 2

IA
|
g
A
8
A
3



and since (z — s)? < 4s?, s € (—o0, —1),

Jg(x)

IN

IN

IN

IN

IN

%/_Oo(x — 5) fa(s)ds

% /_O:(CC — 5)*fa(s)ds + % /I (2% = 2xs + 5%) fo(s)ds

—x

N | —

/_O:(x — 5)° fas)ds + % /_Z(xQ + 5%) fo(s)ds

DN | —

/_O:@" —5)* fa(s)ds + /Ogﬁ(:z:2 + 82) fa(s)ds

53

. 2 2 . )
/_OO (. —5)"fa(s)ds + @ 2B(3+7r)/0 (1+52)4(1+516)(1+56>d5

DN | —

1 55

ZB(3+7T)/O (1+82)4(1+516)(1+36)d8

_|_

1/_2( 5P huls)ds 4 / G
2 ,oof s)" Ja(8)as 2BB 1) ), 1450 S

+ 1 /x 53 J
s
2B(3+m) Jy 1+ s

L[ 2 1 5
5/_00 (z —s)"fa(s)ds + 2(3+7T)x Ii(z) +




Consequently (H3) holds. By Theorem 2.3, it follows that the IVP (2.6),
(2.7) has at least one solution u € C?*(R? x [0,00)) such that v # 0 on

R? x

[0, 00).
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