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ABSTRACT. We prove that certain lattices can be represented as
the lattices of relative subvarieties and relative congruences of differen-
tial groupoids and unary algebras. This representation result implies
that there are continuum many quasivarieties of differential groupoids
such that the sets of isomorphism types of finite sublattices of their
lattices of relative subvarieties and congruences are not computable.
A similar result is obtained for unary algebras and their lattices of
relative congruences.
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1. INTRODUCTION

G. Birkhoff and A. I. Maltsev have initiated the study of the lattices of (quasi)varie-
ties by raising the problem on finding a description of lattices that are isomorphic to
such lattices, see [2] and [13]. Many results concerning the lattices of (quasi)varieties
demonstrate their complicated inner structure; some of those results can be found
in the monograph of V. A. Gorbunov [3, Sec. 5.4.5]. The present paper concerns
the structural and algorithmic complexity of the lattices of relative varieties and
relative congruences; it continues [8] and [12].
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In [14], A. M. Nurakunov constructed a quasivariety R of unars whose quasi-
equational theory is undecidable and the finite membership problem is undecidable
for both R and the class of sublattices of the lattice Lq(R) of subquasivarieties of R.
Later, he established a similar result for the variety of pointed Abelian groups, see
[15]. Using ideas from [14], sufficient conditions on a quasivariety M were found
in [19] for existence of continuum many subclasses K C M such that the finite
membership problem is undecidable for the class of sublattices of the lattice Lq(K)
of relative subquasivarieties (or K-quasivarieties). As is proven in [7], there are
continuum many axiomatizable classes K of unary algebras such that the finite
membership problem is undecidable for the class of sublattices of the lattice Lq(K)
of K-quasivarieties. For similar results, we also refer to [16, 20, 21].

Using ideas from [14], sufficient conditions on a quasivariety M were found in [12]
for existence of continuum many subquasivarieties K C M satisfying the following
conditions:

(a) the quasi-equational theory of K is undecidable,

(b) the finite membership problem is undecidable for K and the classes of
sublattices of the lattice Lv(K) of relative subvarieties and the lattice Cong A
of relative congruences, where A € K.

Although the variety Dm of differential groupoids and a certain quasivariety V of
unary algebras with two unary operations do not satisfy these sufficient conditions,
a similar result holds for them, see Theorem 19. Along with that result, we prove
representation results for the lattices of relative varieties and relative congruences
of differential groupoids and unary algebras, see Theorems 13, 15, and 17. We also
note that the quasivarieties Dm and V are Q-universal according to [6] and [5].

2. BASIC DEFINITIONS AND AUXILIARY RESULTS

For all definitions and notation concerning algebraic structures and quasivarieties,
we refer to the monograph [3, Ch. 1], as well as to the papers [8, 9, 10, 11, 12].

2.1. Differential groupoids. A differential groupoid is an algebra endowed with
one binary operation - that satisfies the following identities:

Vo [z-z=1z], VYaVyz-(x y)=a2al],
VeVyVeVt [(x-y) - (z-t) = (xz-2)- (y-t)].

Let Dm denote the variety of all differential groupoids. For brevity, we write
T1ZTg...xy for (.. (z1-22)-...) x, and zy” for xy...y.
—

We use the following representation of differential grréupoids which is due to [17].
A groupoid § is an Lz-Lz-sum (of orbits §; over a groupoid J) satisfying the left
normal law if there is a partition G = | J,.; G such that, for every pair (i, j) € 12
there is a mapping hz . G; — G; satisfying the following conditions:
(i) for every i € I, h! is the identity mapping;

(ii) we have hJ(h¥(z)) = h¥(h!(x)) for all i,5,k € I and = € Gy;

(iti) we have a; - a; = hl(a;) for all i,5 € I, a; € G; and a; € Gj.
According to [17, Theorem 2.2], a groupoid is differential if and only if it can be
represented as an Lz-Lz-sum satisfying the left normal law. For more detailed
information on differential groupoids, we refer to the monograph [18, Secs. 5.6
and 8.4].
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Let n > 0. The structure defined in Dm by the generators {x,y} and the de-
fining relations {yz = y,xy™ = z} is called the cycle of length n and is denoted
by D,,. It is convenient to regard D,, as Gy U G1, where (G; is the singleton orbit
{b} and Gy = {a,ab,ab?,...,ab" " 1}. We denote the trivial groupoid by Do.

Let P denote the set of all primes; we assume that P = {p; | i < w}, where
p; < p; if and only if ¢ < j for all 4,5 < w. Let Pxn(w) denote the set of all finite
subsets of the set of all natural numbers w. For an arbitrary set F € Pg,(w), we
put [F] =][,cppiif ' # @ and [F] =1if F = @.

Lemma 1. Letn > 0.

(i) The class {D,, | m divides n} coincides with the class of nontrivial homo-
morphic images of D, .

(ii)) If m € N and ¢: D,, = D,, is a homomorphism then either p(D,,) = Dy
or m divides n.

(i) If n > 0 and X, X1,...,X,, € Pan(w) are such that the set {1,...,n} is
minimal with respect to the property that Dix) € SP(Dix,,..., Dix,))s
then X = X1 U...UX,. Conversely, if X = X; U...UX, then Dix) €
SP(D[XI], e, D[Xn])

Proof. Statements (i)—(ii) can be deduced from [6, Lemma 3|. Statement (iii) follows
from (i)—(ii) and [1, Lemma 3], see also [21, Lemma 4.3]. O

The structure of the lattice of varieties of differential groupoids is explicitly
described in [17] (see also [18, Theorem 8.4.14]). In particular, each subvariety
of Dm is defined by a single identity and is locally finite. In contrast to that
description, the structure of the lattice Lq(Dm) of quasivarieties is much more
complicated. Namely, the variety Dm is Q-universal [6], there exist 2¢ classes K of
differential groupoids such that the set of (isomorphism types of) finite sublattices
of Lq(K) is not computable [19], and there exist continuum many quasivarieties of
differential groupoids with no independent quasi-equational basis [1].

The following statement is proven in [8, Theorem 4|, see also [1, Theorem 5].

Theorem 2. There exist 2% quasivarieties of differential groupoids with an w-in-
dependent quasi-equational basis and no independent quasi-equational basis relative
to Dm.

2.2. Unary algebras. As is proven in [5], the variety K3 of unary algebras of
signature ¢ = {f, g} defined by the identities

Vo ¥y [f(f(x) = f(f(y) = fla(w))],
Vo Vy [g(g(z)) = 9(9(y)) = g(f ()],
Vo [f(f(z)) = g(g(z))]

is a minimal Q-universal variety. It follows from the proof that the proper subquasi-
variety V C K3 defined by the quasi-identities

Ve [f(z) = f(f(x)) — [(z) = g(z

Va [g(x) = g(g(z)) — f(x) = g()],
Vo [f(z) = g(z) — f(z) = [(f(x))],
Va Yy [f(x :f(y)—w(x) 9(y)],
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is @-universal; moreover, so is the lattice of W-quasivarieties, where W denotes
the subclass of V defined by the sentences

(1) VaVy [9(z) = g(y) &z # y — g(z) = g(g(z))],
(2) (Vz [g(x) = g(g9(z))] — VY Vy [z = y]).

We recall the notation for certain unary algebras, see [5, 7].
For n > 2, let C,, denote the algebra whose universe is

Cn={0}UA,UB,, A,={ay,...,an_1}, B, ={bgy,...,br_1},

and the operations are defined as follows: f(0) = g(0) = f(al) = g(a?) = 0 and
g(b}) = ai for 0 <i<n—1, f(b7) = aj,, for 0 <i <n—2, and f(b)_;) = ag.
Let €; denote the trivial algebra.

It is clear that, for n > 1, we have C,, € W.

We recall necessary properties of the algebras €, from [5, Lemma 3] and [7,
Lemmas 1-3].

Lemma 3. Ifn > 1 then the following statements hold.

(i) If m divides n then there exists a homomorphism ¢ from C, onto Cp;
moreover, the kernels of all such homomorphisms coincide and we have

kero = {(z,z) : x € C,,} U{(as,a;), (b;,b;) :i =7 (mod m)}.

(ii) If A € W and there exists a homomorphism from @, onto A then A is
isomorphic to C,, for a suitable divisor m of n.

Lemma 4. If X|Y, Z € Pg,(w) and n > 1 then the following statements hold.

(i) There exists a homomorphism from Crx) onto Cryy if and only if Y C X.
(ii) We have Cpxy < Cpyy x Cpz) if and only if X =Y U Z.
(iii) If C, < €y, X €y then each prime divisor of n divides either m or k.

Lemma 5. If n > 1 and m > 0 then there exists a quasi-identity q(n,m) such
that, for every k > 1, the structure Cy, satisfies q(n, m) if and only if either k is not
a divisor of n or k divides m.

The following statement is proven in [8, Theorem 8§], see also [7, Theorem 2].

Theorem 6. There exist 2* W -subquasivarieties with an w-independent quasi-
equational basis and no independent quasi-equational basis relative to W.

2.3. Lattices. We use the following construction which is similar to the one de-
scribed in [12]. Let 2 = {0,1} be a two-element lattice. Consider an arbitrary
sequence L = (L; | i < w) such that L; is a finite lattice for all ¢ < w. For each
i < w, let 1; denote the greatest and 0; the least element of L;; let also M; = L;\{1;}.
We assume that 0,1 ¢ (J,_,, M; and that M; N M; = & whenever ¢ < j < w. On the
set L(LL) = {0,1}UlJ,.,, M;, we define a partial order < as follows. For a,b € L(L),
we put a < b if one of the following conditions hold:

- a=0;

-b=1,

- a€ M; and b € M; for some i < j < w;

—a,be M,; for some i <w and a <bin L,.
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Fi1Gc. 1. Meet semilattice X,,, a crown

Then 0 is a least element of L(IL), and L(L) is a complete algebraic lattice, where
each element a with a # 1 is compact.
We define a mapping &: L(L) — ], Li x 2 x 2. We put
0; if a € M; for some j < 4,
Ea)i)=1<a if a € M;,
1; if a € M; for some j > iora=1;

<

N

0 if a=0,
§(a)(w) = . , 1.
1 if a € M; for some i < w or a = 1;
0 if a € M; for some i < w or a = 0,
fla)(w+1) = .
1 ifa=1,

where ¢ < w. It is straightforward to verify that £ is a subdirect embedding. Let
(L) = L(L) \ {0}.

For every natural number n > 2, we consider the semilattice X,, displayed on
Figure 1 and the lattice Sub(X,,) of its subsemilattices.

The next lemma is essentially [12, Lemma 2.2].

Lemma 7. Let f: w — w\{0,1,2} be a strictly increasing function such that the
set f(w) is not computable (not computably enumerable) and let L = (Sub(XK ;) |
i< o.)>. Then the sets of isomorphism types of finite sublattices of L(L), L*(LL), and
[1ic., Sub(Xyay) x 2 x 2 are not computable (not computably enumerable).

2.4. Operators on classes. Quasi-identities are universal sentences of the form
VT [1(T) & ... & @r(T) — @o(T)],

where ;(Z) is an atomic formula for each i < k. A class K is a quasivariety if it
coincides with the class of all models of some set ® of quasi-identities. Then the
set ® is called a quasi-equational basis for K.

We denote structures by calligraphic letters. The universe of a structure is
denoted by the corresponding italic letter. For classes of algebraic structures, we
use boldface letters. We assume that all classes are abstract, i.e., closed under
isomorphism.

Let K(o) denote the class of all structures of signature o. For a class K C
K(o), let V(K) denote the least variety and let Q(K) denote the least quasivariety
containing K. Let H(K) denote the class of structures from K (o) which are homo-
morphic images of structures from K; let P(K) denote the class of structures from
K(o) which are isomorphic to Cartesian products of structures from K; let S(K)
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denote the class of structures from K(o) which are isomorphic to substructures of
structures from K; let Ls(K) denote the class of structures from K(o) which are
isomorphic to limits of superdirect spectra of structures from K; cf. for example, |3,
Sec. 1.2.7]. Finally, let T denote the trivial (quasi)variety.

According to G. Birkhoff [2] and V. A. Gorbunov and V.I. Tumanov [4], we have

V(K) = HSP(K); Q(K) = L,SP(K),

see also [3, Theorem 2.1.12 and Corollary 2.3.4]. Let K’ C K C K(o). Then K’ is
a K-variety, if K' = K N Mod(X) for some set 3 of identities of signature o. The
following statement is straightforward to prove.

Lemma 8. A class K' C K is a K-variety, if and only if K' = KNV (K’). A class
K’ CK is a K-quasivariety, if and only if K' = KN Q(K').

Let Lv(K) denote the set of all K-varieties of K. Ordered with respect to
inclusion, Lv(K) forms a complete lattice which is called the lattice of K-varieties
(or relative varieties). The following two results concerning the lattices of relative
varieties and congruences were obtained in [11, Theorem 5.1] and [11, Theorem 3.1]
respectively.

Theorem 9. Let M C K(0) be a quasivariety of a finite type o and let A = {AFp |
F € Pau(w)} €M be a B-class with respect to M such that the following conditions
hold for every nonempty set F' € Pgy(w) and every G € Pay(w):

(1) there are no proper subdirectly irreducible substructures of Ar in Q(Ap);
(2) if V(Ar) = V(Ag) then F =G.
Then, for every finite lattice L, there is a locally finite quasivariety K C Q(A) such
that Lv(K)= L.

Theorem 10. Let M be a quasivariety of finite similarity type and let A = {Ap |
F € Pap(w)} € M be a B-class with respect to M. Then, for every finite lattice
L, there is a quasiariety K C Q(A) and a set F € Pg,(w) such that Ap € K
and Cong Ap = L. Moreover, if A is a finite B-class then Ap is finite and the
quasivariety K is locally finite.

The following two stronger results were obtained in [12, Theorem 3.1] and [12,
Theorem 3.8] respectively. It is easy to see that Theorem 11 implies Theorem 9 and
Theorem 12 implies Theorem 10.

Theorem 11. Let M C K(0) be a quasivariety of a finite type o and let A = {AFp |
F € Pau(w)} €M be a finite B-class with respect to M. Assume that the following
conditions hold for all nonempty finite sets F,G € Pgp(w):
(1) if V(Ar) = V(Ag) then F = G;
(2) for every F € Pgn(w), we have S(Ar) C A;
(3) for every proper relative subvariety W C Q(A), each finitely generated
structure A € W is l-projective in Q(A).

Then, for every sequence L = (L; | i < w) of finite lattices, there is a subquasivariety
K of Q(A) such that Lv(K) = L*(L).

For the definition and main properties of [-projective structures, the reader is
referred to [3, Sec. 2.4].



ON THE COMPLEXITY OF THE LATTICES 759

Theorem 12. Let M C K(o) be a quasivariety of a finite type o and let A =

{Arp | F € Pan(w)} € M be a B-class with respect to M. If there is a structure

A € K(o) with the properties

(4) A€ Q(Ap | F €9) for every infinite subset I C Pgp(w);

(5) H(A)NQ(A) = A U{A};

(6) for every nonempty set F € Py (w), if f, g: A — Ap are onto homomor-
phisms then ker f = ker g; moreover, if f(A) =2 A for some homomorphism
f then f is an embedding

then, for every sequence L. = (L; | i < w) of finite lattices, there is a subquasivariety

K C Q(A) such that A € K and Conk A is dually isomorphic to L*(L).

Theorems 9 and 10 apply to many classical quasivarieties, see Corollaries 3.2 and
5.2 in [11]. The same applies to Theorems 11 and 12, see Corollaries 5.1 and 5.2
in [12]. It is essential in those cases that a quasivariety contains a B-class for the
definition of which we refer to [9]. According to [10, Proposition 10.6], the variety
Dm and the quasivariety V contain no B-classes. In the present paper, we prove
that, nevertheless, analogues of Theorems 11 and 12 hold also for Dm and W, see
Theorems 13-17.

3. MAIN RESULTS
‘We use the notation introduced in Subsection 2.3.

Theorem 13. For every sequence L = (L; | i < w) of finite lattices, there is a
quasivariety K C Dm such that Lv(K) = L(L).

Proof. Let w = J,_,, Ni be a partition of the set w such that |N;| = [M;| for all
1 < w. For each i < w, let also a — n, be a bijection of M; onto N;. For each i < w
and each a € M;, let

U N;U{ny € N; | b % a}.
0<j<i

For brevity, we write L instead of L(L). For the proof of the following claim, see
the proof of [12, Claim 3.2].

Claim 1. The following conditions hold for all a, b€ L\ {0,1}:
(i) we have X(0g) = @
(ii) we have X(aV b) = X(a) U X (b);
(iii) we have X (a) C X () if and only if a < b.
We put
Aq = D[X(a)] for all a € L\{O, 1},
M= {A,|a€L, a¢{0,1}}, K=QM).
In particular, we have Ag, = D;.

Claim 2. For each a € L\ {0,1}, we have V(A,) "M = {A; |0 < b < a}.

Proof of Claim. If a = 0g, then the classes on the both sides of the equality are
equal to {D;} by Claim 1(i). Hence, we may assume that a # 0.

Let 0 < b < a. By Claim 1(iii), we have X (b) C X (a). By Lemma 1(i), we obtain
{Ap|0<b<a} CHA,) NMCV(A,) NM.
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Let B be a nontrivial structure in V(A,) N M. Since B € M, we have B = A,
for a suitable element b € L\{0,1}. It remains to show that b < a.

By Claim 1(ii), we have X(a vV b) = X(a) U X (b). According to Lemma 1(iii),
we have Aqvp € SP(Aq, Ap) € V(Ag, Ap). Since A, € V(A,), we conclude that
Aavy € V(A,). Since

Aq E Ve Vy {xy[X(“)] = x] ,
we conclude that
Aave = Yz iy [wy[X(“” = x} :
which implies that [X (a Vv b)] divides [X (a)]. This means that X (b) C X(a V b) C
X (a). Therefore, b < a in view of Claim 1(iii). O
Claim 3. For every a € L\ {0,1}, we have
V(A) NK=V(A,)N QM) =Q(A, | 0<b<a) =SP(A, |0 <b<a).
Proof of Claim. If a = 0p, then
VA,)NK=V(A,)NQM) =V (D) =Q(D,) =SP(D,),
so that the desired statement holds. We assume now that a # 0g. By Claim 2, we
have {A, |0 <b <a} C V(A,) and {A, | 0 <b < a} C M. Hence, Q(A |0 <b <
a) € V(A,) and
Q(Ay|0<b<a)=SP(A, | 0<b<a) CSPM)CK.
Therefore,
Q(Ay |0 <b<a) CV(A,)NK =V(A,) NQ(M).
Let B be a nontrivial structure in V(A,) N Q(M). Since A, is a finite structure,
the variety V(A,) is locally finite. Since every (quasi)variety is generated by its
finitely generated structures, we may assume that B is finitely generated and thus
finite; in particular, B is l-projective in Q(M) = L;SP(M). Therefore, B € SP(M).
By Lemma 1(iii), we conclude that B can be represented as a subdirect product of
the structures from the set {Ap,,...,Ap, } for suitable n < w and some elements
bo, ..., by, € L\{0,1}. It remains to show that by, ..., b, < a.

By the definition of a subdirect product, we have Ay, € H(B) C V(B) for
each i < n. Since B € V(A,), we conclude that {Ap,,...,Ap, } C V(A,). Let
b="by V- Vb,. By Claim 1(ii), we have X (a Vb) = X(a) U X (bg) U---U X (by).
According to Lemma 1(iii), we conclude that

Aavpy € SP(.Aa,AbO, ... ,.Ab") CV(Ag, Abgs---HAp,) = V(.Aa).

n

Since A, | YV Vy {J;y[x(“)] = x}, we conclude that

Aavy |V Yy [wy[x @] = x} :

which implies that [X (a V b)] divides [X(a)]. This means that X (b;) € X (a V b) C
X (a) for all i < n. We use Claim 1(iii) and obtain b; < a for all i < n. O

We can therefore define a mapping ¢: L — Lv(K) by
V(A,)NK ifa¢{0,1},
ola) =< T ifa=0,
K ifa=1.
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Claim 4. For each a € L, the following conditions hold:

(i) ¢(a) € Lv(K);
(ii) ¢(a) C @(b) if and only if a < b.

In particular, ¢ is one-to-one.

Proof of Claim. Condition (i) is immediate from the definition of . Condition (ii)
is immediate from Claims 2-3. Since the equality ¢(a) = K is valid for a = 1
only and the equality ¢(a) = T is valid for a = 0 only, the particular statement is
immediate from (ii). O

Claim 5. The mapping ¢ s onto.

Proof of Claim. We have T = ¢(0). Let V C Dm be a nontrivial variety and let
B = {be L\{0,1} | Ap € V}. We notice that B # @, as 0y € B.

We consider the case in which the set B is infinite. In this case, for every n < w,
there is b € B such that b € M; for some j > n. For every a € M,, we obtain
X(a) € Up<; Nk € X(b). We conclude by Lemma 1(i) that A, € H(A;) C 'V, Le,
M CV, whence K=Q(M) C V. Thus, VNK =K = p(1).

We consider the case in which the set B is finite. We put a = \/ B. Then a €
IN{0,1} and X(a) = U{X(b) | b € B}. According to Lemma 1(iii), we have A, €
SP(Axu) | b€ B) €V, whence a € B and ¢(a) = V(A,) NK C VNK.

To prove the reverse inclusion, let € € VN M C M. Then there is b € B such
that € = Ay. Since X (b) C X (a), it follows from Lemma 1(i) that € € H(A,)NM C
V(A,) N M. Therefore, VN M = V(A,) N M.

Suppose now that € € VNK C Q(M). Since each (quasi)variety is generated by
its finitely generated structures, we may assume that C is finitely generated. Since
each proper subvariety of Dm is locally finite (see [17] or [18, Theorem 8.4.14]),
we obtain € € SP(M). This means that there is a set J such that € < [, €;
and C; € M for every j € J. Taking into account that C; is a finite structure and
each substructure of a structure from M belongs to P;(IM), we may assume that
7;(€) € M for all j € J; in particular, 7;(€) € H(C) C V for all j € J. Therefore,
m;(€) € VIIM = V(Ax(,)) "M for all j € J according to what we have just proved
above. This implies that € € V(Ax(,)) N K and thus VN K = V(Ax ) NK =

O

p(a).
It follows from Claims 4 and 5 that ¢ is an isomorphism. (]

From Theorem 13, we obtain the following

Corollary 14. For every finite lattice L such that the least element is meet-
irreducible, there is a subquasivariety K of Dm such that Lv(K) = L.

Proof. Let Ly = L\{0r} and let L; be a one-element lattice for all positive i < w.
It is straightforward that L = L(L), where L = (L; | i < w). Moreover, the class M
constructed in the proof of Theorem 13 contains only finitely many non-isomorphic
structures. Hence K = SP(M) = Q(M), and it remains to refer to Theorem 13. O

Theorem 15. For every sequence L = (L; | i < w) of finite lattices, there is a
subquasivariety K of Dm and a differential groupoid D € K such that Cong D 1is
dually isomorphic to L(L).
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Proof. We use the notation introduced in the proof of Theorem 13. We put
K= Q(AX(a) I ac€l, a ¢ {Oa]-})

Claim 1. For a positive integer n < w, we have D,, € K if and only if n = [X(a)]
for some a € L\{0,1}.

Proof of Claim. Suppose that

D, e K=LSP(Ax( |a€ L, ag{0,1})
for some positive integer n < w. Since D,, is a finite structure, it is I-projective in
K, whence D,, € SP(Ax() | a € L, a ¢ {0,1}). By Lemma 1(iii), we conclude
that D,, can be represented as a subdirect product of structures from the set

{Abgs- -, Ap,, } for suitable m < w and elements by, ..., b, € L\{0,1}. According
to Lemma 1(i), [X (b;)] divides n for all j < m. Consider the set F' = {b € L\{0,1} |
[X (b)] divides n}. The set F is finite and nonempty, as n is a positive integer and
{bo, ..., bm} € F; we put @ = \/ F. Then a € L\{0,1} and X (a) = Uycp X(b) by
Claim 1(ii) from the proof of Theorem 13, whence [X(a)] divides n and a is the
greatest element of F. Since

K = VzVy [my” =z — pyX@] = 33}
and D,, € K, we conclude that n = [X (a)]. O

We continue the proof of the theorem. There are two cases to consider.

Case 1: the set {i < w | |L;| > 1} is finite. In this case, L = L(L) is a finite lattice
and we may assume without loss of generality that Lo & L(IL), that L; is a trivial
lattice for all positive ¢ < w, and that a = 1 = 1. Then X (a) = L\{0,1} = Lo\{1lo0};
we put D = ({00,0,...,[X(a)] — 1};-) = A,. Consider an arbitrary non-trivial
congruence 0 € Conkg D. Two cases are possible.

Case 1.1: (oo0,n) € 0 for some n < [X(a)]. In this case, we have for all m < [X(a)]

m=(m-n)f(m-o00) =(m+1) mod [X(a)],
whence 6 = 1p.

Case 1.2: (co,n) ¢ 6 for all n < [X(a)]. Since 6 is a nontrivial congruence, we
conclude that (n,m) € 6 for some n < m < [X(a)]. We choose n and m so that
k =m —n > 0 is minimal. Since m = n - co*6n, 6 € Conk D, and
K[EVeVyVz [xzk =z —yzF= yl,

we conclude that (s, s - ooF) € @ for all s < w. Moreover, the differential groupoid
D is generated by the set {0,00}, whence D = D/0 € K because of minimality
of k. According to Claim 1, k = [X(b)] and D/6 = A, for some b € L\{0,1}. We
have by Lemma 1(ii) that [X(b)] divides [X (a)], whence X(b) C X(a) and b < a
by Claim 1(iii) from the proof of Theorem 13. We put in this case 6 = 0,,.

It is clear that the mapping
0, ifbée {0,1},
¢: L — Conk D, ¢(b)=<0p ifb=1,
lp ifb=0

is one-to-one and reverses the ordering, whence it is a dual isomorphism.
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Case 2: the set {i < w | |L;| > 1} is infinite. We consider the differential groupoid
D = (wU {o0}; ), where

oo -x = oo for all z € wU {oo},

-y = forall x,y € w,

z-oo=x+1 forall z € w.
Notice that D € K in view of the standard arguments about ultraproducts of
structures of arbitrarily large finite cardinalities over nonprincipal ultrafilters.

Consider an arbitrary non-trivial congruence § € Conk D. Again, two cases are
possible.

Case 2.1: (o0o,n) € 0 for some n < w. In this case, we have for all m < w
m=(m-n)f(m-o00) =m+1,

whence 0 = 1.

Case 2.2: (co,n) ¢ 6 for all n < w. Since € is a nontrivial congruence, we conclude

that (n,m) € 6 for some n < m < w. We choose n and m so that k =m —n > 0 is
minimal. Since m = n - oo®n, § € Conk D, and

K EVaVyVz [z2F =2 — y2f =y],

we conclude that (s, s - oo¥) € 6 for all s < w. Moreover, the differential groupoid
D is generated by the set {0, 00}, whence Dy, = D /6 € K because of minimality of
k. According to Claim 1, k = [X(a)] and D/0 = A, for some a € L\{0,1}. We put
in this case 8 = 6,.

We prove that the mapping

0o ifa¢{0,1},
p: L = Conk D, ¢a)=4¢0p ifa=1,
1@ ifa=0
is a dual isomorphism.
Claim 2. For all a,b € L, we have a < b in L if and only if p(b) C ¢(a).

Proof of Claim. If a = 0, then p(b) C 1p = p(a) for all b € L. If b = 1, then
obviously ¢(b) = 0p C ¢(a) for all a € L. Let a,b € L\{0,1}. Then the inequality
a < b implies that X (a) C X(b). There is an onto homomorphism f: D — A,.
According to Lemma 1(i), there is an onto homomorphism g: A, — A,. Hence
o(b) =6y =ker f Ckergf =0, = p(a).

Conversely, suppose that a,b € L\{0,1} and 6, = ¢(b) C ¢(a) = 6,. By the
isomorphism theorem, see [3, Proposition 1.4.3], we conclude that A, € H(Ap).
Lemma 1(ii) yields the inclusion X (a) C X (b), whence a < b. O

Since the mapping ¢ is onto according to cases 2.1-2.2, our desired statement
follows. O

Theorem 15 immediately implies the following statement, cf. [21, Proposition
4.6(1)].

Corollary 16. For every finite lattice L such that the greatest element is join-
irreducible, there is a subquasivariety K of Dm and a differential groupoid D € K
such that Cong D = L.
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Analogues of Theorem 13 and Corollary 14 do not hold for the quasivariety V
of unary algebras. Indeed, according to [5], the lattice Lv(V) is finite. However,
the following analogues of Theorem 15 and Corollary 16 are valid.

Theorem 17. For every sequence L = (L; | i < w) of finite lattices, there is a W -
quasivariety K and a unary algebra A € K such that Conkg A is a lattice that is
dually isomorphic to L*(L).

Proof. We adopt the notation introduced in the proof of Theorem 13 with slight
modifications. Namely, we consider a partition w = |J;,, Vi, use the same definition
of X(a), write L instead of L*(IL) for brevity, and put A, = C|x(, for every
ac L\{1}, M={A,|a€ L, a#1},and K=Q(M)NW.

We introduce an algebra Co.. We put Coo = {0} U{a; | i < w}U{b; | i < w}.
On Cw, we introduce unary functions f and g as follows. We put f(0) = ¢(0) =
fla;) = g(a;) =0, f(b;) = a;, and g(b;) = a4 for all i < w.

We describe homomorphic images of Co, within the class W. Our arguments
follow the lines of the proof of [5, Lemma 3|. We consider a homomorphism ¢ :
Coo — B, where B € W and ¢ is not an isomorphism. There exist x,y € C, such
that z # y and () = ¢(y). We consider the five possible cases (up to symmetry);
namely,

WDz=0,y=ai; 2)z=0,y=>bi; 3) z=asy=b;
(4) z=a;, y=qa;; (5)z=10b;,y=0;.

In cases (1)—(3), we repeat the arguments from [5] verbatim and find that B
is a trivial algebra. In a similar way, we find that either B is a trivial algebra or
condition (4) holds if an only if condition (5) holds for the same 7 and j. This allows
us to repeat the final part of the proof from [5] almost verbatim and find that B

is a homomorphic image of Cj;_; (possibly, a trivial algebra). We conclude that
the following statement is valid.

Claim 1. We have H(Coo) "W = {C,, [n € {1,2,...} U {oc}}.
We describe structures of the form €, with n € {1,2,...} U {oo} in K.

Claim 2. Letn < w and let n > 0. We have C,, € K if and only if n = [X(a)] for
some a € L\{1}, i.e., we have C,, € M.

Proof of Claim. If n = [X(a)] for some a € L\{1} then C, € K by the definition.
We prove the reverse implication. Let

C,c K=LSP(A, |a€ L, a#1)

for some positive integer n < w. Since C,, is a finite structure, it is [-projective
in K, whence G, € SP(Aa |a €L, a# 1). By Lemma 4(ii), we represent C,
as a subdirect product of Cp,...,Cs, for suitable m < w and elements by, ...,
by, € L\{1}. By Lemma 3(ii), we find that [X(b;)] divides n for each j < m.
Consider the set F' = {b € L\{1} | [X(b)] divides n}. Since n is a positive integer
and {bg,...,bym} C F, we conclude that F is a nonempty finite set. We put a =
V F. Then a € L\{1} and X(a) = Jycp X(b) by Claim 1(ii) from the proof of
Theorem 13. We find that [X (a)] divides n. Moreover, by Lemma 4(iii), each prime
divisor of n divides [X(b)] for some b € F. Since X(b) C P, we conclude that
each prime divisor of n belongs to X(a). Let n = pg° ---p;*, where po,...,pp € P
and sg,...,sg > 0. Put n* = pg---px. By Lemma 5, there exists a quasi-identity
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q(n,n*) that holds in € if and only if either k does not divide n or k divides n*.
Since each [X (a)] is the product of a family of pairwise distinct prime numbers, we
find that K = ¢(n,n*). Since €, € K, we conclude that n = [X (a)]. O

Claim 3. We have Co, € K if L is an infinite lattice.

Proof of Claim. If L is infinite then, for every natural number IV, there exists A, €
M with [X(a)] > N. For a structure of the form C, with n € {1,2,...} U {oo},
we consider the following partition of the universe: C,, = {0} U AU B, where B =
{r €C,|g(x) #0} and A= C,\ ({0} UB). It is clear that the condition |B| > N
is first-order definable for every natural N. Hence, there exists an ultraproduct A
of structures A, € M over a nonprincipal ultrafilter such that the set B is infinite.
We conclude that €, is a subalgebra of A. O

It is easy to see that L is a finite lattice if and only if the set {i € I | |L;| > 1} is
finite. Without loss of generality, we may assume that I = {0}, L = Lo, a = 1 = 1,
and X(a) = L\ {1} = Lo \ {1o}. We put A = A,. If the set {i < w | |L;| > 1} is
infinite then we put A = Cq.

Then A € K. According to Lemma 3(ii) and Claim 1, for every B € K, there
is a unique congruence 03 € Conk A such that A/ = B; moreover, B = C,
for some a € L. We write 6, instead of 8¢ for every a € L\{1}. It is clear that
o = 0x(0) = 1a. We prove that the mapping

0, ifa#1,

:L—C A, =
v onx A, ola) {oﬂ ifa=1

is a dual isomorphism.
Claim 4. For all a,b € L, we have a < b in L if and only if p(b) C ¢(a).

Proof of Claim. If b = 1 then we have ¢(b) = 04 C @(a) for each a € L. Let
a,b € L\{1}. Then we have a < b if and only if X (a) C X (b) in view of Claim 1 from
the proof of Theorem 13. Consider a homomorphism f : A — Ap. If X(a) C X(b)
then, according to Lemma 4(i), there is an onto homomorphism g: A, — A,. Hence
o(b) =0, =ker f Ckergf =0, = p(a).

Conversely, suppose that a,b € L\{1} and 6, = ¢(b) C p(a) = 6,. By the
isomorphism theorem, see [3, Proposition 1.4.3], we conclude that A, € H(A).
Lemma 4(i) yields the inclusion X (a) C X (b), whence a < b. O

It remains to notice that the mapping ¢ is onto by the definition. ([l
From Theorem 17, we immediately obtain the following

Corollary 18. For every finite lattice L, there is a W -quasivariety K and a unary
algebra A € K such that Cong A =2 L.

Theorem 19. The following statements hold.

(i) There are continuum many prevarieties K C Dm such that the finite
membership problem is undecidable for both K and S(LV(K)), and the
quasi-equational theory Thy(K) is also undecidable.

(ii) There are continuum many quasivarieties K C Dm such that the finite
membership problem is undecidable for both K and S(ConK A) , where A €
K, and the quasi-equational theory Thy(K) is also undecidable.
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(iii) There are continuum many aziomatizable classes K C W such that the
set of isomorphism types of the class of finite sublattices of Conk A is not
computable (not computably enumerable) for some structure A € K; thus
the problem if a finite lattice embeds into Congk A is undecidable. Moreover,
both the finite membership problem and the quasi-equational theory Th,(K)
are undecidable.

Proof. We prove (i); statement (ii) has a similar proof. The proof of statement (iii)
repeats the arguments from the proof of [12, Theorem 4.2]. The proof of the
“moreover” statement is similar to the proof of Claims 2 and 3 below (it suffices to
use quasi-identities of the form g(n, m) from Lemma 5 instead of quasi-identities of
the form vy, ).

For every i < w, let K; be the meet semilattice displayed on Figure 1. Let f: w —
w\{0, 1,2} be a strictly increasing function such that the set f(w) is not computable
(not computably enumerable, respectively). Then the set 8§ = {Sub(X;)) | i <w}
is also not computable; let L = (Sub(XKy(;)) | i < w). According to Theorem 13,
there is a quasivariety K C Dm such that

Lv(K) = L(L).
Claim 1. The finite membership problem for S(LV(K)) 18 undecidable.

Proof of Claim. According to Lemma 7, the set of isomorphism types of the class
of finite sublattices of Lv(K) is not computable (not computably enumerable,
respectively), whence the desired statement follows. ([

For the proof of the following two claims, we refer to the constructions from the
proof of Theorem 13. Moreover, we assume herein that

No = {p; | j <|Sub(Xo)|}, mo=|Nol, so=[No;
Nig1 = {psits |7 <[Sub(Kiy )|}, mip1 = [Nigal, sip1 = si[Niga], i <w.
Claim 2. The finite membership problem for K is undecidable.

Proof of Claim. If the finite membership problem for K is decidable, then the set
{n<w]|n>0, D, € K} is computable. According to Claim 1 from the proof of
Theorem 13, the set {s, | n < w} is computable. Since we can effectively calculate
the number of primes which divide s;41 but do not divide s;, we can effectively
decide if the lattice Sub(X;) belongs to 8 or not, which is a contradiction. O

Claim 3. The quasi-equational theory Thy(K) is undecidable.

Proof of Claim. For each n < w consider the following quasi-identity which we
denote by ,,:
VaVy [zy®itt =2 — ay® = x].

If the quasi-equational theory Th,(K) is decidable, then the set {n < w | K = ¢, }
is computable. For n < w, K |= %, if and only if Dy, ¢ K for each positive integer
k > 1 which divides [N;41]. According to Claim 1 from the proof of Theorem 13,
the last condition is satisfied if and only if D,,,, ¢ K. This implies that the set
{sn | n < w} is computable. We arrive to the same contradiction as in the proof of
Claim 2. (]

The fact that there are uncountably many subsets of w which are not computable
(not computably enumerable) finishes the proof. [l
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