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INTRODUCTION

Let H be an ample divisor on a smooth complex projective d-dimensional
variety X. Then, for any natural number ¢ < d, the map
. : —ec —d—i .
L H(X,Q) T prix, Q)
is an isomorphism by the strong Lefschetz theorem. The Grothendieck
standard conjecture B(X) of Lefschetz type [1] asserts that there exists
an algebraic Q-cycle Z on the Cartesian product X x X which determines

T > Pro, (pr{ T — ClXxX(Z))

the inverse algebraic isomorphism H2¢~1( X, Q) E ;
H'(X,Q).

A reader can find examples of varieties satisfying the standard conjecture
in [1] - [17].

Let M — C be the Néron minimal model of the Abelian variety
M, over the field k(n) of rational functions of a smooth complex
projective curve C'. Suppose that at any place s € C' the reduction
of the Abelian variety M, is semi-stable in Grothendieck’s sense. In
this case the connected component MY of the neutral element of the
algebraic group My is an extension of an Abelian variety by a linear
torus whose dimension r is called the toric (reductive) rank at the place
s |18, Section 2.1.12].

Let R be a Dedekind domain with the fraction field K and let A, be
an Abelian variety over n = Spec K such that all reductions are semi-
stable in Grothendieck’s sense. As it was shown by Kiinnemann |19,
Section 5.8|, in this case there exists a finite extension K’ of the field
K such that the Abelian variety A, ®x K’ has (not necessarily unique)
a flat projective regular model P’ over the integral closure R’ of the
ring R in the field K’; this model P’ has strict semi-stable reductions
over each localization of the ring R’ (in particular, every special fibre
P! is a union of smooth divisors of multiplicity 1 with normal crossings
[20, Section 1.9]), and the scheme P’ contains the Néron minimal model
A’ of the variety A, ®x K’ in the case when all residue fields of the
scheme Spec R’ are perfect [20, Section 4.4, Theorem 4.6].

__ After the base change determined by an appropriate ramified covering
C — (', we may assume by the results of Kiinnemann cited above
that, for the Néron minimal model M — C, there exists a smooth
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compactification X of the variety M which is flat and projective over
the curve C such that the following conditions hold:

(i) the model X/C has strictly semi-stable reductions (in particular,
all fibres of the structure morphism 7 : X — C are unions of smooth
irreducible components of multiplicity 1 with normal crossings);

(ii) the variety X contains the variety M as an open dense subscheme;

(iii) the restriction |y : M — C coincides with the structure
morphism of the Néron model;

(iv) the connected component MY of the neutral element of any fibre
M; (s € C) is an extension of an Abelian variety by a linear torus of
dimension rg;

(v) C-group law M° xc M — MO can be expanded to a group
C-action M? x- X — X.

We call such compactifications of the Néron model by Kinnemann
compactifications.

By definition, the Abelian variety M, has a trivial trace if, for any
finite ramified covering C' — C, the group scheme M x¢ C' — C has
no non-trivial constant Abelian subscheme.

In this article we prove the following main result:

Theorem. Let M — C' be the Néron minimal model of an absolutely
simple (d — 1)-dimensional principally polarized Abelian variety M,
over the field k(n) of rational functions of a smooth complex projective
curve C.

Assume that the trace of the Abelian variety M, is trivial, d > 5,

d—1¢Ex(4) Y {(l‘nﬁf) (1<m<(1+2)/2),

m

<l+2>n+1 (1 <m< (l+2>/2)’ [’m7n€N+:{l,2,3,...}}

= {9, 10, 15, 16, 21, 25, 27, 28, 35, 36, 45, 49, 55, 56, 64, 66, 78,81, 84,91, 100, . .. }

and the ring Eg o End.5(M;; @) £(n)) ®z Q is an imaginary

quadratic field.
If, for some embedding of fields k(n) — C, the Hodge group

Hg(./\/l77 () C)

is a semi-simple algebraic Q-group (this condition automatically holds,
if the Abelian variety M,, has a totally degenerated reduction of multiplicative
type at some place s € C),

or d —1 1s divisible by 4, N

then there exists a finite ramified covering C'— C such that, for any
Kinnemann compactification X of the Néron minimal model of
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the Abelian variety M,®m)K(1), there exist algebraic isomorphisms
H*2(X,Q) =~ H*(X,Q), H*3(X,Q) = H*(X,Q).

Simple Abelian varieties with multiplications from an imaginary quadratic
field are especially interesting because sometimes they have non-trivial
Weil cycles [21].

The author is grateful to S.G.Tankeev for interesting discussions.

§ 1. SOME REMARKS ON HODGE GROUPS, GLOBAL MONODROMY
AND COHOMOLOGY OF LOCAL SYSTEMS

1.1. First of all note that, if the Abelian variety M, has a totally
degenerated reduction of multiplicative type at some place § € C, then
the Hodge group Hg(X,, ®(,; C) is a semi-simple algebraic Q-group
[22, Theorem 4.1].

We may assume that

{s € C' | the fibre My is non-compact} = A o

{6 € C' | Sing(Xs) # o}.

Set ' = C'\A, €' < C the canonical embedding, X' = X \
7 1A), 7=7|x:X —C".

Considering, if necessary, a ramified covering C — Canda projective
Kiinnemann model X — C of the corresponding Néron model M= C
of the generic scheme fibre of the canonical projection X XCC —~C , We
may assume in virtue of [19, Section 5.8]; [20, Section 4.4, Theorem 4.6|
that any singular fibre X5 is a union of smooth irreducible components
of multiplicity 1 with normal crossings. One may also assume that there
is a countable subset Acountanle C C” such that, for any point s € C”"\
A countable, the closure G of the image of the monodromy representation
m(C",s) — GL(H'(X,,Q)) in the Zariski topology of the algebraic
group GL(H'(X,,Q)) is a connected semi-simple [23, Corollary 4.2.9|
normal |24, Theorem 7.3| subgroup of the Hodge group

Hg(X,) € Hg(HY(X,,Q))

of the Abelian variety X,. We may also assume that local monodromies
(Picard - Lefschetz transformations) are unipotent and

Endy ) (X)) = End 5(Xy) Q) (1))

1.2. Consider the normalization f : Z — 7 '(A) of the scheme
771(A). Then Z is a disjoint union of smooth irreducible components of
the divisor 77 *(A). Since f : Z — 7 '(A) is a resolution of singularities
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of the subscheme ia : 771 (A) < X, there is a canonical exact sequence
of mixed Hodge Q-structures |25, Corollary (8.2.8)]:

H2(2,Q) 2% grix Q) & HY(X',Q),

where (ia f). is a morphism of bidegree (1, 1) of pure Hodge structures
and (,, is the restriction map. In particular,

(1.1) (iaf).H"%(Z,Q) = Ker[H"(X,Q) 2% H™"(X',Q)].

1.3. Since End,5(X; ®x) k(1)) ®z Q is an imaginary quadratic
field, for any embedding of fields x(n) < C, the semi-simple part
Hg™ (X, ®x@) C) of the reductive Hodge group Hg(X, ®.(, C) (26,
Proposition B57| is a Q-simple algebraic group by Borovoi’s theorem
[27]. Therefore, by the triviality of the trace of the Abelian variety X,
we have the equality

(1.2) G = Hgss(_X77 ®'€(77) (C)

By the same reasons there is a canonical isomorphism [23, Proposition
4.4.11]

(1.3) Ende (X') = Ender(R'7.Z).
A choice of a point s € C"\ Acountable determines the canonical embeddings
Im[m; (C',s) — GL(H'(X,,Q))] € G C Hg(X,).

Therefore it follows from (1.3) and from the well known equality |26,
Lemma B.60]

Endpy(x,) H'(X., Q) = Ende(X,) ®2 Q
that there are canonical maps
End, ;) (X;) ©2 Q = Endg, o) H' (X, Q)
(1.4) + Endpgx,) H' (X5, Q) = Ende(X;) ®z Q.

The restriction map End, ) (X,) ®z Q — Endc(X;) ®z Q is injective,
hence it follows from (1.4) that there exists a canonical isomorphism

(1.5) End,)(X,) ®z Q  Ende(X,) ®z Q.

In particular, the Abelian variety X, is simple and End¢(X;) ®z Q
is an imaginary quadratic field. Hence, by Borovoi’s theorem [27], the
semi-simple part Hg*(X) of the Hodge group Hg(X;) is a Q-simple
algebraic group, so that we have the equality

(1.6) G =Hg®(X,) forall se€ C"\ Acuntable-
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Besides, the canonical representation of the Lie algebra Lie Hg™ (X )®q
Q in the space H'(X,,Q) ®g Q is determined by minuscule weights
[28], [24, Theorem 0.5.1] in Bourbaki’s sense [29]. Since dim¢(X;) =
d —1 ¢ Ex(4), it follows that LieHg™(X,) ®g Q is a simple Lie
algebra of type Ay o and there exists a canonical decomposition of
Lie Hg*(X,) ®g Q-modules [30, Section 2.9

(1.7)  HYX,,Q) ®0Q=E(w) ® E(w)" = E(w1) ® E(wg_»).
1.4. It follows from the existence of the natural embedding
R*7.Q=A’R'7,Q — R'm.Q®qR'T.Q
and from (1.3) that H°(C’, R*7’Q) is a rational Hodge structure of
type (1,1) because a polarization on X determines an isomorphism of
families of Hodge structures |23, Section 4.2.3]
[R'7 Q] = R'7.Q(1),

the ring Ende (X') ®z Q coincides with the component of type (0, 0)
of the Hodge Q-structure Ender (R'7,Q) [23, Section 4.4.6] and there
are morphisms of rational Hodge structures

H(C', R*m,Q) — H°(C',R'w,Q ®g R'T,Q)
= H°(C',[R'7.Q]Y ®g R'7.Q)(—1) = Ende (R'7.Q) ®7 Q(—1)
/;; Endc/(X/) X7z Q(—l)

Taking into account this fact and arguments of [15, § 2|, it is easy to
show the existence of an algebraic isomorphism H??%(X,Q) = H?*(X, Q).

§ 2. SOME CANONICAL DECOMPOSITIONS OF RATIONAL HODGE
STRUCTURES OF ODD WEIGHTS

2.1. By the assumptions of the theorem, the generic scheme fibre M,,
of the Néron model is an Abelian variety with a principal polarization;
consequently, for any point s € C’, the Abelian variety X, has a
principal polarization determined by some ample divisor Hg on the
variety X. Taking into account arguments of ([3], § 4), we may assume
that there exists a rigid Poincaré bundle P’ on the Abelian scheme
X" x¢ X', which induces the Poincaré bundle P. on the Cartesian
product X x X, for every point s € C".

One may assume that

a1 (P)) = p(H'(X,,Q)) € H*(X, x X,,Q) N HY' (X, x X, C),

where p(H'(X,,Q)) is the Poincaré class in the sense of [15, Section
1.2|; it is algebraic by the Lefschetz theorem on divisors and it is
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determined uniquely (up to a non-zero scalar multiple) by the corresponding
bilinear form

T Xy <z —clx, (Hs)~ 42 —y>

o, H'(X,,Q) x H'(X,,Q) Q

as a generator of the space [H'(X,, Q) ®q H'(X,, Q)3 (XeQ).2s) of
invariants of the diagonal action z ® y +— u(x) ® p(y) of the group
Sp(H'(X,,Q), ®,) on the tensor square of the Q-space H'(X,, Q).

By [2, Lemma 2A12, Remark 2A13] the correspondence c;(P%)~?
yields an algebraic isomorphism H?¥*(X,, Q) = H*(X,, Q).

Using arguments of [15, Sections 2.1 and 2.3], we see that the element
A’lez yields the isomorphism of local systems R*~47'Q = R*n'Q
determined by the composite of morphisms of sheaves

R-ing W RHTQegniQ —— RrQ g R1Q

(p)+
—

(2.1) R*mQ.

We may also expand (2.1) to a sequence of morphisms of sheaves

vclY(D(l))v2
—

R2d74ﬂ_*(@ (p1o)* R2d—4(7_0_)*@ R2d72(7_0-)*@ m} R27T*Q7

whose composite is an isomorphism outside the finite set A. Therefore
there exists an isomorphism of bidegree (3 — d,3 — d) of mixed Hodge
structures

(2.2)
Hl(C’ R2d—4ﬂ_*@) [+ (p20)«((pro)*z — cly (DMD)—2)]; Hl(C, R27T*Q).

2.2. Lemma. For any odd natural number n, there are the equalities
H(C', R"7.Q) = H°(C', R"7.Q) = H*(C, R*(70),Q) = H*(C, R"1,Q) = 0.

Proof. Assume first that the Hodge group Hg(M,, ®y(,; C) is semi-
simple. In this case one has by (1.2)

HO(C/’ RTLT;Q) = HTL([Xn X () XW] ®H(’l7) (C, @)G
= H"([X;) Xsn) Xy] @) C, Q)X 0® = 0

because, for any element § € R, the element ¢ € U! aof {z €
C* | |z| = 1} acts on the Hodge component HP™ P([X;, X o) Xy] @)
C,C) as the multiplication by an element e?/e~*"~P)0 = i(2p=m)0 the
Hodge group Hg(X, ®., C) is defined as the smallest algebraic Q-
subgroup of GL(H' (X, ®x(; C,Q)) whose group of R-points contains
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the image of the group U' in GL(H'(X, ®,) C,R)) [26, Definition
B51]; consequently, the group

Hg (X, ®u) C) g C =G ®¢C

acts on the space H"([X; Xuwm) Xy @) C, Q) ®g C without non-
zero fixed points. Since H(C', R"7.Q) C H°(C’, R"7/Q), we get the
equality H(C', R"7,Q) = 0.

Now assume that d — 1 is divisible by 4. Then, by (1.5) - (1.7), for
all s € C"\ Acountable, the Lie algebra Lie G ®g Q = Lie Hg™(X,) ®g Q
is a simple Lie algebra of type A;_s and there is a decomposition of
Lie G ®g Q-modules

H'(X,,Q) ®g Q= E(wi) ® E(w1)" = E(w1) & E(wg_2).

Let E(wp) be the standard irreducible representation of degree 2 of

the Lie algebra sl5(Q) of type A;. Since dimg E(w;) = d —1 is divisible

by 4, there exist (non-canonical) identifications of sls(Q)-modules

d—1 —2.d-1  —d-1

Ew) = =[Q]>=Q

so a choice of an appropriate basis of the space E(w;) determine an
embedding of Lie algebras slo(Q) — sl(E(w;)).
For natural numbers p, ¢, the Klebsh - Gordon formula [29, Ch. VIII,

§ 9, n® 4] yields the decomposition
E(pin) ®q E(qw) = E((p+q) 1) ®E((p+q—2) 01)DE((p+q—4) &1)®. ..

Therefore, if p is an odd natural number, then the representation of
sl5(Q) in AP(E(w;)) is a sum of representations of type E (@), E(3@1),
..., E(pw). On the other hand, if ¢ is an even natural number, then
the representation of sly(Q) in A?(E(w;)) is a sum of representations of
type E(0), E(2w,), E(4&y), ..., E(qw;). Consequently, by the Schur

lemma, one has for odd p + ¢:
HomG®@@(/\pE(w1), N(E(wy))) = HomG®Q@(/\pE(w1), N(E(wy))Y) = 0.

Finally, in virtue of the theorem on local invariant cycles, the canonical
maps

R"(10).Q — 7. R"(7¢").Q, R'7.Q — j,R"m.Q

are surjective with the kernels concentrated on the finite set A ([31],
Proposition (15.12); [32], Section (3.7)). Therefore it remains to note
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that by [31, Proposition (10.5)], one has
H*(C,R"(10),Q) = H*(C, j.R"(7'0").Q)
= HO(C/,RH(T/UI)*Q)V — HO(C/,RnT;Q)V;
H*(C,R"r.Q) = H*(C,j.R"7.Q) = H°(C', R"r.Q)".
The lemma is proved.

2.3. Let K,,x = Ker[H"(X,Q) — H(C, R"7.Q)], K,y = Ker[H"(Y,Q) —
H°(C, R"(70).Q)]. The Leray spectral sequences EY(m) = HP(C, Rim.Q)
and FEY%(ro) = HP(C,R1(70).Q) are degenerated: EY? = EP1 [31,
Corollary (15.15)]. Hence, for any natural number n, there are exact
sequences of Hodge Q-structures ([13|, Formula (2.4))
(2.3)  0— H*(C,R"*’m.Q) = K,x =% HY(C,R"'r.Q) — 0,
(2.4)

0 — H*(C,R"*(70),Q) = K,y =% H'(C,R"*(10),Q) = 0.

It follows from Lemma 2.2, (2.3), (2.4), the theorem on local invariant

cycles and the strong Lefschetz theorem for fibres of the smooth morphism
7' that

(2.5) Ksx = H'(C, R*7,Q);

(2.6) Kpa-sx = H'(C, R**7,Q);
cx(H)"%3 — Ksx =clx(H)~93% — HY(C, R*m,Q)

(2.7) =clx(H)™? — H'Y(C,j.R’7.Q) = Kga_3x.

Moreover, taking into account the non-degeneracy of the canonical
pairing [31, Proposition (10.5)]

HY(C,j.R**'m Q) x H'(C,j.R*m.Q)
LR, H(C,j R Q) = HH(X, Q)

we see, that the canonical pairing K(pq—3)x X Ksx axaloe o, H?*(X,Q)
is non-degenerate. Therefore the restriction of the non-degenerate |2,
Section 1.2.A] bilinear form

x T —1Y—cC —d- i) 4
O - HY(X,Q)x HY(X,Q) 2=z =v=<axU7T peacy @) = @(—d) &5 .

to the subspace Ksx C H3(X,Q) is non-degenerate. Hence, as it was
noticed in Section 1.2 of [15], there exists the decomposition of rational
Hodge structures

(2.8) H3*(X,Q) = Ksx @ Kiy,
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where K35 is the orthogonal complement of the subspace Ksx <
H3(X,Q) with respect to the form ®. In virtue of (2.7) we have:

Ky ={zc H}X,Q) | # — clx(H)" %3 — Ksx =0}
{re H}(X,Q) | z — Ka-3x = 0}.

Consequently, the decomposition (2.8) is canonical and it does not
depend on the choice of an ample divisor H; moreover, by (2.7), (2.8)
and by the strong Lefschetz theorem, there is a canonical decomposition
of rational Hodge structures

(2.9) H*3(X,Q) = K4-3x @ K(Jid—?,)X?

where

Kpasx © dx(H)™7% = Ky = {o € H*(X,Q) | Kox — x=0},
2.4. For any point s € C, we denote by tx,/x : Xy — X the

canonical embedding. The morphism 7 is proper, therefore the fibre of

the sheaf R"7,Q over a point s € C coincides with the space H" (X, Q)

([33], Ch. II, § 4, Remark 4.17.1; [34], Ch. VI, § 2, Corollary 2.5).

Consequently, the restriction map ¢%_ /X coincides with the composite

([35], Vol. 11, Ch. 4, Section 4.3.1)
H"(X,Q) — E%"(n) — EJ"(x) = H°(C, R"1,Q) — H"(X,,Q).

Thus the map ¢, /X is the composite of canonical maps

H"(X,Q) - H(C,R"m.Q) — [[H"(X.,Q) - H"(X,,Q),
seC
where the Q-space [] .~ H"(X,,Q) is identified with the Q-space of
discontinuous global sections of the sheaf R"7,Q ([33], Ch. II, § 4,
Section 4.4.4). Evidently

(2.10) weK,x & (VseC) iy x(w)=0.

§ 3. CONSTRUCTIONS OF ALGEBRAIC ISOMORPHISMS OF
COHOMOLOGY OF ODD WEIGHTS

3.1. Lemma. There is the equality (inf).H*(Z,Q) = Kix.

Proof. In virtue of Lemma 2.2 and the surjectivity [31, Corollary
(15.14)] of the canonical edge map H*(X,Q) — H°(C, R*m,Q) of the
Leray spectral sequence E5?(7) one may assume that A # & because
(2.8) induces a canonical isomorphism K35, — HY(C, R3m.Q).

Irreducible components of a smooth divisor Z are naturally identified
with irreducible components Xg; of the divisor 7= 1(A) = Y, A Xs.
Denote by UXs: /X - Xéi — X, UX5i/Xs - X& — X(S, UXs;)Z -
Xs; < Z the canonical embeddings. In accordance with the functoriality



ON ALGEBRAIC ISOMORPHISMS 11

of cohomology with coefficients in the field Q there is the equality
L}&/X = L}&/X& L}é/X. On the other hand, L}a/XK(Qd,g)X = 0 by
(2.10). Hence Vs, xKea-3x = 0. By definition, the operator ¢x;,/x is
conjugate to the operator ¢%  ([2], Section 1.2.A; [34], Ch. VL, § 11,
Remark 11.6), therefore

< ixyxe H' (X351, Q) — Ka—sx >=< H' (X5, Q) — Uxsx Kda-3)x >

Consequently, ¢tx,,/xx H'(Xs,Q) — K(24-3yx = 0. From the commutativity
of the diagram

LXsi/X

Xsi X
| piaf
X, <z

of canonical morphisms and ([34], Ch. VI, § 11, Remark 11.6 (c)) we
obtain the equality

(3.1) (iAf)*<LX5i/Z)*|H1(X52'7@) = LXéi/X*|H1(X§i7Q)'
Thus (iaf)« H(Z,Q) — K@q-3x = 0, so that from (2.7) we obtain
the equality
(iaf)« H(Z,Q) — clx(H)™%? — K3x =0

and the existence of the inclusion
(3.2) (inf)+H'(Z,Q) C K;x.

In accordance with Lemma 2.2 we have the equalities

H*(C,R'T,Q) = H*(C', R*7.Q) = 0.
On the other hand, the theorem on local invariant cycles and the Leray
spectral sequence for the embedding j : ¢! C C yield the embedding
of mixed Hodge Q-structures H'(C, R?*7,.Q) — HY(C’', R*7’.Q) ([31],
P. 457, Corollary (13.10), Remark (14.5)). Besides, the canonical map
H*(X,Q) — H°(C, R*m.Q)

is surjective ([31], Corollary (15.14)). Consequently, taking into account
(1.1), (2.3), the diagram (15.1) in [31], the degeneracy of the Leray
spectral sequence EY?(n") = HP(C', R7,Q) (]|23], Theorem 4.1.1),
the equality H%(C', R'7,Q) = 0 (because the cohomological dimension
of the affine curve C” equals 1 ([34], Ch. VI, § 7, Theorem 7.2)) and
the commutativity of the diagram of morphisms

X < X
4 4
¢’ c C,
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we obtain the commutative diagram of mixed Hodge Q-structures with
exact rows
0 - HYC,R*m.Q) — H*(X,Q) — H°(C,R37.Q) — 0

N Ve i
0 — HYC',R’1.Q) — H3*(X',Q) — 0.

Therefore (2.5), (2.8) yield the commutative diagram

0 — Ksx — Kzx ® K3y — K3x — 0
(3.3) N 4e3 !
0 — HY(C',R?7,Q) — H3(X',Q) — 0.

Evidently Im(gp3) = K3x, therefore (3.3) yields the commutative diagram
of canonical morphisms of Hodge Q-structures
0 — Kix — Kgx@Kg'X — K?%X — 0

| 1% J

0 —- Kix — Ksx — 0.

The corresponding exact sequence of Hodge Q-structures (13|, Section
2.6) of the snake-like diagram ([36], § 1, Proposition 2) and (1.1) yield
the canonical identifications

(iaf)« H'(Z,Q) = Ker(ps) = Kiy.
The lemma is proved.
3.2. Lemma. There is a canonical embedding (p20).(K2dr1)yy) C
Kg)(.
Proof. Since Ksx = {z € H}(X,Q) | * — Kix — clx(H)" 93 =
0}, it suffices to check the equality
(p20)«(Karnyy) — Kix — clx(H)77° =0,
which is equivalent ([2], Section 1.2.A; [34], Ch. VI, § 11, Remark 11.6)
to the equalities
< (120)u(Kaarny) — Kizx — clx(H)797? >=
(34) < Koaryy — (p20) (Kx — clx(H)™%) >=0.
If A = @, then the formula (3.4) is true in virtue of Lemma 3.1.

From now on we assume that A # &.
By (2.4) and Lemma 2.2 we have the canonical identification

(35) K(2d+1)Y = H1<C> R2d<7_0—)*(@>-

It is known that the Gysin map tx,,/x« : H*(X5,Q) — H*2(X, Q)
is given by a — «a — clx(Xs) ([15], Formula (4.20)). On the other
hand, the strong Lefschetz theorem for the variety Xs; yields the existence
of the embedding

H'(X5:,Q) — iy, /x clx(H)™% € H* (X5, Q).
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Therefore the projection formula ([2], Section 1.2.A) yields the inclusion

LxsyxeH (X5, Q) — clx (H) ™43
C iy xo 70 ( X5, Q) = H*°(X5,Q) — clx(Xs).
Finitely, it follows from (3.1) that there is the embedding
(3.6)
(iaf)-H'(2,Q) — clx(H)~** ¢ S H*5(X5,,Q) — olx(Xa).
5.

By definition (|35], Vol. I, Ch. 4, Section 4.2.1), for any point s € ",
the —-product by the class clyx(Xs) € H?*(X,Q) acts on the fibre
HY(X,Q) = [j.RI7.Q]s of the sheaf j,RI7,Q as the —-product by
the class ¢}y (clx(X5)). It follows from the evident equality

tx,/x (clx (X5:)) =0
that
(3.7) JRITQ < clx(Xs) = 0.

In virtue of the theorem on local invariant cycles and by Kiinneth’s
formula on fibres of a smooth morphism 7 : Y’ = X' xo X' — '
there is a canonical decomposition

(38)  H'(C,R*(10),Q) = GprgsaHl (C,1(R7Q 0g RITQ)).
It follows from (3.7) that
HY(C, j.(RP7.Q ®g R'™Q)) — [1 ®g clx(Xs)] =0,

so that (3.4) follows from Lemma 3.1, (3.5), (3.6), (3.8). The lemma is
proved.
3.3. There is a non-degenerate canonical pairing [31, Proposition

(10.5)]
HY(C, j,R¥7.Q) x H'(C, j,R*r'Q) 2= B, j,R* 21 Q)
— HX(C, R**r,Q) = H*(X,Q) 5 Q,

identifying (in accordance with the theorem on local invariant cycles)
the space H'(C, R?*47,Q)Y with H!(C, R?r,Q). By the similar reason
we have the identification H*(C, R**~4(10).Q)" = H*(C, R*(70).Q).
Therefore by (2.5), (3.5) and Lemma 3.2 we obtain a commutative
diagram

(1200 K 5017y
K3x Kar1)y

(3.9) I I

HU(OR Q) 422N o R (r0), Q).
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Finally, in accordance with ([37], Ch. 2, § 8, Formula (5)) and by (2.10)
we obtain the equality

Vex (Keasy — cy(DW)72) =k x(K@asy) — tx,/x(cly(DM)7?) =0,
so in virtue of (2.6), (2.10) there is a commutative diagram

— Cly(D(l))VQ
K@q-3)y K@a+1)y

(3.10) [ [

[ — ay @®)y—2);
H'Y(C,R?**~4(10).Q) > HY(C,R?%(10)+Q).

On the other hand, the commutative diagram of morphisms

X 22 Y
TLXS/X TLYs/Y
Xs P1s0s }/s

yields the commutative diagram of canonical maps

HA(X, Q) 25 HM(Y,Q)
}xarx Ly

H2-3(x,,Q) ey sy, ),

so that, for any point s € C, it follows from (2.10) that ¢/, (K(2d-3)x) =
0 and

ty, v (p10)" (K(2a-3)x) = 0.
The morphism 7o is proper, therefore by arguments of Section 2.4 the
canonical restriction map
gy P HPY,Q) = HYH(Y,, Q)

is the composite of canonical maps

H*3(Y,Q) = H'(C, R*¥(70).Q) — [ H*(Y,,Q) = H*(Y,,Q).
seC

Thus, it follows from the equalities ¢y, - (p10)"(K(2a-3)x) =0 (s € C)

and from (2.10) that (p10)*K@a-3x — K@a-3)y- By (2.4), (2.6) and

Lemma 2.2 we have a commutative diagram

(p1o)*
K@a-3)x —_— K@a-3)y

(3.11) [ [

[(p10)*]1

HY(C,R*~4m,Q) —— H'(C,R?¥%(70).Q).

Gluing together diagrams (3.9) - (3.11), we see that (2.2) takes the
form

(3.12) Kpa_3)x

z (p20)«((pro)*z — cly (DM)~ 2)

> Kgx.
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For x € H**3(X,Q), the projection formula |2, Section 1.2.A] yields
the equalities
(p20). ((mo)*w — [ely (DW)] 7?) = [pryeol. ([pry o]z — [cly(DW)]72)
= pry, (10). (o)  priw — [cly (DW)]~?)
=pry, (priz — (w0). [[cly(DW)]77]).
Therefore an algebraic class (wo). [[cly(DM)] =% € H5(X x X,Q)
determines the isomorphism (3.12), which takes the form

w5y, (prf 2 — (o). [[ely (DD)] ~2])

(313) K(Qd_g)x ? K3X

3.4. By arguments of [15, Section 3.5|, we have the isomorphism

@+ proy, (pri(z) — @(Kg,lx))

(3.14) Kéd—:&)X > Kax,

where p(K3iy) is an algebraic (by Lemma 3.1 and [15, Lemma 3.8|)
Poincaré class.

On the other hand, taking into account decompositions (2.8), (2.9),
the existence of algebraic isomorphisms (3.13), (3.14) and arguments of
[15, Sections 4.1 - 4.4], it is easy to show the existence of an algebraic
isomorphism

@ pro, (pr} @ — (us 3 +ug 51 +hio+o(K3y)))

H*7(X,Q) H*(X,Q),

where uz3 € K3x Qg Ksy, uss. € Ksx ®g Ky are components

of an algebraic class u < (¢0)s [[ely (DW)] 2] € HS(X x X,Q) and
hqo is an appropriate element of the Q-space @, ,-¢, p23 HP(X, Q) ®q
H?(X,Q). The theorem is proved.
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