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ABSTRACT. In this paper, we introduce the concept of int-soft I'-semigroup,
int-soft quasi-I'-semigroup and int-soft left (resp., right) I'-semigroup of or-
dered I'-semigroup over an initial universal set U. We investigate some prop-
erties of int-soft quasi—I'-ideals and left (resp., right) I'-ideals of ordered I'-
semigroup. Moreover, we define critical soft point of ordered I'-semigroup. By
using the notion of critical soft point, we define semiprime int-soft quasi-I'-
ideals of ordered I'-semigroups. We characterize completely regular ordered
I'-semigroups in terms of their int-soft quasi-I-ideals and semiprime int-soft
quasi-I'-ideals. Furthermore, we define semilattice of left and right simple
semigroups of ordered I'-semigroups and characterize semilattice of left and
right simple semigroups in terms of their int-soft quasi-I"-ideal.

1. INTRODUCTION

In 1999, Molodtsov [29] introduced the concept of a soft set as a new mathemat-
ical tool to deal with uncertainities that appeared in many fields of research such
as social science, enviromental science, medical, engineering etc. For example, we
have a statement “numbers closer to 20”7, the classical set theory which is intro-
duced by Cantor is no longer useful since there is uncertainty whether 19 is closer
to 20 or not. These type of variables are non-Boolean. A few more examples of
non-boolean variables are young people, tall people. To deal with such uncertainity,
Zadeh [42] introduced the concept of fuzzy set in 1965. A fuzzy set of a classical
set X is an object of the form {(z, f (z)) : 2 € X and f: X — [0,1]}. Many the-
ories like fuzzy set theory have been developed including probability theory [41],
intuitionistic fuzzy set theory [5], rough set theory [30]. Molodtsov pointed out
that all the theories lake parameterization tool and hence introduced the concept
of a soft set. Maji et al. [28] defined operations for soft sets. Later on Ali et al.
[3] defined new operations for soft sets. The concept of soft set has proven useful
in many different fields such as optimization [25], data analysis [43], simulation
[16]. Many researchers had applied the concept of soft set on different algebraic
structures such as groups (see [2]), rings (see [6]) and semirings (see [10]). In 2009,
Ali and Shabir [40] introduced the notion of soft semigroups. The notion of soft
ordered semigroups is defined by Jun et al (see [13]). Soft ideal, soft bi-ideal and
soft quasi-ideal of a semigroup are defined by Ali et al. [4].

There are two extensions of soft set called intersectional soft set (briefly int-soft
set) and union soft set (briefly uni-soft set). In 2015, Sezer et al. [39] introduced the
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concept of a int-soft semigroup, a int-soft ideal and a int-soft bi-ideal of a semigroup.
The notion of int-soft (generalized) bi-ideal of a semigroup is introduced by Jun
and Song [14].

In 1981, M.K Sen [34] introduced the notion of a I'-semigroup as a generalization
of semigroup. Later in 1986, Sen with Saha [36] changed the definition that was
given by Sen in 1981 and gave more general definition. Ordered I'-semigroup is
defined by Sen and Seth [37] in 1993 as a generalization of ordered semigroup.
Many classical notions and results of the theory of semigroups have been extended
to I-semigroups. Green’s relations in I'-semigroup has been defined in [8, 9, 33, 38].
For other results one can see [35]. Moreover, the concept of fuzzy set (see [18]) has
been applied to ordered I'-semigroup. Changphas and Thongkam ([7]) used the idea
of soft set to I'—semigroups and defined soft I'-semigroup, soft I"'—subsemigroup,
soft I—idealistic (r—idealistic). Also I'—restricted product is defined in ([7]). Khan
[23] applied the concept of fuzzy set to ordered I'-semigroup and defined the notion
of fuzzy interior I'—ideal of ordered I'-semigroup. Moreover, Khan [24] also defined
generalized fuzzy bi—T'—ideal of type (6, \) of ordered I'-semigroup.

In this paper, we introduce the concept of int-soft I'-semigroup, int-soft quasi—I'—ideal
and int-soft left (resp., right) I'—ideal of ordered I'-semigroup and investigate their
properties. We define critical soft point and by using the concept of critical soft
point, we introduce semiprime int-soft quasi—I'—ideal of ordered I'—semigroup.
Furthermore, characterizations of completely regular by using int-soft quasi—I"—ideal
and semiprime int-soft quasi—I'—ideal are discussed in detail. Next we define
semilattice of left and right simple semigroup of ordered I'-semigroup and char-
acterize semilattice of left and right simple semigroup in terms of their int-soft
quasi—I'—ideal.

2. PRELIMINARIES

In this section, we give some basic definitions and results, which are necessary
for the following sections.

Let S and T be any two non-empty sets. By an ordered I'—semigroup S [37], we
mean an algebraic structure (S, T, <) that satisfies the given conditions:

(i) (S,T) is a I'-semigroup,

(ii) (S, <) is a poset, and

(iii) f p< g = pAr < gh\rand rAp <rAq (Vp,q,r€85) (VIel).

We represent the elements of S by English alphabets and the elements of I' are
represented by Greek letters. For A, B C S, we define ATB = {ayb |a € A,y €T and b € B}.
If A= {a} and B = {b}, then we denote {a} I'B, AT {b} and {a} T {b}, respectively,
by means of aI' B, AT'b and aI'b. Let a be any element of S, then we denote a? = al'a
, a® = alal'a or in general a” = al'al'ala....... la (n—times), n € Z+.

For ) # A C S, we define (4] = {se€S|s<aforsomeac A}. If A =
{a}, then we write (a] instead of ({a}] (see [1]). For x € S, we write 4, =
{(p,q) € S|z < pAq for some A € T'} (see [24]).

For other terminologies and definitions relevent to ordered I'—semigroup, the
reader is refered to [21, 31, 32]
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Example 2.1. Let S = {u,v,w} and T = {a, 8,7} be two non-empty sets. Define
binary operations on S in the tabels given below:

alu |v|w Blu|v |w Yylu |v |w
u|lu |v | w u v |w|u u|w|u |v
v|v|w]|u v|w|u |v v|u|v|w
wlw|u|wv wlu|v |w wlv | w|u

The order relation ”<” is define by:

<= {(u, u), (v,0), (w,w)}
This is an ordered I'-semigroup.

A sub—TI'—semigroup H of an ordered I'-semigroup S is a non-empty subset of
S such that HT'H C H.

A left (resp., right) I'—ideal I of an ordered I'—semigroup S is a non-empty
subset of S which satisfies the following conditions:

(1) STI C I (resp., ITS C 1),
(2) (YpelandVse ) (s <p=sel).In otherwords, (I] =1I.

I is said to be a two sided I'—ideal (or simply a I'—ideal ) of S, if I is a left
I'—ideal as well as a right I'—ideal of S.

A quasi—T'—ideal @ of an ordered I'-semigroup S, is a non-empty subset of S
which satisfies the given conditions:
(1) (STQIN(QTS] € @,
(2) (VpeQand Vs e S) (s<p=s€Q). In otherwords, (Q] = Q.
A bi—T'—ideal B of an ordered I'-semigroup S, is a non-empty subset of S which
satisfies the following conditions:
(1) B is a sub—I'—semigroup of S,
(2) BI'ST'B C B, and
(3) (Vpe Band Vs € S) (s <p=>s € B). In otherwords, (B] = B.

Lemma 2.2. (see [27]) For any non-empty subsets K, L of an ordered T'-semigroup
S, the following holds:

(1) K C (K] for any K C S.
(2) If K C L, then (K] C (L].
(3) (K] = ((K]].

(4) (K] (L] € (KT'L].

(5) ((K]T (L]} = (KTL].

(6) (KUL]=(K]U(L].

(viit) (KNL] C(K|N(L], ((f KNL#D).
(7) (pr'S], (STp] and (STpI'S] is a right—T —ideal, a left—T'—ideal and a T'—ideal
of S, for everyp € S.

Let p be any element of an ordered I'-semigroup S. The quasi—I'—ideal of S gen-
erated by an element p is denoted by @ (p) , is define as, @ (p) = (p U ((pI'S] N (STp])]
(see [27]).
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3. BASIC OPERATIONS OF SOFT SETS

Let U be a non-empty set called universal set and E be a non-empty set of all
possible parameters with respect to U and A, B,C C E. By P (U) we mean the
power set of U and £ C P (U).

Definition 3.1. [29]. A pair (fa,F) is called a soft set over U, where f,4 is a
mapping given by fa : E — P (U), is defined as:

] & ifac A,
fala) = { (0, otherwise.

In other words, a soft set is a parameterized family of subsets of the universal
set U. For a € E, fa (a) may be considered as a set of a—approxiamate elements of
the soft set (fa, F).

Examples of a soft set can be found in [29]. The set of all soft sets over U is
denoted by S (U).

Definition 3.2. (see [4, 7]). Let (fo, F) and (gp, E) be any two soft sets over a
common universe U, then (fc, E) is said to be a soft subset of (gp, E), denoted by
(fe, E)C(gp, E), if C C D and fo (p) C gp (p), for all p € C.

Definition 3.3. (see [15]). Two soft sets (fc, E) and (gp, E) are said to be equal
if (fc, E) is a soft subset of (gp, E) and (gp, F) is a soft subset of (fc, E).

Definition 3.4. (see [15]). Let (fc, F) and (gp, E) be two soft sets over a common
universe U. Then, the soft union of fc and gp, denoted by fcUgp, is defined to
be the soft set (chgD,E) over U in which foUgp is defined by (fCOgD) (a) =
fe(a)Ugp (a) for alla € E.

Definition 3.5. (see [15]). Let (fc, F) and (gp, E) be two soft sets over a common
universe U. Then, the soft intersection of fo and gp, denoted by fcNgp, is defined
to be the soft set (fcﬁgD, E) over U in which fcNgp is defined by (fcﬁgp) (a) =
fe(a)Ngp (a) for all a € E.

From now on S represent an ordered I'-semigroup unless otherwise stated.

Definition 3.6. For any two soft sets (fs,.5) and (gs,S) over a common universe
U, we denote the soft union-intersection product by fsI'gs, and is define by

U {fs(s)ngs ()}, if A, #0,
r =4 (s)edy for all S.
(fsTgs) (p) { 0, if A, =0, orall pe

Without any difficulty, the reader can prove that “I'” on S (U) is well defined.
Moreover, we have the following lemma.

Lemma 3.7. The set (S (U),r, i) forms an ordered T'-semigroup.
Proof. To show S (U) is an ordered I'—semigroup, first we show that (S (U),T') is a

I-semigroup. Let fs,gs,hs € S(U). If A, =0, then we have, ((fsT'hs)Tgs) (a) =
0= (fsT'(hsTgs)) (a). Let A, # 0, then we have
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((fsThs)Tgs) (a) = {(fsThs) (s) N gs (8)}

(s, )€A

(s, t)GA

= {(fs( )ﬂhs (1) Ngs ()}

(kAl t)eA

= e, Us )0 (hs () Ngs (1))

< (k, lut)GA {fs( )N ((l,t)gA,m{hS (1) Ngs (t)}>}
= {fs (k) N (hsTgs) (lut)}

(k: lp,t )EA,
= (fsI'(hsT'gs)) (a) .
This implies that ((fsThs)T'gs) (a) C (fsT'(hsTgs)) (a) . Similarly we can show
that (fsI'(hslgs)) (a) € ((fsT'hs)Tgs) (a) . Hence ((fsT'hs) Tgs) (a) = (fsI'(hsT'gs)) (a) .
Now we show that the order relation “C” on S (U) is compatible with "I"”. Let
fs,hs,gs € S(U) and a € S be such that fsChg. If A, = 0, then (fsTgs) (a) =
0 = (hsTgs) (a). Let A, # 0, then

(fsTgs) (a) = - ) {fs( )Ngs (t)}

C( e {hs(s)Ngs(t)} (since fs(s) Chs(s) VseS)

= (hsTgs) (a) .
Thus (fsT'gs) (a) € (hsT'gs) (a). Similary we can prove that (gsT'fs) (a) C
(9sThs) (a) . Therefore, (S (U),T, i) is an ordered I'-semigroup. O

Lemma 3.8. For any soft sets (fs,S),(hs,S) and (gs,S) over U, we have the
following:

(1) (fsT (g9sNhs),S) = (fsTgs, S)N(fsThs,S),
(2) (fs E(QSUhS) ,S) = (fsTgs,S)U(fsThs, S),
(3) (fSQ (9sUhs), S) = (fsﬂgs, S)U0 (fsﬂhs, S),
(4) (fsU(g9sNhs),S) = (fsUgs,S) N (fsUhs,S).
Proof. (1) Leta € S. If A, = 0, then (st (gsﬁhg)) (a) =0= ((fSFgS) ﬁ(fSFhS)) (a).

Let A, # 0, then

(fsT (gsNhs)) (a) = {fs(s)N(gsnhs) ()}

{fs(s) N (gs (t) Nhs (1)}

(s t)eA

= {(fs(s)Ngs ()N (fs(s)Nhs (1))}

(s t)eA

— <(s,t)UeAa{fS (s)Ngs (t)}> N ((S’t)UeAu{fs (s) Nhs (t)})

= (fsl'gs) (a) N (fsThs) (a)
= ((fsTgs) N(fsThs)) (a),

t)eA
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hence, (fsr (gsﬁhs) ,S) = (stgs, S) ﬁ (ngl‘hs, S) . _
(2) Leta € S. If A, = 0, then (fsT (9sUhs)) (a) =0 = ((fsTgs) U(fsThs)) (a).
Let A # 0, then,

(fsT (9s50hs)) (a) = st)GA {fs (s) N (9s0hs) (t)}

= thGA {fs(s)N(gs (t) Uhs (1)}
=M {(fs (s) Ngs (£)) U (fs (s) Nhg ()}

(Lo ts@nsso)o( o, Us@nnsen)

= <fsrgs>( ) U (fsThs) (a)
= ((fsT'gs) U(fsThs)) (a).

Hence, (fsT (9sUhs) ,S) = (fsI'gs, S)U(fsThs,S).
The proof of (3) and (4) are straightforward. O

Definition 3.9. In an ordered I'-semigroup (S, T, <), the soft set “Ds” of S over
U is defined as:

bg: S — PU), s—0s(s)=0,VseS,
is the “least element” of S (U), is said to be a null soft set over U.

The soft set “T's”of S over U is defined as:
Ts:S—PU), s—Ts(s)=U,VseS,
is the “greatest element” of S (U), is said to be a whole soft set over U.

Definition 3.10. Let ) # C C S, we denote, the characterictic soft set over U by
“x¢”, and is defined by:

U, if pecC,

(), otherwise.

Xc (p)Z{

Lemma 3.11. Let C, D be any two non-empty subsets of an ordered I'-semigroup
S, then the following are true:

( ) CCD ZﬁXCCXDa
(2) xeNxp = Xcnp,
(3) xcUxp = xcup,
(4) xeI'xp = Xx(crp)-
Proof. The proof of (i), (ii) and (iii) is straightforward.
(iv) Let m € S. Then xcT'xp = X(crp)- Indeed: let m € (CT D], then x(crp (m) =
U.
Since m < ¢Ad for some c € C, d € D and X €T, so (¢,d) € Ay,. Thus we have
(xeTxp) (m) = W xo(s)Nxp (t) 2 xe () Nxp (d) =UNU =U.
Thus (xcT'xp) (m) 2 U. But xcT'xp is a soft subset of S, so (x¢I'xp) (m) C U.
Therefore, (xcI'xp) (m) =U = x(crp) (M)
Suppose m ¢ (CTD], if A, = 0, then xcrp)(m) = 0 = (xcT'xp) (m) . Let
A # 0, since m ¢ (CT'D], this implies that there does not exist any ¢ € C or
d € D such that m < cAd for some A € T'.
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Let m < aub for some a € C¢ or b € D and p € T'. If a € C°, then x¢ (a) = 0.
Since (a,b) € A,,, thus we have

(XeTxp) (m) = U Xe (@) Mxp () =0 = xero) (m)

If b € D¢, then xp (b) = 0. Thus,

(xcT'xp) (m) = @ b)LéA xc (a) N xp (b) =0 = xcrp) (m).
Hence in any case, xcI'xp = x(crp]- .

Definition 3.12. A soft set (fs,S) of an ordered I'-semigroup S over U is called
int-soft I'-semigroup over U if:

(fs (pya) 2 fs (p) N fs(q)) (Vp,geSandyel).
Example 3.13. Let S = {p,q,r} and T' = {\, u} be two non-empty sets. Let
U= {e, x, 22, y, Ty, ny} is a universal set. Then S is an ordered I'-semigroup with
respect to the binary operations and order relation define below:

Aplalr piplql|r
plp|aql|r plalp|r
qlq|p|r qlplalr
ri{r|r|r ri{r|ri|r

The order relation is defined by:

<= {(pap) ) (Q7 Q) (7’,7’) ’ (p,?") ) (q,T)}

Let fs be a soft set define by:

fs(p) = {e;x, 2}, fs (a) = {y, 2y}, fs (r) = {e,2%y}. Then clearly fs is an
int-soft I'-semigroup of an ordered I'-semigroup S.

4. INT-SOFT QUASI-I'—IDEALS
Definition 4.1. A soft set (fg,S) of an ordered I'-semigroup S over U is called
int-soft left (resp., right) I'—ideal if:
(1) (VpgeS) (YAeD) (fs(pvg) 2 fs(a)) (vesp., (fs (ap) 2 fs(2)))s
(2) (VpgeS) (Ifp<qg= fs(p) 2 fs (2))

Example 4.2. Let S = [0,1] and T' = {1/n:n € N}. Then S is an ordered I'-
semigroup under usual multiplication and usual partial order. Let U = N be a
universal set. We define a soft set fg over U given below:

fs(p):{N\{p}) if p€[0,1/2],

¢,  otherwise.

Clearly it is int-soft left I'—ideal as well as int-soft right I'—ideal of S over U.
Proposition 4.3. Let fg be any soft set of an ordered I'-semigroup S over U, then
the following statements are equivalent:

(1) A soft set fg is an int-soft right (resp., int-soft left) T'—ideal of S.
(2) (i) fsTxsCfs (YeSP~, Xsts§f3)7
(ii) (Vp,geS) (fp<qg= fs(p) 2 fs ()
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Proof. (1) = (2). Let p € S and fg be an int-soft right I'—ideal of S. If A, = 0,
then we have, (fsI'xs) (p) =0 C fs (p). Let A, # 0, then we have, (fsT'xs) (p) =

U N t) = @]
(s,t)EApfS (8) Xs ( ) (s,t)EApfS (8)

On the other hand, fs (s) C fg (p) for every (s,t) € A,.Indeed: Since (s,t) € A,
so p < sAt for some A € T'. Since fg is an int-soft right I'—ideal over U, so we
have fs(p) 2 fs(sAt) 2 fs(s) implies fs (p) 2 fs(s) or fs(s) € fs(p). Hence
(fsTxs) (p) C fs(p). Since fs is an int-soft right I'—ideal of S, so property (ii)
holds.

(2) = (1). By hypothesis for every s,t € S and A € T, we have

fs (sAt) 2 (fsT'xs) (sAt) = (2a fs (W) Nixs (v) 2 fs(s)Nxs(t) = fs(s).
Therefore, fs(sAt) 2 fs(s) and so fg is an int-soft right I'—ideal of S over
U. (Il

Proposition 4.4. Let (S,T', <) be an ordered I'-semigroup and () # C' C S, then
the following statements are equivalent:
(1) C is aright I'—ideal (resp., left I'—ideal) of S.
(2) The characteristic soft set (xc, S) is an int-soft right (resp., left) I'—ideal
over U.

Proof. (1) = (2). Let C is a right I'—ideal of S, so CT'S C C. Then we have,
xcT'xs = x(crs) € xo- Thus xcI'xs € xc- Let p,qg € S be such that p < ¢. If
q € C, then x¢ (¢) = U. Since p < g and C' is a quasi—T'—ideal of S, we have p € C.
Hencexc (p) = U = xc () - If ¢ ¢ C, then xc (¢) =0 € xc (p) or xc (p) 2 xc (q)-
So by proposition 4.3, (x¢,S) is an int-soft right I'—ideal over U.

(2) = (1). Let c € CT'S imply ¢ € (CT'S]. Thus x(crg) = U, but x(crg (¢)
XcI'xs (¢). Hence U = xcI'xs (¢) € xc (¢) (by proposition 4.3). Hence U
xc (¢), but xo (¢) CU. So x¢ (¢) = U imply ¢ € C. Thus CT'S C C. Let p,q €
be such that p € C and ¢ < p, then ¢ € C. Indeed: Since ¢ < p, then x¢ (q)
xc (p) = U (by hypothesis) but x¢ (¢) C U, so x¢ (q) = U. Thus g € C. Therefore,
C is a right I'—ideal of S.

U w»in

O

Definition 4.5. An element s of an ordered I'-semigroup (S, T, <) is said to be left
(resp., right) regular if there exist some r € S and A, u € T' such that s < rAsus
(resp., s < sAsur).

S is said to be left (resp., right) regular, if all the elements of S are left (resp.,
right) regular. Equivalent definitions are:

(1) For every K C S, K C (STKTK] (resp., K C ( KT'KT'S)),
(2) For every element s € S, s € (STsT's] (resp., s € (sI'sT'S]).

Definition 4.6. An element s of an ordered I'—semigroup (5,T', <) is said to be
regular if there exist some element » € S and A, u € I" such that s < sArus.
If every element of an ordered I'-semigroup S is regular then S' is called regular
ordered I'-semigroup. Equivalent definitions are:
(1) For every K C S, K C (KT STK],
(2) For every s € S, s € (sI'ST's].

Proposition 4.7. In an ordered I'-semigroup, we have

fsNgs2DfsTys.
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for every int-soft right I'—ideal fg and for every int-soft left I'—ideal gg over U.
Proof. Let p € S.If A, =0, then (fsT'gs) (p) =0 C (fsNgs) (p) . Let A, # 0, then

we have

(fsTgs) (p) = (S’tSJGA {fs(s)Ngs(t)}-

Since (s,t) € A,, so p < sAt for some A € T. Since fg is an int-soft right I'—ideal,
so we have fg(p) D fs(sAt) D fs (s) implies fs (p) 2 fs(s). Also gg is an int-soft
left I'—ideal, so we have gs (p) 2 gs (sAt) D gs (t) implies gg (p) 2 gs (t) . Thus we
have,

(fsTgs) (p) = " theA {fs(s)Ngs(t)} C fs(p) Ngs (p) = (fsNys) (p) -
Therefore, fsTgsC fsMgs or fsfgsDfsTgs. O

Proposition 4.8. Let (S,T', <) be a regular ordered I'-semigroup. Then for each
int-soft right (resp., left) I'—ideal fg of S and for each soft subset gg of S, we have
fsNgsCfsTgs (resp., gsNfsCgsT fs).

Proof. Let fg be an int-soft right I'—ideal and gg be any soft set over U. Let p € S.
As S is regular, then p < pAgup for some ¢ € S and A, € T'. Thus (pAg,p) € A4,.
Since A, # (), we have

(fsTgs) (p) = " t%JeA {fs(s)Ngs ()} 2 fs (pAg) Ngs (p)

Since fg is an int-soft right T'—ideal of S, so fs (pAq) 2 fs (p). Then we have,
(fsTgs) (p) 2 fs(pAg) Ngs(p) 2 fs(p) N gs(p). Therefore, fsTgs2fsNgs or

fsNgsCfsTys. O
Corollary 4.9. In a regular ordered I'—semigroup S, we have

fsNgs = fsTgs.
for every int-soft right I'—ideal fg and for every int-soft left I'—ideal gg over U.

Definition 4.10. Let (S, T, <) be an ordered I'-semigroup. Then a soft set (fg,S)
of S over U is said to be int-soft quasi—I'—ideal of S if:

(1) (fsTxs;S)N(xsTfs;8) Cfs,

(2) (Vpge ) (fp<qg= fs(p) 2 fs(a))

Example 4.11. Let S = P (set of prime numbers) and 1 € S. Let I' be any

non-empty set. Let U = FE (set of even numbers) be a universal set. Define
SxI'x S — S by
_J p ifp=gq
pAG = { 1, otherwise.

for all p,g € S and A €T.
Define an order relation by p < ¢ iff p/q. Then S is an ordered I'-semigroup. Let
fs be a soft set is define by:

2F, ift =1,
fs()={ 4B, ifte[2,50],
8E, ift e [51,00].

The soft set fg is an int-soft quasi—I'—ideal over U.
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Theorem 4.12. Let (S,T,<) be an ordered I'-semigroup and § # C C S, then the
given statements are equivalent:

(1) C is a quasi—T'—ideal of S.
(2) The characteristic soft set (xc,S) is an int-soft quasi—T'—ideal of S.

Proof. (1) = (2). Let a be any element of S. Then we have

((xeTxs)N(xsTxe)) (a) = (xeTxs) (a) N (xsxe) (a)
= X(crs) (@) N x(srey (@) = Xx(crsjn(sro) (a) -

Since C' is a quasi—I'—ideal of S, then (CT'S] N (STC] C C, then we have
X(crsinesre) € xe- Therefore, (xeTxs) N (xsTxe) (a) € xe (a).

Let p,q € S be such that p < q. If ¢ € C, then p € C. Indeed: if ¢ € C, then
xc (q) = U. Since p < ¢ and C is a quasi—I'—ideal of S, we have p € C. Hence
xc (p) =U=xc(q).lfq¢ C, then xc (q) =0 C xc (p) or xc (p) 2 xc (q) - Hence
in any case, xc (p) 2 xc (q) . Therefore x¢ is an int-soft quasi—I'—ideal over U.

(2) = (1). Let x¢ is an int-soft quasi—I'—ideal over U. Let a € (CT'S]N(STC],
then @ < bAp and a < quc for some b,c € C, \,u € T and p,q € S. Hence
(b,p),(g,c) € A,. Since x¢ is an int-soft quasi—I'—ideal over U, then we have

) 2 ((xeTxs) N (xsTxe)) (a)
(XCFXS)( )N (xs'xe) (a)
= ( {xc (s)Nxs (t )})ﬂ( {XS (s)Nxc ()})
(

(s,t)eA ,)e
2 {xc (b)) Nxs (p)} N{xs () Nxc (¢ )}
= xc (b)Nxc (c) =U.

Thus x¢ (@) 2 U but x¢ (a) C U. Hence x¢ (a) = U = a € C. Hence we have
(CTS|Nn(STC) CC.

Now let § 3 s <r € C. Then s € C. Indeed: Since s < r, then by hypothesis,
Xxc (8) 2 xc (r). Also r € C, then x¢ (r) = U. Then x¢ (s) 2 x¢ (r) = U =
Xc(s) 2 U. Also U D xc (s), then xc(s) = U = s € C. Therefore C is a
quasi—I'—ideal of S. O

Theorem 4.13. Every one sided int-soft T—ideal (fs,S) of an ordered T'-semigroup
S is an int-soft quasi—I"—ideal over U.

Proof. Assume that the soft set fg is an int-soft right I'—ideal over U. Let a € S,
then

((fsTxs)N (xsT'fs)) (@) = (fsTxs) (a) N (xsTfs) (a) € (fsTxs) (a).

Since fg is a int-soft right I'—ideal over U, then we have (fsT'xs) (a) C fs (a) (by
proposition 4.3). Therefore ((fsT'xs)N (xsT'fs)) (a) C fs(a). Also for all p,q € S
such that p < g = fs(p) 2 fs(¢). Thus (fs,S) is an int-soft quasi—I'—ideal of
S. similarly, we can prove it for int-soft left I'—ideal of S over U.

The converse is not true. This is supported by the next example. O
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Example 4.14. Let S = {0,p,q,r} and T = {\}. Let U = {1, 2,3} is a universal
set. Define a binary operation on S in the table given below:

AMO|plg|Tr
0]0]0]0]0
p|0|p|qg|0
q|0]0]0]0
r{0]r]|0]0

The order relation “<” is define by:

<:={(0,0),(p,p) (g, 9), (r,7)}

This is an ordered I'-semigroup. Define a soft set fg over U such that fs (0) =
{1,2,3}, fs(p) ={1,2}, fs(q) = {1} and fs (r) = {2,3}. Clearly it is an int-soft
quasi—I"—ideal of S but it is not int-soft left I'—ideal nor int-soft right I'—ideal.
Since fs (pAg) = fs (q) = {1} 2 fs (p) and fs (rAp) = fs (r) ={2,3} 2 fs ().
Definition 4.15. Let C' be any non-empty subset of an ordered I'-semigroup S.

Let 6 C U. Then, upper d—inclusion of a soft set fo of S over U, is denoted by
U (fc;0), is defined as

U(fe;6) ={w e C| fo(w) 26}
Theorem 4.16. Let (S,T', <) is an ordered I'-semigroup. Then for any soft set fg
over U, the given statements are equivalent:
(1) (Y6 CU)U(fs;0) #0, U(fs;9) is a quasi—T'—ideal of S.
(2) (fs;9S) is an int-soft quasi—T'—ideal of S over U.
Proof. (1) = (2). Assume that for every 6 C U, the set ) # U (fs;0) is a
quasi—I'—ideal of S. If A, = 0, then (fsI'xs) (p) = 0 = (xsT'fs) (p), then (fsT'xs) (p)N

(xsT'fs) (p) =0 C fs(p).
Let A, # 0. Let for every (s,t) € Ap, there exists some 3; C U such that

fs(s) N fs(t) = Bi, then fg(s) 2 B; and fg(t) 2 B; for some ;. Then s,t €
U (fs;8i) - Since (s,t) € Ay, then p < sAt for some A € T', sop € (U (fs; 8;) T'S] and
p € (STU (fs; Bi)] for each i. Then p € (U (fs; 8;) SIN(STU (fs58:)] SU( [s58:),
we have p € U (fs; B;) for each i. Then fg (p) 2 B; for each i. We have

((fsTxs)N (xsTfs)) (p) = (fsTxs) (p) N (xsTfs) (p)

< U {fs(s)mXS(t)})ﬂ< U {xS(s)ﬂfs(t)})

(s,t)eAp (s,t)€Ap
= U {fs(s)Nfs()} =UBi C fs(p).
(s,t)eA,

Thus ((fsTxs)N (xsT'fs)) (p) € fs(p). Let p,q € S be such that p < g,then
fs () 2 fs(q). Indeed: Let fs(p) C fs(q). Then there exist &« C U such that
fsp) CaC fs(q) = qeU(fs;a) and p ¢ U (fs; ), which is a contradiction
because U (fs;a) is a quasi—I'—ideal of S. Hence fs (p) 2 fs (q). Thus (fs;S) is a
int-soft quasi—I'—ideal over U.

(2) = (1) Let a € U (fs;0)TS] N (STU (fs;8)] = a € (U (fs;6)TS] and
a € (STU (fs;6)]. Then there exists some m,n € U (fs;6), p,g € S and \,u €T
such that a < mAp and a < gun. Then (m,p),(q¢,n) € A,. Since m,n € U (fs;9),
so fs(m) 2 ¢ and fs(n) D d. Then we have

(fsT'xs) (a) = (SﬁtheAafs ()N xs(t) 2 fs(m)Nxs(p) 26NU =4.
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Hence (fsI'xs) (a) 2 6. Furthermore, we have

(xsI'fs) (a) = (XS ()N fs(s) 2xs(q)Nfs(n) 2UNI=4.

Hence (xsI'fs) (a) 2 6 and (fsT'xs) (a) N (xsT'fs) (a) 2 6. But fg is an int-soft
quasi—T'—ideal over U, so fs(a) 2 (fsI'xs) (@) N (xsT'fs) (@) 2§ = fs(a) 2§
and so a € U ( fs;9). Thus (U (fs;0) TS| N (STU (fs;0)] CU( fs59).

Let a,b € S be such that a < b and b € U ( fs;0), then a € U ( fg;0) . Indeed:
AsbelU( fs;9), then fg(b) D 4. Since fg is an int-soft quasi—I'—ideal over U, so
fs(a) 2 fs(b) D6 = fs(a) D 6. Hence a € U ( fs;0). Therefore, U (fs;9) is a
quasi—I"—ideal of S. (]

Theorem 4.17. Let (S,T, <) be an ordered I'-semigroup, then the soft intersection
of any int-soft right T'—ideal (fs,S) and any int-soft left T'—ideal (gs,S) over U is
an int-soft quasi—T'—ideal of S over U.

Proof. Let fg be any int-soft right I'—ideal and gg be any int-soft left I'—ideal over
U. Let a € S. Then

((fsNgs) Txs) (a) € (fsT'xs) (a) € fs(a) (by Proposition 4.3)

Thus ((fsNgs) T'xs) (a) C fs (a). Moreover, we have
(xsT (fsNgs)) (a) € (xsTygs) (a) € gs (a) (by Proposition 4.3)

Thus (xsT (me.gSN)) (a) € gs (). Then ((fsﬂgs)j)(s) (a)ﬂ@(SF (fsﬂgg)) (a) C
fs (a) Ngs (a) = (fsNgs) (a) . Thus ((fsNgs) Ixs) N (xsT (fsNgs)) € fsNygs.

Let s,t € S be such that s < ¢, then (fgﬁgs) (s) 2 (fsﬁgg) (t). Indeed:
Since fg and gg are int-soft right I"'—ideal and int-soft left I'—ideal over U. Then
fs(s) 2 fs(t) and gs (s) 2 gs (1), so fs(s) Ngs(s) 2 fs(t) Ngs (t). Therefore,
(fsNgs) (s) = fs (s) Ngs (s) 2 fs (t) Ngs (t) = (fsNgs) (t) . Hence (fsMgs; ) is
an int-soft quasi—I'—ideal over U. O

Theorem 4.18. (see [1]) In an ordered T'-semigroup S, the following are equivalent:

(1) S is regular.
(2) The set (RT'L] is a quasi—T'—ideal of S for each right T—ideal R and for
each left I'—ideal L of S.

Theorem 4.19. In an ordered I'-semigroup S, the given statements are equivalent:

(1) S is regular.
(2) for any int-soft right T'—ideal (fs,S) and for any int-soft left T—ideal
(gs,5) of S, the product (fsT'gs,S) is an int-soft quasi—T'—ideal over U.

Proof. (1) = (2) Since S is regular, then by Corollary 4.9, we have (fsﬁgs, S) =
(fsTgs,S). By Theorem 4.17, we have (fsﬁgs,S) is an int-soft quasi—I'—ideal
over U and so (fsT'gs,S) is an int-soft quasi—T'—ideal of S over U.

(2) = (1) Let R be any right I'—ideal and L be any left I'—ideal of S, so by using
Proposition 4.4 and assumption (xg['xr,S) is an int-soft quasi—I'—ideal over U.
Moreover, (xgI'xr,S) = (X(RFL],S), S0 X(grr) is an int-soft quasi—I'—ideal over
U. Thus (RT'L] is a quasi—I'—ideal of S (by Theorem 4.12). Hence by Theorem
4.18, S is regular. O
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5. CHARACTERIZATIONS OF COMPLETELY REGULAR ORDERED I['-SEMIGROUP BY
USING ITS INT-SOFT QUASI—['—IDEALS

In this section, characterizations of completely regular ordered I'-semigroups by
using int-soft quasi—I"—ideals and semiprime int-soft quasi—I'—ideals are provided.

Definition 5.1. [19] An ordered I'-semigroup (S, T", <) is called completely regular
if S is left regular, right regular and regular. Or in other words, an element s € S is
called completely regular if there exist some element r € S and A, i, p,0 € S such
that s < sAsurpsos.

If every element of an ordered I'-semigroup S is completely regular, then S is
called completely regular ordered I'-semigroup. Equivalent definitions are:
(1) For every K C S, K C (KT'KI'STKTK].
(2) ) For every element s € S, s € (sI'sI'ST'sT's].

Lemma 5.2. Fvery int-soft quasi—T'—ideal (fs,S) of an ordered T'-semigroup S,
is an int-soft I'-semigroup over U.

Proof. Let (fs,S) is an int-soft quasi—I"—ideal of an ordered I'-semigroup S over U.
Let p,g € S and A € S. Since (p, q) € Aprg and (fs, S) is an int-soft quasi—I'—ideal
of S, Then we have
fs (pAg) 2 ((fsTxs) N (xsTfs)) (pPAg)
= (fsI'xs) (pAg) N (xsT'fs) (pPAg)
=( U Afss)nxs@Hn( U {xs(s)Nfs(t)})

(s,t)EApaq (s,t)EApaq
2 {fs(p) Nxs (@)} N{xs (p) N fs ()}
= fs(p)N fs(q).
Thus fs (pAq) 2 fs (p) N fs(q) for all p,q € S and X € T. Therefore, (fs,5) is
a int-soft I'—semigroup of S. O

Lemma 5.3. ([19]) Let (S,T, <) be an ordered I'-semigroup, then the statements
given below are equivalent:

(1) S is completely regular.
(2) Every bi—T'—ideal B of S is semiprime.

Lemma 5.4. ([20]). Every quasi—T'—ideal Q of an ordered T'-semigroup S is a
bi—I'—ideal of S.

Lemma 5.5. (see [1]) In a regular ordered T'-semigroup S, every bi—T'—ideal B of
S is a quasi—T'—ideal of S.

Theorem 5.6. In an ordered I'-semigroup S, the given statements are equivalent:

(1) S is completely regular.

(2) For all int-soft quasi—T'—ideal (fs,S) of S, we have, (fs (p),S) = (agrfs (pOp) , S)

for allp € S and S is regular.

Proof. (1) = (2). Let fs be an int-soft quasi—I'—ideal over U and p € S. Since
S is left regular as well as right regular, then p < ufpup and p < pppov for some
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u,v € S and 8, u,p,o0 € I'. Then (u,pup), (ppp,v) € A, and we have

fs () 2 ((fsTxs) N (xsTfs)) (p)
= (fsI'xs) (p) N (xsT'fs) (p)
=( U {fs(s)nxs®)})n( t)UeA {xs(s)Nfs(®)})

(s,t)EA, (s,
2 {fs (prp) N xs ()} N {xs (u) N fs (prp) }
= fs (ppp) O f5(pup)
2 0.fs (pOp).

Thus fs (p) 2 erfS (pfp) . Since fs is an int-soft quasi—I'—ideal over U, then
by Lemma 5.2, fg is a int-soft I-semigroup of S. Hence erfS (pfp) 2 fs (p). Thus
fs(p) = egrfs (pOp) for all p € S. Since S is completely regular, then S is regular.

(2) = (1). Let p € S. Let A be any quasi—I'—ideal of S, then by Lemma 5.4,
A is a bi—I'—ideal of S. Let pfp € A for all § € T'. Then by Theorem 4.12 and
(2), we have, x4 (p) = GQFXA (pfp) . Since pfp € A, then x4 (pfp) = U imply
GQFXA (pfp) = U = x4 (p). Thus p € A. Hence A is semiprime. Since S is regular,

then by Lemma 5.5, A is any bi—I'—ideal of S and is semiprime. Thus by Theorem
5.3, S is completely regular. (Il

Definition 5.7. Let (S, T, <) be an ordered I'-semigroup and ) # C C S. Then C
is called semiprime if for all p € S and A € T', pAp € C implies p € C. Equivalently,
for every D C S, if DI'D C C implies D C C.

Definition 5.8. Let a be any element of an ordered I'-semigroup (S,T',<). Let
0 # X C U. We define a soft set called critical soft point, denoted by ((a],,S), is
defined as

A, if p € (a],

(a]y: 85— P(U), ax(p) = { (), otherwise.

Definition 5.9. Let (fs, S) be an int-soft quasi—I"—ideal of an ordered I'-semigroup
Sover U. If (fs (p),S) 2 (fs (pfp),S) for all p € S and 6 € T, then (fs,5) is called
semiprime int-soft quasi—I'—ideal of S. Equivalently, if for every critical soft point
(a], of S such that (a], I' (a], C fs implies (a], C fs.

For any soft set (fs,S) of S over U, we define, ((fs]] (z) = IL<Jyf5 (y) for any
x €S

If for any soft set fg of S, we have ([[fs]],S) = (fs, S), then fg is called strongly
convex.

Lemma 5.10. Let (fs,S) be a soft subset of an ordered T'-semigroup S. Then, fs
is a strongly convex soft subset of S if and only if x <y implies fs (y) C fs(z) ,
forallz,y € S.

Proof. Straightforward. ([

Lemma 5.11. Let (al,, (a]u be critical soft points of an ordered I'-semigroup S
and let fs be a soft set of S over U, then the following are true:

(1) If fs is strongly convex soft subset of S, then (a], C fs iff fs(a) 2 A.

() (@ T (E,= U (e
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Proof. (1) = Let fs be a strongly convex soft subset of S. Let (a], C fs implies
(aly (@) C fs (@) or fs (a) 2 (a], (a) = X implies fs (a) 2 A

< 1If fs(a) 2 A, then (a], C fs. Indeed: If p ¢ (a], then (a], (p) =0 C fs (p).
p € (a], then p < a, since fg is strongly convex, so by Lemma 5.10, fs(p) 2
(a

) 2 X = (al, (p) implies fs (p) 2 (al, (p) o (al, C fs.
(2). Let p € S. If p € (¢] for some ¢ € al'b, then p < ¢ € al'b, then p < aabd for
some « € I, then (a,b) € A, and we have ,

(T ],) ) = (al (5) N (8], (1) 2 (al, (@) N (8], (0) = A .
Hence ((a]y I'b,) (p) 2 AN p. Since (a]y (s) N (0], (£) € AN p for any s,t € S, so
we have ((al,I'(b], ) (p) © AN, thus ((a D], ) () =ANp=_ U (clyn, ()
If p ¢ (c] for all ¢ € al'b, then we have ,eurb (cxnu (p) = 0. On the other hand,
((alaT(8],.) () = 0. Tn fact, if ((a], T (8], ) (p) # 0, then we have, ((a], Tb,) (p) =
(S’t)UEA (a] (s) N (8], () # 0. Then there exist (u,v) € A, such that (a], (u) = A
(

and (], (v) = p . Thus u € (a] and v € (b]. Since (u,v) € Ay, so p < ulv for
some )\ € I'. Thus p € ((a]T (b]] = (al'b], then p < aab for some « € I' which is

(C]Arw' O

Theorem 5.12. Let fs be an int-soft quasi—I'—ideal of an ordered T'-semigroup
S. Then the statements given below are equivalent:

If
s

U
(s,t)eAp

impossible. Thus, in this case ((a]A r (b]u) (p)=0= U,
cea

(1) fs is semiprime.
(2) fs(p) 2 qegrpfs (q) for anyp € S.

3) fs(p)= N fs(q) foranyp € S.
qgepl'p

Proof. (1)= (2). Letp€e S, fs(p) 2 qegrpfs (¢). Indeed: If f5 (p) C qEF;prs (q),
then there exists A C U such that fs(p) C A C ﬂF fs(q). Then fs(q) 2 A for
q€plp

all ¢ € pI'p, so by Lemma 5.11 (1) (q], € fs for all ¢ € pI'p. Thus by Lemma
5.11 (2), (], T (p], = U (q], € fs. Since fg is semipime int-soft quasi—I'—ideal
a€pl'p

of S, then (p], € fs. Thus by Lemma 5.11 (1), we have fg(p) 2 A which is a
contradiction. Therefore, fs (p) 2 eﬁr fs (q) for any p € S.
a€pl'p

(2) = (3). Let p € S. Since fg is an int-soft quasi—I'—ideal, so by Lemma 5.2,
fs is a int-soft I'—semigroup, so ﬂr fs(q) 2 fs(p) for all g € pI'p and by (2), we
q€pTp

have fg (p ): ﬁ fs( ) for any p € S.

3) = 1) Let p € S and (p|,I'(p], € fs, A C U, then by Lemma 5.11 (2),
we have (p], T (p ] U (q (q], € fs. Then (¢, C fs for every ¢ € pI'p and so by
qep P
Lemma 5.11 (1) fs (g¢) 2 A for every g € pI'p. Thus we have, fs (p) = eﬂr fs(q@) 2
q€plp

A. So fs(p) 2 A Since fg is strongly convex, then by Lemma 5.11 (1), we have
(p]y, € fs. Therefore, fg is semiprime. O

Theorem 5.13. In an ordered I'-semigroup S, the following statements are equiv-
alent:

(1) S is completely regular.
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(2) Each int-soft quasi—T'—ideal (fs,S) of S over U is semiprime int-soft
quasi—I'—ideal and S is regqular.
Proof. (1) = (2). Let fg be an int-soft quasi—I'—ideal of an ordered I'-semigroup
S over U. Let p € S. Since S is a left as well as right regular, then p < uApup and
p < pppov for some u,v € S and A\, u,p,0 € I'. Then (u, pup) , (ppp,v) € A, and
we have

fSFXS)( )N (xsCfs) (p)
{fseNxs®HN( U {xs(s)Nfs®)})

(s,t) €A, (s,t) €A,
2 {fs (pop) N xs (v)} N{xs (u) N fs (pup)}
= s (ppp) N fs(pup)
D) .
2 0. fs (pAp)
Thus fs (p) 2 )\lgrfg (pAp). Then by Theorem 5.12, (fs,.S) is semiprime int-soft

quasi—I'—ideal over U. Since S is completely regular, so S is regular.

(2) = (1). Let p € S. Let A be any quasi—I'—ideal of S, then by lemma
5.4, A is a bi—I'—ideal of S. Let pfp € A for all § € T". Then by Theorem 4.12
and (2), we have, xa (p) = QQI‘XA (pfp) . Since pbp € A, so xa (pfp) = U imply

fs(p) 2 ((fsTxs) N (xsTfs)) (p)
= (
= (

9mFXA (pbp) = U = xa (p). Thus p € A. Hence A is semiprime. Since S is regular,
€

so by Lemma 5.5, A is any bi—I'—ideal of S and is semiprime. Thus by Theorem
5.3, S is a completely regular. (I

6. CHARACTERIZATIONS OF SEMILATTICES OF LEFT AS WELL AS RIGHT SIMPLE
ORDERED I'-SEMIGROUPS IN TERMS OF INT-SOFT QUASI—I'—IDEALS

In this section, we define semilattice of left and right simple semigroups of
or- dered I'-semigroups and characterize semilattice of left and right simple semi-
groups in terms of their int-soft quasi-I"-ideals.

Definition 6.1. ([12]) A sub—I'—semigroup F of an ordered I'—semgroup S is said
to be a filter of S if:

(1) YVu,ve SandVAeT) (uvwe F=uec FandveF).

(2) Vue FandVveS) (u>v=veF).

For a € S, the least filter of S generated by a, is denoted by N (a). We denote,
the relation on S by N, is defined by N := {(u,v) € S x S| N (u) = N (v)}. The
relation A on S is an equivalence relation on S.

Definition 6.2. Let (S,T', <) be an ordered I'-semigroup. Then

(1) A congruence (see [26]) on S is an equivalence relation ¢ on S such that,
if (u,v) € 0 = (uXs,vAs) € o and (shu, sAv) € o for every s € S and
rel.

(2) A semilattice congruence (see [26]) on S is a congruence o on S such that
(u, uAu) € o and (uAv,vAu) € o for every u,v € S and A € I.

Note if ¢ is a semilattice congruence on S, then for every s € S, the o—class
(s), of S is a sub—I'—semigroup of S. Moreover, NV is a semilattice congruence on

S (see [26]).



ON INT-SOFT QUASI-I'-IDEALS OF AN ORDERED I'-SEMIGROUP 17

Definition 6.3. Let (S,I',<) be an ordered I'-semigroup. Then S is called a
semilattice of left as well as right simple semigroups if there exists a semilattice X
and a family {Sz} sex of left as well as right simple sub—I"—semigroup of S such
that:

(1) (Vo, B € X, B) (SaNSp) =0,
(2) S = aLéJXSa’

(3) (a76 € X) (Sarsﬁ c Soaﬁ )

Equivalently, if there exists a semilattice congruence o on S such that every
o—class (s), of S is a left simple as well as right simple sub—I'—semigroup of S,
for every s € S.

Lemma 6.4. ([17]) For every s € S, the N'—class (s) \, of an ordered I'-semigroup
S is a right (resp., left) simple sub—T—semigroup of S if and only if every right
(resp., left) ideal is a left (resp., right) ideal of S and is semiprime.

Theorem 6.5. Let (S,T', <) be an ordered I'-semigroup, then the statements given
below are equivalent:

(1) S is a semilattice of left as well as right simple semigroups.
(2) For every int-soft quasi—T'—ideal (fs,S) over U, we have,

() (s 0).5) = (0, s (030, 5).
(i) (fs (ubv),S) = (fs (vOu),S) for allu,v € S and 6 € T.

Proof. (1) = (2). Let S is a semilattice of left as well as right simple semigroups.
Let (fs,S) is an int-soft quasi—I'—ideal over U.

To proof (i), by Theorem 5.6, it is enough to prove that S is completely regular.
Let u e S = agXSa, then u € S, for some o € X. Since each S, is left as well as

right simple, then S, = (uI'S,] and S, = (SoI'u]. So we have,

(ul'Sy] = (Ul (SaTu]
— (T ((SaTa]]
— (T (SuTal]
= (ul’ (SaT'u)]

Thus u € (uI'Sy] = (ul' (SqT'u)] implies u € (ul' (SaI'u)], then there exists
v € Sy and O, € T such that u < whvpu. Since v € S, = (ul'S,T'u] implies
v € (uI'S,Tu], then there exists s € S, and p, A € T such that v < upsAdu. Thus
we have, u < wlvpu < ub(upsiu)pu < (ubu)psA(upu) € ul'ul'STul'u implies
u € (uI'ul'STuT'u] . Therefore, S is completely regular.

(ii) Let u,v € S = aLgJXSa. Then u € S, and v € Sg for some o, 8 € X . Thus

for all 0 € T, ubv € S, I'Sg C S, implies ubv € Sup. Also vhu € SgI'S, = Sga
implies vOu € Sgq = Sap (because X is a semilattice). Thus vfu € S,3. Since
Sap is left as well as right simple sub—I'—semigroup of S, then Suys = (SapI¢]
and S,g = (cI'Syp] for all ¢ € S,p.Since ubv € S,a, then ubv € (vOul'S,a] and
ubv € (SppTl'vbu] implies ubv € (VOuL'Sup] N (Saplvbu] C (vOul'S]N (STvhu] . Thus
ubv € (vOul'S] N (STwhu] implies ubv € (vOul'S] and ubv € (STwvlu|, then there
exists p,A € T' and z,y € S such that ufv < (vfu)pxr and ubv < yA(vfu). So
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(y,v0u) , (vOu,x) € Ayugy. Since fg is an int-soft quasi—I'—ideal over U, so we have

s (uv) 2 ((fsTxs) N (xsTfs)) (ubv)
(fSFXS) (ubv) N (xsT fs) (ubv)
(

{fs(s)NxsONN( U {xs ()N fs(t)})

(s, t)EAu v (5,t)EAugy
2 {fs (whu) N xs (x)} N {xs (y) N fs (vOu)}
= fs (v0u) N fs(vOu) = fs(vlu).

Hence fs (ubv) O fs(vfu). Similary we can proof that fs(vfu) O fg (ubv).
Hence fs (ubv) = fg(vbu) for all u,v € S and § € T.

(2) = (1) Let for every int-soft quasi—TI'—ideals (fs,S) of S, (i) and (ii) hold.
By using Lemma 6.4, we prove (1). Let L is a left I'—ideal of S and uw € L, v € S,
so by Proposition 4.4 and Theorem 4.13, we have x, is a int-soft quasi—I'—ideal of
S. Then by (2), xr (ufv) = xr, (v0u) . Since vOu € STL C L implies vfu € L, then
xr (vOu) = U = xr (ubv) . Thus ubv € L. Hence LT'S C L. Also for all w € L and
for all v € S,if v < u = v € L. Therefore L is right I'—ideal of S. Let v € S such
that ufu € L for all 6 € T'. Since L is a quasi—I'—ideal of S, so by using theorem
4.12 and (2), we have xr, (u) = aQrXL (uBu) . Since ubu € L for all 8 € T, we have

9mFXL (uu) = U = xr (v). Thus u € L. Therefore L is semiprime. Similarly we
€
can proof this for every right I'—ideal of S. O

Lemma 6.6. Let (S,T",<) be an ordered I'-semigroup. If u < ubu, V u € S and
0 €T, then for every int-soft quasi—I'—ideal fs over U, we have,

(fs(u),S) = <egrfs (ubu),S) for allu € S.

Proof. Reader can easily prove this by using Lemma 5.2. O

Theorem 6.7. Let (S,T,<) be an ordered T-semigroup. If u < ubu, ¥V u € S and
0 € T', then the following statements are equivalent:

(1) wdv € (vAul'S] N (STwAu] for each u,v € S and A € T
(2) For every int-soft quasi—TI'—ideal (fs,S) of S, we have, (fs (uAv),S) =
(fs (vAu),S) for every u,v € S and X € T

Proof. (1) = (2). As uwlv € (vAul'S] N (STwAu|, then ulv € (vAul'S] and
udv € (STwvdu]. If ulv € (vAul'S], then there exists p € T and p € S such
that udv < (vAu)pp. By (1), we have (vAu)pp € (pp(vAu)T'S]N (STpp(vAu)] implies
(vAu)pp € (STpp(vAu)], then there exists 6 € T' and ¢ € S such that (vAu)pp <
(gfp) p (vAw). Thus ulv < (vAu)pp < (gbp) p (vAu) = urv < (¢fp) p (vAu). So
(g0p, vAu) € Ayry. If udv € (STwAu], then there exists m, € S and o € I" such that
udv < ma(viu). By (1), we have ma(viu) € ((vAu)amI'S|N (ST (vAu)am] implies
ma(vAu) € ((vAu)amI'S], then there exists n € S and 8 € T such that ma(viu) <
(vAu)a (mpn) and so ulv < ma(viu) < (vAu)a (mpbn) = ulv < (vAu)a (mpn).
So (vAu,mpBn) € Ayry-
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Now let (fg,S) is an int-soft quasi-ideal over U and A, # 0, Then,

fs (uAv) 2 ((fsTxs) N (xsTfs)) (udv)
= (fsT'xs) (uAv) N (xsT'fs) (urv)
{fs(s)Nxs@®)}u U {xs(s)Nfs(t)}

()€, (5.)€ Aurs
2 {fs (vAu) N xs (mBn)} U {xs (¢0p) N fs (vAu)}
= fs (vAu) U fs (vAu) = fs (vAu).

Thus fg (uAv) O fg (vAu) . Similarly we can prove that (fs (vAu),S) D (fs (uAv),S).
Therefore, (fs (vAu),S) = (fs (uAv),S) for all u,v € S and A € T.

(2) = (1). Let fs be a int-soft quasi—I'—ideal over U. Since u < ulu for
all u € S and A\ € T', by Lemma 6.6, we have fs(u) = ,\Qrfs (udu) for all X € T.

By (2), we have (fs (vAu),S) = (fs (ulv),S) for every u,v € S and A € T'. By
Theorem 6.5, implies that S is a semilattice of left simple as well as right simple
sub—I"—semigroups of S.

Let u,v € S = U Sa, then u € S, and v € Sg for some «a, € X. Then for

all A € T, ulv € S I‘Sg C Sup implies uAv € Sap. Also vAu € SgI'Sy = Ssa
implies vAu € Sgo = Sap (because X is a semilattice). Hence vAu € S,5. Since
Sap is left as well as right simple sub—I'—semigroup of S, so S,3 = (Sesl'w] and
Sap = (WI'Syp] for all w € S,p. Since udv € S,p, then ulv € (vAul'Syg] and
uAv € (SapTlvAu] implies udv € (vAul'Sapg] N (SaplvAu] C (vAuS] N (STvAu].
Thus uAv € (vAul'S] N (STwAu]. This completes the proof. O

7. CONCLUSION

In this paper, we have extended int-soft ideal theory of ordered semigroups to
ordered I'-semigroups. The results that have been proved in po-semigroups by us-
ing their fuzzy ideals, fuzzy quasi-ideals and uni-soft quasi ideals, we can prove the
same results for ordered I'-semigroups by using their int-soft quasi—I'—ideals. The
results that relates int-soft quasi—I'—ideals and int-soft one sided I'—ideals have
been proved. Using the notion of int-soft quasi—I'—ideals in ordered I"'—semigroups,
we characterized completely regular ordered I'-semigroups by using their int-soft
quasi—I'—ideal. The notion of critical soft point in po—I'—semigroups have been
defined. By using the definition of critical soft point, we have defined the notion
of semiprime int-soft quasi—I'—ideal and characterized completely regular ordered
I'—semigroups by using their semiprime int-soft quasi—I'—ideals. Moreover, semi-
lattice of left as well as right simple semigroups of ordered I'-semigroups have been
defined and some characterizations of semilattice of left as well as right simple
semigroups by using their int-soft quasi—I'—ideals have been done. From above
results, we can conclude that the theory of int-soft ideals can be extended to other
structures such as groups, rings etc. The structure of ordered I'-semigroup can be
applied to int-soft ideals.
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