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Introduction

Let A denote the class of analytic functions f defined on the unit disk
E = {z : |z| < 1} with normalization f(0) = 0 and f/(0) = 1, such a
function has the Taylor series expansion about the origin in the form

f(2) :z—i-Zakzk. (1.1)
k=2

Denoted by S, the subclass of A consisting of functions that are univalent
in E. Then a function f(z) belonging to A is said to be satrlike of order
if it satisfies

Re{sz;i’;)} >, z€F, (1.2)
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for some ¥(0 < ¥ < 1). We denote by S*() the subclass of A consisting of
function are starlike of order ¢ in E. Also, a function f(z) belonging to A
is said to be convex of order ¥ if it satsfies

2f"(2)
f'(z)
for some 9(0 < ¥ < 1). We denote by K(9) the subclass of A consisting of
function are convex of order ¥ in E. Note that S*(0) = S* and K(0) = K
are the usual classes of starlike and convex functions in E respectively.

Also, Denote by T the subclass of A consisting of functions of the the
form

Re{1+ }>19, z€FE, (1.3)

f(z)=2z— Zakzk, ar >0, (z€ E) (1.4)
k=2
and let T*(9) = T NS*(V),C(¥) = T N K (V). The classes T*(¥9) and C(1))
posses some interesting properties and have been extensively studied by
Silverman [14] and others.

Recently, Komatu [5] introduced a certain integral operator .#J denoted
by

C5 1 6—1
7UC) = 75 / o2 (log%) Flat)dt, (1.5)
0

where ¢ > 0,6 > 0 and z € E.
Thus, f € A is of the form (1.1), then it is easily seen from (1.5) that
(see [5])

I2f(2) =2+ Y (e, 8)arz", (1.6)

=
where 9 (c, §) = (m)‘S
From (1.5), it is clear that
2 (F25E) = (e D)) - e ()
and
2 (A1) = (r 122 (@) Qe ) (4 D)5 F (o) ele 1.5 f(2).
We note that

(i). for ¢ = 1 and § = (v is an integer), the multiplier transformation
I f(z) = I f(2) was studied by Flett [2]

(ii). for ¢ = 1 and § = —v(y € N), the differential operator . " f(z) =
D7 f(z) was studied by Salagean [12]



(iii). for ¢ = 2 and & = (v is an integer), the operator % f(z) = #7 f(z)
was studied by Uralegaddi and Somanatha [16]

(iv). for ¢ = 2, the multiplier transformation % f(z) = I° f(z) was studied
by Jung et al. [4].

Motivated by the works of see ([1, 6, 7, 9, 10]), we introduce a new subclass
2\, 9) of A involving Komatu integral operator [5] as below:

Definition 1.1. For 0 < A< 1,0< 9 < 1,¢>0,§ >0, we say f(z) € A is
in the class ¢%(\, ) if it satisfies the condition

9%<4%H@W+A¥G@ﬂ@V

I f(2)

Also we denote by T¢2(\,9) = ¢2(\,9)NT

) >, (z € U). (1.7)

2 Coefficient Inequalities

In this section we obtain a sufficient condition for a function f given by (1.1)
to be in ¢S(\,9).

Theorem 2.1. A function f € A belongs to the class ¢3(\,9) if
> [k + Me(k — (e, 0)|ax] <1 —90. (2.1)
k=2

Proof. Since 0 <1 <1 and A > 0, now if we put

2(F0f(2) + A2 (A f(2)"

o) = e L ze)

then it is sufficient to prove that |o(z) — 1| <1 —49,(z € U).

Indeed if f(z) =z (z € U), then we have o(z) = z(z € U).

This implies that the desired in equality (2.1) holds.

If f(z) # z (J]z] = r < 1), then there exist a coefficient 1 (c,d)ar # 0 for

some k > 2. It follows that > (¢, d)|ax| > 0. Further note that
k=2
> [k 4 Me(k — 1) — O (c, 6)|ax| > (1 — Z¢k ¢, 0)|a|
k=2

= > k(e 8)ax| < 1.

k=2



By (2.1), we obtain

S [k + Me(k — 1) — 1o (e, 8)apzh—!
lo(z) — 1| = |¥=2

1+ § Yr(c,0)agzF—1

k=2
S [k + k(K — 1) — 1] (c, ) ax
< k=2

13 dule,8)a]
k=2

é[k - Mk — 1) — O], ) ax] — (1 — 0)i(c, 8)|a]

<

1- § Yr(c,d)|ax|
=2

(1=9)— (1 =) 3 vilc,0)ax]
k=2

<

1= 3 (e, d)|ag
k=2
=1-9, (z€U).
Hence we obtain

g [2(Z21R) +22 (£21(2)"
¥

Then f € ¢3(\, ). This completes the proof. O

=R(o(z))>1—-(1—-9)=9,(z €U).

In the next theorem, we prove that the condition (2.1) is also necessary
for a function f € T¢%(\, V).

Theorem 2.2. Let f be given by (1.4). Then the function f € T¢S(\,9) if
and only if

> [k + Me(k — 1) — O)yi(c, 8)|ar| < 1— 0. (2.2)
k=2

Proof. In view of Theorem 2.1, we need only to prove that f € T¢d(\, 1)
satisfies the coefficient inequality (2.1). If f € T'¢3(\,9) then the function

2 (I R) + A2 (IS (2)
o(z) = 570 , (z€U)

satisfies Re(o(z)) > ¥(z € U). This implies that

IOf(z) =z — Zwk(c, 0)|a|2* #0; (z € U\ {0}).

k=2



Noting that ﬁ# is the real continuous function in the open interval (0, 1)
with f(0) = 1, we have
fcéf( ) k— 1
— L =1- J) 0 1 2.3
. kg;bkc )|ak|r 0,(0<r<1). (2.3)

1= 35 (kM (k1))

Now ¢ < o(r) = and consequently by (2.3),

(e o)
1= 37 Yr(c,6)|ag|rk—1
=2

we get S [k + Me(k — 1) — 9)hp(c, §)|ag|rF~1 < 1 — 9.
k=2
Letting r — 1, we get > [k + Ak(k — 1) — V]¢oi(c, 6)|ax| < 1 —9.
k=2
This proves the converse part. O

Remark 2.3. If a function f of the form (1.2) belongs to the class T¢%(\,9)
then 19
< - k> 2.
9] < E ARG D) 08 2

The equality holds for the functions

1—9
Ji(z) =2z - [k + Ak(k — 1) — 9k (e, 9)

2" (e Uk >2). (2.4)

3 Distortion Theorem

In the section distortion bounds for functions belonging to the class T'¢2 (X, 7).
Theorem 3.1. Let f be in the class T¢2(\,9) and |z| =r < 1. Then
1-9 1-9 2

o gaes SO ey OV
and
2(1 - 9) : 2(1 — )
1_pA—ﬂ+%@@®T§V@NS1+BA—ﬂ+mm@ﬁf' (3.2)

The result is sharp with the extremal function fo(z) is given by (2.4).
Proof. Since f € T¢3(\,9), we apply Theorem 2.2 to obtain

2X = 9 + 2hi(e,0) D lar] <Y [k + Mok — 1) — 9Jy(c, 6)|ax |

k=2 k=2
<1-49.
Thus |f(2)] < ]z\—k]z\Qi\ak\ <r+ L= r?
< £ =TT A= 0+ 2l (e, 0)
— 2
Also we have, |f(2)] < |z] — |z|? Z|ak| C2A— 19+2]7/)k( 6)



and (3.1) follows. In similar manner for f’, the inequalities

(@) <1+ Klagllz*~h < 1|21 Y Kl

k=2 k=2
and
> 2(1 — )
k <
;_2 lax] < 2\ — 0 + 2]¢.(c, 0)
are satisfied, which leads to (3.2). This completes the proof. O

4 Radii of close-to-convexity and starlikeness
In this section the radii of close-to-convex and starlikeness of this class
T¢%(\,0) will be obtained.
Theorem 4.1. Let f be given by (1.4) is in T¢2(\, ). Then f is close-to-
convex of order § (0 < < 1) in the disc |z| < t1, where

T =8k + kMK — 1) — (e, 6) 7T

t1 = inf

k>2 k(1 —9)

The result is sharp with the extremal function f(z) is given by (2.4).

k> 2. (4.1)

Proof. If f € T and f is close-to-convex of order ¢ then we get
If'(z) —1] <1-6. (4.2)
For the left and side of (4.2), we obtain

1F/(2) =1 < kaglz/" Tt <16
k=2

= E k|2l <1
k=2

1-94¢
We know that f(z) € T¢S(\,9) if and only if
— [k + kA(k — 1) — 0] (c, 0)

ap < 1.
= (1-9)
Thus (4.2) holds true if
k |Z|k—1 < [k + k/\(k - 1) B 19]¢k(cv 5)
1—90 - (1-9)
or equivalently
< [0k kA= 1) — dJyn(e,0) =
- k(1 —9)
and hence the proof is complete. O



Theorem 4.2. Let f € T¢2(\,9). Then f is starlike of order d,
1) in the disc |z| < ta, where

tQ = inf
k>2

{(1 — )k + kAE — 1) — Ok (e, 5)] =
(k—9)(1—-9)

The result is sharp with the extremal function f(z) is given by (2.4).

Proof. We have f € T and f is starlike of order §, we have

2f'(2)
f(z)

For the left hand side of (4.4), we have

1 <1-a

o0

L — k—1
SCHP S\~ Dl

e T S

k=2

(1 —0) is bigger than the right hand side of the left relation if

k-4
1— 5%’2‘“
k=2

<1.

We know that f € T¢S(\, ) if and only if

[k + kMK ) Iy (c, )
— )

Q. < 1.
k=2

Thus (4.4) is true if

k__5|z|k—1 < [k + k)‘(k — 1) — 19]%(07 5)
1-6 = 1-0)

or equivalently

(1= 0)[k + kA(k — 1) — (e, §)] 71

2] < )1 _0)

It yield starlikeness of the family.

5 Convex Linear combinations

Theorem 5.1. Let fi1(z) = z and

1-9
fr(z) =2 — [k + Xk(k — 1) — 9g(c, 6) 4

7

(ze Uk >2).

(4.4)



Then f € T¢2(\, ) if and only if f can be expressed in the form

F2) =Y mnfu(z), me >0 (5.2)
k=1
and Y pp = 1.
k=1
Proof. 1f a function f is of the form f(2) = > urfe(2), ux > 0and > up =
k=1 k=1
1 then

[k + Me(k — 1) — I)r(c, 6)lak|

(1 — )k
[k + Ak(k — 1) — ]g(c, 9)

1 1M

[k + Me(k — 1) — 9)Yr(c, )

e
[|

2

M

(1= = (1 = p2)(1 = 9)

bl
[\

1-9)

In

which provides (2.2), hence f € T¢3(\,¥), by Theorem 2.2.
Conversely, if f is in the class f € T¢J(\, ), then we may set

[k + Ak(k — 1) — 9)Yi(c, 0)

k>2
1_79 ‘ak‘7 = 4

Hie =

and p1 =1— 37 g
k=2
Then the function f is of the form (5.2) and this completes the proof. O

6 Partial Sums of Functions in the Class ¢’(),9)

For a function f € A given by (1.1), Silverman [14] investigated the partial
sums f defined by

fi1(z) = z and fm(z):z+2akzk,m:2,3,4,--- . (6.1)
k=2

In [14], Silverman examined sharp lower bounds on the real part of the
quotients between the normalized convex or starlike functions and their se-
quences of partial sums. Also, Srivastava et al. [15] and Owa et al. [§]
have investigated an interesting results on the partial sums. In this section,
we consider partial sums of functions in the class ¢i(>\, ) and obtain sharp
lower bounds for the ratios of real part of f to f,,, and f’ to f]..



Theorem 6.1. Let be a function f of the form (1.1) belong to the class
#S(N\,9) and satisfy (2.1). Then

ANy Y Ccum
éR(fm(z))Zl derl,( eUmeN), (6.2)

where e+ Me(k — 1) — 9]
_|_ — —
di = . .
‘ o (63
Proof. Clearly, dxy1 > dp > 1,k =2,3,4,--- .
Thus by Theorem 2.1 we get,

Z‘ak‘ +dm+12‘ak‘ < delakl <L (6.4)
k=2 k=2 k=2
o= - 2)
Settin z) = dm, —(1-—
8 9(2) = i {fm<z> dt
A1 Y, g2l
g(z) =1+ aslinmt (6.5)
1+ Z akz’f_l
k=2
it suffices to show Re(g(z)) > 0,z € U. Applying (6.4) we find that
dm+1 Y |ag]
CETp e
1 — m (o.]
ARARLNERFD VAR ST S 1
k=2 k=m+1
<1,
which gives,
f(2) > 1
§R < 2 1-— )
fm(z) dm+1
and the proof is complete. O

Theorem 6.2. Let be a function f of the form (1.1) belong to the class
T$S(N\,9) and satisfy (2.1). Then

m(ﬁ?)zlﬁxﬂgeameM (6.6)
where
dy = [k‘—l—)\k‘(k:—l)—ﬁ]' (6.7)

1—-9



Proof. Clearly, dxy1 > dp > 1,k =2,3,4,--- .
Thus by Theorem 2.1 we get,

D larl +dmpr > larl <D dplag < 1. (6.8)
k=2 k=m-+1 k=2
. fm(z) < dm—i—l >}
Sett hiz) =1 +dn, —
(14 dmy1) Y apz"!
h(z) =1— k=t (6.9)
1+ > apzh—1
k=2
it suffices to show Re(h(z)) > 0,z € U. Applying (6.8) we find that
(14 dms1) 3 Ja]
‘h(z)—1'< ="
h 1 — m o0
DT 05 jagl— (1 4 ) Xl
k=2 k=m-+1
<1
which gives,
éR (fm(2)> 2 dm+l ’
f(Z) 1+ dm+1
and the proof is complete. O

Theorem 6.3. Let be a function f of the form (1.1) belong to the class
#S (N, 9) and satisfy (2.1). Then

%<;;((Z))> 21—Zlmtll,z€U,m€N, (6.10)
and
Jon(2) i1
§R<f/(z)>2m+1+dm+1,zeU,m6N (6.11)
where b AE(k 9
dk:[ ARk — 1) = 3] (6.12)

1—9
Proof. By Setting

o= {8 (121 e

R ¢ o

the proof is similar to that of Theorems 6.1 and 6.2, and so we omit the
details. ]
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7 Convolution properties

In this section we will prove that the class T¢S(\, ) is closed under convo-
lution.

Theorem 7.1. Let g(z) of the form
g(z) =z — Z by.2*
k=2

be analytic in U. If f € T¢3(\,9) then the function f g is in the class
T¢%(\,0). Here the symbol * denoted to the Hadmard product ( or convolu-
tion ).

Proof. Since f € T¢2(\, 1), we have

oo

D [k + Me(k — 1) — O)yhi(c, 8)|ar| < 1— 0.
k=2

By utilizing the last inequality and the fact that

f(z)xg(z) =2— Z apbpz®.
k=2

We obtain
Dk + Ak(k — 1) — 9w (c, 8)|ax|[bx]
k=2
< [k + Me(k — 1) — O)e(c, 8)|ax]
k=2
<1-9
and hence, in view of Theorem 2.1, the result follows. O

8 Neighbourhood for the class T'¢(\, )

Following [3, 11], we defined the a—neighbourhood of the function f(z) € T
by

No(f) = {g €T :g(z) =2— ibkzk and ik‘]ak —bg| < a}. (8.1)
k=2 k=2

Definition 8.1. A function f € A is said to in the class T¢S(\, ) if there
exists a function h € T¢J(\, 1) such that

f(z)
'W_1‘<1_% (zeU, 0<vy<1). (8.2)

11



Theorem 8.2. If h € T¢2(\,9) and

a(2A — 9+ 2)1(c, )
22X — 9+ 2)ha(c, A) — (1 +99)

y=1-

then Na(h) C T#27 (N, 9).
Proof. Let f € N,(h). We then find from that

e )
Zk!ak — bk‘ S a,
k=2

which is easily implies the coefficient inequality

[e.9]

Z!ak—bk\g% (nEN)
k=2

Since h € T¢2(\, 1), we have from equation (2.1) that

> 1—9
kZ:Q ] < B T 2date )

and
S
g1«
(2) L—Zbk
< Q (2/\ 9+ 2)a (e, A)
-2 (2/\ 9+ 2)ha(e, A) — (1 4+ 9)
=1-
This completes the proof of the theorem. O
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