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1 Introduction

Let A denote the class of analytic functions f defined on the unit disk
E = {z : |z| < 1} with normalization f(0) = 0 and f ′(0) = 1, such a
function has the Taylor series expansion about the origin in the form

f(z) = z +

∞
∑

k=2

akz
k. (1.1)

Denoted by S, the subclass of A consisting of functions that are univalent
in E. Then a function f(z) belonging to A is said to be satrlike of order ϑ
if it satisfies

Re

{

zf ′(z)

f(z)

}

> ϑ, z ∈ E, (1.2)
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for some ϑ(0 ≤ ϑ < 1). We denote by S∗(ϑ) the subclass of A consisting of
function are starlike of order ϑ in E. Also, a function f(z) belonging to A
is said to be convex of order ϑ if it satsfies

Re

{

1 +
zf ′′(z)

f ′(z)

}

> ϑ, z ∈ E, (1.3)

for some ϑ(0 ≤ ϑ < 1). We denote by K(ϑ) the subclass of A consisting of
function are convex of order ϑ in E. Note that S∗(0) = S∗ and K(0) = K

are the usual classes of starlike and convex functions in E respectively.
Also, Denote by T the subclass of A consisting of functions of the the

form

f(z) = z −

∞
∑

k=2

akz
k, ak ≥ 0, (z ∈ E) (1.4)

and let T ∗(ϑ) = T ∩ S∗(ϑ), C(ϑ) = T ∩K(ϑ). The classes T ∗(ϑ) and C(ϑ)
posses some interesting properties and have been extensively studied by
Silverman [14] and others.

Recently, Komatu [5] introduced a certain integral operator I δ
c denoted

by

I
δ
c f(z) =

cδ

Γ(δ)

1
∫

0

tc−2

(

log
1

t

)δ−1

f(zt)dt, (1.5)

where c > 0, δ ≥ 0 and z ∈ E.

Thus, f ∈ A is of the form (1.1), then it is easily seen from (1.5) that
(see [5])

I
δ
c f(z) = z +

∞
∑

k=2

ψk(c, δ)akz
k, (1.6)

where ψk(c, δ) =
(

c
c+k−1

)δ

.

From (1.5), it is clear that

z
(

I
δ
c f(z)

)′
= (c+ 1)I δ−1

c f(z)− cI δ
c f(z)

and

z2
(

I
δ
c f(z)

)′′
= (c+1)2I δ−2

c f(z)−(2c+1)(c+1)I δ−1
c f(z)+c(c+1)I δ

c f(z).

We note that

(i). for c = 1 and δ = γ(γ is an integer), the multiplier transformation
I
γ
1 f(z) = Iγf(z) was studied by Flett [2]

(ii). for c = 1 and δ = −γ(γ ∈ N), the differential operator I
−γ
1 f(z) =

Dγf(z) was studied by Salagean [12]
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(iii). for c = 2 and δ = γ(γ is an integer), the operator I δ
2 f(z) = I γf(z)

was studied by Uralegaddi and Somanatha [16]

(iv). for c = 2, the multiplier transformation I δ
2 f(z) = Iδf(z) was studied

by Jung et al. [4].

Motivated by the works of see ([1, 6, 7, 9, 10]), we introduce a new subclass
φδc(λ, ϑ) of A involving Komatu integral operator [5] as below:

Definition 1.1. For 0 ≤ λ < 1, 0 ≤ ϑ < 1, c > 0, δ > 0, we say f(z) ∈ A is
in the class φδc(λ, ϑ) if it satisfies the condition

Re

(

z
(

I δ
c f(z)

)′
+ λz2

(

I δ
c f(z)

)′′

I δ
c f(z)

)

> ϑ, (z ∈ U). (1.7)

Also we denote by Tφδc(λ, ϑ) = φδc(λ, ϑ) ∩ T.

2 Coefficient Inequalities

In this section we obtain a sufficient condition for a function f given by (1.1)
to be in φδc(λ, ϑ).

Theorem 2.1. A function f ∈ A belongs to the class φδc(λ, ϑ) if

∞
∑

k=2

[k + λk(k − 1)− ϑ]ψk(c, δ)|ak | ≤ 1− ϑ. (2.1)

Proof. Since 0 ≤ ϑ < 1 and λ ≥ 0, now if we put

̺(z) =
z
(

I δ
c f(z)

)′
+ λz2

(

I δ
c f(z)

)′′

I δ
c f(z)

, (z ∈ U)

then it is sufficient to prove that |̺(z) − 1| < 1− ϑ, (z ∈ U).
Indeed if f(z) = z (z ∈ U), then we have ̺(z) = z(z ∈ U).
This implies that the desired in equality (2.1) holds.
If f(z) 6= z (|z| = r < 1), then there exist a coefficient ψk(c, δ)ak 6= 0 for

some k ≥ 2. It follows that
∞
∑

k=2

ψk(c, δ)|ak | > 0. Further note that

∞
∑

k=2

[k + λk(k − 1)− ϑ]ψk(c, δ)|ak | > (1− ϑ)

∞
∑

k=2

ψk(c, δ)|ak |

⇒
∞
∑

k=2

ψk(c, δ)|ak | < 1.

3



By (2.1), we obtain

|̺(z)− 1| =

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

k=2

[k + λk(k − 1)− 1]ψk(c, δ)akz
k−1

1 +
∞
∑

k=2

ψk(c, δ)akzk−1

∣

∣

∣

∣

∣

∣

∣

∣

<

∞
∑

k=2

[k + λk(k − 1)− 1]ψk(c, δ)|ak |

1−
∞
∑

k=2

ψk(c, δ)|ak |

≤

∞
∑

k=2

[k + λk(k − 1)− ϑ]ψk(c, δ)|ak | − (1 − ϑ)ψk(c, δ)|ak |

1−
∞
∑

k=2

ψk(c, δ)|ak |

≤

(1− ϑ)− (1− ϑ)
∞
∑

k=2

ψk(c, δ)|ak |

1−
∞
∑

k=2

ψk(c, δ)|ak |

= 1− ϑ, (z ∈ U).

Hence we obtain

ℜ

(

z
(

I δ
c f(z)

)′
+ λz2

(

I δ
c f(z)

)′′

I δ
c f(z)

)

= ℜ(̺(z)) > 1− (1− ϑ) = ϑ, (z ∈ U).

Then f ∈ φδc(λ, ϑ). This completes the proof.

In the next theorem, we prove that the condition (2.1) is also necessary
for a function f ∈ Tφδc(λ, ϑ).

Theorem 2.2. Let f be given by (1.4). Then the function f ∈ Tφδc(λ, ϑ) if
and only if

∞
∑

k=2

[k + λk(k − 1)− ϑ]ψk(c, δ)|ak | ≤ 1− ϑ. (2.2)

Proof. In view of Theorem 2.1, we need only to prove that f ∈ Tφδc(λ, ϑ)
satisfies the coefficient inequality (2.1). If f ∈ Tφδc(λ, ϑ) then the function

̺(z) =
z
(

I δ
c f(z)

)′
+ λz2

(

I δ
c f(z)

)′′

I δ
c f(z)

, (z ∈ U)

satisfies Re(̺(z)) > ϑ(z ∈ U). This implies that

I
δ
c f(z) = z −

∞
∑

k=2

ψk(c, δ)|ak |z
k 6= 0; (z ∈ U \ {0}).
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Noting that I δ
c f(r)
r

is the real continuous function in the open interval (0, 1)
with f(0) = 1, we have

I δ
c f(r)

r
= 1−

∞
∑

k=2

ψk(c, δ)|ak |r
k−1 > 0, (0 < r < 1). (2.3)

Now ϑ < ̺(r) =
1−

∞∑

k=2

[k+λk(k−1)]ψk(c,δ)|ak |r
k−1

1−
∞∑

k=2

ψk(c,δ)|ak |rk−1

and consequently by (2.3),

we get
∞
∑

k=2

[k + λk(k − 1)− ϑ]ψk(c, δ)|ak |r
k−1 ≤ 1− ϑ.

Letting r → 1, we get
∞
∑

k=2

[k + λk(k − 1)− ϑ]ψk(c, δ)|ak | ≤ 1− ϑ.

This proves the converse part.

Remark 2.3. If a function f of the form (1.2) belongs to the class Tφδc(λ, ϑ)
then

|ak| ≤
1− ϑ

[k + λk(k − 1)− ϑ]ψk(c, δ)
, k ≥ 2.

The equality holds for the functions

fk(z) = z −
1− ϑ

[k + λk(k − 1)− ϑ]ψk(c, δ)
zn, (z ∈ U, k ≥ 2). (2.4)

3 Distortion Theorem

In the section distortion bounds for functions belonging to the class Tφδc(λ, ϑ).

Theorem 3.1. Let f be in the class Tφδc(λ, ϑ) and |z| = r < 1. Then

r −
1− ϑ

[2λ− ϑ+ 2]ψk(c, δ)
r2 ≤ |f(z)| ≤ r +

1− ϑ

[2λ− ϑ+ 2]ψk(c, δ)
r2 (3.1)

and

1−
2(1− ϑ)

[2λ− ϑ+ 2]ψk(c, δ)
r ≤ |f ′(z)| ≤ 1 +

2(1 − ϑ)

[2λ− ϑ+ 2]ψk(c, δ)
r. (3.2)

The result is sharp with the extremal function f2(z) is given by (2.4).

Proof. Since f ∈ Tφδc(λ, ϑ), we apply Theorem 2.2 to obtain

[2λ− ϑ+ 2]ψk(c, δ)

∞
∑

k=2

|ak| ≤

∞
∑

k=2

[k + λk(k − 1)− ϑ]ψk(c, δ)|ak |

≤ 1− ϑ.

Thus |f(z)| ≤ |z|+ |z|2
∞
∑

k=2

|ak| ≤ r +
1− ϑ

[2λ− ϑ+ 2]ψk(c, δ)
r2.

Also we have, |f(z)| ≤ |z| − |z|2
∞
∑

k=2

|ak| ≤ r −
1− ϑ

[2λ− ϑ+ 2]ψk(c, δ)
r2,
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and (3.1) follows. In similar manner for f ′, the inequalities

|f ′(z)| ≤ 1 +
∞
∑

k=2

k|ak||z|
k−1 ≤ 1 + |z|

∞
∑

k=2

k|ak|

and
∞
∑

k=2

k|ak| ≤
2(1− ϑ)

[2λ− ϑ+ 2]ψk(c, δ)

are satisfied, which leads to (3.2). This completes the proof.

4 Radii of close-to-convexity and starlikeness

In this section the radii of close-to-convex and starlikeness of this class
Tφδc(λ, ϑ) will be obtained.

Theorem 4.1. Let f be given by (1.4) is in Tφδc(λ, ϑ). Then f is close-to-
convex of order δ (0 ≤ δ < 1) in the disc |z| < t1, where

t1 = inf
k≥2

[

(1− δ)[k + kλ(k − 1)− ϑ]ψk(c, δ)

k(1− ϑ)

]
1

k−1

k ≥ 2. (4.1)

The result is sharp with the extremal function f(z) is given by (2.4).

Proof. If f ∈ T and f is close-to-convex of order δ then we get

|f ′(z) − 1| ≤ 1− δ. (4.2)

For the left and side of (4.2), we obtain

|f ′(z)− 1| ≤
∞
∑

k=2

kak|z|
k−1 < 1− δ

⇒
∞
∑

k=2

k

1− δ
ak|z|

k−1 ≤ 1.

We know that f(z) ∈ Tφδc(λ, ϑ) if and only if

∞
∑

k=2

[k + kλ(k − 1)− ϑ]ψk(c, δ)

(1− ϑ)
ak ≤ 1.

Thus (4.2) holds true if

k

1− δ
|z|k−1 ≤

[k + kλ(k − 1)− ϑ]ψk(c, δ)

(1− ϑ)

or equivalently

|z| ≤

[

(1− δ)[k + kλ(k − 1)− ϑ]ψk(c, δ)

k(1− ϑ)

]
1

k−1

and hence the proof is complete.
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Theorem 4.2. Let f ∈ Tφδc(λ, ϑ). Then f is starlike of order δ, (0 ≤ δ <

1) in the disc |z| < t2, where

t2 = inf
k≥2

[

(1− δ)[k + kλ(k − 1)− ϑ]ψk(c, δ)

(k − δ)(1 − ϑ)

]
1

k−1

k ≥ 2. (4.3)

The result is sharp with the extremal function f(z) is given by (2.4).

Proof. We have f ∈ T and f is starlike of order δ, we have
∣

∣

∣

∣

zf ′(z)

f(z)
− 1

∣

∣

∣

∣

< 1− δ. (4.4)

For the left hand side of (4.4), we have

∣

∣

∣

∣

zf ′(z)

f(z)
− 1

∣

∣

∣

∣

≤

∞
∑

k=2

(k − 1)ak|z|
k−1

1−
∞
∑

k=2

ak|z|k−1

(1− δ) is bigger than the right hand side of the left relation if

∞
∑

k=2

k − δ

1− δ
ak|z|

k−1 < 1.

We know that f ∈ Tφδc(λ, ϑ) if and only if

∞
∑

k=2

[k + kλ(k − 1)− ϑ]ψk(c, δ)

(1− ϑ)
ak ≤ 1.

Thus (4.4) is true if

k − δ

1− δ
|z|k−1 ≤

[k + kλ(k − 1)− ϑ]ψk(c, δ)

(1− ϑ)

or equivalently

|z| ≤

[

(1− δ)[k + kλ(k − 1)− ϑ]ψk(c, δ)

(k − δ)(1 − ϑ)

]
1

k−1

.

It yield starlikeness of the family.

5 Convex Linear combinations

Theorem 5.1. Let f1(z) = z and

fk(z) = z −
1− ϑ

[k + λk(k − 1)− ϑ]ψk(c, δ)
zk, (z ∈ U, k ≥ 2). (5.1)
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Then f ∈ Tφδc(λ, ϑ) if and only if f can be expressed in the form

f(z) =
∞
∑

k=1

µkfk(z), µk ≥ 0 (5.2)

and
∞
∑

k=1

µk = 1.

Proof. If a function f is of the form f(z) =
∞
∑

k=1

µkfk(z), µk ≥ 0 and
∞
∑

k=1

µk =

1 then

∞
∑

k=2

[k + λk(k − 1)− ϑ]ψk(c, δ)|ak |

=

∞
∑

k=2

[k + λk(k − 1)− ϑ]ψk(c, δ)
(1− ϑ)µk

[k + λk(k − 1)− ϑ]ψk(c, δ)

=

∞
∑

k=2

(1− ϑ)µk = (1− µ1)(1 − ϑ)

≤(1− ϑ)

which provides (2.2), hence f ∈ Tφδc(λ, ϑ), by Theorem 2.2.
Conversely, if f is in the class f ∈ Tφδc(λ, ϑ), then we may set

µk =
[k + λk(k − 1)− ϑ]ψk(c, δ)

1− ϑ
|ak|, k ≥ 2,

and µ1 = 1−
∞
∑

k=2

µk.

Then the function f is of the form (5.2) and this completes the proof.

6 Partial Sums of Functions in the Class φδc(λ, ϑ)

For a function f ∈ A given by (1.1), Silverman [14] investigated the partial
sums f defined by

f1(z) = z and fm(z) = z +

∞
∑

k=2

akz
k,m = 2, 3, 4, · · · . (6.1)

In [14], Silverman examined sharp lower bounds on the real part of the
quotients between the normalized convex or starlike functions and their se-
quences of partial sums. Also, Srivastava et al. [15] and Owa et al. [8]
have investigated an interesting results on the partial sums. In this section,
we consider partial sums of functions in the class φδc(λ, ϑ) and obtain sharp
lower bounds for the ratios of real part of f to fm and f ′ to f ′m.
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Theorem 6.1. Let be a function f of the form (1.1) belong to the class
φδc(λ, ϑ) and satisfy (2.1). Then

ℜ

(

f(z)

fm(z)

)

≥ 1−
1

dm+1
, (z ∈ U,m ∈ N), (6.2)

where

dk =
[k + λk(k − 1)− ϑ]

1− ϑ
. (6.3)

Proof. Clearly, dk+1 > dk > 1, k = 2, 3, 4, · · · .
Thus by Theorem 2.1 we get,

∞
∑

k=2

|ak|+ dm+1

∞
∑

k=2

|ak| ≤

∞
∑

k=2

dk|ak| ≤ 1. (6.4)

Setting g(z) = dm+1

{

f(z)

fm(z)
−

(

1−
1

dm+1

)}

g(z) = 1 +

dm+1

∞
∑

k=m+1

akz
k−1

1 +
m
∑

k=2

akzk−1

(6.5)

it suffices to show Re(g(z)) > 0, z ∈ U. Applying (6.4) we find that

∣

∣

∣

∣

g(z) − 1

g(z) + 1

∣

∣

∣

∣

≤

dm+1

∞
∑

k=2

|ak|

2− 2
m
∑

k=2

|ak| − dm+1

∞
∑

k=m+1

|ak|

≤ 1,

which gives,

ℜ

(

f(z)

fm(z)

)

≥ 1−
1

dm+1
,

and the proof is complete.

Theorem 6.2. Let be a function f of the form (1.1) belong to the class
Tφδc(λ, ϑ) and satisfy (2.1). Then

ℜ

(

fm(z)

f(z)

)

≥
dm+1

1 + dm+1
, z ∈ U,m ∈ N, (6.6)

where

dk =
[k + λk(k − 1)− ϑ]

1− ϑ
. (6.7)
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Proof. Clearly, dk+1 > dk > 1, k = 2, 3, 4, · · · .
Thus by Theorem 2.1 we get,

∞
∑

k=2

|ak|+ dm+1

∞
∑

k=m+1

|ak| ≤

∞
∑

k=2

dk|ak| ≤ 1. (6.8)

Setting h(z) = (1 + dm+1)

{

fm(z)

f(z)
−

(

dm+1

1 + dm+1

)}

h(z) = 1−

(1 + dm+1)
∞
∑

k=m+1

akz
k−1

1 +
m
∑

k=2

akzk−1

(6.9)

it suffices to show Re(h(z)) > 0, z ∈ U. Applying (6.8) we find that

∣

∣

∣

∣

h(z)− 1

h(z) + 1

∣

∣

∣

∣

≤

(1 + dm+1)
∞
∑

k=2

|ak|

2− 2
m
∑

k=2

|ak| − (1 + dm+1)
∞
∑

k=m+1

|ak|

≤ 1,

which gives,

ℜ

(

fm(z)

f(z)

)

≥
dm+1

1 + dm+1
,

and the proof is complete.

Theorem 6.3. Let be a function f of the form (1.1) belong to the class
φδc(λ, ϑ) and satisfy (2.1). Then

ℜ

(

f ′(z)

f ′m(z)

)

≥ 1−
m+ 1

dm+1
, z ∈ U,m ∈ N, (6.10)

and

ℜ

(

f ′m(z)

f ′(z)

)

≥
dm+1

m+ 1 + dm+1
, z ∈ U,m ∈ N (6.11)

where

dk =
[k + λk(k − 1)− ϑ]

1− ϑ
. (6.12)

Proof. By Setting

g(z) = dm+1

{

f(′z)

f ′m(z)
−

(

1−
m+ 1

dm+1

)}

, z ∈ U

and h(z) = (m+ 1 + dm+1)

{

f ′m(z)

f(′z)
−

(

dm+1

m+ 1 + dm+1

)}

, z ∈ U,

the proof is similar to that of Theorems 6.1 and 6.2, and so we omit the
details.
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7 Convolution properties

In this section we will prove that the class Tφδc(λ, ϑ) is closed under convo-
lution.

Theorem 7.1. Let g(z) of the form

g(z) = z −

∞
∑

k=2

bkz
k

be analytic in U. If f ∈ Tφδc(λ, ϑ) then the function f ∗ g is in the class
Tφδc(λ, ϑ). Here the symbol ∗ denoted to the Hadmard product ( or convolu-
tion ).

Proof. Since f ∈ Tφδc(λ, ϑ), we have

∞
∑

k=2

[k + λk(k − 1)− ϑ]ψk(c, δ)|ak | ≤ 1− ϑ.

By utilizing the last inequality and the fact that

f(z) ∗ g(z) = z −
∞
∑

k=2

akbkz
k.

We obtain
∞
∑

k=2

[k + λk(k − 1)− ϑ]ψk(c, δ)|ak ||bk|

≤

∞
∑

k=2

[k + λk(k − 1)− ϑ]ψk(c, δ)|ak |

≤1− ϑ

and hence, in view of Theorem 2.1, the result follows.

8 Neighbourhood for the class Tφδc(λ, ϑ)

Following [3, 11], we defined the α−neighbourhood of the function f(z) ∈ T

by

Nα(f) =

{

g ∈ T : g(z) = z −

∞
∑

k=2

bkz
k and

∞
∑

k=2

k|ak − bk| ≤ α

}

. (8.1)

Definition 8.1. A function f ∈ A is said to in the class Tφδc(λ, ϑ) if there
exists a function h ∈ Tφδc(λ, ϑ) such that

∣

∣

∣

∣

f(z)

h(z)
− 1

∣

∣

∣

∣

< 1− γ, (z ∈ U, 0 ≤ γ < 1). (8.2)
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Theorem 8.2. If h ∈ Tφδc(λ, ϑ) and

γ = 1−
α(2λ− ϑ+ 2)ψ2(c, λ)

2(2λ − ϑ+ 2)ψ2(c, λ)− (1 + ϑ)

then Nα(h) ⊆ Tφ
δ,γ
c (λ, ϑ).

Proof. Let f ∈ Nα(h). We then find from that

∞
∑

k=2

k|ak − bk| ≤ α,

which is easily implies the coefficient inequality

∞
∑

k=2

|ak − bk| ≤
α

k
, (n ∈ N).

Since h ∈ Tφδc(λ, ϑ), we have from equation (2.1) that

∞
∑

k=2

|ak| ≤
1− ϑ

(2λ− ϑ+ 2)ψ2(c, λ)

and

∣

∣

∣

∣

f(z)

h(z)
− 1

∣

∣

∣

∣

<

∞
∑

k=2

k|ak − bk|

1−
∞
∑

k=2

bk

≤
α

2

(2λ− ϑ+ 2)ψ2(c, λ)

(2λ− ϑ+ 2)ψ2(c, λ) − (1 + ϑ)

= 1− γ.

This completes the proof of the theorem.
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