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ON THE COMPUTABILITY OF ORDERED FIELDS

M.V.KOROVINA AND O.V.KUDINOV

ABSTRACT. In this paper we develop general techniques for structures
of computable real numbers generated by classes of total computable
(recursive) functions with special restrictions on basic operations in order
to investigate the following problems: whether a generated structure is
a real closed field and whether there exists a computable presentation
of a generated structure. We prove a series of theorems that lead to the
result that there are no computable presentations neither for polynomial
time computable no even for &,-computable real numbers, where &, is
a level in Grzegorczyk hierarchy, n > 2. We also propose a criterion of
computable presentability of an archimedean ordered field.

Keywords: computability, index set, computable model theory, computable
analysis, complexity.

1. INTRODUCTION

In the framework of computable model theory there have been investigated condi-
tions on the existences of computable copies for countable homogeneous boolean
algebras [I4], for superatomic boolean algebras [0 [7], for ordered abelian groups
[19] among others and established several negative results for archimedean ordered
fields [13| [IT].

Nevertheless, till now there where no natural criteria on the existence of computable
copies of ordered fields even in an archimedean case. In this paper we fill this gap.
We are also going dipper to revile relations between a class of computable (recursive)
functions K and a structure K of real K-numbers generated by K. We propose
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natural restrictions on a class K under which the structure K is a real closed field.
It is worth noting duality: for any computable archimedean ordered field (F, +, -, <)
one can create the corresponding class K such that F = K.

As an motivating example we can consider the dyadic numbers Dyad. In this

case (Dyad,+,-, <) is a computable structure, the corresponding K is the set of
computable almost constant functions and Dyad = K.
In this direction we investigate whether there exist computable copies of generated
structures for popular classes of computable functions such as the polynomial time
computable functions P and Grzegorczyk classes &,, n > 2. We establish that the
corresponding real closed fields do not have computable copies and moreover the
polynomial time computable real numbers as an abelian group does not have a
computable copy as well.

In order to do that we develop techniques of index sets and multiple m-complete-
ness. On this way we have to establish a criterion of m-completeness for tuples of
c.e. sets and X.9-sets. From our point of view this criterion is an interesting result
itself and can be used for different purposes.

The paper is organised a follows:

Section [2] contains preliminaries and basic background.

In Section 3] we show under which natural restrictions on K the corresponding
generated structure K is a real closed field.

In Section[d] we propose a criterion of the computable presentability of an archimedean
ordered field.

In Section [5| we define 3-tuple of index sets (Ag, A1, A2) depending on K such that
A; € 9 with the following embedding property Ag C A; C As. In the Theorem
we show that if the corresponding K as a structure, in particular as an abelian
group, has a computable presentation then Ay U (A \ A1) € X9.

In Sections [f] [7] and [§] we develop techniques to establish that under natural
assumptions on a class K the 3-tuple (Ag, A1, A2) is m-complete in the class of
3-tuples of X9-sets with the embedding property. It is well-known that in this case
AgU(A3\ A1) & %9 and therefore for the corresponding K there is no a computable
copy. It is worth noting than these classes contain polynomial time computable real
numbers, computable real numbers generated by Grzegorczyk classes, in particular
&> and beyond.

2. PRELIMINARIES

We refer the reader to [I5] and [I8] for basic definitions and fundamental concepts
of recursion theory [I0, 20] for computable analysis, [5] for computable model
theory, [8] for Grzegorczyk classes of computable (recursive) functions and [I] for
complexity classes. We recall that, in particular, ¢, denotes the partial computable
(recursive) function with an index e in the Kleene numbering. For simplicity of
descriptions we identify a function with its graph. We also use notations W, =
dom(pe), We = w \ We, me = im(pe) and for Cantor 3-tuple (c,l,r) we associate a
number n with the corresponding pair < I(n),r(n) >. We fix the set BF of standard
basic functions Az.0, s(z) and I, where I (z1, ..., %) = Ty for 1 < m < n. We fix
a standard computable numbering ¢ : w — Q of the rational numbers and when it is
clear from a context we use the notation ¢, for g(n). For tuples z; ..., zx of numbers
or functions we use the notation z if it is clear from a context. For the dyadic
numbers we use the notation Dyad = {584+ |m € Z,i >0}, Qt ={qe Q| ¢>0}
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and B(a,7) = {x € R | |x — a| < r} for a basic open ball with the center o € Q
and the radius r € Q.

2.1. Primitive Computable Reals. Let K be a class of total computable numerical
functions with the following restrictions: it contains the basic functions BF and +, -,
closed under composition and the following bounded primitive recursion scheme: If
a g,9 € K and f is defined by

and

then f € K.
Then K denotes the set of computable real numbers

fo | (3% € K)(¥n > 0)fz — g(@(m)] < o}

This is equivalent to the existence of F' € K s.th. (Vn > 0)(VN > n) lay — a,| <
2% Alimy, o0 @y, = , where a, = ¢(F(n)). If K contains Az.2” then an element of
K is called a K—number. In particular, if K is the class of all primitive computable

functions then K is called the primitive computable real numbers. The same for
En, n > 3. For & and polynomial time computable reals see Section

Remark 1. In Section @iue are going to consider not so rich classes as above.
Therefore the definition of K will be modified. In particular, in Section@ and further
the notion x € K will differ from the notion K-number.

2.2. Computable Presentations. We say that a structure 4 = (A,0) admits
an computable presentation if there is a numbering v : w — A such that the
relations and operations from ¢ including equality are computable with respect
to the numbering v. The pair (A,v) is called a computable structure and the
numbering v is called its computable presentation (constructivisation). If only
operations are computable with respect to the numbering v, a structure (A,v)
is called a numbered (effective) algebra.

3. WHEN K IS A REAL CLOSED FIELD

Let us fix K with the restrictions from Section 2.1l
Proposition 1. The corresponding structure K= (I?, +,-, <) is a real closed field.

Proof. The claim that K is closed under addition, subtraction, multiplication and
division is straightforward. To complete the proof, we show that the roots of
polynomials with coefficients in K are also in the class K. Assume contrary there
exists a polynomial p(z) = Y7 a;z; € K|[z] of minimal degree which has a root z
in R but not in K. The polynomial p does not have multiple roots since in opposite
case it is possible to compute g = G.C.D.(p(z), p'(z)) provided by exact knowledge



4 M.V.KOROVINA AND O.V.KUDINOV

of zero coefficients of ¢ with deg(q) < deg(p). So the coefficients a = (ao, . .., an) of
p satisfy the following formula:

¥(a) = i(a) vV a(a),
where
¥1(a) = (3A)(3B)(3e > 0)(A < BA(A) < —eAp(B) > eA(va € [4, B])p(x) > 0)
and
U2(a) = (34)(3B)(3e > 0)(A < BAD(A) > eAp(B) < —en(Va € [4, B]) /() < 0).

W.lo.g. we assume R = 41 (a@). By the Uniformity Principal [12], the formula
can be effectively transformed to a formula

\/ \/ @A,B,e(a’)a

A, BEQ,A<B ccQ+

where ©4 p (%) is a uniformly computable disjunctions of 3-formulas without
equality. Therefore v defines an effectively enumerable subset of R™*!. Suppose
R = ©4, g, (a). For simplicity of the further reasoning we fix the product of open
balls containing a:

[IBlair) C{z | R =04 5. ()}
i=0
and the corresponding «; € Q and r; € QF, 0 <4 < n. Since a; € Kfor0<i< n,
in the framework of K one can effectively find rational tuple bg,...,b, such that
forall 0 <i<mn,
e b; € B(ay, ;) and
L4 |b’L - ai‘ S 231m7

where m is an argument of this computations. Let M € QT be a bound on a; and
B, ie., |a;| < M for 0 <i <nand |B| < M. Having m and the required precision
%, in the framework of K one can effectively find y € Q N [A, B] such that

i 1
bii<7
I; v < 5

One can assume that m is sufficiently big , i.e., 2" > M™ + ... 4+ 1. It is worth
noting that 2™ - e > 1 and | p(y) |< 5= - (1 + ... [y[") < 59 - 2™ = 5. By
the mean value theorem, for all =, y € [A, B] there exists ¢ € [4, B] such that
p(z) —ply) = (x —y) - p'(¢). If = is the root of p in the interval [A, B] then

Py _ 1 o 1
lz —y| < . S%'Q §2Tn~
So y € Q is an approximation of the root x with the precision 2% Therefore,
x € K, a contradiction. ([

An discussion that the previous proposition is an refinement of the result in [I0]
for P-numbers one can find in Section [l
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4. CRITERION OF COMPUTABLE PRESENTABILITY AND ARCHIMEDEAN PART

Let L = (L, <) be linearly ordered and Q C L. Assume p : w — L is a numbering
With L we associate 2 families:

A ={n|qn < p(k)}
By ={n|qn > pu(k)}

and naturally define S, = A, @ By = {2n | n € A} U{2n+ 1 | n € By} and
SL:{Sk|kEw}.

Remark 2. [t is worth noting that Sy does not depend on the choice of pu. By
the way, it is easy to see that if pu is a computable presentation of an ordered field
F =(F,+,-,<) then u > q, i.e., ¢, = p(h(n)) for a computable function h : w — w
and the family Sg is computable.

The following theorem provides a criterion of computable presentability of archimedean
ordered fields.

Theorem 1. Let F = (F,+,-,<) be an archimedean ordered field, p : w — F be its
numbering such that (F, ) is a numbered algebra. Then the family Sg is computable
if and only if (F, ) is a computable.

Proof. The claim — follows from Remark
For the claim < we assume that Sg is computable. Let 0 = ¢;. Since for some a € w
we have —1 = p(a), the substraction is defined as p(n) — u(m) = p(n)+p(a) - p(m).
So, it is clear that pu(n) = p(m) iff pu(n) — w(im) = (k) A2i € S, A 2i+1 € Sg.
Therefore equality is computably enumerable. Since positive fields are computable,
equality is computable.

It is easy to see that order is also computable. Indeed,

pu(n) < p(m) iff (3k)(3) p(n) < qp < @ < p(m),
p(n) < p(m) it p(n) < p(m) Vv p(n) = p(m),
p(n) £ p(m) iff p(m) < p(n).
0

Now we show that the requirement that (F,u) is a numbered algebra one can
not avoid to establish that F' has a computable copy. For that we start with general
definitions and observations on the archimedean part of an ordered field.

Definition 1. For x € F, where F is an ordered field we define Sp(z) : F —
R U {—00,+00} as follows:

400 if z>Q
Sp(z) =4 yeR if |-yl <Q*
—00 if =<Q.

It is worth noting that y is uniquely defined and if Sp(z) & {—o00, +c0} we say
about a finite spectrum of z.

It is worth noting that Zorn lemma provides the fact that any ordered field
(F,+,,0,1, <) has some maximal archimedean subfield Fy < F. The main issue of
the following proposition is that all maximal archimedean subfield are isomorphic
each other.
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Proposition 2. Let (F,+,-,0,1, <) be an ordered real closed field and Fy be its maximal
archimedean subfield. Then Fy is a real closed field and the greatest archimedean
subfield with respect the following pre-order on subfields of F':

Iy < Fs iff there is an isomorphic embedding ¢ : F1 — Fy as ordered fields.

Actually, Fy ~ Sp(Fo) = Sp(F) \ {—o0, +o0} considered as subfields of the reals
while for any archimedean Fy < F it holds Fy = Sp(Fy) < Sp(Fp). In particular,
all mazimal archimedean subfields of F are isomorphic each other.

Lemma 1. Fj is a real closed field.

Proof. (Lemma We are going to check that monic (unitary)odd polynomials and
22 —b, (b > 0) from Fy[x] have roots in Fy. For the case 22 — b, (b > 0) the claim is
straightforward. Indeed, since F is real closed there exists o > 0 such that 22 = b
and xg > 0. If 2y ¢ Fy then Fy(xg) is non-archimedean, so, for some a € Fy,
|zg — a| < QT. Then |zg — a] < QT and |a? — b| < QT, a contradiction.

Assume p(z) is a monic polynomial of the least odd degree that does not have
roots in Fy. Fix o € F such that p(xzg) = 0, so Sp(zo) is finite. Moreover, it follows
that p(x) is irreducible over Fy since the equality p = p; - pa, where p1, p2 are monic
polynomial of degree greater than 0 leads to a contradiction to the choice of p.

If g € Foy then Fy(zg) is non-archimedean, so, for some g € Fy[z], deg(q) <
deg(p) we have |q(zo)| < Q7. Since p and ¢ do not have a common factor, Res(p, q) €
Fo \ {0}. It is well-known that Res(p,q) = p(x)A(z) + ¢(x)B(x) for some A, B €
Fy[z]. Therefore, |Res(p, q)| < QT, a contradiction. O

To finish the proof of the proposition first let us note that Sp | Fy is an isomorphic
embedding. It is sufficient to show that Sp(F') \ {—o0,+o0} = Sp(Fp). Let zg € F
such that Sp(zg) is finite and z¢ € Fy. Since Fy(xp) is non-archimedean, for some
a, b € Fy[z] we have |%| < QT. W.lo.g. assume that the fraction is irreducible.
We have two cases:

1) |b(xo)| > Q. This contradicts the finiteness of Sp(zo).

2) |a(xo)| < QT. Then Sp(a)(Sp(zg)) = 0. That means that Sp(x¢) is algebraic
over the field Sp(Fp). Since, by Lemma (I} F and Sp(Fp) are real closed we have
Sp(zo) € Sp(Fp), that finishes the proof of Proposition

Now Fj is called an archimedean part of F.

In [13] R. Miller and V. O. Gonzales constructed a computable ordered field
F’ such that no maximal archimedean subfields of F’ have computable copies.
In our terms it means precisely that the archimedean part of F’ does not gave
a computable copy. We take this example to illustrate that the requirement that
(F, u) is a numbered algebra one can not avoid to establish that F' has a computable
copy. This note highlights the importance of the results in [13].

Assume now that F’ is computable and its archimedean part F = Fj does
not have a computable copy. By Theorem [I] the family Sgs is computable. While
Spr # Sp, the following formula defines Sg:

A€ Sy (Hqi)(HQj)(AESF/ N q; <Qj/\2i€A/\2j+1 EA)

Therefore Sg is computable, however F' does not have a computable copy.
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5. INDEX SETS VS. COMPUTABLE PRESENTABILITY

In this section we assume K is a class of total computable numerical functions.
We associate with K the class K112} = {f € K | im(f) C {0,1,2}}. By AC
we denote the almost constant functions, i.e., AC = {f:w — w | (3c € w)(3Fzx €
w)(Yy > x)f(y) = ¢} and use the following notation f =* ¢ for a function f € AC
with the evidence ¢ € w.

We assume that AC C K. We proceed with the definition of the corresponding
structure K. It is worth noting that for classes with the restriction from~Section

the previous and the modified definition are equivalent. First the set K is defined
as follows:

xEKHx—Zf

2z+1 ?

where f € K{0:1.2} Tt is easy to see that K contains Dyad N [—1,1] since AC C K

and 1 =77, 224 €K.ThenK={m+xz|meZ zecK}

Motivations why we from right now do not identify K-numbers and elements of
K are as follows.

Let us consider the following example of the P-numbers computed in polynomial
time, where a polynomial is applied to the length of an argument. These numbers
form a real closed field [I0] and denoted there as Pop. It turns out that for = €
[—1, 1] nobody can state that

x is P-number iff (3f € PIO12H) ¢ Z 40 21+1
1EwW
Actually, in these terms one can define a new class Kp containing functions that
are computed in polynomial time, where a polynomial is applied to an argument
instead of its length.
It is easy to see that the class Kp is closed under the bounded primitive recursion

scheme, in particular, Proposmon I is applicable to Kp For this class we can state
that, for z € [-1,1],

2 is P-number iff (3f € Ké0,1,2} Z 10 22+1

€W

That means that the P-numbers are exactly Kp (c.f. [10]). Further it makes sense
to analyse the set P that consists from elements z that the computation of i-th sign
of z after the comma requires not more than N steps, where NV is a polynomial on
the length of i. Unfortunately we can not state that P is an subgroup of (R,+)
since this question is still an open problem. This leads us to introduce a new
definition of a structure, see below. For right now it is worth noting that the SP-
numbers (i.e., P) is naturally associated with the class SP of computable functions
which computations require no more steps than [log,([logy(z;)])], ¢ < s, where
Z = (z1,...,2s) is an s-tuple of arguments. The corresponding structure looks like
small however in Section I8 we show that neither the P-numbers no SP-numbers
have computable copies.

Our next example is related to an appropriate definition of E-numbers. It is
well-known that Ax.2* ¢ & and & = LogSpace, i.e., f € & if and only if there
exists ¢ € w such that for all x1,...,z, a computation of f(Z) requires not more
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that ¢- max;<.,|z;| cells of a tape (memory), where |z| denotes the length of « and
w.l.o.g it can be substituted by [log,(z)]. According to the approach in [I0] it is
natural to have the following definition:

for z € [-1,1],
oo S\ 1
z is a E-number «» (3f € DSpace!®1? (n)) z = Z %,
=0
and for x € R,

x is a Ey-number « (Im € Z)(Jy € DSpace(n)) © =m +y.

Therefore z is a Ex-number iff 2z € DSpace(n).
According the observations above we introduce the definition of a structure on

Definition 2. Suppose K is a class of total computable numerical functions,

ek

is_the set of reals generated by K. Then we associate with K a structure K
(K,QQi,Qi), where

}?):Qi(x,y,z)ﬁx—i-ygz
KEQ (zy2)caty>z

It is easy to see that, since the graph of addition is computable, if a structure K
has a computable copy (K, i) then the sets y~!(Dyad) and p~!(Q) are computably
enumerable. For example,

w(n) € Dyad < (3k € w)(31 € Z) 2% - u(n) +1 =0.
To proceed further we define index sets

Ao ={n|m, €{0,1,2} An & Tot},

Ay ={n|m, C{0,1,2} A (n & Tot V ¢, € AC)},

As={n|m C{0,1,2} A (n € Tot V ¢, € K)}.

Theorem 2. Suppose K is a class of total computable numerical functions. If the
structurer K generated by K has a computable presentation then AgU(A2\ A1) € 9.

Proof. Let p:w — K be a computable presentation. Since the set £ = {n | -1 <
w(n) < 1} is computable there exists a computable function h such that im(h) = E
and fi = p o h is a computable numbering of K N [-1,1]. Assume = = fi(n). Now
we construct v; : w — K by induction.

v1(n)(0) =1

0 if z<ux,
rn)(s+1)=¢ 1 if z=ux
2 if >z,

% Since |z, — 2| < &, |zs41 — 2| < 52+ From AC C K
it follows that z, € K.
We have the following properties: v1(n) is total, v1(n) € K and v4(n) provides

a sign-digit representation of z. If ¢ Dyad then by the uniqueness of sign-digit

where 2, =),
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representation of z v;(n) uniquely represent x. If « € Dyad then v (n) gives some
sign-digit representation of x. Therefore we enumerate not all functions from K but
almost. To improve that we take a computable numbering v5 : w — AC induced by
a computable numbering of the finite sets and v = 11 ® 1, i.e., ¥(2n) = v1(n) and
v(2n +1) = ve(n).

From properties of p it follows that v(n) € AC <+ p(n) € Dyad is a X{—condition
since p(n) € Dyad <+ (Fk € w)(31 € Q) 28 u(n) +1 = 0. As a corollary, {n | v1(n) €
AC} and Y = {n | v(n) € AC} are computably enumerable. Now we show that
AoUAQ\Al S Zg

nEAOU(A2\A1)(—>
(nGAQ/\(EImGw\Y)V(m)Z_Dgan)\/nGAg.

The direction — is straightforward from the definition of the index sets. The
direction < follows from the following observation. Assume v(m) 2 ¢, for m €
w\Y. Then v(m) € AC, v(m) € K and either ¢,, = v(m) ( that means n € A3\ A;)
or n ¢ Tot ( that means n € Ayp).
We have the following:
e The relation n ¢ Y is IIY.
e The relation v 2O ¢, is I19 since

v(m) 2 @n < (Th € w)(¥s € w) (5 (k) 4= @i (k) = v(m) (k)

e The relation n ¢ Tot is X9.
Therefore Ag U (A \ A1) € X9. O

It is worth noting that in many cases K is an abelian ordered group, in particular
g'n, n > 2, Pep-numbers. The same proof is valid when one consider just a computable
presentation p of a linear ordered (I~( , <) with the requirement that p > d, where
d is a standard computable presentation of (Dyad, <).

6. CRITERION OF M-COMPLETENESS FOR TUPLES OF %{ AND X9 SETS

In this section for s > 1 we consider s-tuples (Ao,..., As_1), where all A; are
either X0-sets or all A; are ¥3-sets.

For uniformity of a presentation we introduce a symbol [ where | € {1,2}, a
relation ~; on sets and an oracle z; that have the following interpretation. If [ = 1
then A ~; B means that A and B are equal. The oracle z; = (). If [ = 2 then
A ~; B means that (A\ B)U (B \ A) is finite , i.e., A and B are almost equal,
denoted A =* B. The oracle z; = Kw, where Kw = {n | ¢,(n) |} or could be any
creative set. We generalise ideas of the criterion of m-completeness of ¥9-sets and
9-sets in [2] to fit m-completeness of s-tuples of X9-sets and X9-sets that requires
modifications of concepts and definitions.

Remark 3. It is well known ( see c.f. [3]) that on the set of all computable
enumerable sets of w, given any (partial) X3-function f one can effectively construct
a total computable function F such that (Yo € dom(f)) W) =" Wp(s), moreover
Pr@) =" PF()-

Definition 3. Let (Fy,...,Fs_1) be an s-tuple of functions, where F; : w® — w,
0<i<s—1and(Ag,...,As—1) be an s-tuple of £9-sets. We say that (Fy, ..., Fs_1)
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is m-reducible to (Ao, ..., As_1), denoted as (Fo,...,Fs_1) <m (Ag,...,As—1), if
there exist computable functions h : w® = w, a; : wW° - w, b; 1 wW* > w,0 <1< s—1,
such that

m”—{@m if  h(z) ¢ A,
It is easy to see that this definition is a generalisation of the common m-
reducibility of c.e. sets [15].

Lemma 2. For s-tuples X and A of ¥0-sets if (Fo,...,Fs—1) <m (Xo,...,Xs-1)
and (X(), e 7X5_1) Sm (1407 e 7As—1) then (FO, ey Eg_l) Sm (Ao, ey As—1)~
Proposition 3. Let (Ag,...,As—1) be a s-tuple of X0-sets. The following claims
are equivalent.

(1) (Ao,...,As_1) is m-complete in the class of s-tuples of £.)-set.

(2) There exists a computable function (its productive function) H : w® — w,

i.e., for all zg,... Ts_1 Ew
s—1
mmWJ@QEHO&OMQMEhWM)
i=0

(8) There exists a s-tuple of functions (Fy,...,Fs_1), where F; : w® — w,
0 <1i<s, such that
(a) (Fo, N 7F571) Sm (A07 N ,Asfl),
(b) Wp,(z) 71t We, for all 0 <i < s.
(4) There exists a s-tuple of functions (Fo,...,Fs_1), where F; : w® — w,
0 <i<s, such that
(a) (FO, - 7Fs—1) Sm (1407 e 7As—1);
(b) ©r,z) #1 Pz, for all 0 < i < s.
Proof. 1) <+ 2). For | = 1 the equivalents of the statements can be found in [4].
The existence of m-complete s-tuple of computably enumerable sets has been also
established there. For [ = 2 we only need a relativisation to the oracle zo which also
could be found in [4].
1) — 3). Without loss of generality we assume s = 3.
Case 1: 1=1. First we take the following m-complete 3-tuple:

Xo = {n[¢n(0) I},
Xi=A{n[en(1) I},
Xo ={n[wn(2) I}

Further on by By Lemmal2|the considerations below will hold for any m-complete 3-
tuple. By Graph theorem [15] we construct a computable sequence B = { By, 2 }rozizzcw
of partial computable functions such that

Bagaias (Z) = Pa; (Z) ifi=0,1,2
Baozizy (k) T if k> 2.
Then there exists a computable function k : w? — w such that Bygzy o, = Ph(zo,01,20)-

By definition of B we have h(xzg,z1,22) € X; <> x; € X; for ¢ < 2. To finish the
construction of F; we take a; and b; for 7 < 2 as follows.
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ap is an index of L;
bp is an index of the function {< 0,0 >};
ay is an index of L;
by is an index of the function{< 1,0 >};
asz is an index of L;

by is an index of the function{< 2,0 >};
We define for ¢ < 2

o a; if h(i’) cX;
Fi(x)—{ b i h(z) ¢ X,

By construction (Fy, Fi, F) is m-reducible to (Xo, X1, X2). Let us show that W, z) #
Wa,. Fix i. Assume h(z) € X;. Since Fy(Z) = a;, Wp,(z) = 0. At the same time
Wy, # 0 since x; € X; and ¢, (i) {. Assume h(Z) € X;. Since F;(Z) = b;, v, (1) }
and i € W, (z) # 0. At the same time ¢, (i) 1, i.e., i € Wo,.

Therefore (Fy, Fy, F3) is a required 3-tuple.
Case 2: 1=2. First we take the following 3-tuple:

Zy ={n | W,, N 3w is finite},
Zy =4{n| W, N (Bw+1) is finite},
Zy ={n | Wy, N (Bw + 2) is finite}.

By analogy to the case 1 we chose h : w® — w such that for all = (zg, 1, 22) and
every k € w we have oy z)(3k+1) = ¢z, (3k+1) for i < 2. To finish the construction
of F; we take a; and b; for i < 2 as follows.

ap is an index of constant zero function;
bo is an index of L;
a1 is an index of constant zero function;
by is an index of L;
as is an index of constant zero function;

b is an index of |;

We define for ¢ < 2

N a; if h(.’f) € Z;
Fi(m)—{ b i h(z) ¢ Zs.

By construction (Fp, Fy, Fy) is m-reducible to (Zy, Z1, Z3). By analogy to the case 1
we have W, z) #* W,,. Therefore (Fy, F1, F») is a required 3-tuple.

3) — 4). The implication is straightforward since g, z) 71 @z, follows from
We @) 71 Wa,
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4) — 2). The following construction is uniform for both . First for ¢ < 2 we define
functions G; and T; which are computable with the oracle z;.

Gi(2,9) = bi(y) if only h(y) € W!

Ti(z,y) = a;(y) if only h(y) € A;.
By Reduction principle for function graphs [I5] we find a function E;(Z,y) with the
following properties:

e F;(Z,y) is computable with the oracle z;, therefore for some computable
function g; : w® — w, E;(Z,7) = K% (g;(Z),y), where K*%* is Kleene
universal function for 3-arity functions computable with the oracle z;.
ai(y)-

If I = 1 by Smullyan Theorem [17] there exist three computable functions ng, n1, ng :
w? — w such that

PK4(g:(),m0(3(2),n1(§(2)),n2(3(2)))) = Pni(g(2))

If [ = 2 there exist three computable functions ng, n1, ns : w® — w such that

PE1=2 (g,(2).m0 (3(2)m (3(2) 2 (@(2)) = Pri(a(@))»

under the condition that K*#2(g;(z),7(g(z))) | The last statement requires more
details which we show below. It is easy to see that, for i < 2, fi(2,9) = K**2(2;,7)
is Xg-function. Therefore by Remark [3] there exist computable functions A; such
that for (z,7y) € dom(f;)

By Smullyan Theorem,
Pxi(2,a(2)) = Pni(2)
Therefore
CrizaE) = Pniz)
for (z,7(2)) € dom(f;). Now we are ready do define H : w® — w:
H(z) = h(no(g()),n1(3(%)), n2(3(x)))-

Let us sow that H(Z) = h(ng(g(Z)),n1(3(Z)), n2(g(z))) is a required computable
function. Assume contrary that for some xg, 1 and z-

H(zo,21,22) & (4 W2 U (0T
for some i € {0,1,2}. We have two cases:
(a) H(z) € A \ W
(b) H(z) e W2\ A;.
It is worth noting that in both cases K% (g;(%),n(g(%))) |. In the case (a),
PF;i(a(3(z))) = ‘Pal(ﬁ(g(i))) by the definition of Fi
Pai(n(3(2))) = PK*#1(g:(2),n(g(x))) PY the definition of g;
PR (gi(2),n(3(2)) = Pri(g(@)) by the choise of 7
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This contradicts the condition on F;. In the case (b),

PF(r(9(x))) = Poi(n(g(z))) by the definition of F;
Db, (a(g(z)) = PEY =1 (g:(2),7(5(z))) PY the definition of g;
Pr1#1 (g,(2) m(5() = Prig(a)) by the choise of 7

This contradicts the condition on F;. Therefore H is a required productive
function. O

7. INDEX SETS THAT WE NEED

Let us fix the following index sets:

Eg={n|m, C{0,1,2} A ((W, is finite) V ¢, Nw x {0} =* 0)};
Ey ={n|m, C{0,1,2} A ((W, is finite) V ¢, Nw x {1} =* 0)};
Ey ={n|m, C{0,1,2} A ((W, is finite) V ¢, Nw x {2} =* 0)}.
Using Proposition [3| we show that the 3-tuple (Ey, Eq, F3) is m-complete in the
class of 3 -tuples of X9-set.

In order to define (Fy, Fy, F») we first take a computable function h : w?® — w
such that

0 if g, (k) |
SDh(fco,am,IQ)(Sk) = { T OtheI(')WiSe,

1 if . (k)|
SOIL(xO,an,xz)(?’k + 1) = { 0 ot}fe;v(vis)e,

2 if g, (k)4
Phwo,a1,22) (3K +2) { + otherwise.

Now we pick up appropriate functions a; and b; for i < 2. The functions b; is defined
by ¢p,(z) (k) = @0z, (k) + 1, a; is an index of id function. Then we define for i < 2

) a; if h(z)eEFE;
Fi(z) = { bi(z) if h(Z)¢E;.

Let us show that ¢p,(z) #2 ¢e, for i < 2. Without loss of generality it is sufficient
to consider i = 0. Assume h(z) € Ey. Then W),z is infinite and infinitely often a
value of ¢y (z) is zero. By construction, W, is infinite. Since for £k € w,

Pro(z) (k) = Poo () (k) = @u, (k) + 1,

there exist infinitely many & € w such that ¢p, (z)(k) # @z, (k). As a corollary,
ORy(z) 7 Pay- Assume h(T) € Ey. Then ¢, is a finite function. Since for k € w,

Pro(z) (k) = Pag(z) (k) = K,
we have ¢, (z) £ Pzo-
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Lemma 3. Let a 3-tuple (Ey, E1, E3) be m-complete in the class of 3-tuples of
¥9-set. Then the following 3-tuple

YO:ElﬂElﬂEg
Yi=FE NE,
Yo =F»

is m-complete in the class of 3-tuples (Xo, X1, X2) of ¥9-set with the additional
condition Xy C X7 C Xs.

By the choice of (Ey, E1, E2) at the beginning of this section we have Yy C Y] C Y3,
where

Yo ={n|m, €{0,1,2} AW, is finite};
Vi = {n | 7 € {0,1,2} A (W, s fimite v GN)(Vk > N) (g (k) L= pa(k) = 0}
Yy ={n|m C{0,1,2} A (W, is finite V ¢, Nw x {2} =*0)}.

Remark 4. It is worth noting that if S-tuple (Zy, Z1, Z2) is m-complete in the class
of 3-tuple (Xo, X1, X2) of X9-sets with the additional condition Xo C X1 C X» then
the set ZoU(Zx\Z1) € 39 since this combination is the m-greatest among the similar
combinations of ¥.9-sets.

8. CLASSES K WITHOUT COMPUTABLY PRESENTABLE K

Below we list important restrictions on a class K of total computable numerical
functions:

(1) Among the basic functions BF the class contains +, ~, -, [§] and [/z].

(2) The class has a computable universal function for all unary functions i.e.
the sequence {F, }new of all unary functions from K is computable.

(3) There exists a computable function H : w — w such that for all n € w
im(Frny) = {0} U{z + 1| W,}. Moreover, for all i € W,, ]:g(ln) (i+1)is
an infinite set.

(4) The class is closed under superposition and either under the standard
bounded recursion scheme or the following recursion scheme 2: If « g, € K

and f is defined by

o alz) if y=0
(@) = { W(ay, F(@[8]) i y>1
and
1(@,9) < 9(@,9)
then f € K.

Remark 5. It is worth noting that the class K satisfying the restrictions above
contains all almost constant functions, Cantor S-tuple (c,l,r), sg|x —y|.

Theorem 3. Let K satisfy the requirements above and K be a structure generated
by K. Then K does not have a computable presentation.
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The proof follows from Theorem 2| and the claim Ag U (As \ A1) ¢ 9 which is
based on the following proposition and Section

PrOPOSition 4' (Y07 ifla }/2) STTL (AOa Al) A2)

Proof. We are going to construct a computable function f such that n € Y; +

f(n) € A;. In order to do that we will construct a computable sequence {Fy, }new

of computable functions by steps and then effectively find a required reduction f.
We take

e a standard computable reduction function « : w — w for Fin <, w \ Tot
(c.f. [I6]) with the following properties:
— if W, is finite then Wy, is finite;
— if W, is infinite then ¢, () is total;
— Tn = Ta(n)s
— If (3*a) ¢, (a) = 2 then (3%°b) Yu(n)(b) = = and vice versa.
e a computable function ¢ such that
= Wiy = {< k. d >| pam)(k) = d}.
Now we point out the requirements on a step s which we want to meet in our
construction:
F3t' D Ry
dom(F73) =10,...,m?] is a proper initial segment of w.
If FH(ts(n))(S =<c¢,d>+1Ad>2then (3j) F,(j5) > 2.
If Fr(t,(ny)(s+1) =<1i,2 > +1 then in the process of the construction we
provide the following: F,, & {Fo, ..., F;}.
o I, =UJ.. F2.

SEw TN

W.l.o.g. we assume now that K is closed under the recursion scheme 2 since the
case when K is closed under the primitive recursion is much more easy so it is left
to a reader.
Description of a construction of m$, {F?}, scw, ts(n) and I3:
Step 0
m% = [0], F(0) = 0, to(n) = t(n) and I? = 0.
Step s+1
Case 1 If Fr(t,(n))(s+1) =< 4,0 > +1 or Fs,(n))(s+1) = 0 then we proceed as
follows:

s+1 ) ms if mj >0

M _{ 1 if mS=0.
and for all j < m3, FStL(5) = F3(j), for all m$ < j < mSt! we put
F3r(j) = Fi(m}), tsyi(n) = ts(n) and I} = I3
Case 2 Fr(t,(n))(s +1) =<i,1 > +1 we consider the following subcases:
Subcase 2.1 i > s + 1. We proceed as in Case 1.
Subcase 2.2 1 < s+ 1 and i < I;. We proceed as in Case 1.
Subcase 2.3 I7 < i < s+ 1 We proceed as follows:

mi if md >0
mfl“{f it mS =0,

n

and for all j < m$, FsT(j) = F:(j), for all m& < j < mST! we put
F3t1(5) = F5(m2) and for F5+t(mt1) we chose the least value from
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from {0,1} such that EST(mstl) £ F3(ms), tsy1(n) = ts(n) and
It =
Case 3 If Fr(r.(n))(s+1) =< 4,2 > 41 then for all j <mj, F5T(j) = F5(j) and
we proceed as follows: m5*! = m? +i+1 and for k < i for we chose the least
value from for F5TH(m? 4+ k+1) from {0, 1} such that F51(m? +k+1) #
Fr(ms + k + 1). The equality W, Wi ) \ {< 4,2 >} defines the
value of ts11(n) and I3T! = I3
Case 4 If Fy(i,(n))(s+1) =<i,d > +1 and d > 2 then for all j < m5, F5T'(j) =
F3(j5) and we proceed as follows: m3tt = m$ + 1, FsF(mstl) = 4,

st1(n) =

ter1(n) =ts(n) and I3+ = I3,
We put F, = {U,¢,, F; and effectively find computable function f : w — w such

that Pfn) = (F.N (Wa(n) xw))U{<z,d>|F,(z)=dAd>2}.

Now we show that f is a required reduction.

If n € Yy then Wy () is finite, so is @,y and f(n) € Ag. If n € Yy then there
are two cases:

1) Wy(n) is w, by construction, ¢,y = Fy, and F), is total, so f(n) € Ao.
2) m, € {0,1,2}. Then for some j € w F,(j) > 2, so T,y € {0,1,2}. Again
f(n) € Ag. So we have f~1(Ay) = Yj.

If n € Y1\ Yo then @,y is total and .,y =" 0. In this case ¢y,,) = F, and
by construction F;, € AC since (Js; € w)(Vs > s1) I = I7,. So s, = F,, and
f(n) e A \AO

If n & Y5 then () is total and ¢ (,,) = F,. By construction the case Frr(;_(n))(5+
1) =< 4,2 > +1 arises infinitely often and the collection of numbers 4 is infinite too.
So, for infinitely many i, F,, & {Fo,...,F;}. Hence F,, ¢ K. That means f(n) ¢ As

If n € Yo\ Y1 then o) = F, is total. By the choice of n, (AN)(Vi >
N) Pa(n) (Z) 75 2. Hence (3007’)()004(77,) (l) =1

Let us note that after some step so for all i we have < 4,2 >& W, _(,,) for s > sq.
We define to(n) = ts,(n). It is easy to see that, for s > sg, too(n) = ts(n). On the
step s + 1, when Fr (n)(s +1) =< i,1 > +1, F5t (m3th) # F5ti(mith —1).
Hence F,, € AC, so f(n) € A;. So we have f~1(4;) = Y;.

Using sg and N from above we explain that F,, € K.

Let m,, = mS°T1. It is easy to see that the following functions belongs to K:

e the characteristic function of the set A = {m,, - 2° | i > 0};

e the function g(x), that computes max{y € A | y < z} for + > m and for
r < m it is equal to 0;

e the function S(z) = u(s')(FS (x) 1).

In order to meet our goal we construct the function I(z) = 17! by the following
rules:
Assume Iy = I°. Then we define
o for x < my,, I(z) =0,
o for x =my, I(x) = I,
o for x > m, and g(z) > my,
Z(FH(too(n))(S(x) — 1) — 1) =g if
I(z) = I([3]) 1< 89(@) = IAT(FH(ta ) (S(2) = 1) = 1) = 1
I([$]) otherwise .

for > m,, and g(x) = my,, I(x) = Iy.
From above we can see that Az.I(z) € K.
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We can assume that z > N and S(z) > so.

Suppose = € A.

If Fr@om)(S(z)) =< 4,0 > +1 then F,(z) = F,([5]). The same is done if
Fr(te(n)(S(x)) =< i,1 > +1but i < I(x) ori > S(x).

Otherwise, i.e., if Fyu  n)(S(z)) =<i,1 > +1 and I(x) < i < S(x) then for
the value of F;,(x) we chose the first one from {0, 1} which differs from F,([3]).

Suppose = ¢ A.

If Fre.m)(S(5]+1) =< 4,0 > +1or 0 then F,(z) = F,([5]). The same is
done if Frg n))(S([5] +1) =< 4,0 > +1 but ¢ < I([F] +1) or i > S([5] +1).
Otherwise, i.e., if F(t_n))(S([5])) =<4,1 > +1 and I([§]) <i < S([§]) then for
the value of F,(x) we chose the first one from {0,1} which differs from F,([5]).
Therefore the scheme above shows that F,, € K. So we have f~!(4;) = Y.

(]

Corollary 1. The structures of P-numbers, SP-numbers and &,-numbers, n > 2
do not have computable copies.

Corollary 2. The fields of P-numbers and &, -numbers, n > 3 do not have computable
COpIes.

The claim follows from real closeness of the corresponding fields.

REFERENCES

[1] Allender E., Loui M.C. and Regan K.W., Complexity classes, In handbook: Algorithms and
theory of computation handbook: general concepts and techniques, Chapman and Hall CRC,
2010.

[2] Arslanov, M. M., A local Theory of Degrees of Unsolvability and AS-sets, Kazan University
Press, 1987. (in Russian)

[3] Arslanov, M. M., On some generalisations of a fixed point theorem. news of universities,
Mathematics No 5, 1981, pp 9-16. (in Russian)

[4] Ershov, Yu. L., Theory of numberings. in: E.R. Griffor, ed., Handbook of Computability
Theory. Elsevier Science B.V., Amsterdam, 1999, pp. 473-503.

[5] Ershov, Yu. L. and Goncharov S. .S., Constructive models, Siberian School of Algebra and
Logic, Consultants Bureau, New York, 2000.

[6] Goncharov S. S., Countable Boolean algebras and decidability, Siberian School of Algebra and
Logic, Consultants Bureau, New York, 1997.

[7] Goncharov S. S.,; Countable Boolean Algebras and Decidability, Siberian School of Algebra
and Logic, Springer, 1997.

[8] Grzegorczyk A., Some classes of recursive functions, Rozprawy Mathemaczne IV, Warszawa,
1953.

[9] Khisamiev N., Constructive abelian groups, Handbook of recursive mathematics, Vol. 2, Stud.
Logic Found. Math., vol. 139, North-Holland, Amsterdam, 1998, pp. 1177-1231.

[10] Ko, Ker-I, Complexity Theory of Real Functions, Progress in Theoretical Computer Science,
Springer, 1991.

[11] Korovina M. and Kudinov O., Spectrum of the computable real numbers. Algebra Log. 55(6),
2017, pp. 485-500.

[12] Korovina M. and Kudinov O., The Uniformity Principle for Sigma-definability, J. Log.
Comput., vol.19, No. 1, 2009, pp. 159-174.

[13] Miller M, Gonzales V. O., Degree spectra of real closed fields, Archive for Mathematical Logic
58, pp. 387-411, 2019.

[14] Morozov A.S., Countable homogeneous boolean algebras, Algebra and Logic, 21, No. 3, 1982,
00. 269-282.

[15] Rogers H., Theory of Recursive Functions and Effective Computability. McGraw-Hill, New
York, 1967.



18 M.V.KOROVINA AND O.V.KUDINOV

[16] Shoenfield J. R., Degrees of unsolvability, North-Holland Publ., 1971.

[17] Smullyan R.M., Theory of Formal Systems, Annals of mathematics studies, 47, Princeton,
N.J.

[18] Soare R.I., Recursively Enumerable Sets and Degrees: A Study of Computable Functions
and Computably Generated Sets. Springer Science and Business Media, 1997.

[19] Khisamiev N., Constructive abelian groups, Handbook of recursive mathematics, Vol. 2, Stud.
Logic Found. Math., vol. 139, North-Holland, Amsterdam, 1998, pp. 1177-1231.

[20] Weihrauch K., Computable Analysis 2000. Springer Verlag.

MARGARITA VLADIMIROVNA KOROVINA

A.P. ErsHOV INSTITUTE OF INFORMATICS SYSTEMS,
PR. AcaDp. LAVRENTJEV, 6,

630090, NovosIBIRSK, Russia

E-mail address: rita.korovina@gmail.com

OLEG VicTtorovicH Kubpinov
SOBOLEV INSTITUTE OF MATHEMATICS,
pr. KorTYUG, 4,

630090, NovosiBIRSK, Russia

E-mail address: kud@math.nsc.ru



	1. Introduction
	2. Preliminaries
	2.1. Primitive Computable Reals
	2.2.  Computable Presentations

	3. When K"0365K is a real closed field
	4. Criterion of Computable Presentability and Archimedean Part
	5.  Index sets vs. Computable Presentability
	6. Criterion of m-completeness for tuples of 01 and 02 sets 
	7.  Index sets that we need
	8. Classes K without computably presentable K"0365K
	References

