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ON THE COMPUTABILITY OF ORDERED FIELDS

M.V.KOROVINA AND O.V.KUDINOV

ABSTRACT. In this paper we develop general techniques for structures
of computable real numbers generated by classes of total computable
(recursive) functions with special requirements on basic operations in
order to investigate the following problems: whether a generated structure
is a real closed field and whether there exists a computable copy of a
generated structure. We prove a series of theorems that lead to the result
that there are no computable copies for £"-computable real numbers,
where £" is a level in Grzegorczyk hierarchy, n > 3. We also propose a
criterion of computable presentability of an archimedean ordered field.
Keywords: computability, index set, computable model theory, computable
analysis, complexity.

1. INTRODUCTION

In the framework of computable model theory originated in [14] [I7, 5] there have
been investigated conditions on the existence of computable copies for countable
homogeneous boolean algebras [I], [16], for superatomic boolean algebras [§], for
ordered abelian groups [23] among others and established several negative results
for archimedean ordered fields |15, [12]. Nevertheless, till now there where no natural
criteria on the existence of computable copies of ordered fields even in an archimedean
case. In this paper we try to fill this gap.

We are also going dipper to revile relations between a class of computable (recursive)
functions K and structures K and K* of computable real numbers generated by
K corresponding Cauchy approximations and sign digit expansions. We propose
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natural restrictions on a class K under which the structure K and K* coincide. We
also revile requirements on K when K™ is a real closed field.

Further we investigate a natural problem whether there exist computable copies
of generated structures for popular classes of computable functions such as the
Grzegorezyk classes £, n > 3. We establish that the corresponding real closed
fields do not have computable copies. In order to do that we develop techniques of
index sets and multiple m-completeness. On this way we have to establish a criterion
of m-completeness for tuples of c.e. sets and ¥9-sets. From our point of view this
criterion is an interesting result itself and can be used for different purposes.

The paper is organised as follows: Section [2| contains preliminaries and basic
background. In Scctionwc propose the notions of K and K* generated structures.
We show under which requirements on K the corresponding generated structures K
and K* coincide and under which requirements on K the corresponding generated
structure K* is a real closed field. Further we prove a criterion of the computable
presentability of an archimedean ordered field. In Section [ we define 3-tuple of
index sets (Ag, A1, A2) depending on K such that A; € X9 with the following
embedding property Ag € A; C As. In the Theorem [I] we show that if the
corresponding K asa structure, in particular as an abelian group, has a computable
copy then Ag U (A \ A1) € 9. In Sections and we develop techniques
to establish that under natural assumptions on a class K the 3-tuple (Ap, A1, As)
is m-complete in the class of 3-tuples of X9-sets with the embedding property. It is
well-known that in this case AgU(A2\ A1) € 39 and therefore for the corresponding
K there is no a computable copy. It is worth noting than these classes contain
computable real numbers generated by Grzegorczyk classes, in particular £3 and
beyond.

2. PRELIMINARIES

We refer the reader to [19] [22] for basic definitions and fundamental concepts of
recursion theory, [I1], 24] for computable analysis, [7] for computable model theory,
[9, 18] for Grzegorczyk classes £, n > 2, of computable (recursive) functions. We
recall that, in particular, ¢, denotes the partial computable (recursive) function
with an index e in the Kleene numbering. For simplicity of descriptions we identify
a function with its graph. We also use notations W, = dom(pe), W, = w\ We, m. =
im(pe), ¢ : w? — w for Cantor numbering of pairs and [ : w — w, r : w — w for the
corresponding functions such that n = ¢(I(n), r(n)). We fix the set BF of standard
basic functions Az.0, s(x) and I}, where I (x1,...,2y) = s for 1 < m < n and
denote the total computable numerical functions as T and Tot = {n | ¢,, € T}. We
fix the following computable numbering ¢ : w — Q of the rational numbers:

form>0,k>0:

a(2e(m. k)) = +7

q(2e(m. k) +1) = =7
g(c(m, 0)) = g(c(m, 1)) = m and
q(1) =1 for the rest arguments I.

When it is clear from a context we use the notation g, for g(n). We denote I =
{2¢(m,k) | m € w, k € wand 7 is irriducible} U {2¢(m, k) +1 | m € w, k €
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w and 7 is irriducible} U {c¢(m,0) | m € w}. For tuples 2; ...,z of numbers or
functions we use the notation z when it is clear from a context. For the positive
rational numbers we use the notation Q* = {¢ € Q | ¢ > 0}, for the dyadic numbers
we use the notation Dyad = {54 | m € Z, i > 0} and B(a,7) = {r € R [ [z —a| <
r}, for an open ball with the center o € R and the radius r € RT.

2.1. Computable Presentations. We say that a structure A = (4,0) with a
finite language o admits an computable presentation (copy) if there is a numbering
v : w — A such that the relations and operations from o including equality are
computable with respect to the numbering v. The pair (A4, v) is called a computable
structure and the numbering v is called its computable presentation.

If only operations are computable with respect to the numbering v, a structure
(A, v) is called a numbered (effective) algebra.

2.2. Grzegorczyk classes. In this paper we use the following properties of £™ for
n > 2:

(1) Every class contains BF and the functions +, -, ¢(z,y), l(x), r(x).
(2) Every class is closed under composition and the standard bounded recursion

scheme.
(3) Ritchie’s characterisation of £2 [I8]: f € £? if and only if an computation
on some TM of f(x1,...,x,) requires the number of cells bounded from

above by ¢y - Y ", (L(xl) + 1), where L(xz) is the word length in binary
notation of the number z.

3. GENERATED COMPUTABLE REALS

3.1. Definitions. Let K be a class of total numerical functions. We associate with
K the classes

K12 — (f ¢ K |im(f) € {0,1,2} and f is a unary function}
and
Ky ={f]|f€ K and f is a unary function}.
Let us define a subset K* of the computable real numbers as follows:
1
r e K" < (3¢ € K1)(Vn € w)|ggm) — | < T

We proceed with the definition of the corresponding subset K of the computable
real numbers. For f € K{%12} let us denote

= fli) -1
Then we define
K={m+f|mez, fe K2,
One of the trivial examples, where K is the set of the almost constant functions
illustrates that in general K* # K. Indeed, in this case the generated class K*
coincides with Q while K coincides with Dyad. Below we will show under which

requirements on K we have K* = K.
In this paper we use requirements Req on K:

Req 1 it contains the basic functions BF, and Az.2x;
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Req 2 it is closed under composition and =%, i.e., if f € K; and g =* f then
g € Ky, where

g="f  (3n € w)(¥m > n) gm) = f(m).
Req 3 it contains computable functions Add : w X w — w, Mult : w X w — w and
Inv : w — w such that
YnVm qn + @m = qadd(n,m)
YnYm gn - gm = quule(n,m)
V1 (¢n) ™" = Ginv(n) if @n # 0

Assume K satisfies Req , for all n, m € w, F(n,m), H(n,m),G(n) € I, where
the set I is defined in Preliminaries and

Req 4 it is closed under the following standard bounded primitive recursion scheme:
if @ g, € K and f is defined by

_ a(Z) if y=0
T,y) = _ _ .
1= ey sey—1y ity
and
f(@,y) < g(@,y)
then f € K.
Then we tell that K satisfies the requirements Req®.

Lemma 1. Let K satisfy the requirements Req” and contain +, -, \x.2% then

e all constant functions are in K.
e c(x,y), l(z), r(z) € K.

o Let
2 Zf dn < Qm
g(n7 m) = 1 Zf dn = dm
0 of qn>qm-
Then g € K.

Lemma 2. Let K satisfy the requirements Req and ¢’ € Ky such that, for a real
number z, (AN € w)(Vn > N)|qy (n) — 2| < 5. Then there exists ¢ € K1 such that
(Vn € w)|qpn) — 2| < 5, so z € K*.

3.2. When K = K*.

Proposition 1. Let K satisfy the requirements Req*and contain +, -, Ax.2% then
K=K~

Proof. First we show that K C K*. W.lo.g. we assume f € K012} and oz = f. Tt
is clear that a required function ¢ € K can be defined by

— f(i)—1
dep(n) :Z i+l -
i=0

The numerator of this fraction is bounded by above by 271! —1 and the denominator
is 27t Tt is worth noting that the number of a rational ¢, where |q| = % is

bounded from above by 2¢(i,5) + 1. By definition Az.2* € K and K is closed
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under composition so by Lemma (1| ¢(n) is bounded from above by some function
from K. We have that ¢ € K and x € K*.
To show that K O K* w.lo.g we assume that z € [-1,1] N K* and ¢ is given.
We are going to construct simultaneously f € K{%12} such that f = x and a
supporting function ¢ € K; satisfying the equation qy,) = >t % For that
using bounded primitive recursion scheme we construct a function h € K that
satisfies h(i) = c(f(i),(i)) and finally permits us to define f € K{%12} such as
f(i) = U(h(i)). Denote J,, = [gp(n) — 37+ do(n) + 3+)- In our construction we want to
meet the following properties:
o Gun) = Soimo Lt
® Q1) = Gy + Lo and
e in the case study:
— if @y(ny > Jnys then f(n+1) =0
— if @y(n) € Jnys then f(n+1) =1
— if qy(n) < Jnys then f(n+1) = 2.
We define f(0) and 4(0) as follows:
e if 0> J5 then f(0) =0, gy0) = —3
e if 0 € J; then f(0) =1, gy =0
e if 0 < Jy then f(0) =2, qy(0) = 3-

Before formality let us note that the properties above guarantee f = x. Indeed,
by induction we show that (Vn € w)|z — qym)| < 5o
For n = 0 it follows from the definition of f(0), ¥(0) and the assumption that
x € ]0,1]. For the inductive transition n — n 4+ 1 we consider three cases:
o If qyn) > Jnaz then qui1) = Gym) — 271% By induction assumption,
|z — gyl < TL%, therefore |2 — qy(n41)| < 27@%
o If gyn) < Jn+s the qyi1)y = qyn) + 2,1% By induction assumption,
|z — gyl < 2,1,%, therefore |2 — qy(n41)| < 271%
o If qyn) € Jnys then qynui1) = qyn). In this case the length of J,, 13 is
equal to 2,7% We have x and qy(n+1) € Jnt3, 50 |2 = @y(ng1)] < ﬁ

Therefore f = x.
We define h as follows: First A(0) = c¢(f(0),¢(0)). Assume h(n) is already
constructed. First we find e € {0, 1,2} by the following rules:

o if gr(h(n)) > Jnys then e =0
® if Gr(h(n)) € Jnys thene=1
o if Qr(h(n)) < JIn+3 then e = 2.

Then we find dy, di, d2 € K according the following rules: ;,L_—fl = q4,(n)- After that
we have the scheme I(h(n + 1)) = e, r(h(n + 1)) = Add(r(h(n)),d.(n)). Finally,
h(n+1) =c(e, Add(r(h(n)),de(n))) and f(n) =1(h(n)). It is clear that the defined
function f meets the required properties. The same as in the proof of the inclusion
K C K* it is easy to see that ¢ is bounded from above by a function from K.
The function f is bounded from above by Az.2. So by LemmalI] 4 is bounded from
above by a function from K. Finally, f € K. (]

We propose to use the phrase 'z is a K-number’ when K = K* and z € K*
since in this case different intuitive approaches such as Cauchy approximations and
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sign digit expansions give exactly the same set of computable reals. In particular,
below we mention £”-numbers in some results.

3.3. When K™ is a real closed field.

Remark 1. If K satisfy the requirements Req then Q C K*. As an example: let
—1 = g, then the constant function Ax.a € K so —1 € K*. The same holds for any

q € Q.

Let f:w — w be a computable function. The sequence {qf)}new is called fast
Cauchy if |g¢(n41) = Q)] < % for n > 0.

Lemma 3. If K satisfies the requirements Req and x € K* then there is a function
[ € K1 such that {qs(n)}necw is a fast Cauchy sequence converging to x such that
|2 — qpm)| < 53w for alln € w.

Proof. Indeed, since x € K* there exists f* € K such that [z —qs-)| < % Then
put f(n) = f*(2n). The sequence {q¢(n)}new is fast Cauchy one since

1 1 1
|95ty = G5l < 5w + et < 0

for n > 0. O
Proposition 2. Let K satisfy the requirements Req. Then (K*,+, -, <) is a field.

Proof. Let || < Aand |y| < Aforz, y € K* and |2 —q(n)| < 537, [Y— Qg(n)| < 3%
for f, g € K; that exist by Lemma [3] We show that K* contains their product.
Indeed, |2y — qf(n) - dg(m)| < A* 53w + (A+ 537) - 33 < 3= where n > N for some
large N. By definition, q(n) * Gg(n) = GMult(f(n),g(n))- Since x -y is a real number
there exists a sequence {¢;, }s<n such that |z -y — ¢;,| < 55 for s < N. Then we

define a new function as follows:

x(n) ={ Mult(f(n),g(n)) if n>N

g if n<N.

By definition for all n € w we have |z -y — ¢, (n)| < = and x =" Mult(f, g). So
x € K; and defines z - y.

For addition it is even easier: since [z + ¥ — (qf(n) + dym))| < 537 + 737 < 3¢
for n > 0 the function n = Add(f, g) defines = + y and belongs to K;. For inverses
elements: —z = —1- 2. Then let « # 0, z € K* and |z — qy(n)| < 5= for f € K3
that exists by Lemmal[3] Since there is B € Q* such that |z| > B > 0 without loss
of generality we can assume that g,y # 0 for all n € w or use the construction as
for product. We have

1

_ _ |$—an| 1 _ _
27" = (qf(n)) 1|=7()<7'B 1'(3‘*‘227) 1<27

@] lgge| — 2%"
for n > M for some large M. And now we use a construction as for product.
O

Proposition 3. Let K satisfy the requirements Req”and contains \x.2*. Then
(K*,+, -, <) is a real closed field.
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Proof. The claim that K* is a field follows from Proposition 2} To complete the
proof, we show that the real roots of unitary polynomials with coefficients in K*
are also in K*. Assume contrary that there exists a unitary polynomial p(z) =
> ga;xt € K*[z] of a minimal degree which has a root zo in R but not in K*.
The polynomial p does not have multiple roots since in opposite case it is possible
to compute g = G.C.D.(p(z), p’(x)) and h = & which are in K*[z]. The polynomial
h has exactly the same roots as p and deg(h) < deg(p) however h does not have
multiple roots. Therefore since a,, = 1 the coefficients a = (ag, - .., a,—1) of p satisfy
the following formula:

U(a) = VUq(a) vV Ua(a),
where
Uy(a) = JAIB 3¢ > 03e > O(A < BApP(A) < —eA p(B) > eAVxz € [A, Ble > p'(x) > e)
and

W,(a) = JAIB 3e < 03¢ < o(A < BAp(A) > —eA p(B) < eAVz € [A, Ble < p'(z) < e).

It is clear that the sets defined by ¥i(a) and ¥s(a) are not overlapping. W.l.o.g. we
assume R = ¥, (a). By continuity arguments, we can chose some A, B, € > 0, ¢ > 0 and
balls B(a;,r;), i = 1,...,n — 1, such that |B — A| < 1 and for all b € 1—[2:01 B(ai, i),
where b = (bo,...,bp—1) and b, = 1, we have

ZbiAi < —e/\ZbiBi >eAN(Vz €A, B])c> Zi~bi-xi_1 > €.
i=0 i=0 i=1
Now we are going to show that zo being a unique root in [A, B] belongs to K*. For that
we fix m and the precision 2%“ assuming that m is quite large. Our goal is to construct a
function ¢ € K such that ym = Gy (m) and |20 —ym| < 2%” for m > 1. Since a; € K™ there
exists ¢; € K such that for all s € w, |a; — gy, ()| < 2—& Put s = 3m and b; = q¢,(3m)-
Then b; € B(a;,mi)NQ, i <n—1, for m > 1 and for all m € w, |b; —a;| < 23% Let
p(x) =31, bix’. Since b satisfies the formula W1, the polynomial p(x) has a unique root
z in [A, B]. We show that z € K™, i.e., we construct a function ¢ € K such that for all
k€ w,|z—qpm.r] < 2% We describe the standard bisection method for finding the root
z of pon [A, B]. Let
A+ B
d¢(m,0) = T
Assume ¢(m, k) is already constructed. Then we define ¢(m, k + 1) by the following rules:

o if p(qg(m,k)) = 0 then ¢(m, k + 1) = ¢(m, k)
o if P(gs(m k) > 0 then ¢p(m, k +1) = ¢(m, k) — J=2
o if p(gg(mk)) < O then ¢p(m,k + 1) = ¢p(m, k) + Z=4.

By induction it is straightforward that for all k € w, |2 — @g(m,x)| < “23,6%’?‘. The function

¢(m, k) is constructed by the recursive scheme. Let us show that ¢(m, k) is bounded. It is
clear that the endpoints of the interval with the center qg(m,x) and the radius gk%‘?, where

A:% andB:dli,haveaform

28dy + (de —dy) i1
2k .|

for appropriate i < 2¥. Therefore Q¢(m,k) has a form

2P 4+ (de —dh) - (20 +1) -1
2k+1 .
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and it is clear that ¢(m, k) is bounded by some function from K and therefore ¢ € K. Let
us define ¥)(m) = ¢(m, 4m). Since for all = € [4, B] we have |[p’(x)| > € > 0, by the mean
value theorem p(q) — p(z) = p'(0)(¢ — z) for some 6 € [A, B]. Put ym = qy(m)- Then
~ ~ c 1
[ p(ym) [=] D@y (m)) 1< Sam < 23m
for m > 1. We show that ym = qy(@m) is required. Let M € Q% be a bound on a;, A,
B and ¢, i.e., |ai| < M for 0 <i < n, |A] < M,|B] < M and < M. One can assume
that m is sufficiently big , ie., 2™ > M" 4+ ... +1 =37 | M?®. Tt is worth noting that
2™ - ¢ > 1 and we already establish above | b; — a; [< 53=. So for all z, y € [A, B] we
have | p(y) — p(y) [< (1+ -+ Mp) - 535 As a corollary for y = y», taking into account
Plym) < 55m we get
1 . 1 ., 1
| p(ym) |< 237'(1+"'|y| ) < 237m‘2 = Sam
By the mean value theorem, for all z, y € [A, B] there exists 6 € [A, B] such that p(z) —
p(y) = (z —y) - p'(0). If ¢ is the root of p in the interval [A, B] and ym = gy (m) then

1 1
|zo — ym| < )l <—-2"< — form> 1.
€ 22m m
So ym € Q is an approximation of the root xo with the precision T}n for m > 1. By
Lemma xo € K*, a contradiction. O

Corollary 1. Let K satisfy the requirements Req”and contains Ax.2%. Then the
set of K-numbers forms a real closed field.

Corollary 2. Forn > 3 the set of E"—numbers forms a real closed field.

Remark 2. It is worth noting that Proposition[3 is closely related to well-known
K. Ko’s Theorem on real closedness of the polynomial time computable real numbers
however this result is not particular case of our proposition. At the same time
the particular case when K is the set of all primitive recursive functions has been
considered by P. Hertling (handwritten notes) and it has been proven by him that
the primitive recursive real numbers is a real closed field.

3.4. Criterion of Computable Presentability of Archimedean Ordered
Fields. Let L = (L, <) be linearly ordered and Q C L. Assume p : w — L is
a numbering. With L we associate 2 families of non-strict Dedekind cuts:

Ap ={n | gn < p(k)}

Br ={n | qn > p(k)}
and naturally define S, = A, @ By ={2n|n € Ay} U{2n+1|n € B} and S, =
{Sk | k € w}. The family Sy, is endowed with the standard numbering §(k) = Sj.

The following proposition provides a criterion of computable presentability of an
archimedean ordered field.

Proposition 4. Let F = (F,+,-,<) be an archimedean ordered field, u : w — F be
its numbering such that (F, u) is an effective algebra. Then (F,p) is a computable
copy if and only if the family (Sr,B) is computable.

Proof. The claim — follows from the observation that if x4 is a computable presentation
of an ordered field F then u > g, i.e., ¢, = p(h(n)) for a computable function
h:w — w and the family (Sg, 8) is computable.

For the claim < we assume that (Sg, ) is computable. Let 0 = ¢; and —1 = p(a)
for some a € w. So the substraction is defined as p(n) — pu(m) = p(n) + p(a) - p(m).
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It is clear that u(n) = p(m) iff p(n) — pu(m) = w(k) AN2i € Sk, A 2i+1 € S and
x # 0 iff (y) y-x = 1. Therefore equality is computable. It is easy to see that order
is also computable. Indeed,

p(n) < p(m) iff (3k) () p(n) < qp < @ < p(m),
p(n) < p(m) it p(n) < p(m) Vv p(n) = p(m),
p(n) £ p(m) iff p(m) < p(n).
O
Corollary 3. Let K satisfy the requirements Req and p : w — K* be its numbering

such that (K*, u) is an effective algebra. Then (K*,u) is a computable copy if and
only if the family (Sk+, ) is computable.

4. INDEX SETS VS. COMPUTABLE PRESENTABILITY

In this section we assume AC denotes the almost constant functions, i.e., AC =
{frwow|Bcew)(Frew)(Vy>2z)f(y) =c} and ACC K.

Definition 1. Suppose K is a class of total computable numerical functions, K is
th~e set of reals generated by K. Then we associate with K a structure (K, ogy) =
(K,QQi,Qi,g), where
KEQi(ryz) caty<z
KEQ (z,y,2) o x+y> 2
It is easy to see that, since the graph of addition is computable, if a structure K
has a computable copy (K, 1) then the set x4~ *(Dyad) is computably enumerable:
w(n) € Dyad < (3k € w)(3 € Z) 2% - u(n) +1=0.
To proceed further we define index sets
Ao ={n|m, C{0,1,2} An ¢ Tot},
Ar={n|m, C{0,1,2} A (n € Tot V ¢, € AC)},
As={n|m, C{0,1,2} A(n & Tot V ¢, € K')} =
{n|m C{0,1,2} A (n & Tot V@, € K)}
where K’ = {¢, | & € KN[-1,1]}.

Theorem 1. Suppose K is a class of total computable numerical functions. If the

structure (K, osy) generated by K has a computable presentation then Ag U (As \
Al) S Eg

Proof. Let ju: w — K be a computable presentation. Since the set £ = {n | —1 <
w(n) < 1} is computable, there exists a computable function h such that im(h) = E
and i = p o h is a computable numbering of Kn [-1,1]. Assume = = fi(n). Now
we construct a map v : w — T by induction:

v(n)(0) =1

0 if z<uwg
vin)(s+1)=<¢ 1 if x=uxa
2 if x>,
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where x5 = >, % Since |z, — 2| < &, |zs41 — 2| < 5. From AC C K
it follows that 2, € K. We have the following properties: v(n) is total, v(n) € T
and v(n) provides a sign-digit representation of x. It is worth noting that Dyad is
¥9-relation on K and for any f:w — {0,1,2} it holds that f € AC <+ f € Dyad
(see c.f. [II]). As a corollary, Y = {n | v(n) € AC} is computably enumerable. Now
we show that Ay U Ay \ A; € X9. Let us note that

ne AgU(As\ Ay) &
nerv(neAgA((amemyw(m):@vngm)).

We have the following;:
e The relation n ¢ Y is IIY.
e The relation v(m) = 3, is I1. It follows from the following observations.
Let

L fk) -1 Sglk) -1 1
(I)(f, g) = (35 > 0) ’ Z f(213+1 - Z 9(213+1 | > 9s—1"
= k=0

Then for £, g € T2}, F £5 & ®(f,g). So, v(m) = G <> ~®(v(m), ).
e The relation n € Ay is %9 since

n € Ay < ndTotV (Im e w)-P(v(m),en).

e The relation n & Tot is X9.
Therefore Ag U (A \ A1) € X9. O

It is worth noting that the same proof is valid when one consider just a computable
presentation u of a linear ordered (K, <) with the requirement that p > q.

4.1. Criterion of m-completeness for tuples of ¥Y and XY sets. In this
section for s > 1 we consider s-tuples (Ao, ..., As_1), where either all A; are %9-sets
or all A; are ¥9-sets.

For uniformity of a presentation we introduce a symbol [ where | € {1,2}, a
relation ~; on sets and an oracle z; that have the following interpretation. If [ = 1
then A ~; B means that A and B are equal and the oracle z; = (). If [ = 2 then
A ~; B means that (A\ B) U (B \ A) is finite, i.e., A and B are almost equal,
denoted A =* B. The oracle z; = Kw, where Kw = {n | ¢,(n) }} or could be any
creative set. We generalise ideas of the criterion of m-completeness of ¥9-sets and
9-sets in [2] to fit m-completeness of s-tuples of X¢-sets and X9-sets that requires
modifications of concepts and definitions.

Definition 2. Let (Ag,...,As—1) and (Bo,...,Bs_1) be s-tuples of subsets of w.
We say that (Ao,...,As—1) is m-reducible to (By,...,Bs—1) ((Ag,...,As—1) <m
(Bo,...,Bs_1)) if there exists a computable function f such that f~1(B;) = A; for
all0 <i<s.

Definition 3. Let A belong to a class K, where K C (X0 [w])*. We say that A is
m-complete in the class K if any element from this class is m-reducible to it.

Remark 3. It is well known (see c.f. |3]) that given any (partial) X9-function
f one can effectively construct a total computable function F such that (Vz €

dom(f)) W) =* We(a), moreover @) =% ©p(z)-
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Definition 4. Let (Fy,...,Fs_1) be an s-tuple of functions, where F; : w® — w,
0<i<s—1and(Ag,...,As—1) be an s-tuple of £V-sets. We say that (F, ..., Fs_1)
is m-reducible to (Ao, ..., As_1), denoted as (Fo,...,Fs_1) <m (Aoy...,As—1), if
there exist computable functions h : w® = w, a; : wW* — w, b; :wW* = w,0<i < s—1,
such that

Bl )—{ bi(z) i (@) € A

It is easy to see that this definition is a generalisation of the corresponding definition
from [3].

Lemma 4. For s-tuples X and A of Z?—sets if (Fo,--, Fs—1) <m (Xoy.-oy Xs—1)
and (,XVO7 . 7)(571) Sm (A()7 N ,Asfl) then (Fo, . 7stl) Sm ( Oy - -- 7AS,1).

Proposition 5. (Smullyan’s Fized Point Theorem)|21] Let Ao, ..., As—1 be partial
computable functions of arity n+s. Then there exist computable functions hg, ..., hs_1
of arity n such that the following equality simultaneously holds

Pri(2,h(2)) = Phi(z)

for all 0 < ¢ < s—1 and for all Z under the standard agreement: if the index in
the left part of the equality is undefined then the function on the right is undefined
anywere.

Proposition 6. Let (Ao,...,As_1) be a s-tuple of X\-sets. The following claims
are equivalent.

(1) (Ao,...,As—1) is m-complete in the class of s-tuples of X7-set.
(2) There exists a computable function (its productive function) H : w® — w

such that for all xzg,... xs_1 € w
s—1
H(xo, ... 25-1) € ) ((Ai NWE)U (EHWZ))
i=0

(8) There exists a s-tuple of functions (Fy,...,Fs_1), where F; : w® — w,
0 <i< s, such that
(a) (F07 s 7Es‘—1) <m (AO7 s 7As—1)7
() Wg,(z) 71 We, for all0 <i < s and for all z.
(4) There exists a s-tuple of functions (Fo,...,Fs_1), where F; : w® — w,
0 <1i < s, such that
(@) (For .., Facr) <m (Ag,.. As1),
(b) ©F,(z) %1 @z, for all 0 <i < s and for all z.

Proof. 1) +» 2). For | = 1 the equivalents of the statements can be found in [6].
The existence of m-complete s-tuple of computably enumerable sets has been also
established there. For [ = 2 we only need a relativisation to the oracle zo which also
could be found in [6].

1) — 3). Without loss of generality we assume s = 3.
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Case 1: 1=1. First we take the following m-complete 3-tuple:

Xo =A{n|n(0) i},
X =A{n|en(1) I},
Xa = {n[en(2) I}

Further on by By Lemmald]the considerations below will hold for any m-complete 3-
tuple. By Graph theorem [19] we construct a computable sequence B = { By, 25 }rozi22cw
of partial computable functions such that

BIorlrz (Z) = Pux; (Z) ifi = 0,1,2
Bagwyan (k) T if k> 2.
Then there exists a computable function h : w3 — w such that By 2,2, = Oh(zo,21,02)

By definition of B we have h(zg,z1,22) € X; <> x; € X; for ¢ < 2. To finish the
construction of F; we take a; and b; for ¢ < 2 as follows.

ap = a1 = as is an index of L;

by is an index of the function {< 0,0 >};
by is an index of the function{< 1,0 >};
by is an index of the function{< 2,0 >};

We define for ¢ < 2
v Joa if K@) eEX;
Fi(z) = { b, if h(z)€ X,
By construction (Fp, F1, F) is m-reducible to (Xo, X1, X3). Let us show that W, z) #
W, . Fix ¢ and consider two cases:
e Assume h(Z) € X;. Since F;(Z) = a;, Wg,(z) = 0. At the same time W, # ()
since z; € X; and ¢, (7) .
e Assume h(Z) ¢ X;. Since F;(T) = by, p, (i) | and i € W, (z) # 0. At the
same time @z, (1) T, L.e., i € Wy, .
Therefore (Fy, F1, Fy) is a required 3-tuple.
Case 2: 1=2. First we take the following 3-tuple:
Zy ={n | W,, N 3w is finite},
Zy ={n| W, N (3w + 1) is finite},
Zo ={n | W, N (Bw + 2) is finite}.

By analogy to the case 1 we chose h : w® — w such that for all # = (zg, 1, 22) and
every k € w we have ¢,z (3k +1i) = @y, (3k+1) for 7+ < 2. To finish the construction
of F; we take a; and b; for i < 2 as follows.

ag = a1 = ag is an index of constant zero function;

bo = by = by is an index of L.
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We define for ¢ < 2

N a; if h(.’f) € Z;
Fl(x){ b it h(z)d 7
By construction (Fp, F1, F) is m-reducible to (Zy, Z1, Z2).
Let us show that Wg,(z) #* W,,. Fix i. Assume contrary Wg, (z) =" W,, and
consider two cases:
e Let h(Z) € Z;. Since Fy(Z) = a;, Wp,(z) = w. At the same time W, N(3w+1)
is finite from the choice of h and finiteness of W, (z)N(3w-i), a contradiction.
o Let h(z) € Z;. Since Fj(z) = b, Wg,z = 0. By assumption, W, is
finite. At the same time W, N (3w + ¢) is infinite from the choice of h
and infiniteness of W3 N (3w + ©), a contradiction.

Therefore (Fy, F1, Fy) is a required 3-tuple.
3) — 4). The implication is straightforward since g, z) 71 @z, follows from
W, @) %1 W.
4) — 2). Without loss of generality we assume s = 3. The following construction
is uniform for both [. First for i < 2 we define functions G; and T; which are
computable with the oracle z;:

o bi(y) if  h(y) e W
Gi(z,9) = { 1 Y if (g) ¢ Wzl

_ a;(y if  h(y
Tz(xay) = { 4 y) if (—g ¢ A

By Reduction principle for function graphs [19] we find a function E;(Z,§) with
the following properties:

e F;(Z,7y) is computable with the oracle z;, therefore for some computable
function g; : w® — w, E;(Z,9) = K*%*(g;(Z),9), where K** is Kleene
universal function for 3-arity functions computable with the oracle z;.

o If h(y) € Wi\ A; then Ei(z,7) = bi(y). If h(y) € A; \ W} then E;(z,y) =
ai(y).

If | = 1 by Proposition[5]for i < 3 there exist three computable functions ng, ny, ns :
w? — w such that

PK4(g:(2),n0(3(2)),m1(3(2)),n2(5(F))) = Pni(g(z))-

If [ = 2 there exist three computable functions ng, 11, ns : w3 — w such that

PR22 (g:(2),mo (3(2))m1 (3(2)) 2 (3(2)) = Pra(5(2)>
under the condition that K*#2(g;(z),n(g(z))) . The last statement requires more
details which we show below. It is easy to see that, for i < 2, f;(z,7) = K**2(2;,9)
is 29-function. Therefore by Remark [3| there exist computable functions A; such
that for (z,y) € dom(f;)
PrEn = PG
By Proposition

Pri(2,(2) = Pni(2)
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Therefore
Pfi(za(z) = Pniz)
for (z,7(z)) € dom(f;). Now we are ready do define H : w3 — w:
H(Z) = h(no(9()), n1(9(%)), n2(9(2)))-

Let us show that H(Z) = h(no(g(Z)), n1(g(Z)), n2(g(x))) is a required computable
function. Assume contrary that for some xg, x1 and z2

H(wo,a1,22) & (A NWZ) U (AN TWS)

for some ¢ € {0,1,2}. We have two cases:

(a) H(z) € A; \ W
(b) H(z) € W2\ A,

It is worth noting that in both cases K*%(g;(%),n(g(%))) |. In the case (a),

PFi(n(g(®) = Pai(n(g(x)) by the definition of F;
Pau(a(a(@) = Prb=1(g:(2)n(g(a)) DY the definition of g;
PR (0:(2),1(g(2))) = Pnia(@)) by the choise of 7

This contradicts the condition on F;. In the case (b),
PF;(r(3(3)) = Pbi(A(3(2))) by the definition of F;
Pou(la(@) = PR (gi(@)a(g(@)) PY the definition of g;
PR (gi(2),n(a(x)) = Pni(g(@) by the choise of 7

This contradicts the condition on F;. Therefore H is a required productive

function. m

4.2. Let us fix the following index sets:
Ey={n|m €{0,1,2} A (¢n Nw x {0} =* 0)
Ey={n|m C{0,1,2} A (¢n Nw x {1} =* 0)
Ey={n|m C{0,1,2} A (Ve Nwx {2} =*0)}.

)

}
}

)

Using Proposition |§| we show that the 3-tuple (Fy, E1, Es) is m-complete in the
class of 3 -tuples of X3-set.

In order to define (Fy, Fy, F») we first take a computable function h : w3 — w
such that

0 if g, (k)]
@h(mo,xl,m)(?’k) = { 0 otheﬁwise,

L if g, (k) 4
@h(mzl,zz)(?’k +1)= { T otherlwise,

if pu, (k) |

2
Phao,a1,22) (3K +2) { 1+ otherwise.
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Now we pick up appropriate functions a; and b; for ¢ < 2. The functions b; is defined
by s, (z)(k) = @z, (k) + 1, where a; is an index of id function. Then we define for
1 <2
N a; if h(j) e FE;

Fi(z) = { bi(z) it h(z) Ei.
Let us show that ¢r,(z) #2 ¢, for i < 2. Without loss of generality it is sufficient
to consider i = 0. Assume h(Z) ¢ Eo. Then W,z is infinite and infinitely often a
value of @y, (z) is zero. By construction, W, is infinite. Since for k € w,

@Fo(aé)(k) = @bo(i)(k) = Sﬁzo(k) +1,

there exist infinitely many k € w such that g (z)(k) # @z,(k). As a corollary,
OFy(z) 7 Pao- Assume h(T) € Ep. Then ¢, is a finite function. Since for &k € w,

SOFO(:f)(k‘) = @ao(z)(k) =k,
we have pp, (z) 7" Puq-

Lemma 5. Let a 3-tuple (Ey, E1, E2) be m-complete in the class of 3-tuples of
¥9-set. Then the following 3-tuple

Yo = Eo N E; N Es
Y = BN E,
Y2:E2

is m-complete in the class of 3-tuples (Xo, X1, X2) of ¥9-set with the additional
condition Xo g X1 g X2.

By the choice of (Ey, E1, Es) at the beginning of this section we have Yy C Y7 C Y5,
where

Yo ={n|m, C{0,1,2} AW, is finite};
Vi ={n|m €{0,1,2} V BN)(VE = N)(pn(k) L = @n(k) = 0};
Yo ={n|m C€{0,1,2} Vo, Nw x {2} =" 0)}.

Remark 4. It is worth noting that if 3-tuple (Zy, Z1, Z2) is m-complete in the class
of 3-tuple (Xo, X1, X2) of ¥9-sets with the additional condition Xo C X; C X, then
the set Zo U (Zy \ Z1) & X3 since this combination is the m-greatest 3-tuple among
the similar combinations of ¥.9-sets.

4.3. Classes K without computably presentable K. Below we list important
restrictions on a class K of total computable numerical functions:

(1) Together with the basic functions BF the class contains +, ~,-, [§] and
Va)

(2) The class has a computable universal function for all unary functions i.e.
the sequence {F, }new of all unary functions from K is computable.

(3) There exists a computable function H : w — w such that for all n € w
im(Frny) = {0} U{z+1 |2 € W,}. Moreover, for all i € W, f;l(ln)(i—i— 1)
is an infinite set.
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(4) The class is closed under composition and either under the standard bounded
recursion scheme or the following second bounded recursion scheme: If

a, g, € K and f is defined by

and

then f € K.

Remark 5. It is worth noting that the class K satisfying the restrictions above
contains all almost constant functions, Cantor 3-tuple (c,1, 1), sglx —y]|.

Remark 6. Some of natural examples that satisfy the restrictions above are all E™,

n > 2. For £? the verification of satisfiability based on Ritchie’s characterisation

(see Preliminaries) and existence of an universal function for £ from €3 and for
E™, n > 3 it is straightforward. Another good example is the class P of functions

computable in polynomial time under binary notations of arguments and values.

Characterization of P in terms of the second primitive recursion scheme was obtained
by A. Cobham in [4]. In particular, his result provides the item (4) for P, other items

are straightforward.

Theorem 2. Let K satisfy the requirements above and (IN(,Um) be the structure
generated by K. Then K does not have a computable presentation.

The proof follows from Theorem [1] and the claim Ag U (Az \ A1) € X9 which is
based on the following proposition and Section

PI‘OpOSitiOn 7' (Y071/1aY2) Sm (AOaA17A2)'

Proof. We are going to construct a computable function f such that n € Y; «
f(n) € A;. In order to do that we will construct a computable sequence {F), }new
of computable functions by steps and then effectively find a required reduction f.
We take
e a standard computable reduction function « : w — w for Fin <, w \ Tot
(c.f. [20]) with the following properties:
— if W, is finite then W, is finite;
— if W, is infinite then ¢, () is total;
- Tn = Ta(n)s
— If (3°°a) ¢y, (a) = x then (3°°b) @a(n)(b) = z and vice versa.
e a computable function ¢ such that
- Wt(n) = {C(kvd) | Lpoz(n)(k) = d}
Now we point out the requirements on a step s which we want to meet in our
construction:

o Fitl D Fs;

e dom(F;)=10,...,m?] is a proper initial segment of w;

o If fH(ts(n))(S +1)=c(e,d) +1Ad>2then (Fj) F,.(j) > 2;

o If Frt (n))(s+1) = c(i,2) 4 1 then in the process of the construction we

provide the following: F,, & {Fo,...,F:};
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o [, = Usz Fy.

W.l.o.g. we assume now that K is closed under the second bounded recursion scheme

since the case when K is closed under the standard bounded recursion scheme is

much more easy so it is left to a reader.

Description of the construction of m$, {F:}, scw, ts(n) and I3:

Step 0
mp =0, F2(0) =0, to(n) = t(n) and I° = 0.
Step s+1
Case 1 If Fr, (n))(s+1) = ¢(i,0) + 1 or Fr, (n))(s+ 1) = 0 then we proceed as
follows:

2ms if
s+1 n

Min = { 1 if
and for all j < ms, F5tL(5) = F3(j5), for all m$ < j < mst! we put F5HL(j) =
(), tyur(n) = to(n) and T+ = T3,

Case 2 Fpi,(n))(s+ 1) = c(i,1) + 1 we consider the following subcases:

>0
=0

3"33"3

Subcase 2.1 i > s+ 1. We proceed as in Case 1.
Subcase 2.2 ¢ < s+ 1 and ¢ < I. We proceed as in Case 1.
Subcase 2.3 I7 < i < s+ 1. We proceed as follows:

2ms  if ms >0

s+1 __ n
Min _{ 1 if m$=0

and for all j < m$, F5t1(j) = F3(j), for all m$ < j < mSt we put
F3+1(5) = F3(m?) and for F5+1(m2*1) we chose the least value from {0, 1}
such that FiH(mst) £ FS(ms), ts11(n) = ts(n) and I3 = .

Case 3 If Fy(1,(n))(s+1) = c(i,2) + 1 then for all j < m$, F5t'(j) = F5(j) and
we proceed as follows: mSt1 = m$ +2(i + 1) and for k < i we chose the values of
F3*1 on the arguments m™ + 2k + 1 and m? + 2k + 2 according with the following

table:
Fr(ms +2k+1) | Fp(ms +2k+2) | ST (m2+2k+1) | FiH (mP+2k+2)
2 2 0 0
2 0 0 0
2 1 0 0
1 2 0 0
1 1 0 0
1 0 2 2
0 2 2 2
0 1 2 2
0 0 2 2
The equality Wi, | (n) = Wi, (n) \{c(i, 2)} defines the value of t,11(n) and I3+ = I3,

Case 4 If Fp (n))(s +1) = c(i,d) + 1 and d > 2 then for all j < mj, FSJrl(j) =
F3(5) and we proceed as follows: m$™t = m$ +1, F3t(mstl) = d, t5+1( ) =ts(n)
and 3T = T3,

We put F, = (U,¢,, F; and effectively find computable function f : w — w such
that 0y = (Fu N (Wopn) X w)) U{c(x,d) | Fo(x) =dAd > 2}

Now we show that f is a required reduction.
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If n € Yy then Wy () is finite, so is ¢,y and f(n) € Ag. If n € Yy then there
are two cases:
1) Wy is w, by construction, ¢,y = F;, and F), is total, so f(n) € Ap.
2) m, € {0,1,2}. Then for some j € w F,(j) > 2, so mspy € {0,1,2}. Again
f(n) € Ag. So we have f~1(Ag) = Yp.

If n € Y1\ Yy then gy, is total and ¢4,y =* 0. In this case v,y = F, and by
construction F,, € AC since (351 € w)(Vs > s1) I = I . So f(n) € A1\ Ao.

If n & Y5 then gy is total and ¢,y = F),. By construction the case Fr ¢, (n))(s+
1) = ¢(i,2) + 1 arises infinitely often and the collection of the corresponding
numbers ¢ is infinite too. So, for infinitely many i, either im(F,) € {0,1,2} or
F, ¢ {Fo,...,F:}. Hence either im(F,) € {0,1,2} or F, ¢ K. That means
f(n) & As.

If n € Yo\ Y then p,,) = F, is total. By the choice of n, (IN)(Vi >
N) Soa(n)( i) # 2. Hence (3°% )‘Pa(n)( i) =1

Let us note that after some step sq for all i we have c(i,2) & Wy () for s > sq.
We define to(n) = ts,(n). It is easy to see that, for s > sq, too(n) —t ( )- On the
step s + 1, when fH(too(n))(s +1) = c(i,1) + 1, Fst(mstl) £ Fst i (mstt — 1).
Hence F,, € AC, so f(n) € A1. So we have f~1(A4;) =Y;.

Using sg and N from above we explain that F;, € K.

Let m,, = mS°T1. It is easy to see that the following functions belongs to K:

e the characteristic function of the set A = {m,, - 2* | i > 0};

e the function g(x), that computes max{y € A |y < z} for z > m,, and for
T < m, it is equal to 0;

e the function S(z) = u(s')(Fs (x) 1).

In order to meet our goal we construct the function I(x) = I (@)-1 by the following
rules:

Assume Iy = I;°. Then we define

o for x < my,, I(x) =0,
o for x =m,, I(z) = I,
e for x > m, and g(z) > m,,

UFH(too (n))(S(x) = 1) = 1) =i if
I(z) = I([5) <i<S(@) = 1IAT(FH@e ) (S(x) = 1) = 1) =1

I([§]) otherwise .

e for x > m, and g(x) = mny, I(z) = Io.

From above we can see that Az.I(xz) € K. We can assume that > N and S(z) > s
and consider two cases.
1. Suppose z € A. If Fr(i_n))(S(z)) = ¢(i,0) + 1 then F, () = F,([5]). The same
is done if Fr(¢__(n))(S(x)) = c(i,1) + 1 but i < I(x) or i > S(x). Otherwise, i.e., if
Fr(te ) (S(x)) = c(i,1) + 1 and I(z) < i < S(z) then for the value of F,(x) we
chose the first one from {0, 1} which differs from F,([3]).
2. Suppose z € A. If Frg. (n)) (S([5]+1) = ¢(i,0)+1or 0 then Fy,(2) = F,([3]). The
same is done if Fry;__(n)) (S([5]+ ) =¢(i,0)+1 but i < I([F]+1)ori > S([5]+1).
Otherwise, i.e., if FH(tw(n))(S([f])) =c(i,1) + 1 and I([3 ]) < < S([3]) then for
the value of F),(z) we chose the first one from {0, 1} Which differs from F.([3])-
Therefore the scheme above shows that F,, € K. So we have f~1(A;) = Y.

O
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Corollary 4. The structures ]5, g", n > 2 do not have computable copies and the
fields of E™-numbers, n > 3 do not have computable copies.

Proof. The claim follows from Corollary [2] and Theorem O
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