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ON THE COMPUTABILITY OF ORDERED FIELDS

M.V.KOROVINA AND O.V.KUDINOV

ABSTRACT. In this paper we develop general techniques for structures
of computable real numbers generated by classes of total computable
(recursive) functions with special requirements on basic operations in
order to investigate the following problems: whether a generated structure
is a real closed field and whether there exists a computable copy of a
generated structure. We prove a series of theorems that lead to the result
that there are no computable copies for £™-computable real numbers,
where £" is a level in Grzegorczyk hierarchy, n > 3. We also propose a
criterion of computable presentability of an archimedean ordered field.
Keywords: computability, index set, computable model theory, computable
analysis, complexity.

1. INTRODUCTION

In the framework of computable model theory originated in [14, 17, 5] there have
been investigated conditions on the existence of computable copies for countable
homogeneous boolean algebras [1, 16], for superatomic boolean algebras [8], for
ordered abelian groups [23| among others and established several negative results
for archimedean ordered fields [15, 12|. Nevertheless, till now there where no natural
criteria on the existence of computable copies of ordered fields even in an archimedean
case. In this paper we try to fill this gap.

We are also going dipper to revile relations between a class of computable (recursive)
functions K and structures K and K* of computable real numbers generated by
K corresponding Cauchy approximations and sign digit expansions. We propose
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natural restrictions on a class K under which the structure K and K* coincide. We
also revile requirements on K when K™ is a real closed field.

Further we investigate a natural problem whether there exist computable copies
of generated structures for popular classes of computable functions such as the
Grzegorezyk classes £, n > 3. We establish that the corresponding real closed
fields do not have computable copies. In order to do that we develop techniques of
index sets and multiple m-completeness. On this way we have to establish a criterion
of m-completeness for tuples of c.e. sets and ¥9-sets. From our point of view this
criterion is an interesting result itself and can be used for different purposes.

The paper is organised as follows: Section 2 contains preliminaries and basic
background. In Section 3 we propose the notions of K and K™ generated structures.
We show under which requirements on K the corresponding generated structures K
and K* coincide and under which requirements on K the corresponding generated
structure K* is a real closed field. Further we prove a criterion of the computable
presentability of an archimedean ordered field. In Section 4 we define 3-tuple of
index sets (Ag, A1, A3) depending on K such that A; € X9 with the following
embedding property Ag € A; C As. In the Theorem 1 we show that if the
corresponding K asa structure, in particular as an abelian group, has a computable
copy then Ag U (Az \ A1) € 9. In Sections 4.1, 4.2 and 4.3 we develop techniques
to establish that under natural assumptions on a class K the 3-tuple (Ap, A1, As)
is m-complete in the class of 3-tuples of X9-sets with the embedding property. It is
well-known that in this case AgU(Az\ A1) € 39 and therefore for the corresponding
K there is no a computable copy. It is worth noting than these classes contain
computable real numbers generated by Grzegorczyk classes, in particular £3 and
beyond.

2. PRELIMINARIES

We refer the reader to [19, 22| for basic definitions and fundamental concepts of
recursion theory [11, 24] for computable analysis, [7] for computable model theory,
[9, 18] for Grzegorczyk classes £™, n > 2, of computable (recursive) functions. We
recall that, in particular, ¢, denotes the partial computable (recursive) function
with an index e in the Kleene numbering. For simplicity of descriptions we identify
a function with its graph. We also use notations W, = dom(p.), W, = w \ W,
me = im(pe) and for Cantor 3-tuple (c¢,I,7) we associate a number n with the
corresponding pair < I(n),r(n) >. We fix the set BF of standard basic functions
Az.0, s(x) and I7,, where I (21, ...,2Zn) = @y, for 1 < m < n and denote the total
computable numerical functions as T and Tot = {n | ¢,, € T}. We fix the following
computable numbering ¢ : w — Q of the rational numbers:

form >0,k >0:
a(2e(m. k) = +7;

a(2c(m, k) +1) = —% and
q(c(m, 0)) = q(c(m, 1)) = m.

When it is clear from a context we use the notation ¢, for ¢(n). We denote I =
{2¢(m,k) | m € w, k € wand 7 is irriducible} U {2¢(m, k) +1 | m € w, k €
w and 7 is irriducible} U {¢(m,0) | m € w}. For tuples 2 ...,z of numbers or
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functions we use the notation z when it is clear from a context. For the positive
rational numbers we use the notation QT = {q € Q | ¢ > 0}, for the dyadic numbers
we use the notation Dyad = {5%r | m € Z, 1 > 0} and B(a,r) = {r € R [ [z —a| <
r}, for an open ball with the center o € R and the radius r € R™.

2.1. Computable Presentations. We say that a structure A = (A,o) with a
finite language o admits an computable presentation (copy) if there is a numbering
v : w — A such that the relations and operations from o including equality are
computable with respect to the numbering v. The pair (A, v) is called a computable
structure and the numbering v is called its computable presentation.

If only operations are computable with respect to the numbering v, a structure
(A, v) is called a numbered (effective) algebra.

2.2. Grzegorczyk classes. In this paper we use the following properties of £™ for
n > 2:

(1) Every class contains BF and the functions +, -, ¢(z,y), I(z), r(z).
(2) Every class is closed under composition and the standard bounded recursion

scheme.
(3) Ritchie’s characterisation of £2 [18]: f € £2 if and only if an computation
on some TM of f(x1,...,2,) requires the number of cells bounded from

above by ¢ - Y " (L(xl) + 1), where L(x) is the word length in binary
notation of the number x.

3. GENERATED COMPUTABLE REALS

3.1. Definitions. Let K be a class of total computable numerical functions. We
associate with K the classes

K12 — (f ¢ K |im(f) € {0,1,2} and f is a unary function}
and
Ky ={f| f€ K and f is a unary function}.
Let us define a subset K* of the computable real numbers as follows:
1
r e K"+ (J¢p € K1)(Vn € w)|qgm) — 2| < 7
We proceed with the definition of the corresponding subset K of the computable
real numbers. For f € K112} let us denote

o fli) — 1
f= Zo f(22+1 :
Then we define
K={m+f|meZ, e K1}
One of the trivial examples, where K is the set of the almost constant functions
illustrates that in general K* # K. Indeed, in this case the generated class K*
coincides with Q while K coincides with Dyad. Below we will show under which

requirements on K we have K* = K.
In this paper we use requirements Req on K:

Req 1 it contains the basic functions BF, and Az.2x;
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Req 2 it is closed under composition and =*, i.e., if f € K; and g =* f then
g € K1, where

g="f & (3n € w)(¥m > n) g(m) = f(m).
Req 3 it contains computable functions F' : w X w — w, H : w X w — w and
G : w — w such that
VnVmqn + ¢m = qrm,m)
VM qn  @m = QHn,m)
V1 (gn) " = qg@ if gn # 0

Assume K satisfies Req , for all n, m € w, F(n,m), H(n,m),G(n) € I, where
the set I is defined in Preliminaries and

Req 4 it is closed under the following standard bounded primitive recursion scheme:
if @ g, € K and f is defined by

_ a(Z) if y=0
T,y) = _ _ .
1= ey sey—1y ity
and
f(@,y) < g(@,y)
then f € K.
Then we tell that K satisfies the requirements Req®.

Lemma 1. Let K satisfy the requirements Req” and contain +, -, \x.2% then

e all constant functions are in K.
o c(z,y), l(z), r(xz) € K.

o Let
2 Zf Gn < qm
g(n7 m) = 1 if  Gn=qm
0 of qn>qm-
Then g € K.

Lemma 2. Let K satisfy the requirements Req and ¢’ € Ky such that, for a real
number z, (AN € w)(Vn < N)|qy (n) — 2| < 5. Then there exists ¢ € K1 such that
(Vn € w)|gpn) — 2| < 5, s0 x € K*.

3.2. When K = K*.

Proposition 1. Let K satisfy the requirements Req*and contain +, -, A\x.2% then
K=K~

Proof. First we show that K C K*. W.lo.g we assume f € K{012} and 2 = f. Tt
is clear that a required primitive recursive function ¢ can be defined by

— f()) -1
dp(n) :Z 9i+1 °
=0

The numerator of this fraction is bounded by above by 271! —1 and the denominator
is 27t Tt is worth noting that the number of a rational ¢, where |q| = % is

bounded from above by 2¢(i,5) + 1. By definition Az.2* € K and K is closed
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under composition so by Lemma 1 ¢(n) is bounded from above by some function
from K. We have that ¢ € K and x € K*.
To show that K D K* w.lo.g we assume that z € [-1,1] N K* and ¢ is given.
We are going to construct simultaneously f € K{%12} such that f = x and a
supporting function ¢ € K; satisfying the equation gy, = > % For that
using bounded primitive recursion scheme we construct a function h € K that
satisfies h(i) = c(f(i),(i)) and finally permits us to define f € K012} as f(i) =
I(h(i)). Denote Jy, = [gp(n) — 35+ dp(n) + 3=) The scheme is based on the following
observations:
o Gum) = Lip L
® Qyni1) = Qy(m) + grh and
e the case study:
— if @y(ny > Jny1 then f(n+1) =0
— if Gy(n) € Jn+1 then f(n+1) =1
— if Qyp(n) < J7L+1 then f(?’l + 1) = 2.
Formally,
we define f(0) and ¥(0) as follows.
e if 0 > J5 then f(0) = -
e if0 e .Js thenf(O)—l qy(0) =0
e if 0 < J5 then f(O) =2, Qy(0) = %
Then h(0) = ¢(f(0),%(0)). Assume h(n) is already constructed. First we find e €
{0,1,2} by the following rules:
o if Ar(h(n)) =~ Jn+1 then e =0
® if Ggr(h(n)) € Jny1 thene=1
o if gr(h(n)) < Jny1 then e = 2.
Using functions dy, di, do € K we compute numbers according the following rules:
L4 = qq,(n). After that we have the scheme I(h(n + 1)) = e, r(h(n + 1)) =
F(r(h(n)),de(n)). Finally, h(n + 1) = c(e, F(r(h(n)),d.(n))) and f(n) = l(h(n)).
The same as in the proof of the inclusion K C K*itis easy to see that 1 is bounded
from above by a function from K. The function f is bounded from above by Az.2.
So by Lemma 1 & is bounded from above by a function from K. Finally, f € K. O

We propose to use the phrase 'z is a K-number’ when K=K*and z € K*
since in this case different intuitive approaches such as Cauchy approximations and
sign digit expansions give exactly the same set of computable reals. In particular,
below we mention £"-numbers in some results.

3.3. When K* is a real closed field.

Remark 1. If K satisfy the requirements Req then Q C K*. As an example: let
—1 = g, then the constant function Ax.a € K so —1 € K*. The same holds for any
q€Q.

Let f:w — w be a computable function. The sequence {qf)}new is called fast
Cauchy if |g¢(ny1) — @p(n)] < 21n for n > 0.

Remark 2. If K satisfies the condition above and x € K* then there is a function
J € Ky such that {qfm) | n € w} is a fast Cauchy sequence converging to x, i.e.,
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|z —qrm| < 2% for allm € w. Indeed, since x € K* there exists f* € K1 such that
% — qpe(m)| < 3. Then put f(n) = f*(2n).
The sequence {qf+(n) tnew s fast Cauchy one. Indeed,

1 1 1
a5y = 45| < 5o + Saterny < 9m

forn > 0.
Proposition 2. Let K satisfy the requirements Req. Then (K*,+, -, <) is a feld.

Proof. Let |z| < Aand |y| < Aforz, y € K* and |z —qp(n)| < 537, [V —dg(n)| < 537
for f, g € K1. We show that K* contains their product. Indeed, |-y —q ) Gg(n)| <
A3+ (A+ 53%) - 5w < 3+ where n > N for some large N. By definition,
4f(n) * Ag(n) = GH(f(n),g(n))- SiNCE T - y is a computable real number there exists a
sequence {g;, }scw such that |z -y — g;,| < 55. Then we define a new function as
follows:

x(n)—{ H(f(n),g(n)) if n>N

is if n<AN.

By definition for all n € w we have |z -y — ¢y(»)| < 3= and x =" H(f,g). So
x € K7 and defines z - y.

For addition it is even easier: since |2 +y — (qf(n) + qgn))| < 2% + 2% < QL
for n > 0 the function n = F(f,g) defines = + y and belongs to K;. For inverses
elements: —z = —1-x. Then let z # 0, z € K* and f € K; such that for all n € w
|2 — qf(n)| < 53=- Since there is B € QT such that |z| > B > 0 without loss of
generality we can assume that gy(,) # 0 for all n € w or use the construction as for
product. We have
1 1

)< o

,1|_ |x_qf(n)| 1 -
2271 on

= <— B (B+
x| - lgrmyl 227

for n > M for some large M. And now we use a construction as for product.

|$71 - (qf(n))

O

Proposition 3. Let K satisfy the requirements Req”and contains Mx.2%. Then
(K*,+, -,<) is a real closed field.

Proof. The claim that K* is a field follows from Proposition 2. To complete the
proof, we show that the roots of unitary polynomials with coefficients in K* are also
in K*. Assume contrary that there exists a unitary polynomial p(z) = Y"1, a;a" €
K*[x] of a minimal degree which has a root g in R but not in K*. The polynomial
p does not have multiple roots since in opposite case it is possible to compute
g = G.C.D.(p(z),p'(z)) and h = £ which are in K*[z]. The polynomial h has
exactly the same roots as p and deg(h) < deg(p) however h does not have multiple
roots. Therefore the coefficients a = (ao, . .., a,—1) of p satisfy the following formula:

¥(a) = Vi(a) vV ¥a(a),
where

Uy(a) = dJA3B 3¢ > 03e > O(A < BAp(A) < —eA p(B) > eAVz € [A,Blc> p'(z) > e)
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and
Wy(a) = 3A3B 3¢ < 03¢ < o(A < BAp(A) > —eA p(B) < €AV € [A, Blc < p'(z) < e).

It is clear that the sets defined by W;(a) and W;(a) are not overlapping. W.l.o.g. we
assume R |= Uy(a). By continuity arguments, we can chose some A, B, ¢ > 0, ¢ > 0 and
balls B(ai,r;), i = 1,...,n — 1, such that |B — A| < 1 and for all b € [["" B(as,7i),
where b = (bo,...,bn—1) and b, = 1, we have

n n n
ZbiAi < —e/\ZbiBi >eAN(Vz €A B])c> Zi-byl’i_l > €.
i=0 i=0 i=1
Now we are going to show that zo being a unique root in [A, B] belongs to K*. For that
we fix m and the precision 2%,1 assuming that m is quite large. Our goal is to construct a
function ¢ € K such that ym = Gy (m) and |20 —ym| < z%n for m > 1. Since a; € K™ there
exists ¢; € K such that for all s € w, |a; — gy, ()| < QL Put s = 3m and b; = q4,3m)-
Then b; € B(a;,mi)NQ, i <n—1, for m > 1 and for all m € w, |b; —a;| < 23% Let
p(x) = Y7, biz’. Since b satisfies the formula ¥; the polynomial p(z) has a unique root
z in [A, B]. We show that z € K*, i.e., we construct a function ¢ € K such that for all
k€ w,|z—qpm,n)l < 55 - We describe the standard bisection method for finding the root
z of pon [A, B]. Let
A+ B
do(m,0) = —5 -
Assume ¢(m, k) is already constructed. Then we define ¢(m, k + 1) by the following rules:
o if p(qp(m,k)) = 0 then ¢(m, k + 1) = ¢(m, k)
o if p(¢g(mk)) > 0 then ¢p(m,k + 1) = ¢(m, k) — =4
o if P(qy(m,r)) < O then ¢(m, k+ 1) = ¢(m, k) + Z=5.
B—A|

By induction it is straightforward that for all k € w, |2 — @y(m,r)| < ‘Qk 7 - The function
¢(m, k) is constructed by the recursive scheme. Let us show that ¢(m, k) is bounded. It is
clear that the endpoints of the interval with the center qg(m,x) and the radius fk%f, where

A:d—l1 andA:dTQ,haveaform

2kd1+(d2—d1)~i~l
2k .1
for appropriate i < 2¥. Therefore Q¢ (m,k) has a form

2Py 4+ (do —dy) - (20 +1) -1

9k+1 . ]
and it is clear that ¢(m, k) is bounded by some function from K and therefore ¢(m, k) € K.
Let us define (m) = ¢(m,4m). Since for all = € [A, B] we have |p’(z)| > € > 0, by the
mean value theorem p(q) — p(z) = p'(9)(q — z) for some 6 € [A, B]. Put ¢ = gy(m). Then

| Blavem) 1S 3im < 23%
for m > 1. We show that ym = qy(m) is required. Let M € QT be a bound on a;, A, B
and €, ie., [ai| < M for 0 <i <n, |A| < M,|B| <M and + < M. One can assume that
m is sufficiently big e, 2" > M4 41 = ZZ o M*. It is worth noting that 2™ € > 1
and | p(y) |< 537 - (L4 ...|y|") < 337 - 2™ = 537. By the mean value theorem, for all
x, y € [A, B] there exists 9 € [A, B] such that p(z) — p(y) = (x —y) -p'(0). If z¢ is the root
of p in the interval [A, B] and ym = qy(m) then

Py 1 om_ 1
I:vofym\s‘(e)‘<22m 2" < g form > 1.

So ym € Q is an approximation of the root x¢ with the precision T}n for m > 1. By
Lemma 2, x € K™, a contradiction. O
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Corollary 1. Let K satisfy the requirements Req”and contains Ax.2*. Then the
set of K-numbers forms a real closed field.

Corollary 2. Forn > 3 the set of £E™"—numbers forms a real closed field.

Remark 3. It is worth noting that Proposition 3 is closely related to well-known
K. Ko’s Theorem on real closedness of the polynomial time computable real numbers
however this result is not particular case of our proposition. At the same time
the particular case when K is the set of all primitive recursive functions has been
considered by P. Hertling (handwritten notes) and it has been proven by him that
the primitive recursive real numbers is a real closed field.

3.4. Criterion of Computable Presentability of Archimedean Ordered
Fields. Let L = (L, <) be linearly ordered and Q C L. Assume p : w — L is
a numbering. With L we associate 2 families of non-strict Dedekind cuts:

A ={n|qn < pu(k)}
B ={n|qn > pu(k)}

and naturally define S, = Ay ® By ={2n|n € A} U{2n+ 1| n € By} and Sp, =
{Sk | k € w}. The family S, is endowed with the standard numbering G(k) = Sj.
The following proposition provides a criterion of computable presentability of an
archimedean ordered field.

Proposition 4. Let F = (F,+,-,<) be an archimedean ordered field, u : w — F be
its numbering such that (F,u) is an effective algebra. Then (F,p) is a computable
copy if and only if the family (Sg,8) is computable.

Proof. The claim — follows from the observation that if x4 is a computable presentation
of an ordered field F then pu > ¢, ie., g, = u(h(n)) for a computable function
h:w — w and the family (Sg, 8) is computable.

For the claim < we assume that (Sp, ) is computable. Let 0 = ¢; and —1 = p(a)
for some a € w. So the substraction is defined as p(n) — pu(m) = p(n) + p(a) - p(m).

It is clear that pu(n) = p(m) iff p(n) — p(m) = p(k) AN2i € Sy A 2i+1 € Si and

x # 0iff (Jy) y-2x = 1. Therefore equality is computable It is easy to see that order

is also computable. Indeed,

p(n) < p(m) iff (3k)(3) p(n) < qr < q < p(m),
p(n) < p(m) it p(n) < p(m) V p(n) = p(m),
p(n) £ p(m) iff p(m) < p(n).
|
Corollary 3. Let K satisfy the requirements Req and p : w — K* be its numbering

such that (K*, ) is an effective algebra. Then (K*,u) is a computable copy if and
only if the family (Sk~, ) is computable.

4. INDEX SETS VS. COMPUTABLE PRESENTABILITY

In this section we assume AC denotes the almost constant functions, i.e., AC =
{frw—aw|@cew)(Frecw)(Vy>a)f(y) =c}.
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Definition 1. Suppose K is a class of total computable numerical functions, K
is_the set of reals generated by K. Then we associate with K a structure K =
(K,0,Q3,Q%), where
KEQi(x,y,2) oa+y<z
K E Q% (2,y,2) & xty> 2
It is easy to see that, since the graph of addition is computable, if a structure K

has a computable copy (K, ) then the sets = 1(Q) and =1 (Dyad) are computably
enumerable:

pn)€Q+ Fkew) (AN eZ) k- pun)+1=0,
p(n) € Dyad < (Fk € w)(3l € 2) 28 - pu(n) +1=0.
To proceed further we define index sets
Ag={n|m C€{0,1,2} An & Tot},
Ay ={n|m C{0,1,2} A (n & Tot V ¢, € AC)},
Ay={n|7m, C{0,1,2} A(n g TotV ¢, € K')} =
{n|m C{0,1,2Y A (n & TotVE, € K)}
where K’ = {¢, | 7 € KN[-1,1]}.

Theorem 1. Suppose K is a class of total computable numerical functions. If the
structurer K generated by K has a computable presentation then AgU(A2\ A1) € 9.

Proof. Let ju: w — K be a computable presentation. Since the set £ = {n | —1 <
p(n) < 1} is computable there exists a computable function h such that im(h) = E
and i = p o h is a computable numbering of Kn [-1,1]. Assume = = fi(n). Now
we construct a map v : w — T by induction:

v(n)(0) =1
0 if z<ux
vin)(s+1)=¢ 1 if z=ux
2 if x>z,
where z, = Zigs % Since |zs — x| < %, |zs41 — 2| < # From ACC K
it follows that z, € K. We have the following properties: v(n) is total, v(n) € T
and v(n) provides a sign-digit representation of z. From properties of pu it follows
that v(n) € AC is a X{—condition since v(n) € AC <+ u(n) € Dyad and u(n) €
Dyad < (3k € w)(I € Z)2F - pu(n) +1=0. As a corollary, Y = {n | v(n) € AC} is
computably enumerable. Now we show that Ag U Ay \ A1 € X9. Let us note that

ne€ AU (A2 \ A1) <
nGAO\/(nGAQ/\((EImGw\Y)u(m)z@\/n%Tot)).

We have the following:

e The relation n ¢ Y is IIY.
e The relation v(m) = 3, is I1. It follows from the following observations.
Let
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L fk) -1 SNg(k)—1 1
(I)(fv g) = (E'S > 0) ’ Z f(2k)+1 - Z 9(213+1 | > 2s—1 '
k=0

Then for f, g € TIOL2H F £ G < ®(f, g). So, v(m) = By, < ~®(v(m), ¢n).
e The relation n € Ay is %9 since

n € Az <> n & Tot V (Im € w)=~P(v(m), vn).

e The relation n & Tot is X3.
Therefore Ag U (AQ \ Al) S Eg O

It is worth noting that the same proof is valid when one consider just a computable
presentation p of a linear ordered (K, <) with the requirement that u > g.

4.1. Criterion of m-completeness for tuples of ¥Y and XY sets. In this
section for s > 1 we consider s-tuples (Ao, ..., As_1), where all A; are either X{-sets
or all A; are ¥9-sets.

For uniformity of a presentation we introduce a symbol [ where | € {1,2}, a
relation ~; on sets and an oracle z; that have the following interpretation. If [ =1
then A ~; B means that A and B are equal and the oracle z; = §. If [ = 2 then
A ~; B means that (A\ B) U (B \ A) is finite, i.e., A and B are almost equal,
denoted A =* B. The oracle z; = Kw, where Kw = {n | ¢,(n) }} or could be any
creative set. We generalise ideas of the criterion of m-completeness of ¥9-sets and
¥9-sets in [2] to fit m-completeness of s-tuples of X¢-sets and X3-sets that requires
modifications of concepts and definitions.

Remark 4. It is well known (see c.f. [3]) that given any (partial) ¥9-function
f one can effectively construct a total computable function F such that (Vz €

dom(f)) Wy(z) =" Wp(a), moreover 0y =" @p(a)-

Definition 2. Let (Fy,...,Fs_1) be an s-tuple of functions, where F; : w® — w,
0<i<s—1and(Ao,...,As—1) be an s-tuple of X0-sets. We say that (Fy, ..., Fs_1)
is m-reducible to (Ao, ..., As_1), denoted as (Fo,...,Fs_1) <m (Ag,...,As—1), if
there exist computable functions h : w® — w, a; 1 wW®* > w, b; 1 wW® - w,0<i < s—1,
such that

It is easy to see that this definition is a generalisation of the corresponding definition
from [3].

Lemma 3. For s-tuples X and A of X0-sets if (Fo,...,Fs—1) <m (Xo,...,Xs-1)
and (XQ, . 7Xsfl) Sm (1407 N ,Asfl) then (Fo, ey stl) Sm (Ao, ey Asfl).

Proposition 5. Let (Ao, ..., As_1) be a s-tuple of X\-sets. The following claims
are equivalent.

(1) (Ao,...,As_1) is m-complete in the class of s-tuples of ¥.)-set.
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(2) There exists a computable function (its productive function) H : w® — w

such that for all xg,... xs_1 €W
s—1
H(zo,... 7,-1) € ) ((Ai W)U (Emwg))
i=0

(8) There exists a s-tuple of functions (Fu,...,Fs_1), where F; : w° — w,
0 <i< s, such that
(a) (F07 e Fs—l) <m (A07 s 7As—1);
(b) Wg,(z) 71 Wa, for all 0 <i <s.

(4) There exists a s-tuple of functions (Fy,...,Fs_1), where F; : w® — w,
0 <1i<s, such that
(@) (For. . Fac) < (Aor- . Auy),
(b) ©F,(z) %1 Pz, for all 0 < i < s.

Proof. 1) +» 2). For | = 1 the equivalents of the statements can be found in [6].
The existence of m-complete s-tuple of computably enumerable sets has been also
established there. For [ = 2 we only need a relativisation to the oracle zo which also
could be found in [6].

1) — 3). Without loss of generality we assume s = 3.

Case 1: 1=1. First we take the following m-complete 3-tuple:

Xo=A{n|¢n(0) 1},
Xy =A{n|en(1) 1},
Xo ={n[wn(2) I}

Further on by By Lemma 3 the considerations below will hold for any m-complete 3-
tuple. By Graph theorem [19] we construct a computable sequence B = {Byyz, a0 frozizscw
of partial computable functions such that

BZL’OINEZ (Z) = Pux; (Z) ifi=0,1,2
Bioayzo (k) T if k> 2.
Then there exists a computable function h : w3 — w such that By 2,2, = Ph(zo,w1,a2)"

By definition of B we have h(zg,z1,22) € X; > x; € X; for ¢ < 2. To finish the
construction of F; we take a; and b; for ¢ < 2 as follows.

ap is an index of 1;
by is an index of the function {< 0,0 >};
ap is an index of L;
by is an index of the function{< 1,0 >};
as is an index of L;

by is an index of the function{< 2,0 >};

We define for i < 2
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By construction (Fy, Fi, F) is m-reducible to (Xo, X1, X2). Let us show that W, z) #
Wy, Fix i. Assume h(z) € X;. Since F;(Z) = a;, Wp,z) = 0. At the same time
W, # 0 since z; € X; and ¢, (i) |. Assume h(z) ¢ X;. Since F;(z) = b;, op, (1) |
and i € Wp,(z) # 0. At the same time ¢, (i) T, i.e., i € Wy,.
Therefore (Fy, F1, Fy) is a required 3-tuple.

Case 2: 1=2. First we take the following 3-tuple:

Zy ={n | W,, N 3w is finite},

Zy ={n| W, N (Bw+1) is finite},

Zy ={n | Wy, N (Bw + 2) is finite}.

By analogy to the case 1 we chose h : w® — w such that for all = (zg, 1, 72) and
every k € w we have oy z)(3k+1) = ¢z, (3k+1) for i < 2. To finish the construction
of F; we take a; and b; for i < 2 as follows.

ap is an index of constant zero function;
by is an index of L;
a1 is an index of constant zero function;
by is an index of L;
as is an index of constant zero function;

b is an index of |;

We define for ¢ < 2

N a; if h(i’) € Z;
Fi(x)—{ b i W) ¢ 2.

By construction (Fy, F1, Fy) is m-reducible to (Zy, Z1, Z3). By analogy to the case 1
we have W, (z) #* Wy, . Therefore (Fy, F1, F3) is a required 3-tuple.

3) — 4). The implication is straightforward since ¢p,(z) %1 @a, follows from
We, @) #1 Wa,

4) — 2). The following construction is uniform for both . First for ¢ < 2 we define
functions G; and T; which are computable with the oracle z;.

Gi(Z,y) = bi(y) if only h(y) € W7
Ti(z,y) = ai(y) if only h(y) € A;.
By Reduction principle for function graphs [19] we find a function E;(z,7) with the

following properties:

e E;(z,y) is computable with the oracle zj, therefore for some computable
function g; : w® — w, Ei(Z,y) = K**(g;(Z),y), where K** is Kleene
universal function for 3-arity functions computable with the oracle z;.

o If h(y) € W2\ A; then Ei(z,7) = by(y). If h(y) € A; \ W7 then E;(Z,9) =
ai(y).

If I = 1 by Smullyan Theorem [21] there exist three computable functions ng, ny, ns :
w? — w such that

PKA(gi(T),n0(F(),n1(3(%)),m2(3(F)))) = Pni(3(2))
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If [ = 2 there exist three computable functions ng, n1, ny : w® — w such that

P22 (g:(2)m0(3(2) 1 (3(2)) m2(3(2) = Pra(a(@)s

under the condition that K*%2(g;(z),n(g(z))) | The last statement requires more
details which we show below. It is easy to see that, for i < 2, f;(z,7) = K**2(2;,9)
is Xg-function. Therefore by Remark 4 there exist computable functions A; such
that for (z,y) € dom(f;)

Phiza) = Pri(zp)-

By Smullyan Theorem,

Pri(2,2(2)) = Pni(2)
Therefore

PrEnE) = Piz)
for (z,7(2)) € dom(f;). Now we are ready do define H : w® — w:

H(z) = h(no(3(%)), n1(g(2)), n2(9(2)))-

Let us sow that H(Z) = h(no(g(z)),n1(3(z)),n2(g(z))) is a required computable
function. Assume contrary that for some xg, x1 and z2

H(wo,1,22) ¢ (A N W) U (40 T7))
for some ¢ € {0,1,2}. We have two cases:
() H(z) € A\ W]
(b) H(z) € Wi\ A;.
It is worth noting that in both cases K% (g;(%),n(g(%))) |. In the case (a),
PF(n(3(z))) = Pai(a(g(z))) Dy the definition of F;
Pau(n(a(x)) = PK<1(g:(2).n(g(a))) DY the definition of g;
PR (g:(2),1(3(2))) = Pria(@)) by the choise of 7
This contradicts the condition on F;. In the case (b),
OF,(n(3(z))) = Pbi(n(g(z))) DY the definition of F;
Poi(n(9(a))) = PK4=1(g:(x)n(5(z))) DY the definition of g;
PK4=1(g:(3),1(5(3))) = Prai(g(z)) Dy the choise of 1
This contradicts the condition on F;. Therefore H is a required productive
function. 0
4.2. Let us fix the following index sets:
Ey={n|m, C{0,1,2} A ((W, is finite) V ¢, Nw x {0} =* 0)};
Ey ={n|m, C{0,1,2} A ((W, is finite) V ¢, Nw x {1} =* 0)};
Ey ={n|m, C{0,1,2} A (W, is finite) V ¢, Nw x {2} =* 0)}.
Using Proposition 5 we show that the 3-tuple (E1, Eq, E2) is m-complete in the
class of 3 -tuples of X9-set.

In order to define (Fy, Fy, Fy) we first take a computable function h : w3 — w
such that
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0 if pay (k) L
‘Jph(ro,m,m)(gk) = { 0 otheI(‘)WiSG,

L if g, (k) 4
@h(mo,thz)(Sk + 1) = { T otherlwise,

2 ify., (k)
Sﬁh(xo,xuw)(?’k +2)= { 0 otherzv(vis)e.

Now we pick up appropriate functions a; and b; for i < 2. The functions b; is defined
by ©u,(z) (k) = 0z, (k) + 1, where a; is an index of id function. Then we define for
1 <2
-\ a; if h(i’) S Ez
Fi(z) = { b(z) it h(z) ¢ E..

Let us show that ¢p,(z) %2 @e, for i < 2. Without loss of generality it is sufficient
to consider i = 0. Assume h(z) € Ey. Then W),z is infinite and infinitely often a
value of ¢y, (z) is zero. By construction, Wy, is infinite. Since for £k € w,

@Fo(i)(k) = @bo(i)(k) = @zo(k) +1,
there exist infinitely many k € w such that ¢p (z)(k) # @z,(k). As a corollary,
©Fy(z) 7 Pao- Assume h(T) € Ep. Then ¢, is a finite function. Since for &k € w,
PFo(x) (k) = Pao(z) (k) = k,
we have ¢ (z) " Puy-

Lemma 4. Let a 3-tuple (E1, E1, Es) be m-complete in the class of 3-tuples of
¥9-set. Then the following 3-tuple

Yo=FE1NENE,
Yi=FE i NEy
Y, = Ey

is m-complete in the class of 3-tuples (Xo, X1, X2) of ¥9-set with the additional
condition Xy C X7 C Xs.

By the choice of (Ep, E1, Es) at the beginning of this section we have Yo C Y] C Y3,
where

Yo ={n|m, C{0,1,2} AW, is finite};
Vi ={n|m C{0,1,2} A (W, is finite V (3N)(Vk > N)(¢n(k) L = @n(k) = 0};
Ys ={n|m, C{0,1,2} A (W, is finite V ¢, Nw x {2} =* 0)}.
Remark 5. It is worth noting that if S-tuple (Zo, Z1, Zs) is m-complete in the class
of 3-tuple (Xo, X1, X2) of X9-sets with the additional condition Xo C X1 C Xy then

the set Zo U (Zy \ Z1) € X since this combination is the m-greatest 3-tuple among
the similar combinations of ¥9-sets.
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4.3. Classes K without computably presentable K. Below we list important
restrictions on a class K of total computable numerical functions:

(1) Among the basic functions BF the class contains +, ~, -, [§] and [/z].

(2) The class has a computable universal function for all unary functions i.e.
the sequence {F, }new of all unary functions from K is computable.

(3) There exists a computable function H : w — w such that for all n € w
im(Fgmny) = {0}U{z+1 |2 € W,}. Moreover, for all i € W,, FI}(ln)(i—F 1)
is an infinite set.

(4) The class is closed under composition and either under the standard bounded
recursion scheme or the following second bounded recursion scheme: If
«, g, € K and f is defined by

and

then f € K.

Remark 6. It is worth noting that the class K satisfying the restrictions above
contains all almost constant functions, Cantor 3-tuple (c,1,r), sg|x —y]|.

Remark 7. Some of natural examples that satisfy the restrictions above are all E™,

n > 2. For £? the verification of satisfiability based on Ritchie’s characterisation

(see Preliminaries) and existence of an universal function for £ from €3 and for
E™ n > 3 it is straightforward. Another good example is the class P of functions

computable in polynomial time under binary notations of arguments and values.

Characterization of P in terms of the second primitive recursion scheme was obtained
by A. Cobham in [4]. In particular, his result provides the item (4) for P, other items

are straightforward.

Theorem 2. Let K satisfy the requirements above and K be a structure generated
by K. Then K does not have a computable presentation.

The proof follows from Theorem 1 and the claim Ag U (A \ A1) € X9 which is
based on the following proposition and Section 4.2.

Proposition 6. (Yy,Y1,Y32) <., (Ao, A1, A3).

Proof. We are going to construct a computable function f such that n € Y; +
f(n) € A;. In order to do that we will construct a computable sequence {Fy, }new
of computable functions by steps and then effectively find a required reduction f.
We take
e a standard computable reduction function « : w — w for Fin <, w\ Tot
(c.f. [20]) with the following properties:
— if W, is finite then W, is finite;
— if W, is infinite then ¢, () is total;
- Tn = Ta(n)s
If (3°°a) pn(a) = @ then (3°°b) Pq(n)(b) = x and vice versa.
e a computable function ¢ such that
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- Wt(n) = {< k,d >‘ (poz(n)(k) = d}

Now we point out the requirements on a step s which we want to meet in our
construction:
Fytt D Fy
dom(F7) =10,...,m?] is a proper initial segment of w.
If Frir,(n))(s) =<c¢,d>+1ANd>2then (3j) F.(j) > 2.
If Fr,(n))(s +1) =<14,2 > +1 then in the process of the construction we
provide the following: F,, & {Fo,..., F;}.
o F,=U.., F:.

scw " n

W.l.o.g. we assume now that K is closed under the second bounded recursion scheme
since the case when K is closed under the standard bounded recursion scheme is
much more easy so it is left to a reader.
Description of the construction of m}, {F;}, scw, ts(n) and I:
Step 0

mp = [0], F(0) =0, to(n) = t(n) and I° = 0.
Step s+1
Case 1 If Fr, (n))(s +1) =< 0,0 > 41 or F(s (n))(s+ 1) = 0 then we proceed
as follows:

mSH—{ my if md >0

" 1 if m) =0

and for all j < m3, F3tL(5) = F3(j), for all m$ < j < mst! we put Fsi(j) =
F3(ms), tsy1(n) = ts(n) and I3T1 = I3,
Case 2 Fp,(n))(s+ 1) =<i,1 > 41 we consider the following subcases:

Subcase 2.1 i > s+ 1. We proceed as in Case 1.
Subcase 2.2 ¢ < s+ 1 and ¢ < I;. We proceed as in Case 1.
Subcase 2.3 I; <i < s+ 1 We proceed as follows:

T =11 i mi=0

SH_{me it m; >0

and for all j < m$, FST(j) = F:(j), for all m& < j < mS™ we put
F3t1(5) = F2(m$) and for F5H1(mSt1) we chose the least value from {0, 1}
such that F5t1(msth) £ F3(m?), ter1(n) =ts(n) and I3+ =i.
Case 3 If Fyi,(n))(s+1) =<i,2 > +1 then for all j <m$, FiT1(j) = F3(j) and
we proceed as follows: mS™t = m? + 2(i + 1) and for k < i we chose the values of
F5+1 on the arguments m?” + 2k + 1 and m? + 2k + 2 according with the following
table:

Fre(ms +2k+1) | Fe(ms +2k+2) | EsTY(m2+2k+1) | F5H (mP+2k+2)

O OO | =N NN
O =N O N =N
NN N OO D
NN NOO|OOO
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The equality Wy, (n) = Wi, (n) \{< 7,2 >} defines the value of £,41(n) and I3 =
I:.

Case 4 If Fy,(n))(s+1) =<i,d > +1 and d > 2 then for all j <mj, F5t1(j) =
F3(4) and we proceed as follows: mStt = ms +1, Fst(mstl) = d, t1(n) = ts(n)
and 3T =I5,

We put F, = (J,¢,, F; and effectively find computable function f : w — w such
that 0y = (F N (Womy X w))U{< 2,d > [Fy(x) =dANd > 2}

Now we show that f is a required reduction.

If n € Yy then Wy, is finite, so is pfe,) and f(n) € Ao. If n € Yy then there
are two cases:

1) Wa(n) is w, by construction, ¢,y = F,, and F), is total, so f(n) € Ao.
2) m, € {0,1,2}. Then for some j € w F,(j) > 2, so m,) € {0,1,2}. Again
f(n) & Ag. So we have f~1(4) = Yp.

If n € Y1\ Yo then @, is total and .,y =" 0. In this case ¢y,) = I}, and
by construction F;, € AC since (3s1 € w)(Vs > s1) I = I7.. So s, = F,, and
f(n) S A1 \AO

If n & Y5 then ¢, () is total and ¢ ¢(,,) = F,. By construction the case Fr(;_(n))(5+
1) =< 4,2 > +1 arises infinitely often and the collection of the corresponding
numbers ¢ is infinite too. So, for infinitely many i, either im(F,) € {0,1,2} or
Fn, & {Fo,...,F;}. Hence either im(F,) ¢ {0,1,2} or F, ¢ K. That means

If n € Yo\ Y1 then o) = F, is total. By the choice of n, (AN)(Vi >
N) pa(n) (i) # 2. Hence (3%°1)a(n) (i) = 1.

Let us note that after some step sg for all i we have < 4,2 > W, _(,,) for s > sq.
We define too(n) = tg,(n). It is easy to see that, for s > sg, too(n) = ts(n). On the
step s + 1, when Fpyp ) (s +1) =< i,1 > +1, F5tH(mit) # Fstt(ms™ —1).
Hence F,, € AC, so f(n) € A;. So we have f~1(4;) =Y;.

Using sg and N from above we explain that F;, € K.

Let m,, = mSoT1. It is easy to see that the following functions belongs to K:

e the characteristic function of the set A = {m,, - 2° | i > 0};

o the function g(z), that computes max{y € A | y < z} for x > m and for
x < m it is equal to 0;

e the function S(z) = u(s')(Fs (x) 1).

In order to meet our goal we construct the function I(x) = I3 (@)-1 by the following
rules:

Assume Iy = I;°. Then we define

o for x < my, I(zx) =0,
o for x =m,, I(z) = I,
e for x > m,, and g(x) > my,

UFH(tao(n)(S(x) = 1) = 1) =i if

I(2) = { T(E) S0 < S() — LA r(Firge oy (S() — 1)~ 1) = 1
I([5]) otherwise .

for x > m,, and g(z) = my, I(z) = Ip.
From above we can see that Az.I(z) € K.
We can assume that z > N and S(x) > sq.
Suppose = € A.
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If Friom)(S(x)) =< 4,0 > +1 then F,(x) = F,([5]). The same is done if
Frtemy(S(x) =<i,1>+1but i < I(z) or i > S(x).

Otherwise, i.e., if Fr ) (S(z)) =< i,1 > 41 and I(z) < i < S(x) then for
the value of F;,(x) we chose the first one from {0, 1} which differs from F,([3]).

Suppose = & A.

If Freomy(S([5] +1) =< 4,0 > +1lor 0 then F,(z) = F,([5]). The same is
done if Fru. m)(S([5] +1) =< 4,0 > +1 but i < I([§]+ 1) or i > S([5] +1).
Otherwise, i.e., if Frt ) (S([5])) =<i,1>+1 and I([5]) <i < S([5]) then for
the value of F,(x) we chose the first one from {0,1} which differs from F,([5]).
Therefore the scheme above shows that F,, € K. So we have f~1(Ay) = Y.

O

Corollary 4. The structures ]5, g", n > 2 do not have computable copies and the
fields of E™-numbers, n > 3 do not have computable copies.

Proof. The claim follows from Corollary 2 and Theorem 2. (]
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