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ABOUT CONVERGENCE OF DIFFERENCE SCHEMES FOR A
THIRD-ORDER PSEUDO-PARABOLIC EQUATION WITH
NONLOCAL BOUNDARY VALUE CONDITION

A.K. BAZZAEV, D.K. GUTNOVA

ABSTRACT. A nonlocal boundary value problem for a third-order pseudo-
parabolic equation with variable coefficients is considered. For solving
this problem, a priori estimates in the differential and difference forms
are obtained. The obtained a priori estimates imply the uniqueness and
stability of the solution on a layer with respect to the initial data and
the right-hand side and the convergence of the solution of the difference
problem to the solution of the differential problem.
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1. INTRODUCTION

Many issues of fluid filtration in porous media, heat transfer in a heterogeneous
environment, moisture transfer in soils lead to differential equations for a pseudo-
parabolic equation with variable coefficients [1]—[5].

A boundary value problems for parabolic equations with nonlocal condition arise
in the study of particle diffusion in turbulent plasma, heat propagation in a thin
heated rod, if the law of change in the total amount of rod heat is given. The
first works for parabolic equations with nonclassical (integral) boundary conditions
include, likely, the works of L.I. Kamynin [6] and F.A. Chudnovsky [7]. After the
appearance of the work of A.V. Bitsadze and A.A. Samarskii [8], the attention
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of mathematicians increasingly began to be attracted by nonlocal boundary value
problems of mathematical physics. Various classes of nonlocal boundary value prob-
lems were studied in the works of N.I. Ionkin [9], [10], V.A. Il'in, E.I. Moiseev
[11], N.I. Ionkin, E.I. Moiseev [12], D.G. Gordeziani [13], A.M. Nakhushev [14],
A.P. Soldatov, M.Kh. Shkhanukov [15] and etc.

A F. Chudnovsky in work [7] drew attention to an insufficiently critical approach
to the formulation of the boundary conditions for the moisture transfer equation

ow 0 ow
- - <
(1) 5 ax<D(u})8$),O<x<f,O<t_T,

where D(w) — diffusivity coefficient, w — moisture in fractions of a unit, x — depth.
For equation (1) A.F. Chudnovsky formulated a problem with the nonlocal

condition:
ow 7
(2) Da—x e /wdm,
0
ow
(3) % - - 07
4) w(z,0) =p(z), 0 <z <4,

Nonlocal condition (2) means that the moisture flux through the surface x = 0 is
equal to the moisture content in the active soil layer from 0 to «, condition (3)
means isolation in the sense of moisture exchange between the soil layer x = ¢ and
its lower layers, and in the initial moment is set to the depth variation of moisture
(4).

Note that work [16] is devoted to the study of locally one-dimensional schemes
for the heat equation with a nonlocal condition of type (3) on the boundary. By
the method of energy inequalities, an a priori estimate for the constructed locally
one-dimensional scheme is obtained, its stability and convergence are proved.

Numerical methods for solving pseudo-parabolic equations of the third order are
discussed in the works of M.Kh. Beshtokov [17] — [19]. In these papers, boundary
value problems are considered for loaded pseudo-parabolic equations of the third
order. To solve the problems posed, a priori estimates are obtained in differential
and difference interpretations.

Difference methods for solving local and nonlocal boundary value problems for
pseudoparabolic equations were considered in [20] — [22].

Papers [23] — [25] are devoted to difference methods for solving a fractional-
order differential diffusion equation with Robin boundary value conditions in a
multidimensional domain. Note that with an increase in the order of approximation
of Robin’s boundary value conditions on solutions of the fractional-order diffusion
equation, we obtain a difference problems with nonlocal boundary conditions [26].

To solve the grid equations obtained by the difference approximation of differen-
tial equations with a nonlocal condition, the bordering method should be used
([27], p. 187).
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2. PROBLEM STATEMENT

In the rectangle Q = {(z,t) : 0 <z < ¢, 0 <t < T} consider the problem with
the nonlocal condltlon

0 8u 0 0 ou

(5) 6[ :|+8tax|:k(x t)(9 :|+f($ t),

k@—i-g k@ B1( )u—i—/udm—,ul(t), for x =0,

0 ot \' oz
(6) 0
ou 0 ou
- [k&c + 2t (kmﬂ = Pa(t)u — pa(t), for z = ¢,

(7) u(z,0) = uo().
The coefficients of problem (5) — (7) satisfy the following conditions:
(8) 0<c Sk(xat) < cg, |kt(z7t)‘7‘ﬁ2|a|ﬂl| < cs.

Henceforward, it is assumed that problem (5) — (7) has a solution having the
necessary derivatives. It is also assumed that the coefficients of Eq. (5) and boundary
conditions (6) and (7) satisfy the necessary smoothness conditions ensuring the
required order of approximation of the difference scheme. Also, in the course of the
presentation, we will use positive constants M;,i = 1,2,..., depending on the input
data of problem (5) — (7).

Equation (5) is called the modified equation of moisture transfer in soils and
soils.

3. A PRIORI ESTIMATE FOR A DIFFERENTIAL PROBLEM

Theorem 1. Let conditions (8) be satisfied. Then the solution of the differential
problem (5) — (7) satisfies a priori estimate
t
(9) g0 < M) | [ F @+ ol + fuosl |
0
where

¢
Ft) = [ (IfI8 + 13 (1) + p3(7)) d7 + [[uoll + ugll, M (t) depends on the input
0
data of problem (5) — (7).
Proof. Suppose that there exists a solution to the problem (5) — (7) in the rectangle

Qr. To obtain a priori estimate for the solution of problem (5) — (7), we use the
method of energy inequalities. For this, let us multiply Eq. (5) scalarly by u:

(10) (ut’ u) = ((kuw)w’u) + ((kuw)wt>u> + (f7 u)’

where
¢

<mw:/wmmw%:mm.

0
Now We transform the terms included in identity (10):
10
(e 0) = 5 ol
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¢
¢
- / kuldz,
0
0

¢ ¢
((kug)at, u / (kug)zeu dr = (kuy), / (kug), uy doe =
0 0

((kug)z,u) = kuzu

I3
14
= (kug), u‘oi/ (ktui + ku:cuxt) dx =
0

z
= (kug), uo 28t/ku dx — /ktu dx,

(fiu) < *IIfH% + §I|UII3-
Substituting the obtained expressions into equality (10), then then

‘ ‘
10 10 9 5
-2 <
2815” ul|3 + 26t/kuxdx—|—/kuxdx <
0 0

¢
(11) < (kuw)tu‘o—l—k:uzu

L
‘1 1 1
(=5 [ Reude AR + Sl
0

Using the boundary conditions (6), from the last inequality we obtain

< _Z _
Dl 2 el /mm /me

_62(t)u2(€7 t) + M2(t)u(€’ t) - u( ’t) /ud'r - Bl (t)u (07 t) + Ul(t)u(07 t)+
0
31513+ 5l
Hence,

i llulls + x5 ||Um||0 +2¢1|ug|[§ < ealluall§—

l
—2u(0,t) / uda+2cs (u?(0,t) +u?(0,6)) +p3 () +u? (€, ) +43 (£)+u? (0, 0+ FI5+ullg.
0

We apply the embedding theorem [28] to the terms u?(l,t) and u?(0,t). Then we
get

L
0
IIUI|o+C1 15+ 26l |5 < —2u(0,) /udm+02||uz||3+
0

(12) +desellugll + desce|[ullf + p3(8) + 3 (0) + 2el|usll§ + 2ceull§ + 115 + [lull3.
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Let us estimate the term containing the integral:
¢ ¢ 2
—2u(0,t)/udx < /udm +u?(0,t) <
0 0
¢

< f/uzdz +ellugll§ + cellulld = (€ + co) lull§ + ellusl3.
0
We substitute the obtained result into inequality (12). We get

0
i lulls +erg; ||Ua:H0 < Mulullg + Malull§ + 3 (t) + i () + 1 £15

where M1 = 4cze + 35 4+ ¢co — 2¢1, My = 4cze. + 3c. + 4+ 1.
Let us integrate the resulting inequality over 7 in the range from 0 to ¢:
t

t t
Julld + eslueliy < M | [ alar+ [ Nuclar| + [ (1718 + 3(0) + () drs
0 0

0

Huoll§ + llug I3

or
t

[l + sl < Mo [ (Fulf + sl 3) r + (),
0
¢
where F(t) = [ (| fI1§ + p3(7) + p3(7)) dr+]|uol|§+]|upllf, M4 —is a known positive
0

constant.
Applying Gronwall’s lemma [?], to the last inequality, we obtain the estimate

(13) ullfyz 0, < M(T) /F(T)dT+ luollg + luo 13
0

A priori estimate (13) implies the uniqueness of the solution to problem (5) —
(7), as well as the continuous dependence of the solution to the problem on the
input data in the norm [lullyy(,.) = |wll2 + [Jus|3- O

4. THE DIFFERENCE SCHEME
On the segment [0, £] we introduce a grid w;, with step h = £:
op={z;=ih:i=0,1,...,N},
h, i=1,2,...,N—1

h=<nh
5, Z:(),N

)

T
On the segment [0, 7] we also introduce a uniform grid @, with step 7 = —:
Jo

wT:{t‘:jT:j:O’l"..’jO}.

Then @y, = & X Wy = {(2s,t;),x € Wy, t € W} — grid in rectangle Qr.
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Equation (5) is approximated by a two-layer purely implicit scheme on the
interval [t;_1,t;], then we obtain the difference equation

(14) yr = Ay + (ayz )¢ + o,

Ay = (ayi)ﬂcv
where the coefficients a; are grid functions that are selected from the conditions
of the second order of approximation on a uniform grid. We will use the following
approximation of the coefficient k(z,t) [29]:

h
(li:kl—71 :k'(:cl-—f,t),izl,Q,...,N.
2 2

The difference analog for boundary conditions (6) has the form:

N
1
+ t = PR ih — ) = Oa
(15) a1Yz,0 + (@1Y2,0)7 = Biyo + 05h ;yz Hi, T
—anyz,N — (anyz,N)7 = Boyn — po, = = L.

Conditions (15) are of the order of approximation O(h). Increasing in a known
way the order of approximation to O(h?) on solutions of equation (5), we have:

h
a1Ye,0 = kyo + 5(@/6)’ + O(h?),

z,0 — 7 vm 1 h - h -~
(arys0); = o0 —NY20 _ 2 (kyé + 5 (kyo)' + O(h?) — ki + (kyé)’) ,
T T 2 2
where
o Yy — i1 yitt g
y=yl =y(zity), =yl ="y = :
T T
_ YY1 _Yi+1 Y
Hence
kyy = a1yz,0 — 0.5h(kyg) + O(h?),
(ky))z = (a1y2,0) — 0.5h(kyp); + O(h?).
Thus,
kyh + (ky0)e = a19e,0 + (a192,0)7 — 0-5h(yz,0 — fo) + O(R?).
So,

N
1
(16)  a1Ye,0 + (@1¥Y2,0)7 — 0.50(yz,0 — fo) = Biyo + 05h ;yzh —p1+ O(h2)-

We discard the value of the order of smallness O(h?), then in (15) the boundary
condition at x = 0 takes the form:
_a1Ye0 + (a1Y2,0)F — B1vo 1

N
Yto = 0.5h - 0.5h ;yih—’—ﬂla T = Oa

where
A

= o5n Tl

1
Similarly, for x = ¢ we obtain
_anyz,N + (anyz,N)i + Poyn
0.5h

Y, N = + f2,
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where u
2
fiz = er + N
Thus, to the differential problem (5) — (7) on grid @y, we associate a purely
implicit difference scheme:

(17) yi = Ay + @,
(18) y(x,0) = uo(x),
where

a1Yz,0 + (@1Y2,0)t — B1%o

- Zyz for z =0,

~ 0.5h 0. 5h
Ay = (a’y«’v) + (ayw)ggt y for x € Wh,
_anys,n + (anyz,N)i + Bayn _
) for x =/,
0.5h
1, forx =0,

® =<, forazewy,
fig, forx =1/
Under the assumption that problem (5) — (7) has a solution having the necessary
derivatives, and also the coefficients of Eq. (5) and boundary conditions (6), (7)

satisfy the necessary smoothness conditions, the difference scheme (17) — (18) has
an approximation order O(h? + 7), according to [29].

5. STABILITY AND CONVERGENCE OF THE DIFFERENCE SCHEME

Since the maximum principle has not been established for nonlocal boundary
value problems, we will obtain an a priori estimate for the difference problem (17)
— (18) using the method of energy inequalities.

We introduce the scalar product and the norm

N
= wwih, (u Zuzvz ]l = Zuzh
i=0

h, i=1,2...,N-1,
h=4qh
5, Z == O7 N
Let us multiply equation (17) scalarly by y:
(19) lye. v — [Ay,y] = [@,y].
We will transform each term of the identity (19):
N vi — s L 1
[yesy Zyt iyih = —yih = > W —visi)h = —ly)l6-
i=0 i=0
1o [v —2yy + 37
- Z it Z ~giyi)h = (I[y)l6) =+ - Z [ T°h+ (yigi — yi)h
= (I[y]\ﬁ);JrTl[yH = [ve, yl-
Hence we get
1 T
(20) o) = 3 (161 + 2wl
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N N—
[[\yv y] = Z Ay Z ayz zi T aym)zt z] yih+
i=0 i=1
L @Yo (a1Y2,0)s — B1yo 0.5k 4 Zy Byo - 0.5h+
0.5h 0. 5h e
—anyz,N — (anyz,N)i — Payn
: : ~yn - 0.5h =
- 0.5k N
= i41Yz, z+1 AiYz,i (ayz)riv1 — (ayz)ii
— yzh + : I : yzh +
i=1
N
+a1yz,1 Yo + (a19Yz,1)¢ Yo — 511/(2) + Zyzh Yo — anyz,N YN — (ayz )i N YN —
i=0
N N-1 N N-1
—Boyk =D aitaiyic1 — ¥ asiti + O _(aya)iivior — > (ays)eivit
i=2 i=1 i=2 i=1

+a1yz1 Yo — ANYz,N yN + (ayz)iq yo — (ayz)en yN—

N
—B1ys — Bayk + Y _yih-yo = Zazya: i1 — Zazym i +Z ayz)e.iYi-1—
i=1

=0

N N
Z ayw t,iYi — 512/0 ﬁZyN + Zyzh Yo =
i=1 =0

N N

N
= - Z a;(yz,i)*h — Z(ay:fz)t,iyi,ih — Buyg — o + Z yih-yo =
=1

=1 =1

N
(21) = — (4, (42)*] = (ayz)s, yz) — Pryis — Bovx + D wih - yo.
=0
N-1
Z Siyih = Y @iyih + fayo - 0.5h + fiayn - 0.5h =
1=0 =1

:Nz_:l Z/zh+(05h+f0)90 O5h+(05h+fN)yN 0.5h =

N—
= Z iYih + payo + 0.5hyopo + peyn + 0.5hynpN =

N

(22) = i+ o + p2yn = @y + myo + p2yn -
=0

Substituting (20), (21) and (22) into identity (19), we obtain
(1113); + Iyl + 2 (a, (y2)?] + 2 ((ayz)e ya] + 28195 + 28298 —

N

(23) —2 " yih-yo = 2, Y] + 21190 + 2u2yn-
i=0
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Transform separately the amount

N
(07 (yi)Q] + ((ayz) t7yl Za Z(aycz)fy:z-h =
=1 )

Il
.MZ

N
a(yi)zh + Z(agyé + ayziyz)h =
i=1

=1

N
(24) = alysz) h+zat yz) h+zayztyw
=1 1=1 =1

Let us estimate the last term in (24):

N N N e — iin
anifyih > Zlya‘cfyih = Zl B - myih =
1= 1= 1=

N 2 2 N -« 2
c1 — 250z + U2 Yz — Uz c1 Yz — Uz
2 2 ( 2 [ ) 2 T; ( T > N

=

N
c — 2 ey, Nyalld = Nlg=llg
5; h_—T ( D2h+ o T =

P
i=1

ETHyff”O + 5 (||Z/a‘c]|(2))g

In this way,
N N
(a, (y2)?] + > af +)ai(ys)h+
i=1 i=1
C1 C1
(25) +§T\|y§ct’]|g T3 (ly=]15) ;-

Substituting (25) into equality (23), we obtain:
(1113) ¢ + 7llyalls + a7 llyailld + er (lyall3); <

N

N
—2 Z ag(yz)h —2 Z a(yz)*h — 251y§ — 2823 + 2 Z yih - yo+
i1 i=1 i=0
N
+2[p, y] + 21190 + 2p2yn < 2(co + c3)||ya)[§ + 2Zyih “Yo—
i=0
(26) —2B1y5 — 22y + 2[p, Yl + 2010 + 2p2yN-

Since
2[e,y] < llllg + 119115,

—201y5 — 2825 < des(ellyalls + cellullo),
211y + 2p2yn < 15 +yo + 1+ yR < 2(ellyalls + e llyllR) + pd + 3,
the inequality (26) takes the form

(118) ¢ + Tllwells + exrllyzdlld + 1 (lyallg); < 2(c2 + ea)llyalld + ]l + lyll3+



ABOUT CONVERGENCE OF DIFFERENCE SCHEMES

N

(27)  +(ese +26)|lyal 2 + (desee + 2¢) ]2 + 12 + 12+ 2 wili- wo.
=0

Let’s estimate the sum

N N N
2> wihoyo <Y (WP +y)h <2 (ellysllf + cellvllp)h =

= 2hN (ellyz]lg + c-91lo)-
Substituting this result into inequality (27), we obtain:
(IW116) s + Tllwall§ + exrllyzllg + ex (lyzllf); < callyzllp + esllllo+

+I[5 + 1 + 13,
where
cy = 2¢o9 + 2c3 + 4cze + 26 + 2N he,

cs = 1+ 4cze. + 2¢. + 2Nhe.
Hence _ _
13 = Il 113 + el - erllyd 113 <
< My (/1B + 1213) 7+ (/113 + 13 (t5) + 13 (t) -

Summing up the last inequality over all j/ from 1 to j + 1, we obtain:

J+1
by 108 + g8 < M2 3 (w13 + g 1) m+
i'=1
J+1 )
M | ol + lluoa] i + Y- (Ile” 1+ i (t) + 13(t)) 7
=1

The following inequality holds:

J
. i1 i’ !
7003 + 1 10E < o D (U3 + N 1) 7+

j'=1
Jj+1 4
va [ luollg + lluon )3 + 3 (I 13 + 3 (t5) + 13(t)) 7 |
i'=1

where vy, v, — known positive constants.
Based on Lemma 4 (cu. [30], ¢.171) we obtain the following estimate:

_ o
Iy 13 + Hlya 113 <
j+1

(28) < M) | Juold + luoal 3+ D (Ie?V3 + i (t) + (t5)) 7

=1

Theorem 2. Let conditions (8) be satisfied. Then there are such ho, Ty, which for
h < ho,7 < 70 for the solution of the difference problem (17) — (18) a priori
estimate (28) is valid, which implies the uniqueness and stability of the solution to
the difference problem (17) — (18) with respect to the initial data and the right-hand

side.



558 A.K. BAZZAEV, D.K. GUTNOVA

Let u(z,t) be a solution of the problem (5) — (7), y = v = y(z)) — be a solution
of the difference problem (17) — (18). Let us denote the error by z] = y! — ul.
Substituting y = z + w into (17) — (18), we obtain the problem for the error z:

(29) 2F = Az + 0,
(30) z(z,0) =0,
where
a2z0 + (@12z0)i —Prizo 1 X
’ . - ih7 f = Oa
i 0.5h 05n 2 il forz
Az = (azz), + (azz),7, for z € wy,
_anzz,n + (anzz,n)i+ Baan for o — ¢
0.5h ’ ’
Y, forx=0,
P =44, forzxzew,
g, forx=2¢,

v =0(h?+71), v_ =O(h*+7), ¥y = O(h* + 7) are the errors of approximation
of the differential problem (5) — (7) by the difference scheme (17) — (18) in the
class of solutions of the problem (5) — (7).

Applying a priori estimate (28) to the solution of problem (29) — (30), we obtain:

j+1
B IR 1T < MY (71 + w2 ) + v ) 7

=1

where M — is a positive constant independent of h A and .

A priori estimate (31) implies the convergence of the solution of difference
problem (17) — (18) to the solution of differential problem (5) — (7) in the norm
[27H1)3 = (|27 T2 + ||2271])3 with the rate O(h2 + 7).

Note that similar results can be obtained in the case of the following nonlocal
boundary value problem:

V4
ou 0 ou 0 0 ou
0
ou 0 Ju
k% + ot <k8$> = Bi(t)u — pa(t), for z =0,

ou 0 ou
- [kax + 2 (km)} — Balt)u — pia(t), for & = ¢,

u(z,0) = uo(x).
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