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A MIXED PROBLEM FOR THE THIRD EQUATION ORDER
WITH BRIEF CHARACTERISTICS
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ABSTRACT. The unique solvability of the mixed problem in a rectangular
domain is proven for a third-order equation with multiple characteristics
containing the second derivative of time.
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1. INTRODUCTION

In working [1], taking into account the properties of viscosity and thermal conductivity
of a gas, a third-order equation with multiple characteristics containing second time
derivatives was obtained from the Navier-Stokes system

v
Upgz + Uyy — ;uy = UgUzy, V = const. (1)

Equation (1) under v = 1 describes an axisymmetric flow, and under » = 0 describes
a plane-parallel flow [2].

Third-order partial differential equations are encountered in the solution of problems
of the theory of nonlinear acoustics, hydrodynamic theory of cosmic plasmas, and
filtration of liquids in porous media. In the collection of all third-order equations,
an important place is occupied by so-called equations with multiple characteristics.
The first results on a third-order equation with multiple characteristics were obtained
by H. Block [3], E. Del Vecchio [4]. Catabriga [5] constructed a fundamental solution
of the equation D21y — Dgu = 0 in the form of a double improper integral and
studied the properties of the f)otential. In [6, 7], the fundamental solutions expressed
via hypergeometric functions were constructed, their properties were studied, and
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the estimates as [t| — oo were established. We also mention the works [8-19]
in which boundary-value problems for third-order equations were considered. In
the present paper, we study the third-order boundary-value problem for a third-
order equation with multiple characteristics in a rectangular domain. Consider an
equation

Useas — Uyy + AUy + BU, +CU, + DU =0
where

A, B,C,DeR

note that by replacing variables

U(z,y) = u(z,y)e 85+5Y

this equation is reduced to the form:

Ugza — Uyy + 0z + cu = 0, (2)
where 2 B 4
2 B
=-~ 4B i R 5}
a 3 + b, c 57 + 1 3 +

In what follows, we assume that ¢ > 0, a > 0.

In the domain D = {(z,y) : 0 < 2,y < 1} we consider the following problem:
ProblemBs. In the domain D, to find the solution of Eq. (2) from the class

C32(D)N CEy (D), satisfying the boundary condition:

au(z,0) + Buy(z,0) =0
{'yu(x, 1) + duy(z,1) =0 ’ Oswsld ®)
w(0,9) = e1(y), ux(l,y) = 02(y),  uaa(l,y) = @3(y) (4)

where
vi(y) € C3[0,1], i=1,3, are given functions and, moreover:
Bei(0) =0, yei(l)+0¢i(1) =0, ¢"(0)=¢"(1)=0.
Here a, 3,7, - are constants, and a? + 32 # 0, v2 4 62 # 0.
Note that, similar problems were investigated in [20] for a« = ¢ = 0.

2. UNIQUENESS OF RESULTS
Theorem 1. If a8 <0, v =0, then problem Bs is uniquely solvable.

Proof. Assume the contrary, let uq(x,y) and ws(x,y) be solutions of Bs. Then
u(z,y) = ur (z,y) — ua(x,y) is a solution of homogenous problem Bjs in domain D
. Consider the identity

U (Ugze — Uyy + auy + cu) =0,

or
0 _1 0 , 5 B 0 a ad 2 _
2 (Utgy) 591 (u3) y (uuy) + u +2 5 90 (u?) + cu® = 0.

Integrating this identity over the domain D, we get

// (Uttgy) dedy — = // d:vdy // (uuy) dedy + // ufld:cdy+
/_/8 d:rdy+c//u2dxdy:0.
D
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Using the Green formula, we obtain

l\')\)—\

1 1
/ (1,y) uge (1,y) — u(0,y) uze (0,y)] d / (Ly) —u2 (0,y)] dy—
0 0

1
/ u(z, 1) uy (x,1) —u(z,0)uy (z,0) dz+// x,y) dedy+
0

+g/ [“2 (1,y) — u? (07y)]dy + c//u2 (x,y)dxdy = 0.
0 D

In view of the boundary conditions (3), under the assumption that o # 0, v # 0

we obtain
1 1 1
/ (z,1)dx — / x()dx+2/u2(1y)dy+
0 0

/ Oydy—|—// a:ydxdy+c// (z,y) dxdy = 0.

Takin into account the condltlons of theorem and a > 0, ¢ > 0, we obtain
u(z,y) =0, in (z,y) € D.

In the casesB #0, 6§ #0; a#0,0 #0; ~v#0, 8#0 in a similar way, we
obtain the equality u (z,y) =0 , in (z,y) € D. O

2l
s:\m

3. SOLUTION EXISTENCE

We seek the solution of the problem by the method of separation of variables:

u(z,y) = X(2)Y (y). (5)
Thus, equation (2) implies that
X/I/ + aX/ Y//
T—7:—C, —C:—’U—l—/,t.
This yields
X" +aX +vX =0, (6)
Y'+puY =0. (7)
To determine we obtain problems of the Sturm-Louvilly type
Y'+pY =0,
Y(0)+8Y'(0) =0, (8)

Y(1)+48Y'(1) = 0.

Problem (8) has eigenvalues [20] in the form of positive roots of the transcendental

ay+66u
gy = ———— 9
VI R (B - ab) )
Which implies that /i, = 7n + ¢, where lim ¢, =0, orp, = O (nQ) , M — 00.
n—roo
The corresponding eigenfunctions take the form

Y., (y) = (asin/uny — B/n cOS/InY) - (10)
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The orthogonality of the system of functions (10) is proved as in [20].
We now find the norm of the eigenfunctions Y,, (y) in Lz [0, 1] :

1
1

1Yo )1 = [ Y2 @y = 5 (02 + B — a8) +
0

1 1
T 4\/@) Sin2\/,tTn+%Bcos2\/;Tn:§BQ/¢n (1+O<M>). (11)

The characteristic equation (7) takes the form:

+(62\//Tn 042

m* +am+v=0 (12)
Equation (12) has the roots [21]:

my=-27, mpz=71+ip, T=--(utv), p=

s 1/+ V2+a3 sl v 1/2+a3
SV TV T YT T2 1 o7

N 2 3
since a >0, v>0To % + 5= > 0.

We write the general solution of Eq. (6) in the form

where

X, (z) = Cipe 2T 4 o™n® (Cay, cos ppx + Csy, sin pp) |
where are arbitrary constants. According to (5), the functions
un (z,9) = [Clne—zmr + €7 (Cay, cos ppx 4+ Csp, sin pnac)} Y, (v),

are particular solutions of Eq. (2) satisfying conditions (3).

In view of the linearity and homogeneity of Eq. (2), the sum of particular solutions

is also a particular solution

of Eq. (2). This is also true for the series
(o]
u(z,y) = Z [Clne*QT”I + Cope™" cos ppx + C3pe™" sin pnx] Y, (y). (13)

n=1

In view of the fact that the function u(x, y) satisfies the boundary conditions (4),

we arrive at the system of Equations

A1y = Cip + Cop s
Agp = =27, 72 Chy + €7 (T,C08pn — pr sin p,) Cop + €™ (7, 810 pyy + prcospp) Cap
Az, = 47’36_27—” Cip+e™ [(7'3 - pi) COSPp — 2Tn Py Sin pn] Con+
+e™ [(72 = pp) sin p, + 27 ppcospn ] Csn,
(14)

where
1

[emYutan =123
0
This system has the determinant

1 3 3
A= TnezT" { <27'72L - pi) sin 2pp, + pn (27'71, - pn) €08 2pn+

1
~ hvo2
Y]]

mn

2
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+2¢737n [(7‘2 — pi) sin p,, + 27, pp, COS pn} } ,
Assume that A # 0. We prove the following lemma:

Lemma 1. The boundary-value problem

X" +aX' +vX =0, L6
X0)=X"(1)=X"(1)=0, (16)
possesses solely the trivial solution.
Proof. Assume the contrary, let X (z) # 0.
Consider the identity
X (X" +aX"+vX) =0,
or
" 1 N2 | 29 / 2
XX _i(X) +§X +vX° =0,
Integrating over the domain (0 < z < 1), we get
1 , 1
1z 1 n2 a2 2
XX fi(X) +§X de +v | X*dx =0,
0 0
1 1
X (D)X (1) = X (0) X" (0) = 5 (X" (1)) + 5 (X' (0))"+
1
@ 2 @ 2 2
0
Given the boundary conditions, we obtain
1
|- 2, 0yo 2
§(X (0)) —|—§X () 4+v | X°dz =0,
0
since a > 0, v >0, then X (z) = 0. O

Assume that A = 0, then there exist constants Cf, C5, C that are not simultaneously
equal to zero and satisfy the following system of equations:

0=C7+C;,

0= 727'”@*27"01* + €™ (Thcospn — pnsinp,) C) + €™ (Tp sin py, + pncospy) C

0 =4r2e 2™ Cr+e™ [(TTZL — pi) COSpPy, — 2Ty pp SiN pn] Ci+

+e™ [(TEL — pi) sin pp, + 27, pncospy | Cr,
This means that the function
Vi (2) = Cte ™% 4 ™7 (CF cos ppx + C3 sin ppx)
is a solution of the boundary-value problem (16), however, by the proved lemma:
Cre 2™ 4 CFe™" cos ppa + Cie™ % sin ppa = 0,

which is impossible in view of the linear independence of the functions

—2ThT Tn& Tn&

e e cos ppr, €"'sinppx.
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So A #0.

The system of equations (14) possesses a unique solution of the form
1
Cin = 5 [ (2m0pn = pn) Aun — €7 [(7i = pp,) $i0 pn + 27 prcospy] Aont

+e™ (1p, sin pp, + Ancospn) Asnl

1
N
+ e’ [(73 - pi) sin py, + 27, pp, COS pn] Aoy, — €™ (7, 8In pr, + prcospy) Agn] ,

Cap, [2Tn6_T" [(37’3 - pi) sin p,, + 47, pp, COS pn] A+

Cs, = % [—QTne_T" ((37’3 — pi) COS P, — 4T pp Sin pn) A+

+ (47’56_27—" — e [(Tﬁ - pi) COSPp, — 2Ty Py SIN pn]) Ao, +
+ [eT" (TnCOSpPr — ppsin py,) + 2’7’”6727—"] Agn] .
If series (13) and its derivatives gy, Uy, are uniformly convergent in both variables
in the domain D, then this series is the classical solution of problem Bs. We now

prove the uniform convergence of series (13) in the domain D.
By using (13) we get

Ju(z,y)] <Y [|Cinl €™ + |Con| €™ + |Can| €™ - |Y (y)]. (17)

n=1

Given that

A = Be?*n A, A=1—e 3 <3ﬁan sin 3, + cos Bn> ,

n

we have

lim A, = 1.
n—oo
Estimate the first term

e—Qan 627-"

Tpe2Tn ’A

+e (|Tn| + |Pn|) |A3n|} < (|A1n| + |A2n| + |A3n|> My,

|Chn| e 27 < {1272 = P2 |Arnl 4+ €™ (|72 = P2 | + 2 |Tnpnl) | A2nl +

similarly
|Conle™® < ([Arn] + [Azn| + [Asn]) My,
|Canle™® < (|A1n] + [A2n| + [Asn]) Ms.
Equation (17) yields

o0

Ju (@, )l <D (1A1nYa )] + [A2nYn (9)] + [Asn Yo (9)]) M. (18)

n=1

Further, we estimate the quantity |A;, Y5 (v)]

By using the unequality

[V, (y)| < |aesin /Iiny — By/in €0 /i y| < || + |B] v/,
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we obtain

1
i< AT
A
(Jal+18]v/m)
1Yo 12
follows from (11) that

(ol +18] vEn)® _ o +20aB| Vi + B2n

2 2
1Yz ll 1Y

We conclude that, starting from a certain number n, the following inequality is true:

The expression is bounded as n — oo , i.e. as u, — 00, because it

Al IV ()] < / o (ldn, i =T.3, where B> 2.

Integrating by parts and taking into account condition (15), we arrive at the
estimates

//I|

“Pm
il <

) 1= 1737
where
1
1 o
i = |Y”2/<ﬂmm (MYn (n)dn, i=1,3.
LG
Then
"
|AinYo| < QNB“P”‘ i1 (19)

By using (19), we rewrite estimate (18) in the form

| "
3

lu (z,y)] < BM4NZ "l <oo, i=1

n=1

3.

This implies that series (13) is absolutely and uniformly convergent. We prove the
uniform convergence of g%‘. It follows from (13) that

0%u = .
307 = Z [Cre 2™ 4 Cone™" cos ppa + Cane™" sin puz] Y, (y),
Y

n=1

where

Y, (y) < —pn (@Sin\/finy — By/Iin €08 \/Iny) A = —pin Y (y).

Thus, we get

0%u > .
5 = Z [Clne*%"m + Cone™" cos ppx + Cspe™" sin pna:] (—pn)Yn (v),
n=1

32u . —2ThT TnT TnT
32| = 2 101l e 4 1Conl €7 4 |Con ] tal Vs ()] <
n=1

<M, Z A1 Yn (W) + [A20Yn (W)] + [A30 Y0 (9)[] | ]
n=1
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Since p, = O (nQ), we find

82
62

< 2BM, N, Z |<p ul

=1

By using the Cauchy—Buniakowski and Bessel inequalities [22], we get

0%u =1 5 [m2 0

< 2BMyN; E " E — < 2BMyN;v/ 2| = 92M,N; "o < oo,
’a 2 4 |§0 zn| Pt n2 4 ||SD ’L’I’L” 6 4 \/g ||SD ’L’I’L” o0
where

oo n 1

2 2 )
Z " inl” =2 H‘P”/mHLz(o,U ;1=1,3, Z nZ 6
i=1 i=1

In view of Eq. (1), we obtain a similar estimate for 2 3— This implies that ‘ ai?

are absolutely and uniformly convergent.

82
and ‘3—;2‘
The theorem is proved.

Theorem 2. If (pz(y) € 03[0? 1]a and O‘@Z(O) + 6()0;(0) =0, ’7901(1) + 6(10;(1) =
0,¢”(0) = " (1) = 0, then the solution to the problem exists and presented in the
form (13).
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