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Abstract. In this paper, we consider a multidimensional heat equation
of fractional order with conditions of the third kind in an area with
a complicated border. A locally one-dimensional di�erence scheme is
constructed. The stability and uniform convergence of a locally one-
dimensional di�erence scheme are proved.

Keywords: locally one-dimensional scheme, di�erential equation, fractional
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1. Ââåäåíèå

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ìíîãîìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíî-
ñòè äðîáíîãî ïîðÿäêà ñ óñëîâèÿìè òðåòüåãî ðîäà â îáëàñòè ñî ñëîæíîé ãðà-
íèöåé. Ïîñòðîåíà ëîêàëüíî-îäíîìåðíàÿ ðàçíîñòíàÿ ñõåìà À.À. Ñàìàðñêîãî.
Ñ ïîìîùüþ ïðèíöèïà ìàêñèìóìà äëÿ ðåøåíèÿ ðàçíîñòíîé çàäà÷è ïîëó÷åíà
àïðèîðíàÿ îöåíêà â ñåòî÷íîé íîðìå C, âûðàæàþùàÿ óñòîé÷èâîñòü ëîêàëüíî-
îäíîìåðíîé ðàçíîñòíîé ñõåìû. Äîêàçàíà ðàâíîìåðíàÿ ñõîäèìîñòü ëîêàëüíî-
îäíîìåðíîé ñõåìû.

Ëîêàëüíî-îäíîìåðíûå ñõåìû äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé äèôôóçèè
äðîáíîãî ïîðÿäêà ñ ñàìîñîïðÿæåííûì îïåðàòîðîì ñ êðàåâûìè óñëîâèÿìè I
ðîäà ðàññìîòðåíû â [1], â îáëàñòè ïðîèçâîëüíîé ôîðìû â [2], à ñ êðàåâûìè
óñëîâèÿìè III ðîäà â [3], [4]. Â [1]-[4] àïðèîðíûå îöåíêè áûëè ïîëó÷åíû ëèøü
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ïðè óñëîâèè, êîãäà 1
2 < α < 1. Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ ýêîíîìè÷-

íûé ìåòîä ðåøåíèÿ ìíîãîìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè äðîáíîãî ïî-
ðÿäêà ñ óñëîâèÿìè òðåòüåãî ðîäà â îáëàñòè ñî ñëîæíîé ãðàíèöåé. Äîêàçàíû
óñòîé÷èâîñòü è ðàâíîìåðíàÿ ñõîäèìîñòü ëîêàëüíî-îäíîìåðíîé ñõåìû ïðè ëþ-
áûõ α ∈ (0, 1).

Ðàçíîñòíûì ìåòîäàì ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé äðîáíîãî ïîðÿäêà ïîñâÿùåíû ìíîãèå ðàáîòû [5]-[11]. Â [5] ïîêàçàíî, ÷òî
äëÿ ïîëó÷åíèÿ àïðèîðíûõ îöåíîê ïðè ÷èñëåííîì ðåøåíèè óðàâíåíèÿ äèôôó-
çèè äðîáíîãî ïîðÿäêà ìîæíî ïðèìåíÿòü ìåòîä ýíåðãåòè÷åñêèõ íåðàâåíñòâ. Â
[6] ïðåäëîæåí ðàçíîñòíûé àíàëîã äðîáíîé ïðîèçâîäíîé Êàïóòî ñ ïîðÿäêîì àï-
ïðîêñèìàöèè O(τ3−α). Â ðàáîòàõ [7], [8] èññëåäóþòñÿ ëîêàëüíûå è íåëîêàëüíûå
êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ âëàãîïåðåíîñà ñ äðîáíîé ïðîèçâîäíîé â ñìûñëå
Êàïóòî è Ðèìàíà-Ëèóâèëëÿ. Â [8] ïðåäñòàâëåí àëãîðèòì ýêñòðàïîëÿöèîííîãî
òèïà äëÿ ÷èñëåííîãî ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé äðîáíîãî ïîðÿä-
êà. Â [9] èññëåäóåòñÿ êîíå÷íî-ðàçíîñòíàÿ àïïðîêñèìàöèÿ ïðîèçâîäíîé Êàïóòî
íà íåîäíîðîäíûõ ñåòêàõ äëÿ ðåøåíèÿ óðàâíåíèÿ äðîáíîé äèôôóçèè. Äîêàçà-
íà áåçóñëîâíàÿ óñòîé÷èâîñòü è ñõîäèìîñòü. Â ðàáîòàõ [10], [11] ðàññìàòðèâà-
þòñÿ ëîêàëüíûå è íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ îäíîìåðíîãî óðàâíåíèÿ
êîíâåêöèè-äèôôóçèè äðîáíîãî ïîðÿäêà. Ìåòîäîì ýíåðãåòè÷åñêèõ íåðàâåíñòâ
äîêàçàíû åäèíñòâåííîñòü, óñòîé÷èâîñòü, à òàêæå ñõîäèìîñòü ðåøåíèÿ ðàçíîñò-
íîé çàäà÷è ê ðåøåíèþ ðàññìàòðèâàåìîé äèôôåðåíöèàëüíîé çàäà÷è.

2. Ïîñòàíîâêà çàäà÷è

Â öèëèíäðå QT = G × [0 ≤ t ≤ T ] ðàññìîòðèì òðåòüþ êðàåâóþ çàäà÷ó äëÿ
óðàâíåíèÿ òåïëîïðîâîäíîñòè äðîáíîãî ïîðÿäêà:

∂α0tu = Lu+ f(x, t), (x, t) ∈ QT , (2.1)

Θk(x, t)
∂u

∂xk
= β−k(x, t)u− µ−k(x, t), xk = 0, 0 ≤ t ≤ T, (2.2)

−Θk(x, t)
∂u

∂xk
= β+k(x, t)u− µ+k(x, t), xk = lk, 0 ≤ t ≤ T, (2.3)

u(x, 0) = u0(x), x ∈ G, (2.4)

ãäå

∂α0tu =
1

Ã(1− α)

t∫
0

∂u(x,η)
∂η

dη
(t−η)α , 0 < α < 1− äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî

ïîðÿäêà α,

L =

p∑
k=1

Lk, Lku =
∂

∂xk

(
Θk(x, t)

∂u

∂xk

)
− qk(x, t)u, k = 1, 2, ..., p,

0 < c0 ≤ Θk(x, t), qk(x, t) ≤ c1, β±k ≥ c0 > 0, c0, c1 = const > 0,

µ+k = µ(lk, x
′, t), µ−k = µ(0, x′, t), QT = G× (0 < t ≤ T ], k = 1, . . . , p,

x = (x1, x2, ..., xp), x′ = (x1, x2, ..., xk−1, xk+1, ..., xp).

Γ− ãðàíèöà îáëàñòè G, x = (x1, x2, ..., xp)− òî÷êà p-ìåðíîãî åâêëèäîâîãî ïðî-
ñòðàíñòâà Rp.

Îòíîñèòåëüíî îáëàñòè G èñïîëüçóþòñÿ äâà ïðåäïîëîæåíèÿ (ñì. [15], ñòð.
486):

à) ïåðåñå÷åíèå îáëàñòè G c ïðÿìîé Ck, ïàðàëëåëüíîé îñè êîîðäèíàò Oxk ,
ñîñòîèò èç îäíîãî èíòåðâàëà ∆k;
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á) âîçìîæíî ïîñòðîåíèå â çàìêíóòîé îáëàñòè G = G ∪ Γ ñâÿçíîé ñåòêè ω̄h
ñ øàãàìè hk, k = 1, 2, ..., p. Ìíîæåñòâî ωh âíóòðåííèõ óçëîâ ñåòêè ñîñòîèò èç
òî÷åê x = (x1, x2, ..., xp) ∈ G ïåðåñå÷åíèÿ ãèïåðïëîñêîñòåé xk = ikhk, ik =
0,±1,±2, ..., k = 1, 2, ..., p, à ìíîæåñòâî γh ãðàíè÷íûõ óçëîâ � èç òî÷åê ïåðåñå-
÷åíèÿ ïðÿìûõ Ck, k = 1, 2, ..., p, ïðîõîäÿùèõ ÷åðåç âíóòðåííèå óçëû x ∈ ωh, ñ
ãðàíèöåé Γ.

Îáîçíà÷èì ÷åðåç γh,k ìíîæåñòâî ãðàíè÷íûõ ïî íàïðàâëåíèþ xk óçëîâ, γh�
ìíîæåñòâî âñåõ ãðàíè÷íûõ óçëîâ x ∈ Γ, ω∗h,k� ìíîæåñòâî ïðèãðàíè÷íûõ ïî íà-
ïðàâëåíèþ xk óçëîâ, ω

∗
h� ìíîæåñòâî âñåõ ïðèãðàíè÷íûõ óçëîâ, ω

∗∗
h,k� ìíîæåñòâî

íåðåãóëÿðíûõ ïî íàïðàâëåíèþ xk óçëîâ, ω∗∗h � ìíîæåñòâî âñåõ íåðåãóëÿðíûõ
óçëîâ, ωh,k� ìíîæåñòâî ðåãóëÿðíûõ ïî íàïðàâëåíèþ xk óçëîâ, ωh� ìíîæåñòâî
âñåõ ðåãóëÿðíûõ óçëîâ.

Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, ÷òî êîýôôèöèåíòû óðàâíåíèÿ è ãðà-
íè÷íûõ óñëîâèé (2.1) − (2.4) óäîâëåòâîðÿþò íåîáõîäèìûì ïî õîäó èçëîæåíèÿ
óñëîâèÿì, îáåñïå÷èâàþùèì íóæíóþ ãëàäêîñòü ðåøåíèÿ u(x, t) â öèëèíäðå QT .

Â òîé æå îáëàñòè âìåñòî çàäà÷è (2.1) - (2.4) ðàññìîòðèì ñëåäóþùóþ çàäà÷ó
ñ ìàëûì ïàðàìåòðîì ε

εuεt + ∂α0tu
ε = Luε + f(x, t), (x, t) ∈ QT , (2.5)

Θk(x, t)
∂uε

∂xk
= β−k(x, t)uε − µ−k(x, t), xk = 0, 0 ≤ t ≤ T, (2.6)

−Θk(x, t)
∂uε

∂xk
= β+k(x, t)uε − µ+k(x, t), xk = lk, 0 ≤ t ≤ T, (2.7)

uε(x, 0) = u0(x), x ∈ G, (2.8)

ãäå ε = const > 0.
Òàê êàê ïðè t = 0 íà÷àëüíîå óñëîâèå äëÿ óðàâíåíèÿ (2.1) è (2.5) ñîâïàäà-

þò, òî â îêðåñòíîñòè t = 0 ó ïðîèçâîäíîé uεt íå âîçíèêàåò îñîáåííîñòè òèïà
ïîãðàíè÷íîãî ñëîÿ [13], [14, ñòð. 10].

Ïîêàæåì, ÷òî uε → u â íåêîòîðîé íîðìå ïðè ε → 0. Îáîçíà÷èì ÷åðåç z̃ =
uε − u è ïîäñòàâèì uε = z̃ + u â çàäà÷ó (2.5)-(2.8). Òîãäà ïîëó÷èì

εz̃t + ∂α0tz̃ = Lz̃ + f̃(x, t), (x, t) ∈ QT , (2.9)

Θk(x, t)
∂z̃

∂xk
= β−k(x, t)z̃, xk = 0, 0 ≤ t ≤ T, (2.10)

−Θk(x, t)
∂z̃

∂xk
= β+k(x, t)z̃, xk = lk, 0 ≤ t ≤ T, (2.11)

z̃(x, 0) = 0, x ∈ G, G = G+ Ã, (2.12)

ãäå f̃(x, t) = −ε∂u
∂t
.

Äëÿ ïîëó÷åíèÿ àïðèîðíîé îöåíêè âîñïîëüçóåìñÿ ìåòîäîì ýíåðãåòè÷åñêèõ
íåðàâåíñòâ. Óìíîæèì óðàâíåíèå (2.9) ñêàëÿðíî íà z̃ è ïîëó÷èì ýíåðãåòè÷åñêîå
òîæäåñòâî: (

ε
∂z̃

∂t
, z̃

)
+

(
∂α0tz̃, z̃

)
=

( p∑
k=1

∂

∂xk

(
Θk(x, t)

∂z̃

∂xk

)
, z̃

)
−

−
( p∑
k=1

qk(x, t)z̃, z̃

)
+

(
f̃(x, t), z̃

)
. (2.13)
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Áóäåì ïîëüçîâàòüñÿ ñêàëÿðíûì ïðîèçâåäåíèåì è íîðìîé(
u, v
)

=

∫
G

uvdx, (u, u) = ‖u‖20, ‖u‖20 =

∫
G

u2dx,

u2
x =

p∑
k=1

u2
xk
, ‖u‖2L2(0,lk) =

∫ lk

0

u2(x, t)dxk.

Äàëåå ÷åðåç Mi, i = 1, 2, ... îáîçíà÷àþòñÿ ïîëîæèòåëüíûå ïîñòîÿííûå, çàâè-
ñÿùèå òîëüêî îò âõîäíûõ äàííûõ ðàññìàòðèâàåìîé çàäà÷è.

Èñïîëüçóÿ ëåììó 1 [5] è ïðèìåíÿÿ ε-íåðàâåíñòâî Êîøè, èç (2.13) ïîëó÷àåì
íåðàâåíñòâî

ε

2

∂

∂t
‖z̃‖20 +

1

2
∂α0t‖z̃‖20 + c0‖z̃‖20 + c0‖z̃x‖20 ≤

≤
p∑
k=1

∫
G′

Θk(x, t)z̃
∂z̃

∂xk

∣∣∣∣lk
0

dx′ + ε1‖z̃‖20 +
1

4ε1
‖f̃‖20, (2.14)

ãäå G′ = {x′ = (x1, x2, ..., xk−1, xk+1, ..., xp) : 0 < xk < lk}, dx′ = dx1dx2 · · ·
dxk−1dxk+1 · · · dxp.

Ïðåîáðàçóåì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (2.14) ñëåäóþùèì îáðàçîì

p∑
k=1

∫
G′

Θk(x, t)z̃
∂z̃

∂xk

∣∣∣∣lk
0

dx′ =

=

p∑
k=1

∫
G′

(
− β−kz̃2(0, x′, t)− β+kz̃

2(lk, x
′, t)
)
dx′. (2.15)

Âûáèðàÿ ε1 =
c0
2
, èç íåðàâåíñòâà (2.14) ñ ó÷åòîì (2.15) íàõîäèì

ε
∂

∂t
‖z̃‖20 + ∂α0t‖z̃‖20 + ‖z̃‖20 + ‖z̃x‖20+

+

p∑
k=1

∫
G′

(
z̃2(0, x′, t) + z̃2(lk, x

′, t)
)
dx′ ≤M2‖f̃‖20. (2.16)

Ïðîèíòåãðèðóåì (2.16) ïî τ îò 0 äî t, òîãäà ïîëó÷èì

ε‖z̃‖20 +Dα−1
0t ‖z̃‖20 + ‖z̃‖22,Qt + ‖z̃x‖22,Qt ≤

≤M
∫ t

0

‖f̃‖20dτ = ε2M

∫ t

0

‖uτ‖20dτ = O(ε2). (2.17)

ãäå z̃ = uε − u, M− çàâèñèò òîëüêî îò âõîäíûõ äàííûõ çàäà÷ (2.9-(2.12),

‖z̃‖22,Qt =
t∫

0

‖z̃‖20dτ , G ′ = {x′ = (x1, x2, ..., xk−1, xk+1, ..., xp) : 0 < xk < lk},

Dα−1
0t u = 1

Γ(1−α)

t∫
0

udτ
(t−τ)α− äðîáíûé èíòåãðàë Ðèìàíà-Ëèóâèëëÿ ïîðÿäêà 1 −

α, 0 < α < 1.
Èç àïðèîðíîé îöåíêè (2.17) ñëåäóåò ñõîäèìîñòü uε ê u ïðè ε → 0 â íîðìå

‖z̃‖21 = ε‖z̃‖20 + Dδ−1
0t ‖z̃‖20 + ‖z̃‖22,Qt + ‖z̃x‖22,Qt . Ïîýòîìó ïðè ìàëîì ε ðåøåíèå

çàäà÷è (2.5)-(2.8) áóäåì ïðèíèìàòü çà ïðèáëèæåííîå ðåøåíèå êðàåâîé çàäà÷è
äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè äðîáíîãî ïîðÿäêà ñ óñëîâèÿìè òðåòüåãî ðîäà
(2.1)-(2.4).
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3. Ïîñòðîåíèå ëîêàëüíî-îäíîìåðíîé ñõåìû (ËÎÑ)

Ïðîñòðàíñòâåííóþ ñåòêó âûáåðåì ðàâíîìåðíîé ïî êàæäîìó íàïðàâëåíèþ
Oxk ñ øàãîì hk = lk

Nk
, k = 1, 2, ..., p :

ω̄hk = {x(ik)
k = ikhk : ik = 0, 1, ..., Nk, hk =

lk
Nk

, k = 1, 2, ..., p}, ω̄ =

p∏
k=1

ω̄hk .

Íà îòðåçêå 0 ≤ t ≤ T ââåäåì ðàâíîìåðíóþ ñåòêó

ω̄′τ = {0, tj+ k
p

=

(
j +

k

p

)
τ, j = 0, 1, ..., j0 − 1; k = 1, 2, ..., p},

ñîäåðæàùóþ íàðÿäó ñ óçëàìè tj = jτ, ôèêòèâíûå óçëû tj+ k
p
, k = 1, 2, ..., p−1.

Áóäåì îáîçíà÷àòü ÷åðåç ω′τ− ìíîæåñòâî óçëîâ ñåòêè ω̄′τ , äëÿ êîòîðûõ t>0.
Íà ðàâíîìåðíîé ñåòêå ω̄hτ ïî àíàëîãèè ñ [15] óðàâíåíèþ (2.5) ïîñòàâèì â ñî-

îòâåòñòâèå öåïî÷êó "îäíîìåðíûõ" óðàâíåíèé, äëÿ ýòîãî ïåðåïèøåì óðàâíåíèå
(2.5) â âèäå

£uε = εuεt + ∂α0tu
ε − Luε − f = 0,

èëè
p∑
k=1

£ku
ε = 0, £ku

ε =
ε

p
uεt +

1

p
∂α0tu

ε − Lkuε − fk.

ãäå fk(x, t), k = 1, 2, ..., p − ïðîèçâîëüíûå ôóíêöèè, îáëàäàþùèå òîé æå ãëàä-

êîñòüþ, ÷òî è f(x, t) è óäîâëåòâîðÿþùèå óñëîâèþ
p∑
k=1

fk = f.

Íà êàæäîì ïîëóèíòåðâàëå ∆k =
(
tj+ k−1

p
, tj+ k

p

]
, k = 1, 2, ..., p áóäåì ïîñëå-

äîâàòåëüíî ðåøàòü çàäà÷è

£kϑ(k) =
ε

p
ϑt +

1

p
∂α0tϑ(k) − Lkϑ(k) − fk = 0, x ∈ G, t ∈ ∆k, k = 1, 2, ..., p,

(3.1){
Θk(x, t)

∂ϑ(k)

∂xk
= β−k(x, t)ϑ(k) − µ−k(x, t), xk = 0,

−Θk(x, t)
∂ϑ(k)

∂xk
= β+k(x, t)ϑ(k) − µ+k(x, t), xk = lk,

(3.2)

ïîëàãàÿ ïðè ýòîì

ϑ(1)(x, 0) = u0(x), ϑ(1)(x, tj) = ϑ(p)(x, tj), (3.3)

ϑ(k)(x, tj+ k−1
p

) = ϑ(k−1)(x, tj+ k−1
p

), k = 2, 3, ..., p; j = 0, 1, .., j0 − 1,

ãäå Ãk− ìíîæåñòâî ãðàíè÷íûõ òî÷åê ïî íàïðàâëåíèþ xk.
Êàæäîå èç óðàâíåíèé (3.1) çàìåíèì ðàçíîñòíîé ñõåìîé íà ∆k

ε

p
y
j+ k

p

t̄ +
1

p

1

Ã(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
y
s
p

t
=

= Λk

(
σky

j+ k
p + (1− σk)yj+

k−1
p

)
+ ϕ

j+ k
p

k ,

x ∈ ωh, k = 1, 2, ..., p, (3.4)a(1k)
k y

j+ k
p

xk,0
= β−ky

j+ k
p

0 − µ−k, xk = 0,

−a(Nk)
k y

j+ k
p

x̄k,Nk
= β+ky

j+ k
p

Nk
− µ+k, xk = lk.

(3.5)

y(x, 0) = u0(x), x ∈ G, (3.6)
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ãäå

1

Ã(1− α)

t
j+ k

p∫
0

∂u(x, η)

∂η

dη

(tj+ k
p
− η)α

=

=
1

Ã(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
u
s
p

t
+O

(
τ

p

)
,

- äèñêðåòíûé àíàëîã äðîáíîé ïðîèçâîäíîé ïîðÿäêà α [1],

y
s
p

t
=
y
s
p − y

s−1
p

τ
p

, µ
j+ k

p

±k = µ±k

(
x, tj+ k

p

)
, ϕ

j+ k
p

k = fk

(
x, tj+ k

p

)
, k = 1, 2, ..., p,

σk−ïðîèçâîëüíûå ïàðàìåòðû,γh,k− ìíîæåñòâî ãðàíè÷íûõ ïî íàïðàâëåíèþ xk
óçëîâ,

x ∈ ωh = {xi = (i1h1, ..., iphp) ∈ G, ik = 0, 1, ...Nk, hk =
lk
Nk
},

d
j+ k

p

k = q(xi, t
j+ k

p ), a(+1) = ai+1, ai = Θi−1/2(t), t = tj+ 1
2
,

ðàçíîñòíûé îïåðàòîð Λk ∼ Lk èìååò ñëåäóþùèé âèä:
1) Â ðåãóëÿðíûõ óçëàõ:

Λky
j+ k

p =
(
aky

j+ k
p

x̄k

)
xk
− dkyj+

k
p , a(+1) = ai+1, ai = Θi−1/2(t),

2) Â íåðåãóëÿðíûõ óçëàõ:

Λky(k) =


1
hk

(
ak,ik+1

y(+1k)−y
hk

− ak,ik
y−y(−1k)

h∗k

)
− dky(k), x

(−1k) ∈ γh,k
1
hk

(
ak,ik+1

y(+1k)−y
h∗k

− ak,ik
y−y(−1k)

hk

)
− dky(k), x

(+1k) ∈ γh,k

ãäå h∗k− ðàññòîÿíèå îò íåðåãóëÿðíîãî óçëà x äî ãðàíè÷íîãî óçëà x(+1k) èëè

x(−1k). Åñëè îáà ñîñåäíèõ ñ x ∈ ω∗h,k óçëà x(+1k) è x(−1k) ÿâëÿþòñÿ ãðàíè÷íûìè,

ò.å. x(±1k) ∈ γh,k, òî

Λky
j+ k

p =
1

hk

(
ak,ik+1

y(+1k) − y
h∗k

− ak,ik
y − y(−1k)

h∗k

)
− dkyj+

k
p ,

− îáùèé âèä îïåðàòîðà, ãäå h∗k±− ðàññòîÿíèå ìåæäó x è x(+1k), h∗k± ≤ hk.
Â ðåãóëÿðíûõ óçëàõ Λk èìååò âòîðîé ïîðÿäîê àïïðîêñèìàöèè, Λku−Lku =

O(h2
k), à â íåðåãóëÿðíûõ óçëàõ Λku− Lku = O(1). (ñì. [15], ñòð. 232).
Óñëîâèÿ (3.5) èìåþò ïîðÿäîê àïïðîêñèìàöèè O(hk). Ïîâûñèì ïîðÿäîê àï-

ïðîêñèìàöèè äî O(h2
k) íà ðåøåíèÿõ óðàâíåíèÿ (3.1) ïðè êàêîì-ëèáî k.

Òàê êàê

Θk

∂ϑ(k)

∂xk
= a

(1k)
k ϑ(k)xk,0 − 0.5hk

(
ε

p
ϑt +

1

p
∂α0tϑ(k) + qk(x, t)ϑ(k) − fk

)
0

+O(h2
k),

òî

a
(1k)
k ϑ

j+ k
p

xk,0
−0.5hk

(
ε

p
ϑt+

1

p

1

Γ(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
ϑ
s
p

t̄ +qk(x, t)ϑj+
k
p−fk

)
0

=

= β−kϑ
j+ k

p

0 − µ−k +O(h2
k) +O(hkτ),
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èëè

a
(1k)
k ϑ

j+ k
p

xk,0
− 0.5hk

(
1

p

1

Γ(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
ϑ
s
p

t̄ − 0.5hk
ε

p
ϑt+

+qk(x, t)ϑj+
k
p − fk

)
0

= β−kϑ
j+ k

p

0 − µ−k +O(h2
k) +O(hkτ). (3.7)

Â (3.7) îòáðîñèì âåëè÷èíû ïîðÿäêà ìàëîñòè O(h2
k), O(hkτ), òîãäà ïîñëå çàìåíû

ϑ(k) íà y ïîëó÷èì

a
(1k)
k y

j+ k
p

xk,0
− 0.5hk

ε

p
yt,0 −

0.5hk
p

∆α
0t
j+ k

p

y0 = β̄−ky
j+ k

p

0 − µ−k − 0.5hkfk,0,

èëè

ε

p
yt,0 +

1

p
∆α

0t
j+ k

p

y0 =
a

(1k)
k y

j+ k
p

xk,0
− β̄−ky

j+ k
p

0

0.5hk
+

µ̄−k
0.5hk

. (3.8)

Àíàëîãè÷íî ïðè xk = lk ïîëó÷àåì:

ε

p
ytN +

1

p
∆α

0t
j+ k

p

yNk = −
a

(Nk)
k y

j+ k
p

x̄k,Nk
− β̄+ky

j+ k
p

Nk

0.5hk
+

µ̄+k

0.5hk
, (3.9)

ãäå

β̄−k = β−k + 0.5hkd
(0)
k , β̄+k = β+k + 0.5hkd

(Nk)
k ,

µ̄−k = µ−k + 0.5hkfk,0, µ̄+k = µ+k + 0.5hkfk,Nk .

Èòàê, ðàçíîñòíûé àíàëîã çàäà÷è (2.5)-(2.8) èìååò âèä:

ε

p
yt +

1

p
∆α

0t
j+ k

p

y = Λ̄ky
j+ k

p + Φ
j+ k

p

k , k = 1, 2, ..., p, (3.10)

y(x, 0) = u0(x), (3.11)

ãäå

Λ̄ky =


Λky = (akyx̄k)xk − dky, xk ∈ ωhk ,

Λ−k y =
a

(1k)

k yxk,0−β̄−ky0

0.5hk
, xk = 0,

Λ+
k y = −a

(Nk)

k yx̄k,Nk+β̄+kyNk
0.5hk

, xk = lk,

Φ(k) =


ϕk, xk ∈ ωhk ,
µ̄−k

0.5hk
, xk = 0,

µ̄+k

0.5hk
, xk = lk,

β̄−k = β−k + 0.5hkd
(0)
k , β̄+k = β+k + 0.5hkd

(Nk)
k ,

µ̄−k = µ−k + 0.5hkfk,0, µ̄+k = µ+k + 0.5hkfk,Nk .

Çàìåòèì, ÷òî ïðè ïîâûøåíèè ïîðÿäêà àïïðîêñèìàöèè êðàåâûõ óñëîâèé òðå-
òüåãî ðîäà (3.5) íà ðåøåíèÿõ óðàâíåíèÿ (3.1) äî O(h2

k + τ), åñòåñòâåííûì îá-
ðàçîì âîçíèêàåò ðàçíîñòíàÿ çàäà÷à (3.10), (3.11) ñ íåëîêàëüíûì ïî êàæäîìó
íàïðàâëåíèþ xk, (k = 1, 2, ..., p) ãðàíè÷íûì óñëîâèåì.
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4. Ïîãðåøíîñòü àïïðîêñèìàöèè ËÎÑ

Ïåðåéäåì ê èçó÷åíèþ ïîãðåøíîñòè àïïðîêñèìàöèè (íåâÿçêè) ëîêàëüíî-îäíî-
ìåðíîé ñõåìû è óáåäèìñÿ â òîì, ÷òî êàæäîå â îòäåëüíîñòè óðàâíåíèå (3.4)
íîìåðà k íå àïïðîêñèìèðóåò óðàâíåíèå (2.5), íî ñóììà ïîãðåøíîñòåé àïïðîê-
ñèìàöèè

ψ = ψ1 + ψ2 + ...+ ψp

ñòðåìèòñÿ ê íóëþ ïðè τ è |h| ñòðåìÿùèìñÿ ê íóëþ.
Áóäåì ñ÷èòàòü σk = 1, k = 1, 2, .., p. Ïóñòü u = u(x, t)-ðåøåíèå çàäà÷è (2.5)-

(2.8), à yj+
k
p -ðåøåíèå ðàçíîñòíîé çàäà÷è (3.4). Õàðàêòåðèñòèêîé òî÷íîñòè ëî-

êàëüíî-îäíîìåðíîé ñõåìû ÿâëÿåòñÿ ðàçíîñòü yj+1 − uj+1 = zj+1. Ïðîìåæó-

òî÷íûå çíà÷åíèÿ yj+
k
p áóäåì ñðàâíèâàòü ñ uj+

k
p = u(x, tj+ k

p
), ïîëàãàÿ zj+

k
p =

yj+
k
p − uj+

k
p . Ïîäñòàâëÿÿ yj+

k
p = zj+

k
p + uj+

k
p â ðàçíîñòíîå óðàâíåíèå (3.4),

ïîëó÷èì

ε

p
z
j+ k

p

t̄ +
1

p

1

Γ(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
z
s
p

t̄ = Λkz
j+ k

p + ψ
j+ k

p

k , (4.1)

ãäå

ψ
j+ k

p

k = Λku
j+ k

p + ϕ
j+ k

p

k − 1

p

1

Γ(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
u
s
p

t̄ −
ε

p
u
j+ k

p

t .

Îáîçíà÷èâ ÷åðåç
◦
ψk = (Lku+ fk −

ε

p
ut −

1

p
∂αotu)j+

1
2 , (4.2)

è çàìå÷àÿ, ÷òî
p∑
k=1

◦
ψk = 0,

åñëè
p∑
k=1

fk = f,

ïðåäñòàâèì ψk = ψ
j+ k

p

k â âèäå

ψk =
◦
ψk +

∗
ψk,

ãäå

ψ
j+ k

p

k =
(

Λku
j+ k

p − Lkuj+
1
2

)
+

(
ϕ
j+ k

p

k − f j+
1
2

k

)
−
(

1

p
∆α

0t
j+ k

p

uj+
k
p − 1

p
(∂α0tu)

j+ 1
2

)
−

−
(
ε

p
u
j+ k

p

t̄ − ε

p
u
j+ 1

2
t

)
+
◦
ψk =

◦
ψk +

∗
ψk,

∗
ψk =

(
Λku

j+ k
p − Lkuj+

1
2

)
+

(
ϕ
j+ k

p

k − f j+
1
2

k

)
−

−
(

1

p
∆α

0t
j+ k

p

uj+
k
p − 1

p
(∂α0tu)

j+ 1
2

)
−
(
ε

p
u
j+ k

p

t̄ − ε

p
u
j+ 1

2
t

)
ßñíî, ÷òî

∗
ψk =

{
O(h2

k + τ) â ðåãóëÿðíûõ óçëàõ,

O(1) â íåðåãóëÿðíûõ óçëàõ,
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òàê êàê êàæäàÿ èç ñõåì (3.4) íîìåðà ê àïïðîêñèìèðóåò â îáû÷íîì ñìûñëå
ñîîòâåòñòâóþùåå óðàâíåíèå (2.5). Òàêèì îáðàçîì

∗
ψk = O(h2

k + τ),
◦
ψk = O(1),

p∑
k=1

◦
ψk = 0,

ψ =

p∑
k=1

ψk =

p∑
k=1

(
◦
ψk +

∗
ψk

)
=

p∑
k=1

∗
ψk = O(|h|2 + τ).

â ðåãóëÿðíûõ óçëàõ ñåòêè ωh.
Ðàññìîòðèì ïîãðåøíîñòü êðàåâûõ óñëîâèé ðàçíîñòíîé ñõåìû (3.8), (3.9),

îáîçíà÷èâ ÷åðåç zj+
k
p = yj+

k
p − uj+

k
p . Çàïèøåì ãðàíè÷íîå óñëîâèå ïðè xk = 0

ñëåäóþùèì îáðàçîì

0.5hk
ε

p
yt,0 +

0.5hk
p

∆α
0t
j+ k

p

y0 = a
(1k)
k y

j+ k
p

xk,0
− β̄−ky

j+ k
p

0 + 0.5hkfk,0 + µ−k, (4.3)

Òîãäà, ïîäñòàâëÿÿ yj+
k
p = zj+

k
p + uj+

k
p â (4.3), ïîëó÷èì

0.5hk
ε

p
zt,0 +

0.5hk
p

∆α
0t
j+ k

p

z0 = a
(1k)
k z

j+ k
p

xk,0
− β̄−kz

j+ k
p

0 − β̄−ku
j+ k

p

0 −

−0.5hk
ε

p
ut,0 −

0.5hk
p

∆α
0t
j+ k

p

u0 + a
(1k)
k u

j+ k
p

xk,0
+ 0.5hkfk,0 + µ−k.

Ê ïðàâîé ÷àñòè ïîëó÷åííîãî âûðàæåíèÿ äîáàâèì è âû÷òåì

0.5hk
◦
ψ−k = 0.5hk

(
Lku+ fk −

ε

p
ut −

1

p
∂αotu

)j+ 1
2

0

.

Òîãäà

ψ−k = 0.5hk

(
fk,0 −

ε

p
u
j+ k

p

t,0 − 1

p
∆α

0t
j+ k

p

u
j+ k

p

0

)
+ a

(1k)
k u

j+ k
p

xk,0
− β̄−ku

j+ k
p

0 + µ−k−

−0.5hk

(
Lku+ fk −

ε

p
ut −

1

p
∂α0tu

)j+ 1
2

0

+ 0.5hk
◦
ψ−k =

= 0.5hk

(
fk,0 −

ε

p
u
j+ k

p

t,0 − 1

p
∆α

0t
j+ k

p

u
j+ k

p

0

)
+ a

(1k)
k u

j+ k
p

xk,0
− β̄−ku

j+ k
p

0 + µ−k−

−0.5hk (Lku)
j+ 1

2
0 − 0.5hk

(
fk −

ε

p
ut −

1

p
∂α0tu

)j+ k
p

0

+ 0.5hk
◦
ψ−k +O(hkτ) =

= a
(1k)
k u

j+ k
p

xk,0
− β̄−ku

j+ k
p

0 + µ−k − 0.5hk (Lku)
j+ 1

2
0 + 0.5hk

◦
ψ−k +O(hkτ) =

= Θk
∂uj+

k
p

∂xk
+ 0.5hk

∂

∂xk

(
Θk

∂u

∂xk

)j+ k
p

− β−ku
j+ k

p

0 − 0.5hkdk,0u
j+ k

p

0 + µ−k−

−0.5hk

(
∂

∂xk

(
Θk

∂u

∂xk

)
− qku

)j+ k
p

0

+ 0.5hk
◦
ψ−k +O(h2

k) +O(hkτ) =

=

[
Θk

∂uj+
k
p

∂xk
− β−ku

j+ k
p

0 + µ−k

] ∣∣∣∣∣
xk=0

+ 0.5hk
◦
ψ−k +O(h2

k) +O(hkτ).

Â ñèëó ãðàíè÷íûõ óñëîâèé (2.2) âûðàæåíèå, ñòîÿùåå â êâàäðàòíûõ ñêîáêàõ,
ðàâíî íóëþ. Ïîýòîìó

ψ−k = 0.5hk
◦
ψ−k +

∗
ψ−k.
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Èòàê,

0.5hk
ε

p
zt,0 +

0.5hk
p

∆α
0t
j+ k

p

z0 = a
(1k)
k z

j+ k
p

xk,0
− β̄−kz

j+ k
p

0 + 0.5hk
◦
ψ−k +

∗
ψ−k.

èëè

ε

p
zt,0 +

1

p
∆α

0t
j+ k

p

z0 = Λ−k z
j+ k

p + ψ−k, ψ−k =
◦
ψ−k +

∗
ψ−k
0.5hk

.

Àíàëîãè÷íî ïðè xα = lα èìååì

ε

p
zt,Nk +

1

p
∆α

0t
j+ k

p

zNk = Λ+
k z

j+ k
p + ψ+k, ψ+k =

◦
ψ+k +

∗
ψ+k

0.5hk
,

◦
ψ±k = O(1),

p∑
k=1

◦
ψ±k = 0.

Î÷åâèäíî, ÷òî

∗
ψ±k =

{
O(h2

k + τ) +O(hkτ), â ðåãóëÿðíûõ óçëàõ,

O(1) â íåðåãóëÿðíûõ óçëàõ.

Òàêèì îáðàçîì, äëÿ ïîãðåøíîñòè zj+
k
p ïîëó÷àåì çàäà÷ó:

ε

p
z
j+ k

p

t̄ +
1

p
∆α

0t
j+ k

p

z = Λ̄kz
j+ k

p + Ψ
j+ k

p

k , (4.4)

z(x, 0) = 0, (4.5)

ãäå

Λ̄k =


Λk, xk ∈ ωhk
Λ−k , xk = 0,

Λ+
k , xk = lk,

Ψk =


ψk, xk ∈ ωhk
ψ−k, xk = 0,

ψ+k, xk = lk,

ψk =
◦
ψk +

∗
ψk,

◦
ψk = O(1),

∗
ψk = O

(
h2
k + τ

)
,

p∑
k=1

◦
ψk = 0,

ψ =

p∑
k=1

ψk =

p∑
k=1

(
◦
ψk +

∗
ψk

)
=

p∑
k=1

∗
ψk = O(|h|2 + τ),

ψ−k =
◦
ψ−k +

∗
ψ−k
0.5hk

, ψ+k =
◦
ψ+k +

∗
ψ+k

0.5hk
,

ψ±k = O(h2
k + τ),

∗
ψ±k = O(h2

k) +O(hkτ),
◦
ψ±k = O(1),

p∑
k=1

◦
ψ±k = 0.

Òàêèì îáðàçîì, ËÎÑ (3.10)-(3.11) îáëàäàåò ñóììàðíîé àïïðîêñèìàöèåéO(|h|2+
τ) â ðåãóëÿðíûõ óçëàõ ñåòêè ω̄h. Â íåðåãóëÿðíûõ óçëàõ ψ = O(1).
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5. Óñòîé÷èâîñòü ËÎÑ

Ïîëó÷èì àïðèîðíóþ îöåíêó â ñåòî÷íîé íîðìå C äëÿ ðåøåíèÿ ðàçíîñòíîé
çàäà÷è (3.10)-(3.11), âûðàæàþùóþ óñòîé÷èâîñòü ëîêàëüíî-îäíîìåðíîé ñõåìû
ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè. Ðàçíîñòíóþ çàäà÷ó (3.10), (3.11) ïåðå-
ïèøåì â âèäå

ε

p
y
j+ k

p

t̄ +
1

p

1

Γ(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
y
s
p

t̄ =

=

(
aky

j+ k
p

x̄k

)
xk

− dkyj+
k
p + ϕ

j+ k
p

k , xk ∈ ωhk , (5.1)

ε

p
y
j+ k

p

t̄,0 +
1

p

1

Γ(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
y
s
p

t̄,0 =

=
a

(1k)
k y

j+ s
p

xk,0
− β̄−ky

j+ k
p

0

0.5hk
+

µ̄−k
0.5hk

, xk = 0, (5.2)

ε

p
y
j+ k

p

t̄,Nk
+

1

p

1

Γ(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
y
s
p

t̄,Nk
=

= −
a

(Nk)
k y

j+ s
p

x̄k,Nk
+ β̄+ky

j+ k
p

Nk

0.5hk
+

µ̄+k

0.5hk
, xk = lk, (5.3)

y(x, 0) = u0(x). (5.4)

Èññëåäîâàíèå óñòîé÷èâîñòè ðàçíîñòíîé ñõåìû (5.1)-(5.4) áóäåì ïðîâîäèòü
ñ ïîìîùüþ ïðèíöèïà ìàêñèìóìà [15, c.226]. Ïîëó÷èì àïðèîðíóþ îöåíêó äëÿ
(5.1)-(5.4), äëÿ ýòîãî ðåøåíèå çàäà÷è (5.1)-(5.4) ïðåäñòàâèì â âèäå ñóììû

y = y + v + w,

ãäå y ðåøåíèå îäíîðîäíûõ óðàâíåíèé (5.1) ñ íåîäíîðîäíûìè êðàåâûìè óñëî-
âèÿìè (5.2)-(5.3) è îäíîðîäíûìè íà÷àëüíûìè óñëîâèÿìè (5.4):

ε

p
ȳ
j+ k

p

t̄ +
1

p

1

Γ(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
ȳ
s
p

t̄ =

=

(
akȳ

j+ k
p

x̄k

)
xk

− dkȳj+
k
p , k = 1, 2, ..., p, (5.5)

ε

p
ȳ
j+ k

p

t̄,0 +
1

p

1

Γ(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
ȳ
s
p

t̄,0 =

=
a

(1k)
k ȳ

j+ k
p

xk,0
− β̄−kȳ

j+ k
p

0

0.5hk
+

µ̄−k
0.5hk

, xk = 0, (5.6)

ε

p
ȳ
j+ k

p

t̄,Nk
+

1

p

1

Γ(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
ȳ
s
p

t̄,Nk
=

= −
a

(Nk)
k ȳ

j+ k
p

x̄k,Nk
+ β̄+kȳ

j+ k
p

Nk

0.5hk
+

µ̄+k

0.5hk
, xk = lk, (5.7)

ȳ(x, 0) = 0, (5.8)
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à v−ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (5.1) ñ îäíîðîäíûìè êðàåâûìè (5.2)-
(5.3) è íåîäíîðîäíûìè íà÷àëüíûìè óñëîâèÿìè (5.4):

ε

p
v
j+ k

p

t +
1

p

1

Γ(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
v
s
p

t̄ =

=

(
akv

j+ k
p

x̄k

)
xk

− dkvj+
k
p +

◦
ϕ
j+ k

p

k , (5.9)

ε

p
v
j+ k

p

t̄,0 +
1

p

1

Γ(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
v
s
p

t̄,0 =

=
a

(1k)
k v

j+ k
p

xk,0
− β̄−kv

j+ k
p

0

0.5hk
, xk = 0, (5.10)

ε

p
v
j+ k

p

t̄,Nk
+

1

p

1

Γ(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
v
s
p

t̄,Nk
=

= −
a

(Nk)
k v

j+ k
p

x̄k,Nk
+ β̄+kv

j+ k
p

Nk

0.5hk
, xk = lk, (5.11)

v(x, 0) = u0(x), (5.12)

è w−ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (5.1) ñ îäíîðîäíûìè êðàåâûìè è íà-
÷àëüíûìè óñëîâèÿìè (5.2)-(5.4):

ε

p
w
j+ k

p

t +
1

p

1

Γ(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
w
s
p

t̄ =

=

(
akw

j+ k
p

x̄k

)
xk

− dkwj+
k
p +

∗
ϕ
j+ k

p

k , (5.13)

ε

p
w
j+ k

p

t̄,0 +
1

p

1

Γ(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
w
s
p

t̄,0 =

=
a

(1k)
k w

j+ k
p

xk,0
− β̄−kw

j+ k
p

0

0.5hk
, xk = 0, (5.14)

ε

p
w
j+ k

p

t̄,Nk
+

1

p

1

Γ(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
w
s
p

t̄,Nk
=

= −
a

(Nk)
k w

j+ k
p

x̄k,Nk
+ β̄+kw

j+ k
p

Nk

0.5hk
, xk = lk, (5.15)

w(x, 0) = 0, (5.16)

ãäå
◦
ϕ
j+ k

p

k ,
∗
ϕ
j+ k

p

k îïðåäåëÿþòñÿ óñëîâèÿìè

◦
ϕ
j+ k

p

k =

{
ϕk, x ∈

◦
ωh,

0, x ∈ ∗ωh,
∗
ϕ
j+ k

p

k =

{
ϕk, x ∈

∗
ωh,

0, x ∈ ◦ωh,

òàê, ÷òî
◦
ϕk +

∗
ϕk = ϕk ïðè x ∈ ωh, ò.å.

∗
ϕk îòëè÷íà îò íóëÿ òîëüêî â ïðèãðàíè÷-

íûõ óçëàõ.
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Ïîëó÷èì îöåíêó äëÿ ȳ. Äëÿ ýòîãî óðàâíåíèå (5.5) ïðèâåäåì ê êàíîíè÷åñêîìó
âèäó.

Â òî÷êå P = P (xik , tj+ k
p
) èìååì:[

ε

τ
+

γ

τα
+
ak,ik+1

hkh∗k+

+
ak,ik
hkh∗k−

+ dk

]
ȳ
j+ k

p

ik
=

=
ak,ik+1

hkh∗k+

ȳ
j+ k

p

ik+1 +
ak,ik
hkh∗k−

ȳ
j+ k

p

ik−1
+
[ ε
τ

+
γ

τα
(
2− 21−α)] ȳj+ k−1

p

ik
+

+
1

τ

1

Ã(2− α)

[(
t1−α
j+ k

p

− t1−α
j+ k−1

p

)
ȳ0
ik

+

(
−t1−α

j+ k
p

+ 2t1−α
j+ k−1

p

− t1−α
j+ k−2

p

)
ȳ

1
p

ik
+

+...+
(
−t1−α3

p

+ 2t1−α2
p

− t1−α1
p

)
ȳ
j+ k−2

p

ik

]
,

ãäå γ =
1

p1−αÃ(2− α)
.

Ê êàíîíè÷åñêîìó âèäó ñëåäóåò ïðèâåñòè è ãðàíè÷íûå óñëîâèÿ.
Â òî÷êå P = P (x0, tj+ k

p
) èìååì:[

ε

τ
+

γ

τα
+

a
(1k)
k

0.5hkh∗k+

+
β−k

0.5hk

]
ȳ
j+ k

p

0 =

=
a

(1k)
k

0.5hkh∗k+

ȳ
j+ k

p

1 +
[ ε
τ

+
γ

τα
(2− 21−α)

]
ȳ
j+ k−1

p

0 +

+
1

τ

1

Ã(2− α)

[(
t1−α
j+ k

p

− t1−α
j+ k−1

p

)
ȳ0

0 +

(
−t1−α

j+ k
p

+ 2t1−α
j+ k−1

p

− t1−α
j+ k−2

p

)
ȳ

1
p

0 +

+...+
(
−t1−α3

p

+ 2t1−α2
p

− t1−α1
p

)
ȳ
j+ k−2

p

0

]
.

Â òî÷êå P = P (xNk , tj+ k
p
) èìååì:[

ε

τ
+

γ

τα
+

a
(Nk)
k

0.5hkh∗k−
+

β+k

0.5hk

]
ȳ
j+ k

p

Nk
=

a
(Nk)
k

0.5hkh∗k−
ȳ
j+ k

p

Nk−1+

+
[ ε
τ

+
γ

τα
(2− 21−α)

]
ȳ
j+ k−1

p

Nk
+

1

τ

1

Ã(2− α)

[(
t1−α
j+ k

p

− t1−α
j+ k−1

p

)
ȳ0
Nk

+

+

(
−t1−α

j+ k
p

+ 2t1−α
j+ k−1

p

− t1−α
j+ k−2

p

)
ȳ

1
p

Nk
+ ...+

(
−t1−α3

p

+ 2t1−α2
p

− t1−α1
p

)
ȳ
j+ k−2

p

Nk

]
.

Ñïðàâåäëèâà ñëåäóþùàÿ [1]
Ëåììà. Ïóñòü l = pj + k − 1 ≥ 1, òîãäà èìååò ìåñòî íåðàâåíñòâî

−t1−α
j+ k

p

+ 2t1−α
j+ k−1

p

− t1−α
j+ k−2

p

> 0, j = 0, 1, ..., j0 − 1; k = 2, 3, ..., p. (5.17)

Â [15] äîêàçàí ïðèíöèï ìàêñèìóìà è ïîëó÷åíû àïðèîðíûå îöåíêè äëÿ ðå-
øåíèÿ ñåòî÷íîãî óðàâíåíèÿ îáùåãî âèäà

A(P )y(P ) =
∑

Q∈Ø′(P )

B(P,Q)y(Q) + F (P ), P ∈ Ω,
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ãäå P,Q - óçëû ñåòêè Ω+S, Ø′(P )− îêðåñòíîñòü óçëà P, íå ñîäåðæàùåãî ñàìîãî
óçëà P. Êîýôôèöèåíòû A(P), B(P,Q) óäîâëåòâîðÿþò óñëîâèÿì

A(P ) > 0, B(P,Q) > 0, D(P ) = A(P )−
∑

Q∈Ø′(P )

B(P,Q) ≥ 0. (5.18)

Îáîçíà÷èì ÷åðåç P (x, t′), ãäå x ∈ ωh, t′ ∈ ω′τ óçåë (p + 1)−ìåðíîé ñåòêè
Ω = ωh × ω′τ , ÷åðåç S − ãðàíèöó Ω, ñîñòîÿùóþ èç óçëîâ P(x,0) ïðè x ∈ ωh è
óçëîâ P (x, tj+ k

p
) ïðè tj+ k

p
∈ ω′τ è x ∈ γh,k äëÿ âñåõ k = 1, 2, ..., p; j = 0, 1, ..., j0,

∗
Ωk− ìíîæåñòâî óçëîâ P (x, tj+ k

p
), ãäå x ∈ ∗ωh,k− ïðèãðàíè÷íûé ïî íàïðàâëåíèþ

xk óçåë ñåòêè ω̄h.
Ñïðàâåäëèâû ñëåäóþùèå [16]

Òåîðåìà 1. Ïóñòü êîýôôèöèåíòû óðàâíåíèÿ

A(P )y(P ) =
∑

Q∈Ø′(P )

B(P,Q)y(Q) + F (P ), P ∈ Ω, (∗)

óäîâëåòâîðÿþò óñëîâèÿì

A(P ) > 0, B(P,Q) ≥ 0, D(P ) > 0, P ∈ ∗ω,

A(P ) > 0, B(P,Q) > 0, D(P ) = F (P ) = 0, P ∈ o
ω,

ãäå
o
ω− íåêîòîðîå ñâÿçíîå ïîäìíîæåñòâî ìíîæåñòâà ω, à

∗
ω− äîïîëíåíèå

o
ω

äî ω.
Òîãäà äëÿ ðåøåíèÿ çàäà÷è (*) ñïðàâåäëèâà îöåíêà

‖y‖C ≤

∣∣∣∣∣
∣∣∣∣∣F (P )

D(P )

∣∣∣∣∣
∣∣∣∣∣
C∗

,

ãäå

‖f‖C = max
P∈ω
|f(P )|, ‖f‖C∗ = max

P∈ω∗
|f(P )|.

Òåîðåìà 2. Åñëè âûïîëíåíû óñëîâèÿ

D′(P(n+1)) > 0 äëÿ âñåõ P(n+1) ∈ ω, A(P(n+1)) > 0, B(P(n+1), Q) ≥ 0

äëÿ âñåõ Q ∈Ø′′n, Q ∈Ø
′
n+1,∑

Q∈Ø′′n

B(P(n+1), Q) > 0,
1

D′(P(n+1))

∑
Q∈Ø′′n

B(P(n+1), Q) ≤ 1 + c1τ,

ãäå c1 = const > 0 íå çàâèñèò îò τ, h.
Òîãäà äëÿ ðåøåíèÿ çàäà÷è

A(P(n+1))y(P(n+1)) =
∑

Q∈Ø′n+1

B(P(n+1), Q)y(Q) + Φ(P(n+1)),

ãäå P(n+1) = P (x, tn+1)

Φ(P(n+1)) =
∑

Q∈Ø′′n

B(P(n+1), Q)y(Q) + F (P(n+1)),

D′(P(n+1)) = A(P(n+1))−
∑

Q∈Ø′′n

B(P(n+1), Q).
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Ñïðàâåäëèâà îöåíêà

‖yn+1‖Ch ≤ ec1tn
(
‖y0‖Ch +

n+1∑
k=1

τ‖F̃k‖Ch

)
.

Ïðîâåðèì, ó÷èòûâàÿ ïîëîæèòåëüíîñòü âûðàæåíèé, ñòîÿùèõ â êðóãëûõ ñêîá-
êàõ (ñîãëàñíî Ëåììå), âûïîëíèìîñòü óñëîâèé Òåîðåìû 1.

Â òî÷êå P = P (xik , tj+ k
p
) èìååì:

A(P ) =

[
ε

τ
+

γ

τα
+
ak,ik+1

hkh∗k+

+
ak,ik
hkh∗k−

+ dk

]
> 0,

B(P,Q) =

{
ak,ik+1

hkh∗k+

;
ak,ik
hkh∗k−

;
ε

τ
+

γ

τα
(
2− 21−α) ;

1

τ

1

Γ(2− α)

[(
t1−α
j+ k

p

− t1−α
j+ k−1

p

)
;

(
−t1−α

j+ k
p

+ 2t1−α
j+ k−1

p

− t1−α
j+ k−2

p

)
; ...;

(
−t1−α3

p

+ 2t1−α2
p

− t1−α1
p

)]}
> 0,

D(P ) = dk ≥ c0 > 0;

à â òî÷êå P = P (x0, tj+ k
p
) èìååì:

A(P ) =

[
ε

τ
+

γ

τα
+

a
(1k)
k

0.5hkh∗k+

+
β̄−k

0.5hk

]
> 0,

B(P,Q) =

{
a

(1k)
k

0.5hkh∗k+

;
ε

τ
+

γ

τα
(
2− 21−α) ;

1

τ

1

Γ(2− α)

[(
t1−α
j+ k

p

− t1−α
j+ k−1

p

)
;

(
−t1−α

j+ k
p

+ 2t1−α
j+ k−1

p

− t1−α
j+ k−2

p

)
; ...;

(
−t1−α3

p

+ 2t1−α2
p

− t1−α1
p

)]}
> 0,

D(P ) =
β̄−k

0.5hk
>

β−k
0.5hk

≥ c0
0.5hk

> 0;

â òî÷êå P = P (xNk , tj+ k
p
) èìååì:

A(P ) =

[
ε

τ
+

γ

τα
+

a
(Nk)
k

0.5hkh∗k−
+

β̄+k

0.5hk

]
> 0,

B(P,Q) =

{
a

(Nk)
k

0.5hkh∗k−
;
ε

τ
+

γ

τα
(
2− 21−α) ;

1

τ

1

Γ(2− α)

[(
t1−α
j+ k

p

− t1−α
j+ k−1

p

)
;

(
−t1−α

j+ k
p

+ 2t1−α
j+ k−1

p

− t1−α
j+ k−2

p

)
; ...;

(
−t1−α3

p

+ 2t1−α2
p

− t1−α1
p

)]}
> 0,

D(P ) =
β̄+k

0.5hk
>

β+k

0.5hk
≥ c0

0.5hk
> 0.

Òàêèì îáðàçîì, íà îñíîâàíèè Òåîðåìû 1 äëÿ ȳ ïîëó÷àåì îöåíêó:

‖ȳj+1‖C ≤
1

c0
max

0<t′≤tj

(
‖µ̄−k(x, t′)‖Cγ + ‖µ̄+k(x, t′)‖Cγ

)
, β±k ≥ c0 > 0, (5.19)

ãäå

‖y‖C = max
x∈ω̄h

|y|, ‖y‖Cγ = max
x∈γh

|y|.
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Ïåðåõîäèì ê îöåíêå ôóíêöèè v. Óðàâíåíèå (5.9)-(5.12) ïåðåïèøåì â âèäå:(
ε

p
+

1

p

1

Γ(2− α)

(
τ

p

)1−α
)
v
j+ k

p

t̄ = Λkv
j+ k

p + ϕ̃
j+ k

p

k , (5.20)

ãäå

ϕ̃
j+ k

p

k =
◦
ϕ
j+ k

p

k − 1

p

1

Γ(2− α)

pj+k−1∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
v
j+ k

p

t̄ .

Óðàâíåíèå (5.20) ïðèâåäåì ê êàíîíè÷åñêîìó âèäó:[
ε

τ
+

γ

τα
+
ak,ik+1

hkh∗k+

+
ak,ik
hkh∗k−

+ dk

]
v
j+ k

p

ik
=
ak,ik+1

hkh∗k+

v
j+ k

p

ik+1 +
ak,ik
hkh∗k−

v
j+ k

p

ik−1
+ Φ(Pj+ k

p
),

ãäå

Φ(Pj+ k
p
) =

[ ε
τ

+
γ

τα
(2− 21−α)

]
v
j+ k−1

p

ik
+ ϕ̄

j+ k
p

k ,

ϕ̄
j+ k

p

k =
◦
ϕ
j+ k

p

k +
1

Γ(2− α)

1

τ

(
t1−α2
p

− t1−α1
p

)
v
j+ k−2

p

ik
−

−1

τ

1

Γ(2− α)

pj+k−2∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)(
v
s
p

ik
− v

s−1
p

ik

)
.

Ïðîâåðèì âûïîëíèìîñòü óñëîâèé Òåîðåìû 2, òîãäà â òî÷êå P(k) = P (x, tj+ k
p
)

èìååì:

A(P(k)) =

[
ε

τ
+

γ

τα
+
ak,ik+1

hkh∗k+

+
ak,ik
hkh∗k−

+ dk

]
> 0,

B(P(k), Q) =

{
ak,ik+1

hkh∗k+

;
ak,ik
hkh∗k−

;
ε

τ
+
γ

τα
(
2− 21−α) ;

1

τ

1

Γ(2− α)

[(
t1−α
j+ k

p

− t1−α
j+ k−1

p

)
;

(
−t1−α

j+ k
p

+ 2t1−α
j+ k−1

p

− t1−α
j+ k−2

p

)
; ...;

(
−t1−α3

p

+ 2t1−α2
p

− t1−α1
p

)]}
> 0,

D′(P(k)) = A(P(k))−
∑

Q∈Ø′k(P )

B(P(k), Q) =
ε

τ
+

γ

τα
+ dk ≥

ε

τ
+

γ

τα
> 0,

äëÿ âñåõ Q ∈Ø′′k−1, Q ∈Ø
′
k,∑

Q∈Ø′′k−1

B(P(k)) =
ε

τ
+

γ

τα
(
2− 21−α) > 0, (5.21)

1

D′(P(k))

∑
Q∈Ø′′k−1

B(P(k)) =
ε
τ + γ(2−21−α)

τα

ε
τ + γ

τα
≤ 1,

ãäå

Ø′(P (k)) = Øk + Ø′′k−1, Ø′k − ìíîæåñòâî óçëîâ Q = Q(ξ, tk) ∈Ø′(P (x,tk))

Ø′′k−1 − ìíîæåñòâî óçëîâ Q = Q(ξ, tk−1) ∈Ø′(P (x,tk−1)).

Íà îñíîâàíèè Òåîðåìû 2 è â ñèëó (5.21) äëÿ v ïîëó÷àåì îöåíêó:

‖vj+
k
p ‖C ≤

1
ε
τ + γ

τα
‖ϕ̄j+

k
p

k ‖C +
ε
τ + γ(2−21−α)

τα

ε
τ + γ

τα
‖vj+

k
p ‖C . (5.22)
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Îöåíèì ‖ϕ̄j+
k
p ‖C

ϕ̄
j+ k

p

k =
◦
ϕ
j+ k

p

k +
1

Γ(2− α)

1

τ

(
t1−α2
p

− t1−α1
p

)
v
j+ k−2

p

ik
−

−1

p

1

Γ(2− α)

pj+k−2∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
v
s
p

t̄ =

=
◦
ϕ
j+ k

p

k +
1

Γ(2− α)

1

τ

[(
t1−α
j+ k

p

− t1−α
j+ k−1

p

)
v0
ik

+

+

(
−t1−α

j+ k
p

+ 2t1−α
j+ k−1

p

− t1−α
j+ k−2

p

)
v

1
p

ik
+ ...+

(
−t1−α3

p

+ 2t1−α2
p

− t1−α1
p

)
v
j+ k−2

p

ik

]
.

(5.23)
Òàê êàê, âûðàæåíèÿ, ñòîÿùèå â êðóãëûõ ñêîáêàõ ïîëîæèòåëüíû, òî èç (5.23)
ïîëó÷àåì îöåíêó

‖ϕ̄j+
k
p

k ‖C ≤ ‖
◦
ϕ
j+ k

p

k ‖C +
γ(21−α − 1)

τα
max

0≤s≤k−2
‖vj+

s
p ‖C . (5.24)

Ñ ïîìîùüþ (5.24) èç (5.22) íàõîäèì

max
0≤s≤k

‖vj+
s
p ‖C ≤ max

0≤s≤k−1
‖vj+

s
p ‖C +

(
τ

ε+ γτ1−α + τdk

)
max

0≤s≤k
‖
◦
ϕ
j+ s

p

k ‖C ≤

≤ max
0≤s≤k−2

‖vj+
s
p ‖C +

(
τ

ε+ γτ1−α

)
max

0≤s≤k
‖
◦
ϕ
j+ s

p

k ‖C . (5.25)

Ñóììèðóåì (5.25) ñíà÷àëà ïî k = 1, 2, ..., p çàòåì ïî j′ = 0, 1, 2, ..., j. Òîãäà
ïîëó÷èì

‖vj+
k
p ‖C ≤ ‖v0‖C +

j∑
j′=0

τ

ε+ γτ1−α

p∑
k=1

max
0≤s≤k

‖
◦
ϕ
j′+ s

p

k ‖C . (5.26)

Ðàññìîòðèì òåïåðü çàäà÷ó (5.13)-(5.16) äëÿ w. Ïåðåïèøåì óðàâíåíèå (5.13)
â êàíîíè÷åñêîì âèäå[

ε

τ
+

γ

τα
+
ak,ik+1

hkh∗k+

+
ak,ik
hkh∗k−

+ dk

]
w
j+ k

p

ik
=
ak,ik+1

hkh∗k+

w
j+ k

p

ik+1 +
ak,ik
hkh∗k−

w
j+ k

p

ik−1+

+
[ ε
τ

+
γ

τα
(
2− 21−α)]wj+ k−1

p

ik
+

1

τ

1

Ã(2− α)

[(
t1−α
j+ k

p

− t1−α
j+ k−1

p

)
w0
ik

+

+

(
−t1−α

j+ k
p

+ 2t1−α
j+ k−1

p

− t1−α
j+ k−2

p

)
w

1
p

ik
+...+

(
−t1−α3

p

+ 2t1−α2
p

− t1−α1
p

)
w
j+ k−2

p

ik

]
+
∗
ϕ
j+ k

p

k ,

(5.27)
è ïðèñîåäèíèì ãðàíè÷íûå è íà÷àëüíûå óñëîâèÿ (5.14-4.16)

ε

p
w
j+ k

p

t̄,0 +
1

p

1

Γ(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
w
s
p

t̄,0 =

=
a

(1k)
k w

j+ k
p

xk,0
− β̄−kw

j+ k
p

0

0.5hk
, xk = 0, (5.28)
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ε

p
w
j+ k

p

t̄,Nk
+

1

p

1

Γ(2− α)

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
w
s
p

t̄,Nk
=

= −
a

(Nk)
k w

j+ k
p

x̄k,Nk
+ β̄+kw

j+ k
p

Nk

0.5hk
, xk = lk, (5.29)

w(x, 0) = 0, (5.30)

ò.å. w = 0 íà ãðàíèöå S ñåòêè Ω, ò.å. w(P ) = 0 ïðè P ∈ S.
Ïðàâàÿ ÷àñòü

∗
ϕ îòëè÷íà îò íóëÿ ëèøü â óçëàõ (x, t′), ãäå x ∈ ∗ωh. Âèäíî, ÷òî

A(P ) =

[
ε

τ
+

γ

τα
+
ak,ik+1

hkh∗k+

+
ak,ik
hkh∗k−

+ dk

]
> 0,

B(P,Q) =

{
ak,ik+1

hkh∗k+

;
ak,ik
hkh∗k−

;
ε

τ
+

γ

τα
(
2− 21−α) ;

1

τ

1

Γ(2− α)

[(
t1−α
j+ k

p

− t1−α
j+ k−1

p

)
;

(
−t1−α

j+ k
p

+ 2t1−α
j+ k−1

p

− t1−α
j+ k−2

p

)
; ...;

(
−t1−α3

p

+ 2t1−α2
p

− t1−α1
p

)]}
> 0,

D(P ) =
ε

τ
+

γ

τα
+ dk > 0.

Òîãäà â ñèëó îäíîðîäíûõ êðàåâûõ óñëîâèé (5.28)-(5.29) èìååì

D(P ) =
ε

τ
+

γ

τα
+ dk.

Íà îñíîâàíèè òåîðåìû 1, ïîëó÷àåì

max
Ω+S
|w(P )| ≤ max

t′∈wτ
‖
∗
ϕ(x, t′)

D
‖ ∗
C
≤ max

0<t′≤tj

τ‖ϕ∗‖ ∗
C

ε+ γτ1−α + τdk
≤

≤ max
0<t′≤tj

τ‖ϕ∗‖ ∗
C

ε+ γτ1−α (5.31)

Èç îöåíîê (5.19) è (5.26) è (5.31) ñëåäóåò îêîí÷àòåëüíàÿ îöåíêà

‖yj+1‖C ≤ ‖u0‖C +
1

c0
max

0<t′≤jτ

(
‖µ̄−k(x, t′)‖Cγ + ‖µ̄+k(x, t′)‖Cγ

)
+

+ max
0<t′≤tj

τ‖ϕ∗‖ ∗
C

ε+ γτ1−α +

j∑
j′=0

τ

ε+ γτ1−α

p∑
k=1

max
0≤s≤k

‖
◦
ϕ
j′+ s

p

k ‖ o
C
, (5.32)

ãäå

h = max
1≤k≤p

hk, ‖y‖C = max
x∈ωh

|y|, ‖y‖Cγ = max
x∈γh

|y|, ‖ϕ‖ ∗
C

= max
x∈∗ωh

|ϕ|, ‖ϕ‖ ◦
C

= max
x∈◦ωh

|ϕ|

Òàêèì îáðàçîì ñïðàâåäëèâà

Òåîðåìà 3. Ëîêàëüíî-îäíîìåðíàÿ ñõåìà (3.10), (3.11) óñòîé÷èâà ïî íà÷àëü-
íûì äàííûì è ïðàâîé ÷àñòè, òàê ÷òî äëÿ ðåøåíèÿ çàäà÷è (3.10), (3.11) ñïðà-
âåäëèâà îöåíêà(5.32).
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6. Ðàâíîìåðíàÿ ñõîäèìîñòü ËÎÑ

×òîáû èñïîëüçîâàòü ñâîéñòâî
p∑
k=1

ψ◦k = 0, ψ◦k = O(1) ïðåäñòàâèì ïî àíà-

ëîãèè ñ [15], ðåøåíèå çàäà÷è äëÿ ïîãðåøíîñòè â âèäå ñóììû

z(k) = v(k) + η(k), z(k) = zj+
k
p , (6.1)

ãäå η(k) îïðåäåëÿåòñÿ óñëîâèÿìè

ε

p
η
j+ k

p

t̄ +
1

Γ(2− α)

1

p

pj+k∑
s=1

(
t1−α
j+ k−s+1

p

− t1−α
j+ k−s

p

)
η
s
p

t̄ =
◦
Ψk, x ∈ ωh + γh,k, (6.2)

η(x, 0) = 0,

◦
Ψk =


◦
ψk, xk ∈ ωhk ,
◦
ψ−k, xk = 0,
◦
ψ+k, xk = lk.

Ôóíêöèÿ v(k) îïðåäåëÿåòñÿ óñëîâèÿìè

∆α
0t
j+ k

p

v(k) = Λkv(k) + Ψ̃k, Ψ̃k = Λkη(k) +
∗
Ψ, xk ∈ ωhk , (6.3)

∆α
0t
j+ k

p

v(k) = Λ−k v(k) + Ψ̃−k, Ψ̃−k = Λ−k η(k) +

∗
Ψ−k
0.5hk

, xk = 0, (6.4)

∆α
0t
j+ k

p

v(k) = Λ+
k ϑ(k) + Ψ̃+k, Ψ̃+k = Λ+

k η(k) +

∗
Ψ+k

0.5hk
, xk = lk, (6.5)

v(x, 0) = 0, (6.6)

ãäå

Ψ̃k =
∗
Ψ +Λkη(k),

∗
Ψ = O

(
h2
k + τ

)
,

∗
Ψ±k = O

(
h2
k + τ

)
.

Ïîêàæåì, ÷òî ηj+
k
p = O

(
τ

ε+ γτ1−α

)
, k = 1, 2, ..., p, j = 0, 1, 2, ..., j0 − 1.

Ðàäè ïðîñòîòû ðàññìîòðèì äâóìåðíûé ñëó÷àé (p = 2). Ñíà÷àëà ïîëîæèì
j = 0, ò.å. ðàññìîòðèì ïåðâûé ñëîé (0, t1]. Òîãäà çàäà÷à (6.2) ïðèìåò âèä

ε

2
η
k
2

t̄ +
1

2

1

Ã(2− α)

k∑
s=1

(
t1−αk−s+1

2

− t1−αk−s
2

)
η
s
2

t
=
◦
ψk, k = 1, 2.

Ïóñòü k = 1, òîãäà ïîëó÷èì

ε

2
η

1
2

t̄ +
1

2

1

Ã(2− α)
t1−α1

2

η
1
2

t
=
◦
ψ1 . (6.7)

Ïðè k = 2, ïîëó÷àåì

ε

2
η1
t̄ +

1

2

1

Ã(2− α)

[(
t1−α1 − t1−α1

2

)
η

1
2

t
+ t1−α1

2

η1
t

]
=
◦
ψ2 . (6.8)

Ñêëàäûâàÿ âûðàæåíèÿ (6.7) è (6.8), ïîëó÷àåì

ε

2
η

1
2

t̄ +
ε

2
η1
t̄ +

1

2

1

Ã(2− α)

1

τα

[(
1− 1

21−α

)
η

1
2 +

1

21−α η
1

]
= 0. (6.9)
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Èç (6.7) íàõîäèì

η
1
2 =

τ

ε+ γτ1−α

◦
ψ1 = − τ

ε+ γτ1−α

◦
ψ2, (6.10)

ãäå γ = 1
21−αΓ(2−α) .

Âûðàæàÿ η1 èç (6.9) è ó÷èòûâàÿ (6.10), ïîëó÷àåì

η
1
2 , η1 = O

(
τ

ε+ γτ1−α

)
. (6.11)

Äîïóñòèì, ÷òî ïðè j = n âûïîëíåíî óñëîâèå

η
1
2 , η1, η1+ 1

2 , ..., ηn+1 = O

(
τ

ε+ γτ1−α

)
. (6.12)

Îïèðàÿñü íà äîïóùåíèå (6.12) ïîêàæåì, ÷òî àíàëîãè÷íîå óñëîâèå âûïîëíåíî
è ïðè j = n+ 1. Äëÿ ÷åãî çàïèøåì óðàâíåíèå (6.2) ïðè j = n+ 1, p = 2 :

ε

2
η
n+1+ k

2

t̄ +
1

2

1

Ã(2− α)

2(n+1)+k∑
s=1

(
t1−α
n+1+ k−s+1

2

− t1−α
n+1+ k−s

2

)
η
s
2

t
=
◦
ψk, k = 1, 2.

(6.13)
Ïîëàãàÿ â (6.13) k = 1, íàõîäèì

τ1−α

[(
n+

3

2

)1−α

− 2 (n+ 1)
1−α

+

(
n+

1

2

)1−α
]
η

1
2 +

+τ1−α

[
(n+ 1)

1−α − 2

(
n+

1

2

)1−α

+ n1−α

]
η1 + · · ·−

−Ã(2− α)

(
ε− τ1−α

Ã(2− α)
(1− 2α)

)
ηn+1+

+Ã(2− α)
(
ε+ γτ1−α) ηn+ 3

2 = 2Ã(2− α)τ
◦
ψ1 . (6.14)

Îòêóäà, ñ ó÷åòîì (6.12) è äîñòàòî÷íîé îãðàíè÷åííîñòè êîýôôèöèåíòîâ ïðè

η
1
2 , η1, ..., ηn+ 3

2 , íàõîäèì ηn+ 3
2 = O

(
τ

ε+ γτ1−α

)
.

Ïîëîæèì òåïåðü â (6.13) k = 2, çàòåì ñëîæèì ïîëó÷åííîå òàêèì îáðàçîì
âûðàæåíèå ñ âûðàæåíèåì (6.14) ñ ó÷åòîì ðàâåíñòâà

◦
ψ1 +

◦
ψ2 = 0.

Òîãäà ïîëó÷èì

η
1
2 , η1, ..., ηn+1, ηn+ 3

2 , ηn+2 = O

(
τ

ε+ γτ1−α

)
. (6.15)

Èòàê, ðàâåíñòâî (6.15) âûïîëíåíî ïðè ëþáîì çíà÷åíèè j. Íåòðóäíî çàìåòèòü,
÷òî àíàëîãè÷íî ìîæíî ïîêàçàòü, ÷òî

ηj+
k
p = O

(
τ

ε+ γτ1−α

)
, k = 1, 2, ..., p, j = 0, 1, ..., j0 − 1.

Äëÿ îöåíêè ðåøåíèÿ çàäà÷è (6.3)-(6.6) âîñïîëüçóåìñÿ Òåîðåìîé 3:

‖vj+1‖C ≤ max
0<j′+ k

p≤j+1

 τ‖ψ̃‖ ∗
C

ε+ γτ1−α + ‖ηj
′+ k

p ‖Cγ

+
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+

j∑
j′=0

τ

ε+ γτ1−α

p∑
k=1

max
0≤s≤k

‖ψ̃j
′+ s

p

k ‖C , (6.16)

ãäå ψ̃k =
∗
ψk + Λkη(k).

Åñëè ñóùåñòâóþò íåïðåðûâíûå â çàìêíóòîé îáëàñòè Q̄T , ïðîèçâîäíûå
∂4u

∂x2
k∂x

2
ν

,

1 ≤ k, ν ≤ p, k 6= ν, òî

Λ̄kη(k) = −
(

τ

ε+ γτ1−α

)
akΛ̄k

( ◦
Ψk+1 + ...+

◦
Ψp

)
= O

(
τ

ε+ γτ1−α

)
,

âî âñåõ óçëàõ x ∈ ωh, òàê êàê η(k) îïðåäåëÿåòñÿ èç óðàâíåíèÿ (6.2) âñþäó

â ωh + γh, ãäå ak− èçâåñòíûå ïîñòîÿííûå. Ñ äðóãîé ñòîðîíû, èìååì
∗
ψk =

O

(
h2 +

τ

ε+ γτ1−α

)
â ðåãóëÿðíûõ óçëàõ ωh è

∗
ψk = O(1) â íåðåãóëÿðíûõ óçëàõ

ñåòêè.
Ïîýòîìó

τ‖ψ̃‖ ∗
C

ε+ γτ1−α = O

(
τ

ε+ γτ1−α

)
, ‖ψ̃j

′+ s
p

k ‖C = O

(
h2 +

τ

ε+ γτ1−α

)
.

Òîãäà èç îöåíêè (6.16) íàõîäèì

‖vj+1‖C ≤M

 τ

ε+ γτ1−α + p
τ

ε+ γτ1−α

j∑
j′=0

(
h2 +

τ

ε+ γτ1−α

) ≤
≤M

(
h2

ε+ τ1−α +
τ

(ε+ τ1−α)2

)
, h = max

1≤k≤p
hk.

Ñëåäîâàòåëüíî,

‖zj+1‖C ≤ ‖ηj+1‖C + ‖vj+1‖C ≤ O
(

h2

ε+ τ1−α +
τ

(ε+ τ1−α)2

)
.

Èòàê, ñïðàâåäëèâà

Òåîðåìà 4. Ïóñòü çàäà÷à (2.5)-(2.8) èìååò åäèíñòâåííîå íåïðåðûâíîå ðå-
øåíèå u(x, t) â QT ïðè âñåõ çíà÷åíèÿõ ε è ñóùåñòâóþò íåïðåðûâíûå â QT
ïðîèçâîäíûå

∂2u

∂t2
,

∂4u

∂x2
k∂x

2
ν

,
∂3u

∂x2
k∂t

,
∂2f

∂x2
k

, 1 ≤ k, ν ≤ p, k 6= ν, 0 < α < 1,

òîãäà ðåøåíèå ðàçíîñòíîé çàäà÷è (3.10), (3.11) ðàâíîìåðíî ñõîäèòñÿ ê ðåøå-
íèþ äèôôåðåíöèàëüíîé çàäà÷è (2.1)-(2.4) ñî ñêîðîñòüþ

O

(
h2

ε+ τ1−α +
τ

(ε+ τ1−α)2
+ ε

)
,

h2 = o(ε+ τ1−α), τ = o((ε+ τ1−α)2), ãäå ε− ìàëûé ïàðàìåòð.

Î÷åâèäíî, ÷òî ñêîðîñòü ñõîäèìîñòè áóäåò îïðåäåëÿòüñÿ íàèëó÷øèì îáðàçîì,
åñëè

h2

ε+ τ1−α +
τ

(ε+ τ1−α)2
= ε.
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Ïóñòü ε = τγ , òîãäà èç ïîñëåäíåãî ïîëó÷àåì

h2
(
τγ + τ1−α)+ τ = τγ

(
τγ + τ1−α)2 .

èëè

τ ≤ τγ
(
τγ + τ1−α)2 .

Ñëåäîâàòåëüíî,

min{γ, 1− α} =
1− γ

2
,

îòêóäà ïîëó÷àåì, ÷òî

ε =

{
τ

1
3 , 0 < α ≤ 2

3 ,

τ2α−1, 2
3 < α < 1.

(6.17)

Òîãäà ñïðàâåäëèâà ñëåäóþùåå
Ñëåäñòâèå. Åñëè ε îïðåäåëÿåòñÿ èç óñëîâèÿ (6.17), òîãäà ðåøåíèå ðàçíîñò-

íîé çàäà÷è (3.4)-(3.6) ðàâíîìåðíî ñõîäèòñÿ ê ðåøåíèþ äèôôåðåíöèàëüíîé çà-
äà÷è (2.1)- (2.4) ñî ñêîðîñòüþ

O

(
h2

τ
1
3

+ τ
1
3

)
, åñëè 0 < α ≤ 2

3
,

è

O

(
h2

τ1−α + τ2α−1

)
, åñëè

2

3
< α < 1.
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