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SOBOLEV-TYPE FUNCTIONS ON NONHOMOGENEOUS
METRIC SPACES
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ABsTRACT. We consider analogs of classical embedding theorems for
function classes of Sobolev type on nonhomogeneous metric measure
spaces.
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Analysis on metric structures has been actively developing since the 1990s. On metric
measure spaces, various classes of functions with generalized “smoothness”, which are
in a sense a generalization of the Sobolev spaces, were considered. The definitions of such
spaces are based on the existence of alternative descriptions of Sobolev spaces not using
the linear structure of the Euclidean space and admitting a statement in terms of the mea-
sure and metric.

The article deals with different types of an embedding theorem for Sobolev-type function
classes M, (X, d, p), introduced by P. Hajtasz in [1]. The greatest analogy of the properties
of the functions of the classical Sobolev spaces W, (G) and the functions of the spaces
M} (X, d, i) is observed on homogeneous metric spaces (X, d) with the measure p satisfying
the estimate

Cir® < pu(B(z,r)) < Car®. (1)
forz € X and 0 < r < diam X.

A quite informative theory of the spaces M, (X,d,p) is obtained in the more general
situation, when the measure u satisfies the “doubling condition”, which is weaker than (1),
which implies only a bound for the measure of a ball from below. In this case, it is possible
to obtain analogs of various classical results including embedding theorems, which play
an exceptional role in the theory of Sobolev spaces [1, 2, 3, 4]. Moreover, the metric
results and the methods used for obtaining them turn out to be useful also in studying
the properties of Sobolev functions in a Euclidean space.
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We will be interested in the properties of function classes of Sobolev type on nonhomo-
geneous metric measure spaces whose local properties depend on a point z € X. In this
case, it is possible to obtain embedding theorems with variable integrability exponent.

Sobolev-Type Spaces

In an arbitrary metric space (X,d) with measure u, P. Hajlasz (see [1]) introduced
the classes MI} (X,d, ) of Sobolev type, the definition of which is based on a Lipschitz
estimate of a special kind.

For an arbitrary p-measurable function u : X — R, call a function g : X — [0, 00)
admissible if there exists a set £ C X such that y(E) = 0 and the inequality

lu(z) = u(y)| < d(z,y)(9(x) + 9(y)) (2)

holds for all z,y € X \ E.

Denote the set of all admissible functions for a function u by D(u) and, for p > 1, put
Dp(u) = D(u) N Lp(X, ).

The function classes Sp(X,d, ) and M, (X,d, u) are defined by the conditions:

SHX.dop) = {u: X = R| Dylu) # 0},

ME(X, dy 1) = {u € Ly(X, 1) | u € S3(X, p, 1)}
The seminorm in Sj(X,d, ) and the norm in M, (X, d, 1) are defined by the equalities

lu | Spll = _inf g | Lyll, llu|Mpll=llu| Lol + |lu | Spll-
g€Dp(u)

In Euclidean domains G C R™ with a sufficiently smooth (for instance, smooth or
Lipschitz) boundary, the classical Sobolev space W, (G) and the space M, (G, | * |, m,),
considered with the standard Euclidean metric and the Lebesgue measure, coincide as sets
of functions, and their norms are equivalent (see [1]).

Informative results for the spaces M;(X ,d, ) can be obtained under rather natural
assumptions on the relationship between the metric d and the measure p. We will assume
that the metric space (X, d) and the finite Borel measure p satisfies the doubling condition

u(B(x,2r)) < Can(Bla, 1)), (3)

i.e., the measure of the ball of doubled radius is estimated in terms of the measure
of the initial ball. This simple geometric condition guarantees the fulfillment of the Vitali
covering lemma and its standard consequences for the measure u. For a locally integrable
function, Lebesgue’s theorem on the differentiation of an integral remains valid, and, as
a consequence, almost all points of the set X are Lebesgue points of u. The property
important to us is the boundedness of the Hardy—Littlewood maximal operator in the Le-
besgue spaces Lp(X,u) for p > 1. The doubling condition for r < diam X implies
the estimate

w(B(z,r)) = Crr?, (4)

where s = log, Cq. The degree s is called the regularity exponent of the measure p
with respect to the measure d and plays the role of the “dimension” of the metric space (X, d)
in the embedding theorems.

Henceforth, we assume that the measure p satisfies the doubling condition and is regular
with exponent s.

Denote by ur the mean value of a function u on the set E

uE:][udp:ﬁ/ud,u.

E E
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Define the maximal Hardy-Littlewood operator in a standard manner, by setting

1
MI@) =5 B ) / ful dp

B(z,r)
As was already observed,

M| Lp(X, )| < CIIf | Lp(X, )l

for p > 1.

If 0 < v <1 then dy(z,y) = (d(z,y))” is again a metric. This makes it possible
to introduce the Holder function classes M, by replacing the estimate in the initial
definition of the spaces M; with

lu(z) — u(y)| < (d(z,y))" (9(x) + g(y))-
It is easy to notice here that
My (X, d, ) = My (X, doy, o),

i.e., the Holder classes with respect to the initial metric can be regarded as the space
with “unit smoothness” but with respect to the Holder metric. This is often convenient
since, in obtaining results for the spaces M, it suffices to recalculate the regularity
exponent of the measure p with respect to the Holder metric and use the assertion
for the spaces M;.

In accordance with [2], the inequality

|u(z) — u(y)| < C(d(z,y))" (uf (z) + uZ (y)) (5)
holds for all the Lebesgue points of a locally integrable function u, where 0 < v < 1
and ufjé is the sharp maximal function of order ~y, defined uniquely at all points of X
by the equality
|’LL - uB(x,r)| d:u’

B(z,r)

For measure with doubling condition, function classes of Sobolev type admit different
equivalent descriptions (see [2]).

Lemma 1. Let 1 < p < co. The following three conditions are equivalent:

(1) ue Sy(X,d,p);

(2) there exists a function h € Ly(X, ) such that the Poincaré inequality

][ | — up,m|du < T 7[ hdpu (6)
B(x,r) B(x,r)

holds for arbitrary x € X and r > 0;
(3) uif € Lp(X, ).
Moreover,

Il | Sp (X, dy )l ~ inf |2 | Ly (X, )| ~ [l | Ly (X, ).

If u# € L,(X, p) then, by (5), u € Sp(X,dy, p).

Among all the numerous results related to function classes of Sobolev type, we will first
of all be interested in analogs of the Sobolev embedding theorems. We will now confine
ourselves to formulating two assertions concerning the compactness of the embedding
operators.

Lemma 2. Let 1 < p < co. Then the embedding operator
I:My(X,d,p) — Lqg(X, )

is compact for
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1.1§q<8p_pifp<s;
2.1<g< > if p=s;

8. 1<g< 0 ifp>s.

The first two items are consequences of the results of [1, 3], and the proof of the third
is given in [4].

The following assertion is an internal embedding theorem in the scale of the spaces M)
and shows the relationship between the classes of functions defined by various metrics
(see [4]).

Lemma 3. Let 1 < p < o0, 0 <y < 1. The embedding operator
I My(X,d,p) = My(X,dy, p)

is compact for
L1<w<—P _ iffl-—7y)p<s;
= s—(1—9)p ( )P
2.1<w<0if(1—7)p=s;
3.1<w<o0if (1—7)p>s.

Note that item 3 implies the Holder continuity of the function understood in the usual
sense |u(z) —u(y)| < C (d(z,y))” .

Measures with Variable Integrability Exponent

Lemmas 2 and 3 are very universal but they do not depend on the specific nature
of the metric space and are completely defined by the regularity exponent s characterizing
the relationship between the measure and metric.

In the case of homogeneous metric spaces, when the measure of an arbitrary ball B(x, )
admits a two-sided estimate (1) via r°, the claims of lemmas 2 and 3 concerning the in-
tegrability exponents ¢ and w are accurate and unimprovable.

In accordance with [5], every compact set in R™ can be endowed with a metric satisfying
the doubling condition (3). The doubling condition implies a bound for the measure
of a ball of the form (4) but there is no upper bound in the general case.

It is not hard to give examples when the homogeneity condition (1) fails.

1. The simplest situation is when the set X C R™ is the union of sets Ej having
different Euclidean dimensions ng.

2. If the interval [0,1] C R is endowed with the weight metric du = 2xdx then
w(B(0,7)) = r*, r < 1. Moreover, u(B(1,7)) = 1 — (1 —7)? = 2r — 72 = r(2 — 7).
Consequently,

r < u(B(1,7)) < 2r.
For arbitrary = € (0,1) and 0 < r < 1, we have an inequality with variable regularity
exponent pu(B(z,r)) > Cr*® where s(x) /2 as x — 0 and s(z) \, 1 as z — 1. Rough
estimates show that, as & — 0, the inequality p(B(z,r)) > Cr“® holds for the function
w(z) =2 (1 —log,(1+2z)).

Even for Euclidean domain and the Lebesgue measure, the exponent in the lower
bound (4) can be different for different points of the domain, i.e., be a function of a point.
Standard examples of such a kind are peaks with Holder singularities at the vertex.

3. Let 1 < X\ < 0o; define the “zero peak” G C R? by the condition:
GA:{(x,y)ERQ\nggl, Ogygx)‘}.

As the measure y, consider the restriction of the Lebesgue measure in R? to the peak G.
If a is the vertex of the peak G then u(B(a,r)) = A~'r", where A =1+ X > 2.
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If a point b = (z,y) different from the vertex belongs to G then the balls of a sufficiently
small radius satisfy p(B(b,r) > C17r2. For a suitable choice of the constant C*, for an ar-
bitrary point ¢ = (z,y) € G and 0 < r < 1, we have the estimate u(B(c,r)) > Crps@y)
where s(z,y) S A>2asz— 0and s(z,y) \(2asz — 1.

The estimate u(B(a,r)) > Cr* holds for all points a € Gx; moreover, the uniform
regularity exponent of the measure p cannot be less than A. By Lemma 2, for p < A,
the embedding operator

I: Mpl(GM ‘ * [, u) = Lq(X, )

is compact then

A
i<
Moreover, local embedding into the Lebesgue space holds with a greater integrability
exponent.
Put

Sa,r = sup s(z,y).
B(a,r)

If a point a is different from the vertex of the peak then, for 1 < p < 2, on the ball B(a, r),
the space M, (B(a,r), ||, ) is compactly embedded in the Lebesgue space Lg(a,) (X, 1),
where

2Sq,r S pA .
Sar—D A—0p

This enables us to assume that, in this situation, for refining the result, it is appropriate
to consider the embedding of Sobolev-type spaces into spaces with variable integrability
exponents.

q(a,r) <

Spaces with Variable Integrability Exponents

Consider a metric space (X, d) with finite diameter, a finite Borel measure y with support
in X, and fix a positive measurable function p : X — [1,00). On the set of measurable
functions f : X — R, introduce the functional

poio () = / (@) dp,
X

Define the Lebesgue space with variable integrability exponent L, .)(X, 1) as the class
of all such functions f such that p,.)(Af) < co for some A > 0.
If p(x) > 1 then the norm in L,.)(X, u) is introduced by the equality

Iy = I T Loy (X, )l = inf {a > 0] py(f/a) < 1}

For p(x) = p = const, the above-introduced norm coincides with the standard norm
in Lp. The norm in L,.y(X, i) is monotone, i.e., the condition | f| < |g| almost everywhere
implies the inequality || f||,¢.) < ll9llp¢)-

Reckoning with the finiteness of the measure p, it is easy to show that, for 1 < p(z) <
q(z) < oo, the space Ly.y(X, p) is continuously embedded in L, (X, u).

For 1 < p(z) < oo, define the conjugate exponent p’(z) by the standard equality

1 1
—_ _|_ _
p(z)  p'(x)
(see [6])

= 1. It is rather easy to prove an analog of the classical Holder inequality

/If(x)g(w)l dp < Clfllpey - 1gllpr -
X

We will need the following assertion, proved in [7].

Lemma 4. Let 1 <p_ < p(z) < p" < co. Then
(1) the conditions ||f|lpcy <1 and pyy(f) <1 are equivalent;
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(2) | fallpcy = O if and only if pp()(fn) — 0;

(3) if ppy(f) S L < oo then || fllp) < K = K (p(z), L) < oc.

Replacing in the definition of the spaces Sp(X,dy,p) and M) (X,dy,p) the usual
Lebesgue space L,(X,u) by the Lebesgue space with variable integrability exponent
Lpy(X, 1), we obtain the classes of functions with variable integrability exponent —
Sp(y(Xsdy, ) and My (X, dy, ).

P

Embedding Theorems for Nonhomogeneous Measures

Henceforth, we will consider the properties of functions of the Sobolev-type spaces
M, (X,d,p1) in the case when the measure p satisfies:

(i) the doubling condition;

(i) the estimate pu(B(z,r)) > Cor*™ for z € X, r < diam X.

ps(z)

s(z) —p

For proving the boundedness of the embedding operator into the Lebesgue space
with limit exponent ¢(x), make us of the description of Sobolev-type spaces in terms
of maximal order functions.

For p < s(zx), put g(z) =

Theorem 1. Suppose that a measure p on a metric space (X, d) satisfies conditions (i),
ps(z)
s(z) —p
I:My(X,d,p) = Loiy(X, p)

(). Ifl<p<s_= 1g§( s(x) and q(z) = then the embedding operator

is bounded. Moreover,
lu = ux | Laoy (X, 1)l < Cllu | SECX, d, )]l

Proof. By the finiteness of the measure and the boundedness of the exponent ¢(z),
it suffices to prove the last inequality. If u = const then the theorem is obvious. If
the function u is nonconstant then uf& > 0 everywhere and w is finite almost everywhere.

Consider a Lebesgue point z € X of the function u at which u¥ (z) = A\ < oo and
estimate the deviation of the value of u at the point x from the mean value ux.

Put 7 = 27% - diamX and consider the sequence of balls {B, = B(z,rx)}. Since
ux = up, and up, — u(z) as k — oo, we get

lux —u(z)] = [(uy —uBy) + (uB, —up,y) + -+ (u, —up;,) +...| <
oo B oo
) L~ upfdn < Ca Y flu-unldn (7)
= W(Brt1) =
By By,

Consider two cases.
I Let diamX < (||h | Lp||/A)?/*™) , where h is the function of the Poincaré inequality (6).
Using (7), we infer

lu(z) —ux| < Cq Z o o ][|u7uBk|d,u < CiL A diamX <

k=0 By,

Cy Hh | LpHP/s(w))\P/q(x) =C] Hh | LpH (Hh | LPH—pAp)l/q(z)

or

o) = wx ' _ o |
( LT ) < Ca (@) Ih] Lyl ™. (®)

IL If (||h | Lp|l/A)P/*™) < diamX then fix m such that
o < ([0 ] Lpll/ NP < 2.
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By (7),

fux — u(@)|Ca Z][mfuBk\dw ) =,

k=073, k=mt1 g
Estimate the first sum as in item I:

Z ][|U*UBk\du< A Z i < Cs ||h | Ly|[P/*@ ap/a® =

kOBk k=0

—pyp\1/a(=)

C[lh | Lyl (I | L] 7" X7) : 9)

For estimating the second sum, we consecutively use the Poincaré inequality and
Holder’s inequality'

> [ unlaus 3 mfhduwnhu (X, ) ln(B) 7 <
k= m+]113 k=m+1
Callh | Lyp(X, w)l| rs * 77 = Callh | Lp(X, )| 7 ~*4) <
_ 1/q(x)
Cs || Lyl (IR L]l ~227) 7 (10)
Estimates (8), (9), (10) imply that the inequality

(z)
\U(-’E)*UX|>Q = o # -
ST < C(uf ()" Ih | L[l ™"
( 7] Lyl ' g
holds for almost all z € X . Integrating this inequality and taking into account the equivalence
of the different norms observed in Lemma 1, we obtain
u(z) —ux ~ _
pao (D) < Lyl | )77 < v < o (1)
7] Lyl
where the constant M does not depend on the function u € M; (X,d, ).
By Lemma 4, inequality (11) implies
lu = uxlloey < Kb | Lyl < Cllu | Sp(X,d, -
|

Like for a constant integrability exponent, in this case, we can consider the embedding
into spaces of Sobolev type defined by the Holder metrics d-.
For 0 <y <1and (1— v)p<s_, weput
ps(z)
(@) =
e R (T
The proof of the boundedness of the embedding operator into the space Mqlﬂ/ ()X, dyp)

is based on the estimates of the sharp maximal functions of fractional order ui‘jE .
Theorem 2. Suppose that a measure p on a metric space (X, d) satisfies conditions (i),

(1), 0 < v <1, and (1 — 7)p < s—. Then the embedding operator
1 SHX do) > Sb ) (Xodo )

18 continuous.

Proof. By Lemma 1 and inequality (5), it suffices to demonstrate that the condition
u € L,(X, p) implies u? € Ly, (X, ).

Since

u¥ (z) = supr' ™7 7" ][ [u — up (e dp < (diemX)' ™7 u¥ (z),
>0
B(z,r)

we have u¥ (x) < oo for almost all z € X.
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Let u# (z) = A < co. Choose 7 so that

A<2r7 7/ U — UuB(a,rg)| du;
B(z,r0)
then
Arg 7t <2t f |u—u3(x’m)\du§2uf£(m). (12)
B(z,r0)

Using the Poincaré inequality (6), Holder’s inequality, and condition (ii), we infer

A< 27"(1)77 ot ][ v — up(sr) | dp < 21"377 ]/- hdu <

B(z,r0) B(z,r0)

2rg " Ik | Lyl (u(B(w,r0)) /" < Curg " 0| L.
This gives an estimate for rg:
7"0_1 > 02)\117(92)/8(92) ||h | LPH_qW(m)/S(w). (13)

Using (12), (13), and recalculating the exponents, we obtain the inequality

U#(:E) q~ () - -
W < C(uf (@)? |Ih | Lol ™",
D

integrating which and taking into account the equivalence of the different norms, we obtain

#

ul (x) ~ _

Pa () <”h‘/ T |> < CHU# [ Lpll? b | Lp| 7P < M < oo, (14)
P

where the constant M does not depend on the choice of the function u € MZ} (X,d, ).
Lemma 4 and inequality (14) yield

[uf oy < Kb | Lyl < Cllu | Sy(X, d, ).
[ ]

Theorem 3. Suppose that a measure p on a compact metric space (X,d) satisfies
conditions (i), (ii), where the function s(z) is continuous and 1 < p < s— = mins(x).
Then, for every sufficiently smalle > 0 and an arbitrary function r(z) satisfying the estimate
1 <r(z) < q(x) — &, the embedding operator

I My (X, d, 1) = Ligy(X, )
is compact.

Proof. Fix ¢ > 0 and a function r(z) satisfying the hypotheses of the theorem. Since
p < s_, there exists a constant L < oo such that |g(z) — q(y)| < L|s(z) — s(y)|. Put
e1 =¢/2L.

The function s(z), being continuous on a compact space, is uniformly continuous.
Therefore, the set X can be covered by a finite family of balls {By} such that |s(z) —
s(y)| < e1 for all z,y € By.

Put s = sup s(z) and ¢x =

zEBy, Sk

Since, on the ball By, the measure p is si-regular then the space M; (B, d, p) (by Lem-
ma 2) is compactly embedded in L, (B, u) for all values of w satisfying the inequality
qr—e/2 < w < qx. Moreover, the space L., (Bg, ) is continuously embedded in L.y (Bg, t).
Hence, the embedding operator

I: My (Br,d, 1) — L.y (Br, )

is compact because it is the composition of a compact operator and a continuous operator.

Skp , then r(z) < g(z) —e < g — /2 for all x € By,.
-p
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Since the family of balls { By} is finite, the Sobolev-type space M; (X,d, p) is embedded
in the Lebesgue space with variable integrability exponent L,(.y(X, ). Moreover, from
every bounded set of functions in M; (X,d, u), we can choose a sequence of functions {un }
whose restrictions to each of the balls By constitute a Cauchy sequence in the corresponding
space L,(.y(Bg, 1). By Lemma 4,

/ [ () = tm (2)]" P dp — 0 as n,m — oo
By,

and

byt = ) = [ (@) = o (@) P <
X

< Z/ [ () = tm (2)]" P dp — 0 as n,m — occ.
ko,
Again by Lemma 4, we obtain ||un, — um||x,~(.) — 0, i.e., the function sequence {u,} is
a Cauchy sequence in L, (.y(X, i), which completes the proof of the compactness of the em-
bedding operator. |

Theorem 4. Suppose that a measure p on a compact metric space (X,d) satisfies
conditions (i), (ii), where the function s(x) is continuous and 1 < p < s—/(1 —~). Then,
for every sufficiently small € > 0 and an arbitrary function r(x) satisfying the estimate
1 <r(z) <qgy(z) — e, the embedding operator

I My (X, d, p) = Myy(X, dy, 1)
18 compact.

As for reckoning with Lemma 3, the proof of Theorem 4 is practically identical to that
of Theorem 3. All changes amount to formally replacing ¢(z) by g, (z), the space L,(.y(Bg, 1),
by Mrl(,) (B, dypt), and checking in L.y (X, 1) that a sequence of admissible functions {g-,» }
such that

[un(2) — un(y)] < (d(@,9))7 (gy.n(2) + gvn(¥)))
is a Cauchy sequence. |

Functions with Variable “Smoothness” Exponent

In the Euclidean case, for p > n, the functions of the space W, (R™) satisfy the Holder
condition with exponent v = 1—n/p. In the metric case, inequality (5) and the boundedness
of the sharp maximal function v imply the Hélder continuity of the function u with expo-
nent o with respect to the metric d. If a nonhomogeneous measure p satisfies condition (ii)
then, for large integrability exponents, a function u € S; (X,d, p) can have different local
“smoothness” characteristics in neighborhoods of different points since they are determined
by the local properties of the measure and the properties of the sharp maximal function

u’f(_), where y(z) =1 — s(z)/p.

Theorem 5. If a measure p on a metric space (X,d) satisfies conditions (i), (ii),
p> sy = sup s(z) and u € Sp(X,d, ju) then uf(‘) € Loo(X, u), where y(z) =1 — s(x)/p.

zeX
Proof. Using the Poincaré inequality, Holder’s inequality, and condition (ii), we obtain
1 s(xT
Ts@/ 7[ | — up(g,m|du <7 @)/p 7[ hdp <
B(z,r) B(z,r)
P (u(Ba, )"V b | Ly(X, )| < C Ik | Ly(X, w)]| < oo.
Therefore, u | € Loo(X, ). [
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