
S e⃝MR ISSN 1813-3304

СИБИРСКИЕ ЭЛЕКТРОННЫЕ
МАТЕМАТИЧЕСКИЕ ИЗВЕСТИЯ

Siberian Electronic Mathematical Reports
http://semr.math.nsc.ru

Том 17, стр. 683–689 (2020) УДК 512.542
DOI 10.33048/semi.2020.17.046 MSC 20D60

FACTORING NONABELIAN FINITE GROUPS INTO TWO
SUBSETS

R.R. BILDANOV, V.A. GORYACHENKO, A.V. VASIL’EV

Abstract. A group G is said to be factorized into subsets A1, A2,
. . . , As ⊆ G if every element g in G can be uniquely represented as
g = g1g2 . . . gs, where gi ∈ Ai, i = 1, 2, . . . , s. We consider the following
conjecture: for every finite group G and every factorization n = ab of
its order, there is a factorization G = AB with |A| = a and |B| = b.
We show that a minimal counterexample to this conjecture must be
a nonabelian simple group and prove the conjecture for every finite
group the nonabelian composition factors of which have orders less
than 10 000.
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1. Introduction

A group G is said to be factorized into subsets A1, A2, . . . , As ⊆ G if every g ∈ G
can be uniquely represented as g = g1g2 . . . gs, where gi ∈ Ai, i = 1, 2, . . . , s. If
G is finite, then the uniqueness condition is obviously equivalent to the condition
|G| = |A1||A2| . . . |As|.

A problem of factoring abelian groups into subsets arose in connection with
a problem of tiling a space in geometry. At the end of the nineteenth century,
Minkowski conjectured that a lattice cube tiling of Rn always contains a two cubes
sharing an (n − 1)-dimensional face [11]. Forty years later, Hajós reformulated
Minkowski’s question as the problem of factoring finite abelian groups: if a finite
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abelian group is factoring into cyclic subsets, then one of them must be a subgroup
(see [6]); then he solved it in [7]. Since then, the factorization theory of finite
abelian groups became an attractive and flourishing field of research, and besides
the geometry of tilings, found applications in the code theory, cryptography, graph
theory, number theory, Fourier analysis, theory of complex Hadamard matrices and
so on (see, e.g., [14, 15]).

Let us turn now to the factorization theory of arbitrary (not necessarily abelian)
finite groups. Apart from rather rare attempts to transfer some results about abelian
groups1, the most attention was paid to the minimal logarithmic signature problem
or, briefly, the MLS-problem, asking (up to the notation) whether every finite
group can be factorized into subsets whose cardinalities are primes or four. This
problem was formulated in [4] and motivated by a search for most effective ways to
define cryptosystems based on factorization of finite groups [10]. It was reduced to
nonabelian simple groups [5], so now the progress towards a solution is based on the
classification of finite simple groups (CFSG). In fact, the progress is substantial,
see, e.g, [5, 13], but the complete solution seems far to be achieved.

As observed, the MLS-conjecture holds true for solvable groups. In particular,
the alternating group G = A4 obviously has a factorization G = ABC, where the
ordered tuple (|A|, |B|, |C|) equals (2, 2, 3). However, as it was recently shown [1],
the same group G does not have any factorization G = ABC, where (|A|, |B|, |C|) =
(2, 3, 2) (see also [17]). It follows that the answer to part (a) of the following question
by M.H. Hooshmand is negative for k ≥ 3.

Problem (see [8, Problem 19.35]). Let G be a finite group of order n.
a) Is it true that for every factorization n = a1 · · · ak there exist subsets A1, . . . , Ak

such that |A1| = a1, . . . , |Ak| = ak and G = A1 · · ·Ak?
b) The same question for the case k = 2.

Thus, the remaining challenge is to answer part (b) of the problem. The present
paper is a step towards this goal.

Let F be the class of finite groups which can be factorized into two subsets for
every two factors of their orders. Given a group G of order n, let D(G) stand for the
set of divisors a of n such that G can not be factorized into two subsets of orders a
and n/a. So G ∈ F if and only if D(G) = ∅. Since for every finite group G having
factorization G = AB,

AB = G = G−1 = B−1A−1,

it follows that a ∈ D(G) if and only if n/a ∈ D(G), in particular, D(G) = ∅ if
a ̸∈ D(G) for every a ≤

√
|G|.

The following two propositions are rather simple and the facts they reflect
were discussed in one or another way (see [16, 17]). We include their proofs (see
Section 2), because, as far as we aware, they have never been published.

Proposition 1. Let G be a finite group of the smallest order such that G ̸∈ F .
Then the following hold:

(i) G is a nonabelian simple group;
(ii) if a ∈ D(G), then neither a nor |G|/a divides the order of any proper

subgroup of G.

1It is worth mentioning here the article [12], where the author transferred his positive partial
solution of Fuch’s problem for abelian groups to the case of nilpotent groups.
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Let P be the class of finite groups having a subgroup series

(1) 1 = G0 < G1 < . . . < Gt−1 < Gt = G

such that |Gi : Gi−1| is a prime for i = 1, 2, . . . , t.

Proposition 2. P ⊆ F . In particular, F includes the class of finite solvable groups.

Proposition 1 implies that we can concentrate on nonabelian simple groups.
So let us consider them starting from the smallest ones (here and further we use
information from [2] and [3]). It is easily seen that the groups A5 and PSL2(7)
of orders 60 and 168 respectively contain solvable subgroups of prime indices, so
they belong to the class F by Proposition 2. The third smallest simple group A6

of order 360 = 23 · 32 · 5 contains no subgroups of prime index, so does not belong
to P. However, it includes subgroups (obviously from F) of indices 6, 10, and 15,
therefore, for every divisor a of n = 360, either a or n/a divides the order of one of
these subgroups. Thus, A6 ∈ F in virtue of Proposition 1(ii).

Here we come to the simple group G = SL2(8) of all 2× 2 matrices having the
determinant 1 over the field of order 8. This group has order 504 and contains no
subgroups of orders divisible by 12 or 21, so one cannot apply Proposition 1(ii) for
two possible factorizations:

504 = 21 · 24 and 504 = 12 · 42.
It is also easily seen that a naive search does not work, because the number of
possible factorizations of G is huge. Therefore, in order to verify whether the suitable
subsets exist, one need to apply more subtle arguments. For G = SL2(8), desired
factorizations G = AB exist, as Peter Mueller shown using computer calculations
(see [16]). His idea was to choose a first set A as a product of two subgroups with
AA−1 as small as possible, and then find B by solving the exact cover problem (see,
e.g., [9]). We find such factorizations using a different approach. We choose ‘good’
subgroups H ⊆ A, K ⊆ B and use the well-known fact that G is a disjoint union
of the double cosets HxK. This significantly reduced the number of calculations
required. Moreover, by the same method, we prove that fifteen smallest nonabelian
simple groups belong to F (see Section 3). Thus, the following assertion holds.

Theorem 3. Suppose that the order of every nonabelian composition factor of
a finite group G does not exceed 10 000. Then G ∈ F .

2. Proof of Propositions 1 and 2

Part (i) of Proposition 1 is an immediate consequence of the following lemma.

Lemma 2.1. Let N be a normal subgroup of a finite group G. If N,G/N ∈ F ,
then G ∈ F .

Proof. Put G = G/N and set |N | = k, |G| = k. Take any positive integers a0, b0, a, b
such that a = a0a, b = b0b and a0b0 = k, ab = k, which is definitely always possible.
By hypothesis, there are factorizations into subsets of N and G:

N = A0B0 and G = AB,

where |A0| = a0, |B0| = b0 and |A| = a, |B| = b.
Fix subsets U and V of G such that A = {Nu : u ∈ U}, |U | = a and B = {Nv :

v ∈ V }, |V | = b. Then each coset Nx of G can be represented as Nx = NuNv,
where u ∈ U and v ∈ V . This yields
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G =
∪
x∈G

Nx =
∪

u∈U,v∈V

NuNv =
∪

u∈U,v∈V

uNv =

=
∪

u∈U,v∈V

u(A0B0)v =
∪

u∈U,v∈V

(uA0)(B0v).

Therefore, each g ∈ G can be represented as g = uyzv, where y ∈ A0, z ∈ B0 and
u ∈ U , v ∈ V . On the other hand, as readily seen, |XY | ≤ |X||Y | for all X,Y ⊆ G,
so the equality n = aa0b0b implies that |UA0| = aa0 = a and |B0V | = b0b = b. It
follows that G is factorized into the subsets A = UA0 and B = B0V of sizes a and
b respectively, as required. �

Lemma 2.2. Let a subgroup H of a finite group G belong to F . If a ∈ D(G), then
a does not divide |H|.

Proof. Set |G| = n, b = n/a, and |H| = k. Suppose to the contrary that a divides k,
and put c = k/a. If T is a right transversal of H in G, then |T | = |G : H| = b/c.
By hypothesis, there are subsets A and C of H such that H = AC and |A| = a,
|C| = c. Put B = CT . Then

G = HT = (AC)T = A(CT ) = AB,

and |A| = a, |B| = b, a contradiction. �

If G is a group of the smallest order such G ̸∈ F , then every its proper subgroup
H belongs to F . Therefore, a ∈ D(G) cannot divide |H| by Lemma 2.2. As was
observed in the introduction, a ∈ D(G) if and only if |G|/a ∈ D(G), so |G|/a cannot
divide |H| too. This proves part (ii) of Proposition 1.

Suppose now that G belongs to P. Then it has a series of subgroups (1), where
|Gi : Gi−1| is a prime for i = 1, . . . , t. By induction on the length t of the series,
we may assume that H = Gt−1 ∈ F . Since |G : H| is a prime, |H| is a multiple
of a or |G|/a for every divisor a of |G|. Lemma 2.2 yields G ∈ F , thus proving
Proposition 2.

Let us finish the preliminaries with the following useful (and straightforward)
observation (see, e.g., [1, Lemma 2]). A group G can be factorized into subsets of
sizes a and b if and only if it has a factorization G = AB with |A| = a, |B| = b,
and 1 ∈ A ∩B. The latter factorization is called normalized.

3. Small Simple Groups

In this section we deal with small nonabelian simple groups. The main source for
us is Atlas of Finite Groups [2], so we prefer further to use the single-letter notation
for simple groups of Lie type, following Artin’s convention [2, Section 2 of Preface].
For example, Ln(q) means PSLn(q) and so on. For brevity, we also agree to say
‘simple’ instead of ‘nonabelian simple’.

As explained in the introduction, L2(8) is the smallest simple group for which
the question whether it belongs to F is nontrivial. As we know [2, p. 6], the group
L2(8) has order n = 504 = 23 ·32 ·7 and contains, up to conjugation, three maximal
subgroups Mi, i = 1, 2, 3, of orders m1 = 56 = 23·7, m2 = 18 = 2·32, m3 = 14 = 2·7,
respectively. Due to Proposition 1, it suffices to show that 12, 21 ̸∈ D(L2(8)) (other
possible numbers divide the orders of maximal subgroups). However, there is no
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clear inductive way to exclude 12 and 21 from D(L2(8)). So we make a little trick
to get them in this case.

Recall that given subgroups H,K and an element x of a group G, the set HxK =
{hxk : h ∈ H, k ∈ K} is called a double coset of subgroups H and K (in G) with
representative x. Distinct double cosets by the same subgroups are disjoint, so they
partition the set G.

Suppose that the orders of subgroups H and K of a finite group G are coprime.
Then for every x ∈ G,

|HxK| = |x−1HxK| = |Hx||K|
|Hx ∩K|

= |H||K|.

Moreover, since
G =

∪
x∈T

HxK,

it follows that |G| = |H||T ||K| for every full set of representatives T of double
cosets of H and K in G.

Let now n = ab be a factorization of the order of a group G. Assume that we
have subgroups H and K of G such that they are of coprime orders and a = |H|a0,
b = |K|b0. Then in order to obtain a required factorization of G, it suffices to find
subsets A0 and B0 of G with the following properties (∗):

(i) A0 is a subset of a set of representatives of the right cosets of H in G, and
|A0| = a0;

(ii) B0 is a subset of a set of representatives of the left cosets of K in G, and
|B0| = b0;

(iii) T = A0B0 is a full set of representatives of the double cosets of H and K
in G.

Indeed,
G =

∪
x∈T

HxK =
∪

y∈A0,z∈B0

(Hy)(zK),

and the same easy counting argument as in the proof of Lemma 2.1 implies that
G = AB with A = HA0, B = B0K, and |A| = a, |B| = b.

We are ready to return to small simple groups.
Let G = L2(8). First, set a = 21, b = 24. Take H and K to be a Sylow 7-

subgroup and Sylow 2-subgroup of G respectively, and fix a right transversal S of
H and left transversal Q of K. Then a = 3|H|, b = 3|K| and |S| = 72, |Q| = 63.
So in order to verify whether there exist subsets A0 and B0 satisfying (∗), one need
to run over 3-element subsets of S and 3-element subsets of Q. Moreover, since we
may suppose that 1 = A0 ∩ B0, it suffices to run over just 2-element subsets of S
and Q. We made it applying GAP [3], and readily obtained suitable subsets A0 and
B0 and, consequently, subsets A and B of sizes 21 and 24 that factorized G (the
supplementary GAP-files are available at [18] and [19]). If a = 12 and b = 42, then
one can take H to be a subgroup of order 6 and K to be a Sylow 7-subgroup of G.
Similar calculations again give required subsets A0, B0, and hence A, B (see [19]).

In fact, this approach allows to verify that every finite simple group G of order less
than 10 000 belongs to F , thus proving Theorem 3. Table 1 below represents shortly
our arguments. In this table, G is one of the simple groups of order n ≤ 10 000; the
numbers mi are the orders of the maximal subgroups of G (if there is a subgroup
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of prime index, then only its order is represented, cf. Proposition 2); the integers
a are possible elements of D(G) (modulo Proposition 1(ii)) not exceeding

√
n; the

numbers h and k are the coprime orders of subgroups H and K of G respectively,
with h dividing a and k dividing n/a, such that A = HA0 and B = B0K give
a factorization G = AB (for details, see [19]).

Table 1. Factorizations of Simple Groups of Order Less Than 10 000
G n mi a h, k

A5 60 = 22 · 3 · 5 22 · 3, . . . — (Prop. 2) —
L2(7) 168 = 23 · 3 · 7 23 · 3, . . . — (Prop. 2) —
A6 360 = 23 · 32 · 5 22 · 3 · 5, 22 · 32, 23 · 3 — (Prop. 1) —
L2(8) 504 = 23 · 32 · 7 23 · 7, 2 · 32, 2 · 7 12 = 22 · 3 2 · 3, 7

21 = 3 · 7 7, 23

L2(11) 660 = 22 · 3 · 5 · 11 22 · 3 · 5, . . . — (Prop. 2) —
L2(13) 1 092 = 22 · 3 · 7 · 13 2 · 3 · 13, 2 · 7, 22 · 3 21 = 3 · 7 7, 2 · 13
L2(17) 2 448 = 24 · 32 · 17 23 · 17, 23 · 3, 2 · 32, 24 48 = 24 · 3 24, 17

L2(19) 3 420 = 22 · 32 · 5 · 19 32 · 19, 22 · 3 · 5, 36 = 22 · 32 2 · 32, 19
22 · 5, 2 · 32 38 = 2 · 19 19, 2 · 32

45 = 32 · 5 32, 19

L2(16) 4 080 = 24 · 3 · 5 · 17 24 · 3 · 5, . . . — (Prop. 2) —
L3(3) 5 616 = 24 · 33 · 13 24 · 33, . . . — (Prop. 2) —
U3(3) 6 048 = 25 · 33 · 7 23 · 33, 23 · 3 · 7, 25 · 3 — (Prop. 1) —
L2(23) 6 072 = 23 · 3 · 11 · 23 11 · 23, 23 · 3, 2 · 11 44 = 22 · 11 2 · 11, 23

46 = 2 · 23 23, 2 · 11
66 = 2 · 3 · 11 2 · 11, 23
69 = 3 · 23 23, 2 · 11

L2(25) 7 800 = 23 · 3 · 52 · 13 22 · 3 · 52, 23 · 3 · 5, 39 = 3 · 13 13, 22 · 52
2 · 13, 23 · 3

M11 7 920 = 24 · 32 · 5 · 11 24 · 32 · 5, . . . — (Prop. 2) —
L2(27) 9 828 = 22 · 33 · 7 · 13 33 · 13, 22 · 7, 18 = 2 · 32 32, 2 · 13

2 · 13, 22 · 3 21 = 3 · 7 7, 2 · 13
36 = 22 · 32 22 · 3, 13
42 = 2 · 3 · 7 2 · 7, 13
52 = 22 · 13 2 · 13, 33
54 = 2 · 33 33, 2 · 13
63 = 32 · 7 32, 2 · 13

78 = 2 · 3 · 13 2 · 13, 32
91 = 7 · 13 13, 33

We conclude with some remarks on the program that we used for calculations. If
the indices of H and K are sufficiently small (as in the case of the group G = L2(8)),
then one can find suitable sets A0 and B0 by running over all possible subsets of
transversals S and Q. However, it would require too much time in larger groups, so
our program runs through the possible subsets A0 of S and then find B0 by solving
exact cover problem (see [9]). In fact, we can find certain nontrivial factorizations
(but not all of them) for simple groups of order greater that 10 000, even for the
Mathieu group G = M12 of order 95 040 = 26 · 33 · 5 · 11. As one can check using [2]
and Proposition 1, it suffices to exclude a = 135, 270, 297 from D(G). We verified
that 135, 297 ̸∈ D(G), so it would be interesting to exclude the only possible element
270 from D(G).
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