S@©MR ISSN 1813-3304

CUBNPCKHNE SJIEKTPOHHDBIE
MATEMATUYECKUE USBECTUA

Siberian Electronic Mathematical Reports
http://semr.math.nsc.ru

Tom 17, cmp. 672-682 (2020) VK 519.214
DOI 10.33048/semi.2020.17.045 MSC 60F05, 05C90, 94C15
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ABSTRACT. Let (X,,,)2; be a stationary absolutely regular sequence of
real random variables with the distribution dependent on the number n.
The paper presents sufficient conditions for the asymptotic normality (for
n — oo and common centering and normalization) of the distribution of
the nonhomogeneous U-statistic of order r which is given on the sequence
Xni,...,Xnn with a kernel also dependent on n. The same results for
V-statistics also hold. To analyze sums of dependent random variables
with rare strong dependencies, the proof uses the approach that was
proposed by S. Janson in 1988 and upgraded by V. Mikhailov in 1991
and M. Tikhomirova and V. Chistyakov in 2015.
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INTRODUCTION

The study of a special class of functionals of a sequence of random variables
X1,...,X, of the form

- 1
(1) Un=rcm D f(XuonXi),

1<i1 <. <im <n.

which were called U -statistics, began in the middle of the last century due to the
investigation of the properties of sample characteristics (see [1] and the bibliography
therein). The number m is the order and symmetrical function f(z1,..., %) is the
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kernel of U-statistic. Examples of U-statistics are sample moments, Gini’s mean
difference, Spearman’s rank correlation, etc.

It is known that such variables as the number of repetitions and the number
of repetitions of tuples [2]-[5], the number of pairs of H-equivalent tuples [6]-[11],
etc., in the random discrete sequence Xy, ..., X, belong (up to of the factor before
the sum) to a class of quantities of the form (1).

In the following decades, a large number of research papers appeared devoted to
the asymptotic properties of U-statistics of sequences of independent identically
distributed random variables (see, e.g., the bibliography in [12]). In proving
asymptotic normality in the case of increasing sums, W. Hoeffding [1] proposed a
method for approximating the distribution of U-statistic by distribution of the sum
of specially constructed independent random variables. This approach, in different
forms, is also used to study U-statistics of sequences of random variables with
conditions of weak or other dependence in the scheme of increasing sums (see,
e.g., [13]-]16]).

The idea of the results of these papers is given by the following theorem of
K. Yoshihara [13] which we present in a simplified form.

Let (X,,)52 ; be a strictly stationary sequence of real random variables satisfying
the absolute regularity condition [17, p. 3]

(2) B(n) = E{ sup |P{A|F? } - P{A}‘} 10, n— oo,
AeFge

where F? is the o-algebra of events generated by the random variables X, ..., Xj.
Let

f(le"me)a fl(x):Ef($7X27-~-7Xm)7

0
where X, ..., X,, are independent copies of X7,

= (Ef3(X1) — 0%) +22 (F1(X1) f1(Xeg1)) — 60%) .

Theorem 1 (Theorem 1 of [13]). Let n — oo and there is a number § > 0 such
that

2+46
’ < My < o0,

E’f(Xl,...,X’m)

E|f(XZ1>aX )|2+6§MO<OO V1§21<1m§n7

im

B(n) =0 (n*(”‘sl)/‘s') for some &', 0<§ <.

Then, if 0® > 0 holds, the distribution function of the random variable %(Un —0)
converges to the distribution function of the standard normal law.

The research paper [18](see also [19, 20]) was devoted to adaptation the results
of K. Yoshihara to triangular array schemes. Sh. Khashimov in [18] considered the
case of second-order U-statistic whose kernel f(x1,x2) = f,.(21,22) can change for
n — oo. Again, the method of W. Hoeflding [1] was used.

The method of moments was no less promising for studying U-statistics in
the triangular array scheme for dependent random variables. Back in 1975,
V. Mikhailov [21], using the direct application of this method, derived sufficient
conditions for asymptotic normality for a special case of U-statistics of a sequence
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of finitely dependent random variables in a triangular array scheme (let’s call it the
wide triangular array scheme), where for n — oo changes are allowed both to the
kernel f,(x1,...,2y) and the distribution of the sequence X, 1, X, 2,... (now in
the notation we have to indicate dependence of the kernel and distribution on n).

A modern variation of the method of moments which was proposed by Svante
Janson [22, 23] and upgraded by V. Mikhailov in [23] and by M. Tikhomirova
and V. Chistyakov in [24] allows to obtain simpler and substantially more general
sufficient conditions for the asymptotic normality of U- and V-statistics of any
order of a sequence of random variables satisfying the absolute regularity condition
in the wide triangular array scheme which we present in this paper. These results
complement the results of K. Yoshihara [13] and V. Mikhailov [21].

It also should be noted that for problems related to tuples in a discrete random
sequence (see, e.g., [8, 9, 25, 26]), the present results allow to consider the case of
simultaneous consistent growth of the length of the random sequence n and the
length of the tuple s to infinity. A separate work is supposed to be devoted to these
applications.

1. LimMIT THEOREMS

Let us formulate the following conditions:

Condition A. Let (X, )2, for every n = 1,2,... be a strictly stationary
sequence of real random variables (e.g., the joint probability distribution function
of (X4, +-)7, is equal to the joint probability distribution function of (X, ., )7,
for all 7,t1,...,t,, = 1,2,...,00 and all m > 1) satisfying the absolute regularity
condition (2).

Condition B. Let fn.j,,... 5.
n>land1<j1,...,5-<n:

:R” — R be a bounded measurable function for every

‘fn;jlvnvjr(le?‘ . ":Z:j'r‘)‘ < F, <oo.

The functionals called the nonhomogeneous U -statistic and V -statistic with the
kernel f,;, .. ;. are given by the formulas (the definitions are given in [1] or [12]):

r

(3) Up =Un(Xn1,-- o, Xnp) = Z JrsgrserXngis -5 Xnj )

1<j1<...<jr<n

(4) Vo =VaXntso s Xnn) = D oo X Xz,

Jiseendr=1

respectively (in contrast to the traditional definition (1), the factors 1/C! and 1/n"
are omitted before the sums).

Let
U*: Un_EUn V*: Vn_EVn
" pUu, = " DV,
Theorem 2. Let Condition A and Condition B be satisfied. For n — oo, let
the distribution of (Xnt)i2, and the other parameters marked by indexr n vary
so that there exist the sequence of natural numbers (m,)22 ; and the real number
bo € (0,2/3] such that for all b € (0, bo]

F2m2-bp2(r=1)+b
DU,

b anzr
DU,

() + (Bu(mn))
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Then the moments and distribution function of the random variable U} converge to
the moments and distribution function of the standard normal law.

A similar statement holds for V-statistics.

Theorem 3. Let Condition A and Condition B be satisfied. For n — oo, let the
distribution of (X, )52, and the other parameters marked by index n vary so that
there exist the sequence of natural numbers (my,)>2, and the real number by €
(0,2/3] such that for all b € (0, by]

Fgmifbn2('r71)+b bF,,Qanr
©) DV, + (Bnlmn)) 7

Then the moments and distribution function of the random variable V' converge to
the moments and distribution function of the standard normal law.

— 0.

We consider a special case in which the absolute regularity coefficient (2)
decreases faster than any degree of ¢ for ¢t — oco.

Theorem 4. Let Condition A and Condition B be satisfied. Let the number F,, be
fized starting at some value of n, n — oo, and the distribution of (X, +)72, and the
other parameters marked by index n vary so that

Bn(t) <t™h® DU, > Cn?0—Y+= 0 x>0,

where the positive function h(t) — oo for t — oo. Then the moments and
distribution function of the random variable U} converge to the moments and
distribution function of the standard normal law.

Theorem 5. Let Condition A and Condition B be satisfied. Let the number F,, be
fized starting at some value of n, n — oo, and the distribution of (X, +)72, and the
other parameters marked by index n vary so that

Bn(t) <t™h® DV, > Cn20=D< 0 x>0,

where the positive function h(t) — oo for t — oo. Then the moments and
distribution function of the random wariable V) converge to the moments and
distribution function of the standard normal law.

2. ON THE METHOD OF PROVING OF LIMIT THEOREMS

In 1988, Svante Janson [22] proposed a simple technique for deriving sufficient
conditions for the asymptotic normality of bounded random variables Y7,..., Y
with a joint distribution described by the dependency graph. Only one vertex in the
dependency graph corresponds to each random variable Y;, and these vertices are
connected by a set of edges. The following condition is satisfied:

if 71 and 75 are two disjoint subsets of graph vertices such that no edge of the
graph has one endpoint in #; and the other in %5, then the sets of random variables
{Y;,i € 71} and {Y;,i € ¥5} are independent.

In [23], this approach was presented more generally and was subsequently used
in numerous research studies devoted to the study of asymptotic distributions of
functionals depending on a sequence of independent random variables ([4, 5, 10, 11]).
Finally, in 2015, M. Tikhomirova and V. Chistyakov [24] proposed a modification
of the method [22] and [23] which is applicable to the families of random variables
with a complete dependency graph, but the majority of dependencies between the
variables are weak.
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Remark. A year after [24], the paper [27] appeared on the site arXiv.org and
was devoted to transferring the approach by [22] and [23] to the case in which
the dependency graph is a complete graph, but the majority of dependencies
are weak. In [27], the joint distribution of a set of quantities is described by a
weighted dependency graph in which each edge is assigned a numerical characteristic
(weight), which describes the degree of dependence between adjacent variables in a
certain way. The form of asymptotic normality conditions in [27] resembles similar
conditions of [23], but the values included in the conditions are now determined by
the weighted dependency graph. The results of applying the conditions by [27] to
specific problems are presented in [27] and [28].

We present the main result of M. Tikhomirova and V. Chistyakov [24]. We assume
that the joint distribution of the variables Yi,...,Yr, |Y;| < F < oo, is determined
by the characterizing graph I'. This is an undirected graph with the set of vertices
¥ ={1,...,T} and the following properties:

1) the graph I" contains the loop at every vertex;

2) for any natural number R, any subset ¥’ C ¥, |#’| < R, and any of its
partition {#1, %2} (i.e., Y1 N ¥, = @&, Y1 U ¥4 = ¥') such that there are no edges
connecting vertices from ¥; with vertices from %3, there is a number v € (0,1)
such that

< yrF

(7)

B( 1 ) (1T )s( 11 %)

tey’ teN teYs

For any subset ¥’ C ¥, we define its set of strong dependencies L(¥#”) as the
set of those vertices of I' that are connected by the edges with vertices from the
set ¥'. Let F(¥') = o{Y;,t € ¥’} be o-algebra generated by the random variables
(Yi,t € ¥'}, M = Y] E|V;], and

(8) Qr = Y E(WIF(), R=12...

= max
YICY V<R
71s teL(V")

We put

T
Sr=> Y, Si=(Sr—ESr)//DSr.
t=1
We suppose that the joint distribution of the random variables Y7,...,Yp
depends on the natural number n assumed as a parameter. All characteristics
mentioned above also depend on n: T' = T,,, F = F,, yr = Yrn, M = M,,
Qr = QRrn, etc.

Theorem 6 (Theorem 1 from [24]). For n — oo, let the numbers T,, — oo, the
joint distribution of the random wvariables Y1,...,Yr, , and the other parameters
marked by index n vary so that by € (0,2/3] exists such that for all b € (0,by] and
any natural number R

Mr(;(QRm)Z_b
DSz,

(FnTy)?

— = 0.
DSt,

(9) +hn
Then the moments and distribution function of the random variable ST, converge

to the moments and distribution function of the standard normal law.
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3. PROOFS OF THEOREMS 2 AND 4 FOR U-STATISTICS

The number of summands wy,(j1,...,77) = fagi,ir(Xngiso o, Xnj.) in (3)
is T,, = CI (we recall that C! denotes Binomial coefficient). We construct a
characterizing graph for the family of random variables wy,(j1, ..., j,) as follows.
We define some positive integer number m and denote the characterizing graph by
Fn,m-

Each variable wy, (j1,...,jr) is one-to-one assigned to the vertex a = (j1,...,Jr)
in the graph I, ,,. We denote the set of vertices by #(I,m). The total number of
vertices in the graph I, ,,, is T5, = C),.

The set of edges is defined as follows:

1) the graph I, ,,, contains the loop at every vertex;

2) the vertices a = (j1,...,Jr) and & = (51, Y = V(Lnm), o # @&, are
connected by the edge from I, ,,, if and only if at least one of inequalities holds:

(10) ljk — g1l <m, kil=1,...r
We show that I, ,, satisfies the property (7).

Lemma 1. Let conditions A and B be satisfied. Then for any set ¥' C ¥ (Lym)
and its partitions ¥1 U ¥ = ¥’ such that ¥4 N ¥ = &, where there are no edges
with one endpoint in Y1 and the other endpoint in V3,

E( 11 fn;jl,...,jr(Xn,ju-~-7Xn,jr)> -

acy’
- E( IT £ jr(Xn7j1,~'-aXn,jr)>E< II fein... jr(Xn,ju-'-»Xn,jr)) <
aEN aEYs
(11) < 8|7'|F)18,(m).

The inequality (11) shows that the condition (7) is satisfied for the graph I5,
for every n and
(12) YR = YRn,m = 8Rﬁn(m)

We need the following statement to derive Lemma 1.

Let I = (il,...,i|1‘), 1 <4 <. < i|1| < n, and I = (ill,...,iil/l), 1<
i <...< iil/l < n, be the sets of natural numbers, and g; and g, be measurable
functions of || and |I’| real variables, respectively.

Lemma 2. Let the strictly stationary sequence of random variables (X:)$2, satisfy
the absolute regularity condition (2) with the coefficient S(m), |1 (Xs;é € I)| < FY,
lg2(Xi;i' € I')| < F”, and

1 . - )
(13) emin {li -4 >m}

Then
|E{g1(X;;i € Iga(Xir;7' € I')} —Eg1(Xy5i € I)Ega(Xy;d' € I')| <
(14) <8I+ |I'))F'F"B(m).

Proof of Lemma 2. The sets I and I’ can be one-to-one split into disjoint subsets
I'=1LU...Ul, and I' = IU...UI],, where 1 < 51,50 < |[I|+[I'], |s1 —52| € {0, 1},
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satisfying one of the following two conditions:

(15) maxi’ < mini, maxi< min ¢, k=1,..., max{sy,s2} — 1,
i'ely, i€l i€l i'el;

(16) maxi < min i, maxi < min i, k=1,...,max{sy,s2} — 1.
i€l el i'ely, 1€lk41

We put

X(Iy)=(Xpiely), k=1,...,s1,
X(I) = (Xi i €1}), k=1,...,8.
Then, we can write

g (Xizi € 1) = g1 (X(N),...,X(Ls,))
gg(Xi/;i/ S I/) = g2 (X(I{), e 7X(Igz)) .

According to the order (15), (16), we denote I and I, by combined notation
Hy. In the first case Hy = I{,Hy = I, H3 = I}, ..., and in the second case H; =
Ii,Hy = I}, H3 = I5,.... Therefore, we use the notation X (Hy) = (X;; ¢ € Hy),
k=1,...,81 + s2. It follows from the definitions that
(17) min i —maxi>m, k=1,...,81+ s — 1.

1€HR 11 1€EHy,

Let X(I).), X(I,), X(Hy) be mutually independent copies of the random
variables X (Iy,), k=1,...,s1, X(I}.), k=1,...,80, X(Hy), k=1,...,51 + 2.

We use the notation

(18) Waii e TUI) = gi(xg;i € Dga(zy; i € 1)

and

(19) ho(zi;i € TUI) = h(xy;0 € TUT,

where 0 = (01,...,0s,+s,) 18 & permutation of the numbers 1,2,..., 51 + s3 such
that

(20) h(Xl-:iEIUI’):hg(X(Hl),...,X(HlerSQ)).

We use one result of K. Yoshihara (see [13], Lemma 1). It refers to a more general
case and, in particular, instead of the boundedness of the function A, it requires the
property E|h(x;;i € TUT')|'T < Bs < oo for some § > 0.

In our case, Bs < (F'F")'*° < oo for every § > 0. Thus, Yoshihara’s lemma
gives that

|Ehe (X (Hy), X (Hs), ..., X (Hs ts,))—
~Eh, (X (Hy),X(Hz),..., X (Hg4s,))| <

: 1/(1+96) 5/(146) Il
< inf {48}/ (B(m))" 1+ } < 4P F3(m).

Analogously, we derive the inequality
|Eha (:L'(Hl), X(HQ)a X(H3)a AR X(Hsl-i-sz)) -
~Eh, (z(H1), X (Hs), X (Hs), ..., X (Hy,+s,))| < AF'F"B(m).
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for the function h, (z(Hy), X (H2), X (Hs), ..., X (Hs, 1s,)), where z(Hy) = (25 €
Hy). It follows that

|Eh, (X (Hy), X (Hs), X (H3),..., X (Hg 1s,))—
~Eh, (X(Hy), X (Hs), X (H3), ..., X(Hy,1s,))| < AF'F"B(m).
We carry out similar estimates for other differences. The last among them is
|Ehe (X(Hy), X (Hs), ..., X (Hg, 15,-1), X (Hs, 15,)) —
~Eh, (X(H1), X(Hs), ..., X (Hy,455-1), X(Hs,15,))| < 4F'F"B(m).
Summarizing the obtained estimates and using the triangle inequality, we obtain
|Eh0' (X(H1)7 X(HQ)a s 7X(H31+S2))7
—Ehg(X(Hl),X(H2)7...,X(H51+52))‘ <
(21) < 4(s1 + so)F'F"B(m) = 4(|I| + |I'|)F'F" B(m).
It follows from ( 8), (1 ) (20), (21) that
—E{gl( X (1), X( ) ---7X(Isl)) (X(Il)yX(I )s - X(1,)) }] <
(22) <A +|I')F'F"B(m).
Analogously (21), we derive the inequalities
[Egi (X (1), X (L)) = Bou (X (D), ..., X (L) | < 41TIF'B(m),
[Ego (X(1),-, X(1L,)) = Bga (X (1), ..., X(1L,)) | < 411 [F"B(m).
It follows from these inequalities, the inequalities
E|g(X(I1),....X(I;,))| < F', E|g(X(1}),....X(I,))| < F”
and the triangle inequality that

\Egl(xulx...,X<ISI>)E92(X<H)7... X(12,))~

—Egl(fo) X, >) 2(X(1), ., X(1L,)| <
< Bl (X(1), . X (1) |[Boa(X (T ... X (11,)) - Eg2( (1), X (1) |+
+E|g2(X(Ii)7aX 32 ‘Egl (Il)a"'vX(Isl))_Egl(X(Il)v'--7X(Isl))‘ <
(23) <A+ I')F'F"B(m).

The formulas (22), (23) and the triangle inequality give (14). O

Proof of Lemma 1. Lemma 1 is immediate from Lemma 2, if we consider that
| frijn,n (@1, .., 2p)| < Fp and |I] 4 [I'| < |¥7|. Thus, (14) leads to (11). O

Proof of Theorem 2. We estimate the quantities in the condition (9) for our case.
We begin with

24 n.m — E n~ n 9 ’1/, )
24 Quam=,  max S0 B (wa(@)o{w(a)a V)

GEL(V)

where we recall wy, () = frjy, 5 (Xnjry s Xnj,)-
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The set of strong dependencies L(a) = Ly, ,, () for the vertex a = (j1,...,7,) in
the graph I, ,, is the set of vertices & = (j1,...,Jr) € ¥ (I.m) for which at least
one of the inequalities (10) holds. The number of the elements of this set satisfies
the inequality
(25) |L(a)| < r2(2m +1)Cn 1.

The set of strong dependencies L(¥") = Ly ., (¥”) for the set ¥' C ¥ (Lnm) is
given by the formula

L= Lo

and satisfies the inequality <
(26) L] < v (2m + )0,
From formulas (26), |fn.r.....in (Xnojis - s Xnj)| < Fy and (24), we have
(27) Qrnm < r?RE,(2m +1)CL L
We note that, in the case under consideration,
(28) M, = Z E|fn;j1,...,jr(Xn,j1 AR Xna.j'r') < F.Ch.

1<j1<...<jr<n
The use of (11), (27), (28), equality (12), and the above cited Theorem 1 from [24]
leads to the following condition of the asymptotic normality for U,, in the triangular
array scheme: for every natural number R and all b < 2/3
b F2n?"
DU,

Fgm%—an(r—1)+b
DU,

O

Proof of Theorem 4. Let the number F,, be independent of n, £,(m) < m="")
where h(m) — oo (m — o0), and DU,, > Cn?"=D+* where C,» > 0. In this
case (5) follows from the formula:

(29) mifbnbf% _’_m;h(mn)bnﬂrfl)f% 0.
Let us examine this. We put
m, = [n(”_bo)/‘l] , 0<by<min{2/3,s},

then, the expression in the left side (29) for 0 < b < by and n — oo can be estimated
by O (n(bo=/2) — 0. 0

4. REMARKS ABOUT PROOFS OF THEOREMS 3 AND 5 FOR V-STATISTICS

The proofs of Theorems 2 and 4 for V-statistics are completely the same,
with the only difference that the graph I, ,, contains n” vertices, and in the
formulas (25), (26), (27), and (28) the binomial coefficients C must be replaced
by n®, s = r — 1,r. The indicated replacement does not affect the form of the
condition (5).

For example, consider the formula (25). Number of elements & = (j1,. .., ;) :
J1,---,Jr = 1,...,n, for which at least one of the inequalities (10) holds, can be
estimated as follows. First, we select the indices k and [, there are 2m + 1 elements
satisfying (10) for each such pair, and the rest of the elements can be any. Thus,

|L(a)] < 7%(2m 4 1)n" L.
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The remaining calculations are carried out similarly.

The authors are grateful to the reviewer for useful comments that improved the
presentation of the results.
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