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FILTRATION IN COMPOSITE INCOMPRESSIBLE MEDIA WITH
VARIABLE PORE SPACE STRUCTURE

A.M. MEIRMANOV, S.A. GRITSENKO

ABSTRACT. This article is devoted to filtration in poroelastic media with
variable pore space structure. Unlike previous works here the poroelastic
medium has a variable pore space structure. The problem consists of two
different settings and based on the problem for two different poroelastic
media with a common boundary.
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1. INTRODUCTION

We consider a bounded domain Q C R? perforated by pores. A pore space (a
liquid domain) Q; is filled with a viscous liquid and there is a solid skeleton 2, =
Q\Qif which is supposed to be an elastic body. As usual, we use homogenization as
the most appropriate method to get a practically significant mathematical model.
To get something solvable and still reasonable, we use the scheme suggested in
[4], [26] and linearize the basic system. That is, we approximate the characteristic
function x of the liquid domain ¢ by its value at the initial time moment

)Z = Xo (X)v
and the free boundary T'(¢) by its initial position T'g.
Various particular cases of the linearization have been intensively studied by

many authors: Buchanan — Gilbert [3], Burridge — Keller [4], Levy [13], Nguetseng
[24], Sanchez-Hubert [25], Sanchez-Palencia [26]. We are based on ideas [15] — [20].

MEIRMANOV, A.M., GRITSENKO, S.A., FILTRATION IN COMPOSITE INCOMPRESSIBLE MEDIA
WITH VARIABLE PORE SPACE STRUCTURE.

© 2020 MEemrMANOV A .M., GRITSENKO S.A..

S.A. Gritsenko’s contribution to the work is supported by state task of the Ministry of education
and science of Russia (project FSWF-2020-0022).

Received January, 1, 2015, published March, 1, 2015.

144
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To apply the well-known homogenization results ([23, 2]), we must consider
special liquid domains €2y and impose the following constraints.

Assumption 1. 1) Let x(y) be some I-periodic function, Y; ={y € Y : x(y) =0}
be the “solid part”of the unit cube Y = (0,1) C R3, and let the “liquid part"Yy =
{y €Y : x(y) =1} of Y be its open complement. We write v = Yy N 9Y;s and
assume that v is a Lipschitz continuous surface.

2) The domain E5 is a periodic repetition in R of the elementary cell Yi =¢€Yy
and the domain ES is a periodic repetition in R? of the elementary cell Y = €Y.

3) The pore space ch cQ= QHE; is a periodic repetition in Q) of the elementary
cell €Yy, and the solid skeleton Q5 C 2 = QN E is a periodic repetition in §) of
the elementary cell €Ys. The Lipschitz continuous boundary I'* = 0QF N0 is a
periodic repetition in Q) of the boundary €.

4) Ys and Yy are connected sets.

Under this assumption
X
Xo(x) = x"(x) = <(x)x(2);
where ¢(x) is the characteristic function of the domain .
In dimensionless variables

N NN F—>F L
X—> =, W— — — — —5
L7 L) 7_? g?p po?

where L is the characteristic size of the physical domain in consideration, 7 is the
characteristic time of the physical process, p® is the mean density of water, and g
is acceleration due gravity.

L. . . . .
€= I is the dimensionless pore size, [ is the average size of pores,

ap = ap X"+ aps(1=x°), o =05 x"+0:(1-x°),

L 2 2\

Or = —7, = 7 = 7
gr?’ " TLgp" Lgp®
2v of C; 0s 032

Qy = Wa Qp,f = Tg’ Qp s Lg s
o and gy are the respective mean dimensionless densities of the liquid in pores and
the solid skeleton, correlated with the mean density of water p°.
We introduce the following criteria

To = 21{% ar(e), po= 21{% a#(€)7 Ao = il\I“% ax(e),

¢o = lmapp(e),  clo = lim ay,s(e),

(0% (6%
= 1. i )\ = 1 - -
M1 El\% -2 1 El\% -

For filtration processes 79 = 0.

There are some particular results obtained by W. Jdger and A. Mikeli¢ [7] —
[9] for special geometry of pore space (disconnected solid skeleton) and only for
domains in R2. We study the complete problem in R? for the arbitrary geometry
of corresponding pore spaces. We have considered liquid filtration in at least two
domains with a common boundary, and with different properties in works [21], [22],
where local heterogeneity has a periodic structure.
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As is known, the most rigorous results of homogenization theory are obtained for
very special physical media, when the local heterogeneity has a periodic structure.
Therefore, the objections from opponents of such a method of mathematical modeling
- that the models have a low practical value - are quite reasonable. The situation
is similar to the situation with differential equations with constant coefficients,
and differential equations with variable coefficients. The practical value of the
first is not comparable to the practical value of the latter. But the history of
mathematics shows that the theory of equations with variable coefficients cannot
be constructed without a complete theory of equations with constant coefficients.
The above analogy suggests a way to solve the problem of mathematical modeling
of physical processes in macroscopic inhomogeneous media. The detailed analysis of
the homogenized problems in composite domains permits the derivation of homogenized
models allowing for the variable geometry and elasticity of the solid component.

Expressly, let Q be a domain in consideration and ) = {K{*, ...,K](\‘,?} be
a partition of € into nonintersecting subdomains with a diameter §. All physical
and geometrical characteristics of the medium are assumed to be constant in the
given subdomain Kgf). The problem as formulated for a fixed ¢ is defined by the
characteristic function of the pore space x(?)(x,y). This function is 1-periodic in
y and piecewise-constant in x. The homogenized model obtained, depending on
the parameter 9, has been already studied above and admits a subsequent limit
as 0 — 0, which leads to the final homogenized model,taking into account the
macroscopic inhomogeneity of the continuum.

Note that the formal justification of the symmetry of the diagram(the limit as
d — 0 for fixed € and then the limit as ¢ — 0) is not physically rigorous, because the
diameter & of the subdomain K” cannot be less than the characteristic size ¢ of
pores in the solid skeleton. Nevertheless, for sufficiently reasonable agreements the
limit as n — oo leads to the homogenization problem with a characteristic function
of the pore space x(x,y) = lims_,0 x(*) (x,y) (in each xq € Q there is a proper pore
space, defined by the characteristic function x(xo,y)). The homogenization of this
problem coincides with the final homogenized model, obtained before. This proves
the correctness of our approach.

The problem consists of two different settings and based on the problem for
two different poroelastic media with a common boundary. In the first setting we

consider an arbitrary partition IT® = {K® KI(\‘,?} of the domain €, where the

structure of K ;6) is defined by the characteristic function x(%), and pass to the
limit as € — 0. After that pass to the limit as 6 — 0. In the second setting we
consider the same partition, but firstly pass to the limit as § — 0 and after that
pass to the limit as ¢ — 0. In both cases we obtain the same result.

2. THE PROBLEM STATEMENTS AND MAIN RESULTS

We will try to model non-periodic poroelastic media with a variable structure
in the domain €2, described for ¢ > 0 with the characteristic function xo(x) of the
liquid domain €. To do this we use the standard procedure of approximation of
variable coefficients by means of step functions.

Suppose that for some small positive §

Xo(X) = Xa(5) ho =X oy = of', for x € K7,
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where x,(y) is a 1-periodic in y function,

N
o = const, o' = const, Q= U Kr(f),

n=1

and for § > 0 the cube K}@ is an intersection of the domain 2 with the cube § K,

K =[0,1 c R® ItK\) N Itk = for m # n.

Let
X y) = xa(), A () = A5, 07 (x) = off for x € K
be step functions in the variable x. Then x(%) (x,y) is a l-periodic function in the

variable y.
Now, as usual, we consider in the domain Q for ¢t > 0 the problem

(1) V-wo =0,

. owde
(2) V- (Xé7 aM]D)(x, 7

with the characteristic function

X
K<) = xOx, )

) + (1 _ Xé,s)/\(()ts)D(x,W&s) _pé,s I[) + QS,EF =0,

of the pore space Q‘}’E, the solid density Qgé) (x), and the elasticity coefficient )\86) (x),
depending on the variable x € €2 and the small parameter & < 4.
The problem is completed with the boundary condition

(3) woe(x,0) =0, x€ 8§ =00, t >0,
and initial and normalization conditions
(4) X[S’E(X)Wé’e(x, 0)=0, xe€Q,
4,
X"°(x) 5. _ (8) () — ©)
(5) o m((;) (X) p (Xv t)d$ - 07 m (X) - v X (Xv y)dy

In (2)
(%) = X" (x)or + (1 - x"*(x)) ol (%).
Differential equation (2) is understood as an integral identity

(6)
r Jd.e d,e 690 (%) d,e J,e
/o /Q (—aux”*D(z, w*) : D(z, s )Xo (1=x*%)D(z, w>®) : D(z, ¢))dzdt =

T
/ / (p*=(V - @) + 0°°F - p)dzdt
o Jo

) o 1,0
for all functions ¢ vanishing at ¢t = T', such that ¢, a—f EW, (Gr).

Throughout this paper we impose Assumptions 1, for the structures, defined by
characteristic functions y,(y). We additionally impose

Assumption 2. The solid skeleton Q5 is a connected domain.

Let’s add one more supposition to these assumptions.
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Assumption 3. Let Q = U£Y=1 K,(L‘S), where Kr(f) is an intersection of Q with the

cube 6 K, K = [0,1]* C R3, IntKY) NIntK = 0 for m #n, and

XD (x,y) = xaly), forx e KO

be a characteristic function of the pore space in 2.
Then the common pore space in §) is connected (see [22, 21]), that is, for any

Kff) and Kf,f), having a common boundary,
(n) (m) n m
YO A0 YOy £,

where Yf(") and Y}Sm) are elementary liquid domains and Ys(n) and Ys(m) are elementary
solid domains, defined by characteristic functions x,(y) and x.,(y) respectively.

Next we introduce an extension
W‘SS’E(X7 t) = Eg‘i) (WJ’E)
from the solid part
Q= {xeQ:\9(x, ;) =0}
of the domain 2 onto the whole domain €2, with the following properties:

(1- X‘s’E(x)) (W‘S’E(x, ) — w‘;’s(x,t)) =0, xe, te(0,7),

S

and
/ = (x, ) [2dz < Co / W (x, £)[2da,

/ ID (2w (x, 1)) [Pde < co/ ID (2, w (x, 1)) [2da, t € (0,T),
Q Qs
where Cy is independent of ¢, §, and ¢t € (0, 7).

The existence of such an extension for domains {2 with a non- periodic structure
is proved as well as the existence of the extension for domains Qf with periodic
structure (see "Extension results"section).

Under these assumptions for solutions {w%¢, p?¢} of the problem (1) — (5) all
statements of our previous works [21], [22] hold true, which we reformulate as the
following theorems.

Theorem 1. For all ¢ > 0 and for arbitrary time interval [0,T] there exists a
unique generalized solution of problem (1) — (5) and

«
1) g, [ 0 (D w )+ w5 t) = i ) ot

T
/ / (|77575|2 + )\(‘)5|]D)(x,w575)\2)dxdt < Co2,
o Ja
where Cy is independent of ¢, )\g for )\86) > A7, and

t
7r5’5(x,t):/ P (x, 7)dr,
0

0<t<T

P? = max / |F(x,t)*dz < oo.
Q
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Theorem 2. Let
o =0, py = oo, O<)\_</\(()5)(x)<)\+<oo7
{w?%s p%e} be the weak solution of the problem (1) — (5),

t
(%, 1) = / PP (x, ),
0

and w3 = Eq: (W*€) be an extension from the domain Q3° = {x € Q: x*(x) =
0} onto the domain Q.
Then the sequences {w>} and {x>*7%¢} converge weakly in La(27) and Ly(Qr)

(%) (d)

as € — 0 to the functions ws’ and m® T respectively, and the sequence {wg’g}

converges weakly in WQLO(QT) as € — 0 to the function w',

The limiting functions solve in the domain ) for t > 0 the homogenized system,
consisting of the homogenized momentum balance equation

(8) VP (x) + 0V (x)F =0,
(9) P () = A§” () 9 (x) : D(ar, i) — i .
and the continuity equation
(10) vV-wl® =0
The problem is completed with the normalization condition
(11) /ngfs) (x,t)dz =0
and the boundary condition
(12) w® =0
on the outer boundary S fort > 0.
In (8), (9)
or'®
pf = 5 0000 =mx) gf + (1= m () ol (x).

the symmetric strictly positively definite fourth-rank tensor ‘)’ii"S(x) s given at point
x € Q by the formula
3
(13) () =9+ (D(y, Uy )y, ®T— (Y Pe”)wIe ¥ —(PV)y 10l
i,j=1
for the pore space with the characteristic function X(‘s)(x7 y)

Proof. The proof is similar to the proof of the theorems from works [21], [22], so
we only give the main formulas here, omitting index J.

A priori estimates of the previous theorem) guarantees the boundedness of
sequences {we}, {eD(z, w*)}, {x* we}, {wi}, {D(z, w))}, {x*7=}, {(1 —x")m=}
and {7 ¢} in Lo (Q7) and L2 (Q7). Therefore, these sequences, except {& x° D(x, w®)},
weakly converge in Ly(Q7) and Ly(Q7) to functions w, w'), w,, D(z, w,), mmy,
(1 —m)m,, and m = mmy + (1 — m)7, respectively.

Owing to Nguetseng’s theorem, there exist 1-periodic in y functions

W(x,t,y), D(y, W(x,t,y)), W (x,t,y), D(y, Ux,t,y)),
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Hf(X, t7 Y)a HS(X7 ta Y)7 and H(Xa t7 y) = Hf + Hs
such that the above mentioned sequences, including {e x° D(x, w*®)}, two-scale converge
in Lo(Q7) and L2(Q7) as € — 0 respectively to

W, x(y)D(y, W), W w,, D(z, ws) +D(y, U), Ty, T, and I.
The same theorem of Nguetseng states that
W = x(y) W, W =W + (1 - x(y)) wa(x, 1),

Iy = x(y) I, I, = (1 - x(y)) I,

and
W7 D(y,W), ]D)(yvU)a ITe LQ(QT X Y)
The two-scale limit in the continuity equation in the form
(14) we - Védxdt =0
Qr

with test function £ = Efo(?)h(x, t), where functions & (y) are finite in Y7, results
in the microscopic continuity equation
(15) Vy-W=0, yeY;.

The two-scale limit in the continuity equation gives us the missing microscopic
continuity equation

(16) (1-x)(V-we+V, -U)=0,yeY.

The microscopic problem is completed with the normalization condition

(U)y, = / Udy = 0.
Y,

D(y, U) =B;(y) : D(x, ws),

and
3

N =1-m) Y JV@I7+ B))v.,
ij=1
where )
J7 =3 (ei®e;+e;@e),
{e1,e3,e3} is a standard Cartesian basis, and the fourth-rank tensor A ® B is the

tensor (direct) product of the second-rank tensors A and B: (A®B) : C = A(B: C)
for any second-rank tensor C.

(am) v, (1= 0@ w.) + Dy, U) = - (P~ p)T)) =0,

and will look for a solution of (17) in the form

3
U= Y U (y)Di(x.1),

ij=1

3
Po—pr=X Y. P (y)Dij(x.t),

4,j=1
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where 1,8 5

- _ U Uj _

Dl](xvt) 2(65(}]‘ (X,t) + 65(17; (Xat))v W (u17 U2, Ug),

.’E WS Z ‘DU Jz
3,j=1

and
as) Y, (=0 @@ U +17 - A1) =0, ye v,

(1-x)V,- U =0, y eV, <Ué”>>s=o
(19) W (om) Y eI+ S DUy, 91

3,7=1 1,5=1

To find 9§ we have to calculate expressions (D(y, U))y, and p as operators on
D(x,ws) and (V - wy):

(1 —m)D(z, w,) + (D(y, U))y, =
N D(w, we) + (D(y, UD))y. (V - ws) = (ms + (D(y, UDY)y, ®11) - Dz, W),

p=(P)y =(xps+ 1 —=x)Ps)y = oy + (1 —x)(Ps —pf))y =

3
pr+ (P —pp))y, =psr +Xo( D Py, Dij + (P Py, (V- wa),

ij=1
and
pH - f]I =
3
(ot >> P vd@3) s D, w,) + (Mo (P )1 (V - w,) =
ij=1
3 .
(/\O< 3 PYyI®TY 4 A (P >YSH®H> D(z, w,).
ij=1
Therefore,
3
N =N+ (D(y, UP))y, @1— (> PNy 1017 — (PP )y Iel
ij=1

We refer to the problem (8) — (12) as the homogenized model (IF(CM)%).
Theorem 3. Let
o =0, 0 <\~ <y, Af{s)(x) <At < oo,

{w<, p®<} be the weak solution of the problem (1) - (5), w® = Eq: (w*<) be an
extension from the domain Q5 = {x € Q: x>¢(x) = 0} onto the domain Q, and

¢
7r5’6(x7t):/ P (x, 7)dr.
0
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Then the sequences {x>° 7%}, and {x>° W%} converge weakly in Lo(Qr) and
Lo(Q7) as e — 0 to the functions m(®) 9 and w®) respectively, and the sequence
!
{w?<} converges weakly in W;’O(QT) as € — 0 to the function wgé).
(9)

The limiting functions 71';6), w(h) | and Wgé), where ngfs) € La(Q7), Tg €

Lo (1), solve in the domain Q for t > 0 the homogenized system, consisting of the
continuity equation

(20) V. (WO 4 (1-mP(x))wl®) =0,
the homogenized momentum balance equation

(21) VB (x) + 0 (%) F =0,

22 X) = x) N0 (x) : D(z, w -p
(22) P (x) = A (%) 95 (x) : D(a, W) = pi T

for the solid component, and Darcy’s law in the form
, 1 t
23)  w) =m®(x)w?® + ;B(é) (x)- (- Vﬂ'}é) + Qf/ F(x,7)dr)
1 0

for the liquid component.

The problem is completed with the normalization condition (11), the boundary

condition (12) for the solid displacements wgé), and the boundary condition

(24) w®H(x,t) - n(x) =0
for the liquid displacements on the outer boundary S for t > 0.
In (20) — (24) n(x) is a unit normal to S at x € S,

or'd
P = =5 00 () = m(x) o7 + (1= m® () o) (),

the symmetric strictly positively definite fourth-rank tensor ‘)”(i’%x) is given for
almost all points x € Q by (13) for the pore space with the characteristic function
XO(x,y), the symmetric strictly positive definite matriz B(®) (x) is given for almost
all points x € Q by

3 3
(25) BO(x) =2 ( ; VO (y)dy) @e; =2> (VO)y @e,
i=1 r i=1

for the pore space with the characteristic function X(‘S)(X,y)

We refer to the problem (11), (12) — (24) as a homogenized model (IF(CM)&?.

Proof. Asin the previous theorem, we will give a brief scheme of the proof, omitting
index 4.

The two-scale limit in the integral identity corresponding to the continuity
equation with special test function gives us the microscopic continuity equation

(26) Vy-V=0,yeY.
The following equalities hold true
(27) P(x,t,y) = x(y)p(x,1), Q(x,t,y) = x(y) ¢(x,1).
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In the same way we arrive at the equation
(28) /Q (sao(x, t) /Y (1D(y, V) : Dy, 1) — osF - 1 (y))dy—
T ¥

Vepo(x,t) - (/

Yy

/Q (¢o(x,t)a(x,t) + ¢ Vo (x,t) - b)dad = 0,

P1(¥)x(¥)(¥)dy) q) dadt =

where
a(x,t) :/ (1D(y, V) : D(y, 1) — 0fF - 1(y))dy,
Yy
b= —/ ©1(y)dy = const.
Yy
Due to Lemma 5 we first may choose ¢; such that b = e;,7 = 1,2,3, where

{e1,eq,e3} is a standard Cartesian basis. Nguetseng’s Theorem guarantees that
a € La(Qr). Therefore,

Vq € Loy (QT)
Next we reintegrate (28) with respect the variables (x,t) and arrive at the microscopic
equation

(29) %Ayv—va—qufF:o

in the domain Yy, which is understood in the sense of distributions. Here we have
used the equality

vV -D(y, V) = %AV—i— %V(V~V),

and the continuity equation (26).

The term V,II(x,¢,y) in (29) appears due to the orthogonality in Lo(Y7) of the
set of all divergence free vectors ¢ to the set of gradients V,II of scalar functions
II.

The two-scale limit in the equality

(I=x5)v" =0
gives us
(1-x)V(x,t,y) =0, or V(x,t,y) =0, y € V..
The last condition and the regularity condition (??) result in the boundary condition
(30) V(x,t,y) =0, y € y=0Y;N0Ys.

Let e;, i = 1,2, 3 be the usual Cartesian basis in R? and

3
2
— ( - Vg+ ng> = Zzi(x,t)ei.
K1 i=1
Then the solution V of the problem (26), (29), and (30) has a form
3

3
(31) V:ZziV(i)()’)Z%(ZV(i)®ei>-(—Vq+QfF),
=1 =1
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where the 1-periodic function V() (y) solves the periodic boundary value problem
ANV —vQY = —e;, ye Yy,

(32) V-V =0, yevy,
v = 0, yen.

The existence and uniqueness results for the problem (32) and the properties of the
matrix

3 3

B=2% (| VOy)dy) e =2) (VO)y, @,

i=1 JYr i=1

follow from the energy equality

(33) / vV . vV gy :/ e; - VUdy
Yy Y,

O

We have not formulated all statements for a medium with a variable structure in
this paper. In our future work, we will prove several more theorems and complete
the construction of a mathematical model with a variable properties of the medium.

3. AUXILIARY STATEMENTS

3.1. Two-scale convergence. The method of two-scale convergence was proposed
by G. Nguetseng [24] and has been applied to a wide range of homogenization
problems (see, for example, the survey [14]).

A sequence {w®} C Ly(Qr) is said to be two-scale convergent to a function
W(x,t,y,T) € Ly(Qr x Y), 1-periodic in the variables (y,7) € Y x (0,1), if and
only if for any function o = o(x,t,y,7), 1-periodic in (y,7)

X
9

Ydxzdt —

M | =+

)

(34) /Q wf (3, )0 (%, 1,

1
/ (/ /W(X,t,y,T)U(x,t,y,T)dydT)dzdt
Qr 0 Y

as € — 0.
In what follows we restrict ourself to the test functions o = o(x,t,y). Then the
relation 34 takes the form

(35) / w (e, ) ., X dadt
Qr

/ (/ W(x,t,y)a(x,t,y)dy)dxdt,
Qr Jy
where
1~
Wixty) = [ Wty i
0

The existence and main properties of weakly convergent sequences are established
by the following fundamental theorem [24, 14]:
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Theorem 4. (Nguetseng’s theorem for vector functions)
1. Any sequence {w¢} bounded in Lo(Qr) contains a subsequence, two-scale
convergent to some function W € La(Qp X Y'), 1- periodic iny.

2. Let sequences {w°} and {eD(x,w*)} be uniformly bounded in Lo(Q2r).

Then there exists a function W = W (x,t,y), I-periodic in'y, and a subsequence
{w®} such that W, V, W € Ly(QrxY'), and the subsequences {w®} and {eD(x, w®)}
two-scale converge in La(Qr to W and D(y, W) respectively.

3. Let sequences {w®} and {D(xz,w*®)} be bounded in Lo(Qr.

Then there ezist the functions w € Lo(Qr) and W € La(Qr X Y) and a
subsequence from {D(z, w®)} such that the function W is 1-periodic iny, {D(z,w) €
La2(Qr), D(y, W) € La(Qr xY), and the subsequence {D(x, w®)} two-scale converges
to the function D(x,w) + D(y, W).

4. Let o € Ly(Y) and 0°(x) = 0(?). Assume that a sequence {w®} C Lo(Qr) two-

scale converges to W € Lo(Qr X Y'). Then the sequence {o°w®} two-scale converges
to the function cW.

3.2. Extension results. The following statements are valid due to the well-known
results from [1, 5, 6, 24]. We formulate them in the forms that are appropriate for
us.

Lemma 1. (Extension lemma for the scalar functions [1, 6])

Suppose that Assumptions 1 and 2 regarding the geometry of a periodic structure
hold true (the domain Qg is a connected set) and w € W3 ().

Then there exists an extension

(36) ws = Eg:(w), Eq- : Wa(Q5) — Wy (),
from the domain €25 onto the whole domain 2 such that
(37) (1—x"(x)) (w(x,t) —ws(x,1)) =0, x€Q, te(0,T),

and

(38) /Q\ws(x,t)\Qd:véCo/ o (x, 1) 2dz,

Qs

/ |Vw,(x,t)]2de < CO/ |Vw(x,t)|*dz, t € (0,T),
Q Qs

where Cy is independent of ¢ and t € (0,T).

Lemma 2. (Extension lemma for the vector functions [5, 24])

Suppose that Assumptions 1 and 2 on the geometry of periodic structure hold
true (the domain Qg is a connected set) and w € W1(9Q).

Then there exists an extension

(39) w, =Eo:(w), Eo:: W5(Q5) = W3(Q),
from the domain Q5 onto the whole domain ) such that

(40) (1= x"(x))(w(x,t) —ws(x,t)) =0, x€Q, te(0,T),
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and
(41) /\Ws(x,t)|2dx<C0/ |w(x,t)|2alan7
Q Qs

/ ID(x, ws)|*dz < co/ ID(z, w)[*dz, t € (0,T),
Q Qs
where Cy is independent of ¢ and t € (0,T).

ol o 1
For w €W, (2) (W €W, () these statements do not guarantee the inclusion

1 1
Wi EI/OVQ () (ws G\ONQ (2)). But for the special geometry of the pore space the
extension permits this inclusion, namely, the following lemma holds true.
Let the first geometry of the pore space be connected solid and liquid parts, and
the second geometry be disconnected solid part

Lemma 3. (Extension lemma for the special geometry [10, 24])

Let Assumption 1 hold and w 6\3\72 (Q).

Then for the first geometry of the pore space there exist extensions w, = Eq: (W)
1
from Q5 onto Q and wy = Eq: (w) from Qf onto Q such that ws, wy G\C;VQ (Q)

and the estimates 40 for ws and w¢ hold true.
For the second geometry there exists the extension wy = EQ? (w) from Q? onto

o 1
Q such that wy €W, () and the estimates 40 for w¢ holds true.
If for the second geometry additionally V- w =0 in §, then V- wy = 0 in .

Sometimes we do not need the homogeneous boundary condition w; = 0 on 952,
but we do need the estimate

(42) /|ws|2dx<C’/ |D(z, w,)|>dx
Q Q

with the constant C' independent of ¢.
For this case we prove the following statement.

o 1
Lemma 4. Under the conditions of Lemma 2 let w €W, (£2).
Then the estimate (42) holds true.

Proof. Let @ be a cube, 2 C @, and u be an extension of w such that u = 0

o 1 o 1
for u € Q\Q. The inclusion w €W, () implies u €W, (Q). For the domain Q
we may define the solid part () and the extension u, in the same way as for the
domain  we have defined the solid part €2 and the extension wy. It is clear that

1
u, 6\3\72 (Q) for sufficiently large Q5.
Thus, we may apply the Friedrichs—Poincaré inequality

/ lu,|?de < C/ |D(z,u,)*dz.
Q Q
It is also clear that

u, = w,inQ and / |WS\2dz§/ \us|2dx.
Q Q
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Therefore
/ |we|?dx < C’/ |D(z,u,)*dz.
Q Q
Lemma 2 states that

/ Dz, u)[2dz < C [ |D(w,w)da.
Q

Qs
But
/ |D(x,u)|*de = / |D(z,w)|>dx =
Qs Q5
/ |D(x, wy)|>dz < / |D(x, w,)|*dzx.
Qs Q
Gathering all together we arrive at the desired estimate (42). ]

Lemma 5. For any unit vector e there ezists a solenoidal vector function u(y)
satisfying condition

(43) (w)y, =e.
and the condition suppu C Y7.

Proof. Let B C Yy be a ball and u(y) be a nontrivial solution of the problem

(44) Au—-Vp=f, yeB,
(45) V-u=0, yeB,
(46) u=0, yecoB

with some fixed function f(y).
We may always assume that

/ udy = eg, with |eg| = 1.
B

Let T be the orthogonal matrix and T - eg = e.
Then in the new variables z = T -y the function v(z) = T - u(y) satisfies the
problem

(47) AN, v—V,q=F, z€ DB,
(48) V.- v=0, veEB,
(49) v=0, z€ 0B

where F(z) =T - f and ¢(z) = p(y). By the construction

e:'IF~e0:/']T~udy:/vdz.
B B
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4. DESIGNATIONS

Notations of functional spaces and norm there are the same as in [11], [12]
I — identity matrix;

1
D(z,u) = i(Vu + Vaul);

B:C =tr(B-C7), where B, C — second-rank tensors;
a ® b — dyad, for any vectors a, b, ¢: (a®b)-c=a(b- c);

|
J9 = §<ei ®ej+ejRe;), {el, es, es} — standard basis in R?;

A ® B — fourth-rank tensor;
(A®B): C=A(B:C) for any second-rank tensors A, B)C.
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