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A SEMILATTICE OF DEGREES OF COMPUTABLE METRICS

RUSLAN KORNEV

ABSTRACT. We study the ordering CM.(X) of c-degrees of computable met-
rics on a Polish space X with a distinguished dense subset. It is proved that this
ordering forms a lower semilattice. If, for a computable metric p on X, there
is a computable limit point in (X, p), it is possible to construct a computable
metric p’ <. p. Under the same assumption, there exists a computable metric
p such that deg,(p) and deg.(p) have no common upper bounds in CM(X);
thus, CM(X) is not upward directed and is not an upper semilattice.

KEYWORDS. computable metric space, Cauchy representation, reducibility of
representations, computable analysis

In computable analysis, a concept of computability on spaces of cardinality of the
continuum is commonly introduced via representations, i. e., partial surjections from
the Cantor space or the Baire space. The notion of a representation generalizes the
notion of a numbering of a countable set. Computable reducibility, or c-reducibility,
of representations is then defined just in the same manner as in the countable case.
One can define the join V and meet A operations on the set of representations
of X that are compatible with <., making D.(X) a lattice (see [1]). Topological
properties of operations V and A have been studied in the literature; for example,
it is known that d; A do is an admissible representation, given that ¢; and ds are
admissible.

We work within a less general setting. Consider a Polish space X with a distin-
guished dense subset and fix a numbering of this subset. Then we are able to define
a notion of c-reducibility of complete metrics compatible with the topology of X,
based on c-reducibility of the respective Cauchy representations. What can be said
about the degree structure M.(X) of this reducibility, or the structure CM.(X)
of degrees of computable metrics? In the present paper, we are mainly concerned
with lattice properties of CM.(X). It turns out that CM(X) is a lower semilattice.
However, under some conditions CM.(X) fails to be an upper semilattice and even
an upward directed partial order.

The paper is organized as follows. Section 1 contains necessary definitions. In
Section 2 it is shown that CM.(X) forms a lower semilattice under a very natu-
ral operation: c-degree of a pointise maximum of two metrics is the meet of the
degrees of these metrics. Moreover, CM.(X) canonically embeds into D.(X) as
a lower semilattice. In Section 3, given a computable metric p on X and a com-
putable limit point in metric space (X, p), we construct a computable metric p’
on X such that p’ <. p. As a result, deg,(p) is not minimal in CM.(X). This
result is then relativized to show that, if X contains at least one limit point (with
no computability-theoretical assumptions), then the ordering M.(X) of c-degrees
of all complete metrics on X contains no minimal elements and has cardinality
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2% When X does not contain limit points, i.e., is discrete, M.(X) does have a
least element (in fact, when X is finite, M.(X) consists of a single degree). Three
remaining sections of the paper are devoted to the proof of our main result, Theo-
rem 4, that states that, if there are a computable metric p on X and a computable
limit point in metric space (X, p), then there also exists a computable metric p on
X such that p £. d or p £. d for every computable metric d on X. As a conse-
quence, {deg.(p),deg.(p)} has no upper bound in CM.(X), and CM.(X) is not
upward directed. In Section 4 we state the theorem, break the proof into a series
of requirements and discuss strategies for these requirements. Each requirement
can be satisfied via a small deformation of the space (X, p). Section 5 contains an
analytical argument showing that each deformation can be performed preserving
the topology of X. In fact, there are explicit formulas for the metric on the de-
formated space, which will later permit us to show that this metric is computable.
The deformations are then assembled together, giving us the metric p. In the final
section we write down the formal construction and show that p is computable and
satisfies all requirements.

1. PRELIMINARIES

The Baire space is the set w® of all countable sequences of natural numbers
endowed with the product topology of countably many copies of w with discrete
topology.

Fix a standard pairing function (-,-): w? — w and left and right projections of
this function, (-)o and (-);. As usual, the pairing function can be continued to a
bijection (-): w<¥ — w.

Partial computable functions and Turing functionals are denoted by uppercase
letter @, and corresponding use functions are denoted by lowercase letter ¢. For a
partial computable function ®., ®.(n)[s] is the result of computation of ®.(n) in s
steps with use . (n)[s]; similarly for a Turing functional.

A numbering of a set X is a partial surjection v: w — X. A representation of X is
a partial surjection §: w* — X. Let dx: w* — X, dy: w* — Y be representations
of sets X and Y. Partial mapping ®: w* — w* is called a (dx, dy )-realization of a
partial function F': X — Y if

F - 0x(f) =0y -®(f) for f € dom(F -dx).

Function F is called (dx, 0y )-computable if it has a computable (dx, dy )-realization,

i.e., is realized by a Turing functional. Let v1:w — Xi,...,v5: w — X be
numberings. Partial function ®: w**! — w is called a (v1, ..., vy, §)-realization of
a partial function F': X7 x ... x X} — Y if, whenever (v1n1,...,vxni) € dom(F),
then g(m) = ®(nq,...ng,m) | for all m and 6(g) = F(z). Fiscalled (v1,..., vk, d)-
computable if it has a computable (v, ..., v, d)-realization.

We refer the reader to Weihrauch’s book [1] for a general definition of a com-
putable function F': X7 X ... X X — Y, where each of X;,Y can be either a
numbered set or a represented set. We will not need that definition in its entirety.

Let §, ¢’ be representations of a set X. Representation ¢ is computably reducible
to ¢ (written ¢ <. d’) if there exists a Turing functional ®, such that

(f) = 0'®.(f) for f € dom(d),

or, equivalently, if the identity mapping idx is (4, 0’)-computable. Binary relation
<. is a preordering on the set of all representations of X. Define § =, ¢’ if § <, ¢’
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and &' <. §. Equivalence class of § under =, is called the c-degree of §, written
deg,(0). We have obtained a partial ordering D.(X) of c-degrees of representations
of X. As was already mentioned, D.(X) is a lattice.

Let (X, p) be a metric space. We will use the following standard notation for
open and closed balls in (X, p):

By(z,e) ={y € X | p(z,y) <e}, Bylzr,e] ={y € X | p(x,y) < €}

Balls By and By (either can be open or closed) with centers z; and x5 and radii
€1, €9, respectively, are called formally disjoint if p(x1,x2) > €1+ 2. This property
implies that B,[z1,e1]NBy[z2, e2] = @. Blxy,e1] is said to be formally contained in
B(zg,e2) if p(x1,22) < 2 —e1. It implies that Blz1,e1] C B(x2,e2). Usually, these
notions are defined only for rational balls in computable metric spaces, i.e., balls
with center in a special point and a rational radius; see definitions below. However,
it will be more convenient for us to use them for arbitrary balls.

Let (X, p, W, v) be a complete separable metric space with a distinguished count-
able dense subset W enumerated by integers via numbering v: w — W. Elements
of W will be referred to as special points. Throughout the paper we assume that v
is total. Denote w, = vn. A Cauchy name for x € X is an element f € w* such
that

winy —7 @ and p(wye),x) < 27" for all n.

Define the Cauchy representation 6(x ,w,): w* — X by letting 6(x , w,.)(f) = =
if f is a Cauchy name for x. When X, W and v are clear from context, we will
denote the Cauchy representation by d, or just by p.

Remark 1. The requirement p(wy(yy, z) < 27" in the definition of a Cauchy name
can be changed to p(w(ny, Wi(my) < 27" for m > n or p(wsemy, Wimy) < 27" for
m > n, yielding a notion of a Cauchy representation that is c-equivalent to ours.
The main property is quick convergence of wy(,) to z, with exact definition being
a matter of convenience.

Space (X, p, W, v) is called a computable metric space, and the underlying met-
ric p is called computable, if the distance p(wy,,w,,) is a computable real number
uniformly in n and m, that is, there is a computable function ¢: w?® — w such that
Qg(i.j,k) — P(wi, wy)| < 27 for all i,j,k € w, where ¢, is the nth rational number
under a fixed Godel numbering of the rationals. This is equivalent to saying that
p | W?is a (v,v,6r)-computable function, where dg is the standard Cauchy rep-
resentation of R. More generally, for a Turing degree d, metric p will be called
d-computable if p | W2 has a (v, v, dr)-realization g with degs(g) = d.

Let X = (X, 7, W,v) be a Polish space with a distinguished dense subset W and
a numbering v of W. Let M (X) be the set of all complete metrics on X inducing
topology 7. Our aim is to study a reducibility of elements of M (X) derived from
c-reducibility of representations in the following manner. For p,p’ € M(X) let
p <cp if 0x pwu) <c O(x,pr,wp). It is clear that <, is a preordering on M (X).
Factorization by equivalence relation =. leads to a partial ordering M.(X) of ¢-
degrees of metrics on X. Ordering of c-degrees of computable metrics on X will be
denoted by CM.(X).

It is worth noting explicitly that these notions depend on the choice of W and
v. Our definitions are motivated by that we want to investigate the properties of
c-reducibility of metrics on (X, 7) assuming that W and v are canonical. Separable
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spaces occurring in analysis very often come with a natural countable dense sub-
set admitting a canonical method of effective enumeration (a Gédel numbering).
Common examples are the space of real numbers with rational numbers as dense
subset or the space C[0, 1] with piecewise linear functions (or rational polynomials)
as dense subset.

2. CM.(X) 1S A LOWER SEMILATTICE

Fix a Polish space X = (X,7,W,v). To prove our result, we will need the
following useful lemma that was proved in [2]; see also [3].

Lemma 1. Let p1,p2 € M(X). If p1(z,y) < pa(z,y) for all z,y € X, then
P2 <c p1-

For p1,p2 € M(X) let p(x,y) = max(p1(z,y), p2(z,y)). It is well-known that p
satisfies the axioms of metric; it is easy to check that p induces 7 and is complete.
It follows from the previous lemma that p <. p1,p2. As a consequence, M (X) is
downward directed. We will now show that deg,(p) is the greatest lower bound of
deg,(p1) and deg,(p2) provided that at least one of the metrics p1, p2 is computable;
in particular, CM.(X) is a lower semilattice. In fact, CM.(X) is embedded into
D.(X) with preservation of meets.

Proposition 1. Suppose that p1,ps € M(X) and py is computable. Let p(x,y) =
max(p1(z,y), p2(x,y)). Then deg.(0,) = deg.(d,,) Adeg.(d,,) in the lattice D.(X).

Proof. By Lemma 1, 6, <. d,,,0,,. We need to show that for any representation ¢ of
X such that § <. d,,,0,, we also have § <. d,. Let 6 be an arbitrary representation
of X, c-reducible to é,, and J,, (say, by functionals ®. and &, respectively). Let
0(g9) = « for some g € w¥, x € X. Then f; = ®.(9) and fo = ®.(g) are a J,,-
and a §,,-name for . We show that f; and f> can be effectively translated into a
p-name f for z, this will imply that 6 <. é,.

Define f as follows. For n € w, let f(n) = fa(m), where m > n is such that
P1(Wy (my, We, (1)) < 27771 for some k > n. Since wy, k) = 2 and wp,) — ,
such an m always exists. Then pa(wyny), ) = p2(Wey(m),z) < 27™ < 27" and
P1(Wny, ) < pr(Wpymy, e k) + pr(wp gy, ) < 27771 4 27F < 27" Thus,
p(Wmy,x) < 27" for all n, and f is a p-name for 2. Since p; is computable, f is
constructed effectively from f; and fo. As a result, 0 <. d,,. O

Corollary 1. CM.(X) is a lower semilattice. Order embedding of CM.(X) into
D.(X) given by the rule p— d, is actually a lower semilattice embedding.

Proof. If metrics p; and py are computable, then so is max(p1, p2). The rest is by
definitions and the previous proposition. O

Corollary 2. In M (X), degree of a computable metric has a greatest lower bound
with any other degree.

3. EXISTENCE OF A METRIC BELOW THE GIVEN ONE

3.1. The computable case. In this subsection we prove a theorem stating that,
given a computable metric p and a p-computable limit point in X, it is possible to
construct a computable metric p’ <. p. The proof is essentially a generalization
of [3, Theorem 4] to the case of an arbitrary metric space with at least one com-
putable limit point. Fix a computable metric p € M(X) and a limit point A € X
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that has a computable p-name. First of all, we show that there is a computable
sequence of distinct points converging to A.

Lemma 2. There exists a computable f € w* with the following properties:

(1) p(f) =A;

(2) p(Win+t1),sA) < p(Ws(ny, A) for alln € w.
Proof. Suppose that g is a computable p-name for A. Let wy gy be any special point
not equal to \; to obtain such point, it suffices to make sure that p(wy gy, g(k)) >
27%+1 for some k, which can be done effectively. Similarly, let Wf(nt1) be any
point not equal to A such that p(wy(u41),g(ky)) < 2757, where k;, is such that
p(Wieny 9(kn)) > 2751 Then p(wimy, A) = |p(wiiny, 9(ka)) — plg(kn), N)| >
2 kntl _9=kn — 2=kn p(wf(,L+1), /\) a

Theorem 1. There exists a computable metric p' € M(X) such that p' <. p. In
particular, deg.(p) is not minimal in CM(X).

Proof. We will construct metric p’, satisfying the following requirements:
Re: D, does not reduce p to o/,
S: pl <. p.
As in [3], requirement S will be satisfied by making p’(z,y) = p(x,y) forall x,y € X
and using Lemma 1. Strategy for R. in isolation is based on the following easy
observation. For e,k € w and f € w*“, denote
pe(f)(k+1)—1
A .
cobk = (1 Bolwa,27).
i=0

Lemma 3. Suppose that p,p’ € M(X), ®. c-reduces p to p' and f is a p-name of
some element y € X. Then C'pe’f’l€ C By (y,27F) for all k € w.

Proof. Since C;’f * is open, together with every element z € Cz’f * it contains a
sequence (Wy(n))new Of special points converging to x. We can assume that this
sequence converges quickly enough so that

g = (f(0),..., fle=(f)(k +1) = 1),9(0), 9(1),...)
is a p-name for x. By the Use Principle, ®.(f)(k +1) = ®.(¢')(k + 1) as f and
g’ agree on initial segment of length ¢.(f)(k + 1). Since @, reduces p to p’, then
p'(®e(f)) =y and p'(Pe(g')) =z, s0

pl(z,y) < p'(@, wa, (5)(+1)) + 0/ (Wa, (5 (41),Y) =

= p’(x7w¢e(gl)(k+1)) + pl(w.:pe(f)(k_‘_l),y) < 27kl p o7kl — o=k ([l

__ Let f be the name of A constructed in Lemma 2. Define a computable function
f as follows: let UGy =7 be a rational number such that

r < min(p(wy (), Wn 1)) AW ) Wrn-1))) /2
Then the balls B,[wg (), qf(n)] are pairwise formally disjoint and do not contain .
Let fo(n) = f(2n) and f1(n) = f(2n + 1). Note that fy, f1 also are computable

p-names for A. Finally, let fo(n) = f(2n + 1).
Lemma 3 says that, in order to meet R, it is sufficient to show that there is at

least one point z. € C’;’f“’k — By(A\,27%) for some k € w; we can let k = e. We
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will act as follows. When ®@.(fo)(k + 1) |, pick any point z. # X in C’z’f(”e; this is
possible since A is a limit point and Cg’fo’e is its open neighbourhood. Let r > 0
be such that p(z.,A) > r. Define a “peak” function I'.: X — [0,1] by

g-e.r=pl®re) ifpc B
I () = ot ifr e .p(xe,r),
0, otherwise.

Let pe(z,y) = p(z,y) + [Te(x) — Te(y)|. It is easy to see that the function T, is
continuous and p. is a complete metric on X inducing the same topology as p. We
have pe(xe, A) = p(2e, A) + Te(xe) > 27¢, so p. satisfies the requirement R..

In order to satisfy all requirements R., we should assign a follower z. to each
R, choose radii r. and repeat the diagonalization process for each e. Followers x,
and radii 7. can be chosen, using functions f; and fs. The resulting metric will
have form

p’(x,y) = p(x,y) + Z|Fe(x) - Fe(y)|
ecw
Axioms of metric are easily verified for p’. Note that, because B,[z.,7¢] are pairwise
disjoint, for each € X there is at most one e = e, such that I'. (x) # 0; in
particular, the definition of p’ is correct. If T'(x) = 0 for all e, it will be convenient
to say that e, = e for all e. Because of this, p’ can be expressed as follows:

Say) = {p(x,w +|Pe, (@) ~Te, ()], i ex=ey, 3.1)

p(x,y) +Te, (z) + ¢, (y), otherwise.

Let us show that metric p’ is complete and induces topology 7 on X. Since
P (z,y) = p(x,y) for all x,y, then any sequence converging in (X, p’) converges
in (X, p) to the same limit. By the same reason and by completeness of p, p' is
complete. Suppose now that a sequence x,, converges to a point = in metric p. If
x # A, then it is not hard to see that e, = e, for all sufficiently large n. Since
T, is continuous, then p'(z,,z) — 0 by (3.1). If z = A, note that by the choice of
balls B, [z, r.] we have I'c(A) = 0 for all e. Since z. — A and the height 27¢ of T,
tends to 0 as e increases, it is clear that I'c, (z,) — 0. By (3.1), p'(zn, ) — 0.

As in other constructions of this kind [3, 4], at each stage s we output a finite set
As CW. Sets A, form an increasing sequence satisfying the following properties:

(1) T(xz) = 0 for all mappings I" defined after stage s,

(2) A; C Ay for s <t

(3) Ui, As = W.
This will ensure that p’ is computable, since for each w, we will be able to com-
pute ey, as follows. Go to stage m. Then I'(w,) = 0 for all I" defined after
this stage. Let I'c,,...,Ic, be all peaks defined so far. Since their supports
Bylxe, Te)s -y Bplae,,re,] are disjoint, we can effectively determine i such that
Wy, & Byle;,7e;], j # 0. Then ey, = e;, and I'c,, (wy) is computable uniformly in
n by definition of T',. If no mapping I' has been defined so far, then I'(w,,) = 0 for
all T that will ever be defined. Applying Formula (3.1), we see that the distance
p' (Wp, wy,) is computable uniformly in n,m.

Element wy, ;) is called fresh at stage s if # > j for all wy, (;) seen in the con-

struction so far.

Construction. Stage 0. Let Ag = @, v =0, po = p.
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Stage s + 1. Let Ag11 = As U {ws}. We work with requirement R., e = (s + 1),
if this requirement has not been satisfied yet. Compute ®.(fo)(e)[s + 1]. If this
computation halts, pick a fresh element z. = wy, ;) € Cg’fo’e such that p(ze,y) >0
for all y € Agy1. Choose rational 7. such that 0 < r. < 4. () and p(z.,y) > r for
all y € Agy1. Define a function I'.: X — [0, 1] by

{26 rempre) if g € By(we, ),

Te

Te(z) = ]
0, otherwise.

Verification. We have shown above that p'(z,y) = p(z,y) + >, |Te(z) — Te(y)],
where the sum is taken over e such that I'. has been defined, is a complete metric
inducing topology 7 on X. By Lemma 1, p’ <. p.

To see that every requirement R. is satisfied, consider two possibilities. If
D.(fo)(e) T, then ®, clearly fails to reduce p to p’. Otherwise, there is a stage
s at which we find out that ®.(fy)(e) |, pick element z. € Cg’f‘“e and define
mapping I'. such that T'e(z.) = 27¢. Since I'(A) = 0 for all I, then p/(z.,\) =
p(ze, ) +27¢>27¢ and z. € By (A, 27¢). Lemma 3 guarantees that ®. does not
reduce p to p'.

At stage s we choose radius 7. so that B,(ze,7.) N As = @. Thus, I'(x) = 0
for x € As and all mappings I' defined after stage s. We have shown above that it
gives a method of computation of p’(wy,, w,,) uniformly in n and m. [

Theorem 2. The ordering (P(w),C) of subsets of w is (anti-)isomorphically em-
beddable into M (X) below deg,(p).

Proof. For any set A C w we will construct a metric pa <. p in such a way that,
for all A, B Cw, A C B if and only if pp <. pa; this will give us the embedding in
question. The first step of the proof is to construct metrics py;y for i € w, satisfying
the following series of requirements:

Rie: ®. does not reduce pyjy to pg;y for all j # i.

Note that requirement R ;. says that ®, fails to reduce an infinite amount of metrics
pi;y to priy- Let fo, f1, f2 be computable functions from the proof of Theorem 1.
Construction runs in the same way as before. In order to meet R;., we proceed as
follows. Let n = (i,e). When ®.(fo)(n) |, we choose a fresh element x,, = wy, () €
C’S’fo’" and define a peak I', of height 27". Metric py;y has form pgy(z,y) =
p(z,y)+>, [T (@) =Ty (y)|, where the sum is taken over n = (i, ) such that I',, has
been defined in the construction. Let x,, be a follower of a requirement R ;.. Since
the supports of different peaks are pairwise disjoint, it is clear that I';,,(z,,) = 0 for
all m = (j,¢’), j # i, thus pgjy (2, A) = p(2n, A) and x,, € C’S{J:‘;" — By, (A,277).
By definition of f; and fa, points wy,(,) are not affected by the construction, i.e.,
I'(wgy(n)) = 0 for all T, so fo is a name for A in all metrics pgy. By Lemma 3, &,
does not reduce py;y to pgiy, and R is satisfied.
For a set A C w, let

pA(-T;y) =p($,y)+ Z ‘Fn(x)_rn(y)’
n=(i,e), iI€A

It is clear that if A C B, then pa(z,y) < pp(x,y) for all z,y, thus pp <. pa. On
the other hand, suppose that A € B. Fix any ¢« € A — B. Suppose that z,, is a
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follower of requirement R;.. Arguing as above, we see that pg(z,, A\) = p(zn, A),
SO Ty, € C’;’Bfo’" —B,,(A\,27"), and ®. does not reduce pg to pa. O

Corollary 3. Any countable partial ordering is isomorphically embeddable into
CM(X) under deg.(p). In particular, |CM.(X)| = Ro.

Proof. Note that metric p4 from the proof of the previous theorem is computable
if A is a computable set: to compute pa(w;, wy), use Formula (3.1), remembering
that I'),(z) is not counted towards pa(x,y) if n = (i,e) for i ¢ A. Then we are
able to embed the computable countably-universal partial ordering into CM.(X),
as in [4, Theorem 2]. O

Proofs of two theorems above rely on existence of a p-computable limit point.
Let us give examples of simple conditions guaranteeing existence of such point.

Corollary 4. Suppose that there is a special limit point A\ € W. Then CM.(X)
contains mo minimal elements.

Proof. Let A = w,. Then i = (n,n,...) is a computable p-name for A in any metric
p, and we are able to run the construction from Theorem 1. (]

Corollary 5. Suppose that X contains no isolated points. Then CM.(X) contains
no minimal elements.

3.2. The general case. Direct relativization of results from the previous subsec-
tion gives us the following theorem.

Theorem 3. Suppose that a Polish space X contains at least one limit point .
Then the following hold:

(1) For any metric p € M(X), there exists a metric p' € M(X) such that
p <. p. Moreover, if p is d-computable and \ has an e-computable p-
name, where d and e are Turing degrees, then p' is d U e-computable.

(2) M. (X) contains no minimal elements.

(3) (P(w), Q) is isomorphically embeddable into M.(X) below any degree.

(4) M.(X)[ = 2%,

Proof. Immediate. The last clause follows from the fact that there are exactly 2%
metrics on a separable space X. ([l

3.3. Discrete spaces. We have shown that M.(X) contains no minimal elements
whenever X contains a limit point. What can be said when X contains no limit
points, i.e., is a discrete space? There are two different cases: X is a finite space,
or X is infinite, in which case it, being separable, is necessarily countable. Note
that in any discrete space X the only possible dense set is X itself.

Proposition 2. Let X = (X, 7, X,v) be a Polish space, where X is a finite set and
v:w — X is an arbitrary numbering. Then |M.(X)| = 1.

Proof. Fix arbitrary metrics p1,p2 € M(X). There are 1,62 > 0 such that
pi(z,y) > ¢; forall z # y € X and i = 1,2. By Lemma 1, p; is c-equivalent to
metric p} = E%pl We have pl(x,y) > 1 for x # y € X. Whenever p{(f) =z € X,
then v f(n) = z for all n, so, by definition of a Cauchy name, p5)(f) = . Similarly,
every ph-name is a pj-name for the same element. Thus, p; =. p} =. ph =c p2. O
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Proposition 3. Let X = (X, 7,X,v) be a discrete Polish space, where X is a
countable set and v: w — X is an arbitrary numbering. Let p be the standard
discrete metric on X given by p(x,y) = 1 for © # y. Then deg.(p) is the least
degree in M.(X).

Proof. As in the previous proposition, if p(f) = x, then vf(n) = x for all n, thus
p'(f) = x for every metric p’ € M(X). O

Let X = (X, 7,X,v) be a countable discrete Polish space. W.l.o.g. we can
assume that X = w. Identifying integer n with the real number n, we can view w as a
subspace of (R, pr ), where pgr is the standard metric on the reals. The construction
of [4, Theorem 2] gives continuum many pairwise c-nonequivalent metrics on X.
The details are easy and will be left to the reader. As a consequence, we have the
following.

Proposition 4. For a Polish space X = (X, 7, W, v), the following are equivalent:
(1) [Mc(X)] = 2%,
(2) Mo(X)] > 1,
(3) X is infinite.

4. DEGREES WITH NO COMMON UPPER BOUNDS

Suppose that X is a Polish space, p is a computable metric on X and A € X is a
limit point that has a computable p-name. We show that under these assumptions
there exists a computable metric p on X such that deg.(p) and deg.(p) have no
common upper bounds in CM.(X).

Theorem 4. There exists a computable metric p € M(X) such that p £. d or
p %c d for any computable metric d € M(X).

Observe some simple consequences of the theorem.

Corollary 6. CM.(X) is not upward directed and is not an upper semilattice.

Corollary 7. Suppose that there is a special limit point A € W. Then
CM.(X) E YadbVc(agcVbLc).

In particular, CM.(X) doesn’t have a greatest element.

Corollary 8. Suppose that X contains no isolated points. Then
CM.(X) = YadbVc(agcVb<Lc).

In particular, CM.(X) doesn’t have a greatest element.

Let us outline the idea of the proof of the theorem. Similarly to [5], we can
list all computable metrics on X in the following manner. By definition, for every
computable metric d on X there exists a computable function ®,: w® — w such
that

d(w;, w;) = de(wi, wy) = Jm e, (i,jk)-
Since W is dense in X, d is completely determined by its values on W. Thus, the
usual numbering of all partial computable functions (®.).c,, of three variables gives

us a list of all partial functions d.: X? — R that can possibly be a computable
metric on X. This list exhausts all possible computable metrics on X, but e — d,
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is not a numbering of the class of all computable metrics on X since our list also
includes “junk” functions.
We will construct metric p, satisfying the following requirements for e, z, 2’ € w:

Rezz: If de is a metric on X and p <. d, via ®,, then ﬁﬁc d. via O,/.

Let us address the question of computability of p. Metric p will be a pointwise
limit of metrics ps defined in the course of the construction. As in the proof of
Theorem 1, at stage s we will output a finite set A; C W. Sets A will satisfy the
following properties:

(1) ps(z,v) = pst1(z,v) = ... = p(z,v) for all z,v € Aj,

(2) As C A, for s < ¢,

B) Uicw 4s =W.
This will permit us to prove that the metric p is computable: in order to compute
(an algorithm of computation of) p(w;,w;), it suffices to wait for stage s at which
w;, w; € Ag. Extra work will be required, of course, to make all p; computable.

Strategy for R..., in isolation is again based on Lemma 3. Fix a computable
p-name fy for A. In order to satisfy R..., choose a special point y = wy, # A.
We believe that d. is a metric inducing topology 7 on X and ®, reduces p to
de. Then the distance d.(y, \) is a computable nonzero real number, since ®,(fy)
is a computable d.-name for A. Thus, at some point we obtain a k € w such
that de(y,\) > 27%+1 If it turns out that no such k is found throughout the
construction, then either d, is a junk function and not a metric on X, or ®.(fy) is
not a de-name for A, i. e., ., does not reduce p to d.. This situation is no problem as
Re.. is automatically satisfied. But, if an appropriate k is obtained, we can proceed
further and compute @, (fy)(k + 1). When ®,(f\)(k + 1) |, we pick an element
z in C2/xF — ()X}, By Lemma 3, if ®. does reduce p to de, then de(z,X) < 275
Suppose that we failed to meet the requirement R.../, i.e., @, c-reduces p to d.
Then ®..(b)(k + 1) |, where b = (b,b,...) is a name for y. Suppose for a minute
that p is constructed in such a way that p(z,y) < 27¢= O)E+D+L Then z € C;l’b’k.
Applying Lemma 3 again, we see that d.(z,y) < 27%. Together with d.(z,\) < 2%
it implies d.(y, \) < 27%*+1, which is a contradiction to the choice of k, and R.../ is
satisfied. In a nutshell, we forced x to be “split” between A\ and y, meaning that x
is too close to both A and y in the metric d., by observing that it is close to these
points in metrics p and p’, respectively, and using the assumption that p and p are
c-reduced to de. B
Thus, in order to meet R/, we need to make sure that p(z,y) < 2~ %= ) (k+D+1

We will achieve this by deformating a neighbourhood of x in (X, p), making x closer
to y and preserving the metric structure of the space outside that neighbourhood.
Since A is a limit point, we can associate each requirement R, n = (e, z, z'), with
its own special point y,, proceed as the R,-strategy tells us and choose a second
point x, close to A that will also be associated specifically with R,. The fact
that the space is deformated only locally within a small neighbourhood of z,, will
permit us to meet each requirement R, in its own distinct area, preventing different
requirements from meddling with each other. As a result, the construction will be
injury-free. The rest of the paper is devoted to the proof of Theorem 4. In the next
section we describe the analytical part of the construction. Firstly, we outline how
an elementary deformation reducing the distance between two given points looks
like, and then we show how these deformations are assembled into the full picture,
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which will give us the resulting metric p. In Section 6 we effectivize these results
and present an effective construction of p.

5. ANALYTICAL PART OF THE CONSTRUCTION OF ﬁ

Throughout this section we will assume that X = (X, 7, W,v) is an arbitrary
separable metric space and p € M(X) is a metric on X. The first subsection is
devoted to the description of an “elementary deformation” of p giving us a new
metric p;. The main goal of this subsection is to prove that p; € M(X), that is, p;
induces topology 7 and is complete. In the second subsection we build a countable
collection of metrics p;, i > 0, such that each consecutive member of this collection
is obtained from the previous one via an elementary deformation, and define the
metric p as the pointwise limit of metrics p;. The main goal of the second subsection
will be to prove that p € M(X).

5.1. Elementary deformation. Suppose that points x,y € X and real numbers
r,h > 0 are given such that p(z,y) > r. We will construct a metric p; on X such
that pi(x,y) = h and pi(z,v) = p(z,v) for z,v & B,(z,r). In order to do it, we
embed the space (X, p, W) into the Banach space £*° via the well-known construc-
tion of a Fréchet embedding (originally published in [6], see [7] for a background).
Recall that £°° is the space of bounded sequences of real numbers endowed with
the norm ||(zy)new|| = sSup,cy|Tn|. Fréchet embedding F' is given as follows. For
x € X, let F(x) € £* be given by

(F(2))i = p(x, wi) = p(wi, wo).

We abbreviate (F(x)); as x(;). It is not hard to check [7] that F': (X, p) — £ is
well-defined and is an isometry.

Now we are ready to introduce our deformation. Define a map I': B,,(z,r) — £
by the rule

[(z) = (Z222 ) = (F(y) - 222 (F(y) - F(2))),

where o — [ is the concatenation of a real number o and an infinite sequence
B = (Bo, b1, ...) € R¥ of real numbers:

- 5 = (aaﬂOaﬂlw")'

We can extend T' to a mapping v: X — £> by putting v(z) = 0 = F(z) for
z & By(x,r). It is not hard to see that the mapping v is well-defined, i.e., y(z) is
a bounded sequence of real numbers for each x € X. It is also easy to see that the
mapping -y is injective.

Let us obtain explicit formulas for the value ||v(z) — v(v)|, z,v € X. Suppose
first that p(x, z) <, p(z,v) > r. We have

7(z) = vl = IT(= ( F())ll
= max | )o 70| sup| Nk+1 — (F(v))kD

) -
(
= 1118@((7 plez) p, sup|y - 225 () — z) _U(k)D'
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Calculate the expression E} under the sup:

p(z,z)

Ex = |ya) — (Yery = 2()) — V)|

= |oywn) = 222 (ply, we) = p(z,wn)) = plo,wi)

r—p(x,Z)p(y’wk) + /)(96,2) e wk) _ 7"—t)(ﬂcyz)p(v wk) _ P(:?Z)p@’wk)‘

r— p(xz

|p(y, wi) = p(v,we)| + 222 p(z,wi) — plv, wy)]

<
<= pﬁﬂv,Z) p(y,v) + ”(‘T’Z)p(z,v).

Choose a sequence of special points wy, converging to v. Then for Ej, it holds

By, = |22 oy, wy, ) + 2L (2, wp,, ) — LD p(v, wy,, ) — LEZ (v, wy,,)
— DB p(y,v) + AEZ p(z,0),
_ ropte) pla,2)
consequently, sup;, Ej, = p(y,v) + 52 p(z,v) and

7(2) = y(v)|| = max(T=LE2) p r2LE2) ) 4 22 5 ),

Suppose now that p(x, z), p(z,v) < r. We assume that p(z,v) < p(z, z), the
other case being symmetric.

[v(z) =v()[ = [[T'(2) = T(v)[| = maX(|H’(m’z) — @),
p( )

Sl;p|y(k) - (W) — 2)) — Yy + 2Z2 (y iy —v (i ))|)~

The value Ej, under the supremum is

Ej, = ‘y(m — 222 (g4 = 20)) =y + L2 (g — ”<’“>)‘

2 — 52,1+ )

p(ryv)

plzywi) = P52 plo, wy) 4 AEATLED (2, wy)

T

£lz2)=p@0) by )

L) | (2, wy) — p(o, wy)| + LEZZLED | 5y — p(y,wy)|

p(i’”)p(z,v) + p(fﬂ,Z)Tp(ryv) (

N //\

p(z,y).

Choosing wy, — z, we see that

B, = |20z, ) — 22 0, ) + B

B wp(y, wr,,)

T

= 25t p(z, 0) + KA (2 ),

T

so sup,, B, = Mp(z,v) + wp(z,y) and

17(2) = ()| = max (LB py 280 o ) 4 2P0 (5 ),

It p(z, ), p(z,v) = 7, then [v(z) = y(v)|| = [|F(2) = F(v)| = p(z, v).
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Concluding all of the above, the distance ||y(z) — v(v)|| can be calculated as
follows:

rep@.2) p pla.z)

max(iT 2 h, B2Ep(z,0) 4 L2 p(@2)

( (51)
if p(x,z) <r and plz,v) >

p(z,v) + =22 p(y
if p(x,v) <r and p(z, z) >
[v(2) = v()|l = max(p(I’Z);p(m’”) h, p(w’v) p(z,v) + M o(z,y)), (5.3)

)
if p(x z), p(m v) < r and p(x v) < :E,z),
)
0);

Py, v

maX(T—pﬁww) h ”(fj“)

v)),
z)), (5.2)

max

o(z10). i ple, ), plavm) > 7 (5.5)
Since + is injective, p1(z,v) = ||7(z) — v(v)|| is a correctly defined metric on X.
Proposition 5. p; induces topology T and is complete.

Proof. In order to show that p; induces 7, we need to check that

p(zn,2) — 0if and only if p1(z,,2) — 0
n—o0 n— 00

for every sequence (z,)new and point z in X. Fix a sequence zg, 21, ... and a point
zeX.

For the “if” direction, suppose that p(z,, z) — 0. We will consider three different
possibilities. Assume first that p(x, z) < r. Then B = B,(z,7 —p(z,2)) C B,(z,r).
There is N > 0 such that the Nth tail (z,),>n of our sequence is contained in
B. Divide (z,)n>n into two subsequences (z;)ier and (z;);jes such that p(x, z;) <
p(x,z) for ¢ € I and p(x,z;) > p(z,z) for j € J (throughout the proof, when
dividing a sequence into subsequences this way, w.l.0.g. we assume that the sets
I and J are both infinite). By (5.3), for ¢ € I,

P12, 2) = max (AEDEE) g 2220 () 4 K02 oz ) —

since p(z;,z) — 0. Similarly, by (5.4), p1(2;,2) — 0 for j € J. Since (z;)icr and
(2j)jes partition (zn)n>n, then pi(z,,2) — 0.
n—oo

Assume now that p(z, z) > r. Again there is an open neighbourhood B of z such
that p(xz,v) > r for v € B. There is N > 0 such that (z,),>n C B. By (5.5), for
n = N, p1(zn, 2) = p(2zn, 2) = 0.

If p(z,z) = r, then (2,)nec. can be split into subsequences (2;)icr and (2;) ey
such that p(x,z;) < r for i € I and p(x,z;) > r for j € J. By (5.5), p1(z;,2) =
p(z3,2) > 0. By (5.2),

pr(zs,2) = max (TP KR (o ) 4 TR oy )
since p(z, z;) = p(x, z) = r and p(z, z;) — 0. Thus, p1(z,,2) = 0.

For the “only if” direction, suppose that p1(z,,2) — 0. We consider the same

possibilities as above. Suppose that p(x,z) < r. Then B = B, (z, %Mh) C

B,(z,r): indeed, if p(z,v) > r, then p1(z,v) > Lﬁm"z)h by (5.1). There is N > 0
such that (z,)n>n € B. Divide (2,,)n>n into two subsequences (z;)icr and (2;) ;e
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such that p(z, z) < p(x,2) for i € I and p(z, z;) > p(x,z) for j € J. Then the
distances p1(z;, 2) and p1(z;, ) are calculated according to formulas (5.3) and (5.4),
respectively. Since p1(zn, z) — 0, these formulas give us that |w|h — 0,
so p(x,zn) = p(x,z). Thus, if z = z, then immediately p(zp,2) — 0. If z # «,
then, by (5.3) and (5.4),

2220 (7, 2) < LE2 p(y, 2) 4 PLEZP@2) (5 ) < py(25,2) = 0

and

P22 (25, 2) < A8 (2, 2) 4 HERZLED (2 y) < i (25, 2) = 0.

The latter means that p(z;,z) — 0. Consider now the former expression. Since
p(x,z;) = p(z,z) and z # x, there are € > 0 and iy € I such that p(z,z;) > e for
all i > ig. For i > iy we have

%p(zu ) < ele, Z7)P(Ziaz) — 0,

which finally implies that p(z;,z) — 0. As a result, (2, )necw converges to z in p.
Before handling the case p(z,z) > r, let us first show that B,[z,r] is closed in
(X, p1). Suppose that v & B,(x,r) belongs to the closure of B,[z,r] in (X, p1),
i.e., there is a sequence (v, )new C Bplz,r] converging to v in p;. We show that
p(vp,v) — 0, this will imply that v € B,[z,r]. Asusual, split (v, )new into sequences
(vi)ier and (v;);jes such that p(x,v;) < p(x,v) for ¢ € I and p(x,v;) = p(z,v)
for j € J. Then the distances pi(v;,v) and p1(v;,v) are calculated according to
formulas (5.1) and (5.5), respectively. By (5.5), p(vj,v) = p1(vj,v) — 0. By (5.1),

T_p(rxmi) h < P1 (viv ’U) - 07
that is, p(z,v;) — r. Again by (5.1),
P2 p(vz,0) < PE plug, 0) + TR ply, v) < pa(vi,v) = 0,

which means that p(v;,v) — 0, so p(v,,v) = 0 and v € B[z, r].

Suppose now that p(z, z) > r. Since B,[x, ] is closed in (X, p1), there is an open
neighbourhood U of z in (X, p1) such that UNB, [z, 7] = @. There exists N > 0 such
that z, € U for all n > N. By (5.5), for n > N we have p(z,, 2) = p1(zn,2) — 0.

If p(z,z) = r, divide (z,)neo into subsequences (z;);er and (z;);es such that
p(x,z;) < rforiel and p(x,z;) > r for j € J. An easy application of the same
reasoning as before shows that p(z,,2z) — 0. We conclude that p and p; induce the
same topology on X.

To see that p; is complete, fix a Cauchy sequence (zp)ne, in (X, p1). We will
consider the following two cases.

Suppose that ¥n 3k, > n p(zx,,x) = r. Then pi(2k,,2x,) = p(2k,,2x,) for all
n,p € w, 80 (2, Jnew 18 Cauchy in (X, p) = it converges in (X p) = 1t converges
in (X,p') = (2n)new converges in (X, p').

Suppose now that INVn > N p(z,,x) < r. Since (2,)new is Cauchy in (X, p1),
by (5.3) and (5.4) we have

Ve > 03N, > NVn,p > N, ‘w‘hgpl(zn,zp) <e,

which means that the sequence (p(x,z,))necw is Cauchy in R, thus it has a limit
LeR. If L =0, then p(z,,x) — 0, i.e., (2n)necw converges in (X, p). Assume that
L>0. Fixe>0andlet § = £= Choose N. > N such that Vn > N! p(z,z,) > &
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and VYn,p > N! p1(zn,2p) < 6. Take arbitrary n,p > N.. We will assume that
p(x, zp) < p(x, z,), the other case being symmetric. By (5.3),

QL;P(Zm Zp) < p(%zn)p(zm Zp) < p1(Zn, Zp) <9,
80 p(2n, 2p) < 2% = . We have shown that (2,)ne. is Cauchy in (X, p). As above,
it implies that (z,)ne. converges in (X, p'). O

Let z € X be such that z # y and p(x,z) > r. For each v € B[z, r] it holds:

p1(z,v) = max(T=LE0) p o 2E0) 55 gy 4 rmeEn) oy )

> L&Y 5y ) 4TI iy )
> mln(p(%v)ap(zay))
> mln(p(x, Z) - p(Z7 y))

Define a function A: X — R by A(z) = min(p(z, z) — r,p(z,y)). Then for all
z & Bylz,r] U{y} we have A(z) > 0 and B,,(2,A(2)) N By[z,r] = @, as shown
above. Moreover, the following holds.

Proposition 6. Suppose that z & B[z, r|U{y}. Then the identity map idx induces
an isometry from B,(z,A(z)) onto B, (z,A(2)). In particular, B,(z,A(z)) =
By, (2,A(2)).

Proof. Fix z € Bylz,r]U{y} and denote A = A(z). Clearly, B,(z,A) and B,[z, ]
are disjoint. By (5.5), p1(z,v) = p(z,v) for all v € B,(z,A). Thus, B,(z,A) C
B, (z,A), and idx | B,(z,A) is an isometry from B,(z,A) into B,, (z, A). To see
that this isometry is surjective, suppose that there exists v € B, (2, A) — B,(z, A).
Then p;(z,v) # p(z,v), so, by (5.5), v must be contained in B,(x,), but we have
shown that B, (2, A) N B,lz,r] = @. O

The following proposition is trivial.

Proposition 7. Let (Y, py) and (Z,pz) be metric spaces and let F': B, (yo,€0) —
B,,(F(yo),€0) be a surjective isometry. Then, for every ball B, [y1,e1] formally
included in B, (Y0,€0), F' | Byy[y1,€1] is an isometry onto B,,[F(y1),e1]. The
same is true of the open ball B, (y1,€1).

5.2. Building a sequence of deformated metrics. In this subsection we con-
struct a countable sequence of metrics on X, each consecutive member of which is
obtained from the previous one via an elementary deformation in a certain special
way, as follows. Suppose that X contains at least one limit point A\. We start with
a metric p = pg € M(X). There exist two sequences (Zp)new and (Yn)new, both
converging to A, such that:

(1) Tn 7& T, and yn 7’é Ym for n 7é m,

(2) Zn # Ym, Tn # X and yy, # A for all n, m.
For each n there is a real number 7, > 0 such that By, [, 7s] N {Yk}rew = @ and
By, [Tn,Ty] are pairwise formally disjoint. It is clear that A\ & B, [z, 7] for all n
and 7, — 0. Fix a sequence (hy)ne, of positive real numbers converging to 0.

Let rg = 7p. Define a function Ag: X — R by

Ag(z) = min(po (2o, 2) — 70, po(2,Y0))-
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Suppose that metrics pg, . . ., pn, real numbers ro, . . ., 7, and functions Ag, ..., A,
have already been defined. Define a map I'yy1: B, (zn,7n) — ¢°° by the rule

Lpia(z) = (%W hn) - (Fn(yn) - %:Z)(Fn(yn) - Fn(z))),
where F,, is the Fréchet embedding of (X, p,, W) into £, i.e., F, is given by

(Fn(2))i = pn(2, wi) = pn(wi, wo).
Extend T',,11 to a mapping v,4+1: X — £ by putting v,+1(z) = 0 = F,(z) for
2 & By, (Tn, 7). Let pry1(2,v) = |[7n+1(2) —Yn+1(v)]]. Choose a real number 7,44
such that
0<rps1 < min(?nJrl, Ao(l‘nJrl), ey An($n+1))
(we will show that such a number exists). Define a function A, ;1: X — R by

Apt1(z) = min(prni1(Tnt1,2) = Tnt1, Pt1 (25 Ynt1))-
Proposition 8. For all n € w, metric p,, real number r, and function A,, are
well-defined and the following conditions are satisfied:
(1) pn is a complete metric inducing topology T on X ;
(2) r, >0;
(3) pn(zvv) = pnfl(za 'U) for all z,v ¢ Bpn—l(xnflarnfl);
(4) The identity map idx induces a series of surjective isometries By [Ty, 7] —
By, [xn, 0] = ... = By, [Xn, Ty].

Proof. We argue by induction. It is clear that the statement holds when n = 0.
Suppose that the proposition has been proved for 0, ..., n. We have to show that
it holds for n+ 1. By (4) and Proposition 7, B, (z;,7;) = By, (i, ;) for i <n. By
definition of r; we have @, y, & B, (xi, 1), thus
pn(xnvyn) - pnfl(xnyyn) - ... = pO(xnayn) > ?n > Ty
Since r, > 0, by Proposition 5, p,+1 is a complete metric inducing topology 7.
By (5.5), pn+1(2,v) = pn(z,v) for all z,v & B, (zn,75).

Consider now the point z,41. For all ¢ < n, since B, [z;,r;] = Bpy[zi, 7]
and po(zpi1,2;) > 73 > 1y, then 01 & B[z, 73], so Aj(xpy1) > 0. Thus,
min (741, Ao (Tnt1), - -« s Ap(Tnt1)) > 0, and 7,41 is well-defined.

By Propositions 6 and 7, since 7,41 < Ag(2n+1), idx induces an isometry from
By [Tn+1, Tny1] onto By, [Tn41, Tnt1]. Similarly, for each 0 < ¢ < n, idx induces an
isometry from B, [€p41,7n41) onto By, [Tni1, Tnti)- O

Proposition 8 implies that the construction of p, 41 works inside the ball B, (21, 77)
and does not change the values of p,(z,v) for z,v & B, (zn, ). Since B, (Tn,7r)
are pairwise disjoint, for each z,v € X there are at most two numbers n € w such
that p,(z,v) # pnyi1(z,v). Let p(z,v) = lim, p,(z,v) be the pointwise limit of
metrics p,. It is easy to check that p is a metric on X.

Recall that 2, =+ A\, y, = A and r, <7, — 0.

Proposition 9. p is a complete metric inducing topology T on X.

Proof. In order to show that p induces 7, we need to show that every open p-ball
contains an open p-ball, and vice versa. Let us first consider balls with center z # .
Fix such a z. There is ng € w such that z ¢ D,,,, where

Dm = U (Bpo [ITL?T”] U {yn})

n>=m
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Notice that, by the previous proposition, Dy, = U,,5,, (B, [#n,7n] U {yn}). There
is an € > 0 such that p,,(zn,2) > r, + ¢ for all n > ng. Indeed, if it is not the
case, then for each k > 0 there exists my > ng such that pn,(Tm,,2) < rm, + 1/k.
If my 4 oo, there is an m* > ng such that m* = my for infinitely many k.
Then it is clear that pp,(Tm=,2) < Tm=, le, z € By, [Tmx s Tmx] € Dy, which
is a contradiction. So, my k::o o0o. For any § > 0 there exists k such that
Pro(Tmys 2) < Ty +1/k < 0/2 and pry(Tm,,, A) < 0/2. Consequently, pp, (2, A) < §
for all 6 > 0, so z = A, which contradicts the choice of z.
For n > m > ng we have 2,,, 2 € By (Zm, "m) = By, (Tm,"m). Thus,

Pn(Tny 2) = pp—1(Tn, 2) = ... = pny(@n, 2) > 1y + €.
For similar reasons, ppn(Yn, 2) = pno(Yn, 2) > €. It is clear that pp,(Tny,2) > Tn, +€

and pn,(Yny,2) > €. Consequently, A, (z) > ¢ for all n > ng. By Propositions 6
and 7, idx induces a series of surjective isometries

B,, (z,¢) = B

It follows that B,, (z,e) C Bj(z,€). On the other hand, suppose that there is
v € Bj(z,¢) — By, (2,¢€). There must be n > ng such that p(z,v) = pn(z,v), then
v € B, (z¢) — By, (z,€), which is a contradiction. So, idx induces an isometry
from B,, (z,€) onto Bj(z,e). By Proposition 7, B,, (2,¢') = Bp(z,¢’) for all
¢’ < e. Since pp, and py induce the same topology, this implies that every open
po-neighbourhood of z contains a p-neighbourhood of z, and vice versa.

Consider now the case z = A. Fix an ¢ > 0 and consider the ball Bs(\,¢).
There exists ng > 0 such that, for n > ng, B[z, rs] are formally included in
By, (M €/3), po(yn,A) < €/3 and h, < /3. Choose § such that 0 < § < ¢/3
and By, (A, 0) N (Upcng Boolk,7r]) = @. For each v € By, (A, d), either p(v, \) =
po(v,\) <6 <e¢,orve B, (x,,r,) for some n > ng. In the second case,

p(v, A) = pnt1(v, A)
< Pn+1(v, yn) + Pn+1(ym )‘)
= Pn+1(v yn) + pO(ym )‘)

< Pn+1\V yn) +€/3

(
(Pl e (0, ) - P () H2/3

Pn0+1(275) _>~~~_>Bpn(2,8) — ...

g

ax

/\

ax mpn(vayn)) + 5/3

(h
(hnys po(v,yn)) +€/3
axX (b, po(v, T0) + po(xn, A) + po(X, yn)) + /3
(
(

\
B

ax

=

ax hn7 Tn + Po(xna )‘) + p()()\7 yn)) + 5/3
max(e/3,e/3+¢/3)+¢/3
2¢/3+¢/3=¢.

We have proved that B,,(\,6) C B(A,€).

It remains to show that any ball B, (), ) contains an open p-ball. Fix a ball
By, (A, €). Choose ng > 0 such that B, [z, ] are formally included in B, (A, ¢) for
n = no. Using functions Ay, choose nonzero § < ¢ such that B, (A, d) = By, (A, 0)
and B, (A, 6) N (Uk<n0 B[k, 7)) = @. For any z € B;(), 6) we have that either
z & By (@, ) for all n € w, in which case po(A, 2) = p(A,2) < d < ¢, or z €

IN NN
=
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By, (Tny, Tn,) for some nq. If nq < ng, then p(A, 2) = ppy+1(A, 2) = png(A, 2) =6
by the choice of 6. Thus, n1 > ng, and z € B, (2, ,7n,) € By, (A, €). We conclude
that B;(\,0) € By, (), ¢) and p induces the same topology as p.

Let us show that p is complete. Let (2;);c., be a Cauchy sequence in (X, p).
Then either pg(z;, A\) — 0, in which case p(z;,A) — 0, or there are ¢ > 0 and
subsequence (z;, Jkew Of (2;)icw such that pg(z;,,A) > € for all k. There is ng € w
such that p(z;,,2i,) = png(2iy, 2i,) for all k,I. Since (z;, )kew is Cauchy in (X, p),
then (z;, )kew is Cauchy in (X, pn,), so it converges in (X, pn,), thus it converges
in (X,p). As aresult, (z;);cw converges in (X, p). O

6. CONSTRUCTION OF p

In this section we finish the proof of Theorem 4. Suppose that p € M(X) is a
computable metric and A is a computable limit point in (X, p). Fix a computable p-
name f) for the point A\. We show that the construction described in Subsection 5.2
can be effectivized to yield a computable metric p satisfying all requirements Re.,.-.

A stage s of the construction will be called active if s = 0 or some requirement
acts at this stage (see definition in the construction). If a requirement acts at stage
s, we output a new metric p, and a function Ag: X — R at this stage. Let fo, f1, fo
be computable functions from the proof of Theorem 1. An element x = wy, ;) will
be called fresh if i > j for all wy, (;) seen in the construction so far.

6.1. Construction. Stage 0. Let Ay = &, po = p.

Stage s+1. Let Agpq = Ag U {ws}. We work with requirement R.../, (e, z,2') =
(s+ 1)p = n, if it hasn’t been satisfied yet. Let y = wy, where b = fy(n). Compute
the distance d.(y,\) with precision 27°, using at most s + 1 machine steps. If
de(y,\) > 0, fix some k such that d.(y,\) > 27**1. Compute @, (fr)(k + 1)[s + 1]
and ®_/(b)(k+1)[s+1]. If these computations halt, we say that R... acts at stage
s. Choose a fresh element x = wy, ;) such that x € Cjéf*’k and po(z,w) > 0 for all
w € Agy1. Let Ssi1 be the set of all active stages before s + 1 and let s’ be the
latest previous active stage. Choose a rational number r such that

0<r< min(qu(i), té{lgilll At(a:))

and B, , (z,7) N As;1 = &. Define a mapping I'sy1: B, , (z,r) — £ by

Top1(z) = (F222) ) = (Fa(y) — 22920 (B (y) — Fu(2))),

where h < 27%= (O)(k+D[s+1+1 i 5 nonzero rational number and Fy is the Fréchet
embedding of (X, ps, W) into £>°. Extend T'sy; to a mapping ys41: X — £>° by
DUtHiNg Y s1(2) = 0~ Fy(2) for 2 & By,, (z,7). Let pasa(z,0) = |ras1(2)—1ws1(0)].
Lt Avp1(2) = min(oss1 (2, 2) — 1 poss ().

6.2. Verification. Let S be the set of all active stages of the construction. For
s € S, let x5, be = that we choose at stage s, r; be r chosen at stage s, and y,
be y = wy,(n) associated with requirement R, we are working with at stage s.
Since wy, (n) — A and Cjﬂ*fk’k is a neighbourhood of A\, we see that a suitable special
point x5 always exists. Arguing as in the proof of Proposition 8 (remember also the
properties of fo, f1 and f2) and bearing in mind that x5 ¢ A, we see that there
exists a suitable rs > 0. Applying Proposition 8, we obtain that, for all s € S, ps is
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a correctly defined complete metric inducing topology 7. Applying Proposition 9,
we obtain that

Flz,v) = lim iy (2,v)

is a complete metric inducing topology 7. Our next step will be to prove that
(ps)ses 1s a computable sequence of computable metrics. It is easy to see that S is a
computable set: in order to check whether s € S, proceed as follows. Check whether
de(y, A) > 0 using at most s machine steps; this value can be determined using .,
®, and the computable name fy for A. Once d.(y,\) > 0, fix some k such that
de(y,A) > 27%*1 and check whether @, (fy)(k+1)[s+1] J and .. (b)(k+1)[s+1] |,
where w, = y. If they do, then s € S.
For n € w, let s, be the nth active stage in strictly increasing order.

Lemma 4. There exists a computable function g such that ps, = dg(,) forn € w.

Proof. We will first show that there exists a partial computable function 1: w® — w
such that if d., = d is a computable metric on X, w, = x and w;, = y are special
points, ¢; = r and ¢; = h are rational numbers such that d(z,y) > r, and a metric
d’ is obtained from d via elementary deformation I': By(x,r) — £>° defined in the
usual manner:

T(z) = (422 ) = (F(y) - L22(F(y) - F(2)),
then for all I, m, k € w it holds ¥(eg, a,b,,j,1,m, k) | and
|d,(wl7 wm) - w(eOa a, ba ivja l7 m, k)| < Q_k'

In two words, that v exists should be clear from Formulas (5.1)-(5.5). Just in
case, we present a more formal argument. We will show how to compute d’ with
any precision, this will imply that v exists. Fix eg,a,b,i and j as above. Let
z = wi,v = wy,. The distance d’'(z,v) can be computed with precision ¢ < r as
follows. Compute rational e-approximations D; and Dy of distances d(zx, z) and
d(z,v), respectively. There are several opportunities:

(1) Dy 2 r+e¢cand
(a) Dy > +e,
(b) Dy <71 —ck,
(¢) r—e< Dy <r+e,
(2) D1 < r — e with the same subcases,
(3) r —e < Dy < r+ ¢ with the same subcases.
In case (la) we are sure that d(x,z) > r and d(z,v) > r, so d'(z,v) = d(z,v)
according to Formula (5.5). Similarly, in case (1b) we are sure that d(x, z) > r and
d(xz,v) < r, thus d’(z,v) can be computed according to (5.2). Case (1c) is a little
trickier as we no longer know whether (5.2) or (5.5) is to be applied. However,
since (5.2) and (5.5) give the same result when d(z,v) = r, we can use any of
these formulas to determine a suitable approximation of d’(z,v). Below is how to
compute d’(z,v) up to precision €. Recall that

d(z,v) = max (=2 p W) g, 4) 4 T4 gy )
is the value of d’(z,v) given by Formula (5.2). First of all, note that
|22 d(z,0) + =EEd(y, 2) — d(z,0)] < |G d(z0) + [ d(y, 2).
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Let N € w be such that
d(z,v) < N, d(y,z) < N and h < N.

Compute d(z,v) with precision £f,

If it still holds

let D3 be the corresponding approximate value.

r— % g D3 <r-+ %’
i.e. we are still not sure whether d(z,v) < r, then
£t ld(z, ) < £, |48 ]d(,2) < § and [S2=E[R < 5.
Now we can compute an approximate value Dy of d(z,v) with precision £/8 and
check whether Dy > ¢ + ¢/8. If not, then d(z,v) < e + /4 and
|J(z,v)—d(z, v)| = |max(%(z’v) h, Md(z,v) + %(I’v)d(y, z)) —d(z, v)|

T

< max(|$(z’v) h—d(z,v)|, |Md(z,v) + %ﬁg’v)d(y,z) —d(z,v)])

< max(| =922 bt d(z,0), [ d(z,0) + [ d(y, 2)

< max(e +¢/2,¢/2)

= 3¢/2.
Thus, we can output € as an approximate value of d’'(z,v) with precision ¢ at
which (5.2) and (5.5) agree. If Dy > e + ¢/8, then d(z,v) = Md(z,v) +
%@’v)d(y,z) and ’J(z,v) - d(z,v)‘ < €/2, so we can output D4 as an approx-
imate value of d’(z,v) with precision e.

The other possibilities are treated similarly. Applying the s-m-n theorem to the
function 1, we see that there is a computable function ¢’': w® — w such that for all
eo, ¢, a,1, j as above it holds d’' = dy/ (¢ ca,i,5)-

Now we can obtain g from the statement of the lemma. Let g(0) be an index
of po. Suppose that g(0),...,g(n) have been defined. To compute g(n + 1), go
to stage sp+1. It is clear that the elements z = w, and y = wy, appearing at
stage sp4+1 are chosen effectively. Since ps,,...,ps, are computable metrics, then
Agy(x),..., A, (x) are computable real numbers. Thus, rational numbers r = ¢;
and h = g; are obtained effectively as well. Letting g(n+1) = ¢'(9(n),a,b,,j), we
see that ps, ., = dgni1)- (]

Lemma 5. p is a computable metric.

Proof. We will now show that, for all n,m € w, p(wy, wy) = ps(wy, wy,) for the
least active stage s > max(n,m). It will imply that p(wy,w.,) is computable
uniformly in m, n.

Let s be as above. Then w,,w,, € As. Element x and rational number r are
chosen at stage s so that w,,,w,, & B, (x,r), where s’ is the previous active stage.
By Proposition 8, ps(wp, W) = ps (Wp, wry,). Repeating the same argument for all
subsequent active stages, we see that this distance will not change from now on,
thus p(wp, W) = ps(Wp, Wi,). ]

Lemma 6. Fvery requirement R, is satisfied.

Proof. Suppose that some requirement R...: is not satisfied, i.e., there are a com-
putable metric d. € M(X) and computable functionals ®, and @, reducing p
and p to d., respectively. Let n = (e, z,2’). At some stage so we find out that
de(y,A) > 0, where y = wy () = ws, and fix k such that dc(y,\) > 27 kL At
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some stage s1 > so we find out that ®.(fx)(k+1)[s1] | and @,/ (b)(k+1)[s1] J. At
this stage we choose a special point = € C’;’f*’k and define the metric ps, in such

a way that p,, (z,y) = h < 279 O &1+l propositions 6 and 8 show that the

distance ps, (z,y) will remain unchanged after s, thus, p(z,y) = ps, (z,y) = h and
x € Cg,’b’k. Applying Lemma 3, we see that d.(z,\) < 27% and d.(z,y) < 27%,
thus d.(y, \) < 271 contrary to the choice of k. Thus, either d, is not a suitable
metric on X, or ®, does not reduce p to de, or ., does not reduce p to d., which

means that R, is satisfied. [l

Proof of Theorem 4 is now complete.
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