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ABSTRACT. The main idea of this work is to create a new model that combines
the properties of porous-elastic materials and standard linear solids that de-
pend in its model on Hooke’s law. In addition to the two previous mechanical
systems, we have added a thermal effect of second sound which is modeled by
a system that link the heat equation with the heat flow field equation. The
model was introduced on the basis of evolution equations and basic equations
for flexible-porous materials and a standard solids property whose model is
based on Hooke’s law. It’s about a standard linear model of viscoelasticity for
system of flexible structure materials with voids coupled to heat waves that
propagate at a finite velocity according to Cattaneo’s law for thermal conduc-
tion. We show a global existence of the weak solutions and we then interest
by the decay rate in time of solutions where the exponential stability has been
proved. In this study, a systematization, important from a practical point of
view, was carried out, devoted to completed studies for thermo-visco-elasticity
on flexible structures.

1. INTRODUCTION AND RELEVANCE OF THE TOPIC

The development of modern technology is inextricably linked to the emergence
of new materials with properties that distinguish them from all previously known.
An example of this is the flexible visco-thermal materials, where three important
physical properties are combined. In this work, we derived a new model that was
not previously worked on. This derivation is based on three basic models that
have been previously studied separately. As a result of this, new materials appear
with higher physicomechanical properties compared to those that were available
for unconnected materials. The appearance of such materials is widely used in new
technology, but this can only be achieved through a more comprehensive study of
the qualitative properties of already known materials than before. In the 50s and
70s of the last century, when the linear theory of viscoelasticity was intensively
developed, the representation of relaxation in the form of time functions to be
determined experimentally predominated in concrete experiments and at present, it
becomes widely used to represent these kernel by using a large number of decreasing
exponential functions that allow describing the decay of energy function related to
the evolution systems. Recently, damped systems has been actively studied both
quantitatively and qualitatively, which is associated with the evolutional equations
(systems). The theory of elastic solids with voids was introduced by Nunziato
and Cowin [13] and Iesan in [9, 10] added the thermal effect so that this theory
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became stronger and more real, which attracted the attention of many researchers
in different fields of engineering, such as the petroleum industry, material science,
biology, . ...

In the present paper, we consider a novel system that models the behavior of
viscoelastic materials of porous and flexible structure in the presence of the thermal
effect of the second sound type in the following coupled system

gy + g — a®BAu — ala® + X+ m)Vdivu,
—a?Au+Vl — (a®> + A+ m)Vdivu + mVe =0 in QxR

Joi — b2A¢ + 2m¢é — madivu, —mdivu —df =0 in Q x R (1.1)
cl; + kdiv g + yadiv ugy + v divug + dgy = 0 in QO xRt
Toqt + kVO+qg=0 in QO xRt,

where  is a bounded domain in R™(n > 1) with smooth boundary I' = 99, the
boundary conditions is given by

u(z,t) = w(z,t) = ¢(x,t) = 0(z,t) =0, on ' x R, (1.2)
and the related initial conditions are
U(IE, O) = Uo(x), ut(gjv 0) = Ul(l’)
utt(x; 0) = Ug(x), QS((E,O) = O(x) (1 3)
o¢(2,0) = ¢1(x), 0(x,0) = Hy(x ’
q(z,0) = qo(x), in
The functions
u,q: QxR —R”, (1.4)
$,0: QxR — R, (1.5)

represent respectively, the vibration of flexible structures, the difference of the vol-
ume fraction, the difference of temperature between the actual state and a reference
temperature and the heat flux. Here, we note that -, x, m,d are the coupling con-
stants and «, a, J, b, 8, A, 79, ¢ are supposed positive.

The essence of problem solved in this article is as follows: To find and use the rela-
tionships between three various mechanisms, which allows taking into account the
physical properties of problem, which were revealed in the study of this new model
in terms of the global existence of solution as well as knowledge of the asymptotic
behavior of this system. The latter corresponds to the fact that this system, by
studying the behavior of solutions, turns out to have preserved the advantages of
porous-elastic systems whose stability depends on the presence of at least two dis-
sipations in relation to the first that is at the level of the mechanical system and
the second that is at the level of thermal effect.

It is important firstly to give a general overview of existing models in the literature
to illustrate a general view of the derivation for our model. The authors in [5, §],
considered the differential equations of low amplitude acoustic waves in elastic ma-
terials with voids, this material was supposed homogeneous and isotropic and in
the absence of the external forces, the authors proposed the following system

puy — pAu — (p+ AN)Vdivu+ Ve =0
pPEPy — aAp + Ty + P + Bdivu = 0,
where u is the displacement field, ¢ is the difference of the volume fraction and

a, B, p, p, A\, 7 and € are positive constitutive coeflicients. Quintanilla in [16] showed
that the porous viscosity was not strong enough to achieve exponential stability for

(1.6)
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the solutions of system. This results for the decay of energy which alludes to one-
dimensional porous elastic materials opened a field to several investigations (see
[2, 11, 12, 16, 17, 18]). Gorain in [6] studied the dynamics of linear vibrations of
elastic (flexible) structures that are generally formulated according to Hooke’s law,
these vibrations are governed by the following linear differential equation

QU + Uy — a2 Au — a®BAu; = 0, (1.7)

where u is the deflection of flexible structures. More precisely, if the stress o is
proportional to € deformation by the relation 0 = Fe with E being the Young’s
modulus of elastic structure then the vibrations are modeled by the equation

ugy = a®Au, (1.8)

where @ > 0, under the assumption that the stress and their time derivative are
related according to the following equation

o+ aoy = E(e + Pey), (1.9)

where the constants «, 8 are very small and satisfy 0 < o < 8. In this direction,
M. S. Alves et al. in [1], by coupling equation (1.7) to a heat equation according
to the Fourier law of thermal conduction, the authors showed the exponential sta-
bility. Other related important work has recently been developed in [7], where an
exponential stability was proved.

The classical model of Fourier-law heat propagation is transformed into equations
using the temperature 6 and the heat flux vector g by

0, + pBdivg=10
{ g+ VO =0, (1.10)

with positive constants 3, k. This model is based on the physical paradox of the in-
finite propagation speed of the (thermal) signals, unlike, another model introduced
by the law of Cattaneo [3], which eliminates the Fourier paradox, this model is very
important for some applications (see [17]), the second sound heat is given by the
replacement of the equation (1.10)2 by

Tq: +q+ kV0O. (1.11)

For a comparative study of two laws, please see [4, 14]. The heat flux vector is now
considered as other function to be determined from the differential equation where
the positive parameter 7 is the relaxation time describing the delay of the response
of the thermal flux to a temperature gradient.

The purpose of this paper is to develop a thermoviscoelastic model for flexible
structure materials by showing a global existence result for the weak solution cor-
responding to the problem. We proved the asymptotic behavior of the obtained
solution and we concluding by some comments on the importance of this results.

Remark 1.1. Throughout this paper

® ¢y is a generic constant, it will change from line to line, which depends in
an increasing way on the indicated quantities.
e Under a (mathematically) natural hypothesis

(B—a)>0, (1.12)

the positivity of the energy is ensured.
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2. THE EXISTENCE RESULT VIA SEMIGROUP APPROACH

Here, we prove the existence and uniqueness results for (1.1)-(1.3). All that
follows in this section is based on the classic Lumer-Phillips theorem inspired from
[15].

Lemma 2.1. [15] Let A be a densely defined linear operator on a Hilbert space H.
Then A is the infinitesimal generator of a contraction semigroup s(t) if and only if

(1) A is dissipative.
(2) R(I —A) =H.

We will use the following standard L?(f2) space, the scalar product and norm
are denoted by

Ptz = [ 9o, ey = [ 1P 21)
Introducing the vectors

Z(t) = (u,v,w7¢,<p,97q), 20 = (onvoawm%,@m@m%)? (22)

such that uy = v, vi=w, ¢ = .
We introduce the energy space

H = H}(Q) x H}(Q) x L3(Q) x H}(Q) x L*(Q) x L*(Q) x L*(Q). (2.3)
equipped with the inner product

(2,2)y, = (ow+wv,aw+ 5>Lz(Q) +a* (aVv + Vu, aVi + V@Lz(m
(a> + X +m) (adivo + divu, adiv o + diva)
2 o 0
a*a(B — o) (Vo, Vi) o +e <9’0>L2(Q)
2 — — =
b <V¢’ vQZ)>L2(Q) tm <¢’ ¢>L2(Q) o <q7 q>L2(Q)

+ J <Lp, 5>L2(Q) +m <div(ow +u) — ¢, div(ad + 7) — q~5>L2(Q) ,

L2 (Q)

+ o+

+

and the norm

law + vl|72(q) + a*[laVo + Va2 (q)
(a® 4+ \)||adive + divu||%2(ﬂ) +a*a(B — OZ)”V’U”%2(Q)

1213,

cl0l|72 () + mollall7z () + TlellL2@) + mldllL2 )
ml| div(aw +u) — ¢l 2) + 0° |Vl 20,

+ o+ o+

we write problem (1.1)-(1.3) as the ODE in H

{ gfg)(ti jofélz(t) (2:4)
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The linear operator A : D(A) C H — H is given by

v
w
L{a?BAv —w + (a® + A+ m)V div (av + u) + a*Au — yV0 — mV )
Az = @ (2.5)

L2 A¢ — 2me + mdiv(ow + u) + df]
% [—yadivw — kdivg — ydive — dy]
7 [-rVO —q]
with domain D(A) given by
pay= | FEH wp b€ Hy(Q),q € W, ¢ € Hy(Q)NH*(Q),
T —d?Bv —a’ue HY Q)N H(Q).

W = {v e L*(Q)|divv € L*(Q)}. (2.6)

Theorem 2.2. The operator A is the infinitesimal generator of a contraction semi-
group
s(t) = e H — H. (2.7

Proof. The proof is based on a direct application of Lemma 2.1. ([

We introduce the following result.

Proposition 2.3. The operator A generates a co-semigroup s(t) of contractions
on the space H.

Proof. Using the operator in (2.5) and the vector solution in (2.2), then we have

(Az,2)y, = (a®BAv+ (a® + X+ m)Vdiv(av + u) + a®Au, 0w + E>L2

()
+ @ (aVw + Vv,aVo + V) 120y + a’al(a— B) (Vu, V) 12(a)
+ (@ + X (div(aw + v, div aT + 7)) 12 () + (—KVE — q,5>L2(Q)

<div(7aw + v+ kq) + d@»§>L2(Q) +0° <V‘P’ V$>L2(Q)

+ m <¢’$>L2(Q) + (b*A¢ — 2m¢ + mdiv(av + u) + d0,¢>L2(Q)
+ m{div(aw +v) — ¢, div(a + @) r2() — (YV0,0W + D) 12
+ <mv¢ — U, aw + E>L2(Q) . (28)
Hence, we get

R(Az,2)n = —(q,@)r2(0) — a*(B— &)(Vv, Vo) 20

= —l4dlZz) = V720

< 0.

([l

Proposition 2.4. We have R(ul — A) = H, where A introduced in (2.5).
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Proof. We show that for all F' = (f1, f2, f3, fa, f5, f6, f7) € H, there exists a unique
z € D(A) such that (uI — A)z = F, that is

pu—v = fi € Hy(Q)

v —w=f, € Hy(Q)

(ap+ Dw — a?BAv — (a® + X + m)V div(av + u)
—a?Au+ VO +mVo = afs € L?(Q)

pd — o = f1 € Hy(Q)

Jpp — b2 A¢ + 2me — mdiv(aw +u) — df = J fs € L*(Q)

cuf +yadivw + kdivg + ydive + dp = cfs € L*(Q)

(14 Top)q + kVO = 1o f7 € L3(Q).

Substitute (2.9)1, (2.9)2 and (2.9)4 in (2.9)3,(2.9)s5, (2.9) and (2.9)7, then we get

wr(ap + Du—a?(1+ pB)Au — (1 + ap)(a? + X+ m)Vdivu
+YVO +mVeo = &,
(Ju? +2m)ep — b*A¢p — m(ap — 1) divu — df = (2.10)
ped + (pPya + wy)divu + kdiv g + dug = @3
(1 + T()/L)(] + kVEO = @47

(2.9)

where
Py = afy+ (ap+ 1) (ufi + fo) +a®BAf1 — a(a® + A +m)V div f1
Oy =Jfs +Jufy —amdiv fi

D3 = cfs + (yap —v)div f1 + yadiv fo + dfs

by =10 f7.

Substitute (2.10)3 and (2.10)4 then the system (2.10) will be

w2 (o + 1)u — a2(1 +uB)Au — (14 ap)(a®? + X +m)Vdivu

(T + 2m) — B2 AG — m(ap — 1) divu—df = @, (2.11)
pcl) + (u? ’yoz—i—,uv)dlvu—FH_T Al + dugp = D3 + 1755, div @y
To solve system (2.11) we consider the bilinear form
B (Hy(2))° x (Hy(Q)° — R, (2.12)

given by
B ((u, 0, 0), (x, ¥, )

ILL2(O£,U + 1) <U, X>L2(Q) + 012(1 + ,U/B) <VU7 VX>L2(Q)

+ (14 ap)(a® + X +m) (divu, div x) 2 (q) + pe(0,9) 2
+ Y VO,X) 20y + M AV X) 120y T (1?4 2m) ($,9) 120
+ b (Vg, V¢>L2(Q) —m(ap —1) (divu, 7/)>L2(Q)
= d{0,¥)12q) t+ (nPya+ py) (diva, D) 120
T -fQTO,u (Vo, V19>L2(Q) + du (¢, 19>L2(Q) )

and the linear form
£: H)(Q) x Hy(Q) x H)(Q) — R, (2.13)

given by
S(X7¢719) = <(I)17X>L2(Q) + <(I>27¢>L2(Q) + <(I)377~9>L2(Q)
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For g € H (), we have
v £,.0) ooy | < 112200 lgll g - (2.14)
Then, for f € L?() and || div fllg-1) < I fll2)-
Using the previous inequality, there exist ¢ > 0 such that
B ((u, 9,0), (u,9,0)) = co (HUH?{(}(Q) + ||¢||?{é(ﬂ) + ||9H?qg(ﬂ)) : (2.15)
Thus *B is coercive.

On the other hand, by using the Hdélder inequality we have

B ((u,9,0),(x,¥,9)) < co (||UHH3(Q) + 19l a2 @) + 101l 22 )

W= N
N Nl=

% (Il + 18l ) + 1911300 )
Finally, for the linear form, we have

1
2

2060, < o (Ixls o) + IV 0

N

)
>1
+ e (19130 + I9913020)) "

A classical calculation shows that B and £ satisfy the conditions of Lax-Milgram
theorem, consequently, there exists a unique weak solution (u,¢,0) € (Hg(Q))3,
satisfying

B ((u,,0), (x,9,9)) = £(x, ¥, 9),  V(x,¥,9) € (Hy(Q))*. (2.16)
In particular, for all (y,0,0), where x € D(A) we have that

w2 (ap+ 1) (U, X) 20y — a*(1+ 1B) (Vu, V) 120

—(1 4 ap)(a® + X +m) (divu, div X) 120

+m <V¢,x>L2(Q) +7 <v07X>L2(Q) = <‘1)17X>L2(Q) )

+ o (Il + 19901 0)

that is,
2 (ap+ Du 4 a®(1 + pB)Au+ (14 ap)(a® + X +m)Vdivu
AV £ mVé = @, in D'(A).

We set v = pu— f1 and w = p(pu— f1) — f2. Then v, w € H () solve (2.9)1,(2.9)a.
Hence, by using (2.17) we have

(e +Dw — a?BAv — (a® + \)V div(aw + u) — a?Au+yV0 +mVe = afs, (2.17)
which solves (2.10)1, since F' € H, and therefore af3 € L?(Q2). Moreover, we note
that (2.17) implies

—a?Bv —a*u € Hy (Q) N H3(Q), (2.18)
for all (0,,0), where ¢ € D(A) we have that
(Jp? +2m) (¢, V)2 + b* (Vg, V) 200
—m(ap = 1) (dive, ) o) = d(0,¢) 2 ) = (P2, V) 2(q) -
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that is,
(Jp? +2m)p — b*A¢p —m(ap — 1) divu — df = &y, in D'(A). (2.19)
We set ¢ = g — f1. Then p € H () solve (2.9)4. Hence, using (2.11)s we have
Jup — > A¢ + 2m¢ — mdiv(av +u) — df = J fs, (2.20)
which solves (2.9)s, since F' € H and therefore Jf5 € L*(Q2). Moreover, we note
that (2.20) implies
¢ € H(Q)NH?*(Q). (2.21)
for all (0,0,9) with ¢ € D(A)

pe(0,9) 120y + (e + py) (divu, 9) 12 o) + dp(9,9) 120
2

K :
T+ rop (VO,V0) 12y = (P3,7) 12 () + TS rop (div @4,9) 12 (q) -
Thus
2
ped + (p?ya + py) divu + N AG+ dug = &3 + T div o, cD'(A).

14711 1+ 7op
or, for cfs € L?(Q), we havw
cuf + yadivw + kdivg + ydive + dp = cfg, (2.22)
which solves (2.10)3 and (2.10)4. Now, from (2.22) we conclude that
6 € Hy(Q) and divg € L*(Q), (2.23)
recalling that by (2.10)4, we have ¢ € L*(Q2). Then we have
g€ W(Q). (2.24)

It is easy to show that D(A) is dense in H. We conclude that the operator A
generates a cp-semigroup of contractions on the space H. O

We can conclude using the previous result the following theorem.

Theorem 2.5. For any zp € H, there exists a unique solution z of (1.1)-(1.3)
satisfying

we CHRT; HE () N C%(RT; L2(Q))

¢ € C(RF; Hy(Q))

)
6 c C(RY; L2(Q) (2.25)
g € C(R*; L*()).
However, if zy € D(A) then
u € C?(RT; HE(Q)) N C3(RT; L2(2))
6 € C(EH HY() N H() 1 C* (B HY(€) 226)

)
0 € C(RT; Hy(Q)) N CHRT; L*(Q))
q € C(RT; W(Q)) N C'(RT; L2 ().
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3. ASYMPTOTIC BEHAVIOR

In this section, we show the exponential stability of problem (1.1)-(1.3).by using
the multiplier techniques in the energy space.
We define the total energy functional of system (1.1) by

=3
E(t) =Y E;(t),vt > 0. (3.1)
i=1

The total energy (3.1) is the sum of the potential energy Ej, the kinetic energy Fs
and the energy coming from the heat conduction Fs5, where

Bilt) = 5@+ A m)div (@ + ) 30 + il div(e +w) = 0l o)
+ mlll3eq) + @IV (ot + ) [Baa) + 021 V0l3a(cy ).

Ba#) = 5 (low +wlfa) + (8~ ) VuulFaga + T6ula(c )

B#) = 5 (mllala +elbldam).

Then, we have
Lemma 3.1. For any solution (u, ¢,0,q) € H of the problem (1.1)-(1.3), the energy
functional (3.1) satisfies

d

%E(t) = —llall720) — @*(B — )| Vuel 20 - (3:2)
Proof. Multiplying the first equations of system (1.1)-(1.3) by (aus + u)t, ¢, 6 and
q respectively, by (1.2) and Green formula, the Lemma (3.1) follows. O

Theorem 3.2. Let (u,¢,0,q) € H be solutions of (1.1)-(1.3) given in Theorem
2.2. Then there exist positive constants wy and ws such that

E(t) < @ E(0)e” 2! vt > 0. (3.3)
To proof Theorem 3.2, we need to introduce several Lemmas.

Lemma 3.3. Let (u,¢,0,q) € H solution of the problem (1.1)-(1.8). Then, the
functional

1=4
O1(t) = > Ai(t), Vt>0, (3.4)
=1

where the functionals A; given by

A1 (t) = {aus + u, aug + Ut>L2(Q)

Aa(t) := =22 (auy + 1, q) 120

K

As(t) := J(}, dt) 12

A4(t) = _a%o <¢a V_1q>L2(Q) )
satisfies for all t > 0 the following inequality

d
%@1(0 < —Ei(t)+o (Haut + ull72 () + Vuellie i) + ||¢t||2L2(Q)>
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+ CO(G)H‘I||2L2(Q)- (3.6)

Proof. Take the derivative of Aj, Ay use the equations of system (1.1) and Green’s
formula

d .
M) = =@+ A+ m)l|diviaw +u)l7a ) — @ V(ew + )l

— a®(B - a) (V(au +u), Vu) 12 (q) + llaun + ue]| 72 (3.7)
— mfau +u, Vo) 20+ 7 (0, aVu, + Vi) rag -

d 770
he(t) = === {aun +ut, @) pa(q) =7 (0, aVur + V) q)
g
+ E (o + u, Q>L2(Q) . (3.8)

Adding (3.7) and (3.8), using Young’s inequality, we obtain

d a® . .

pn [A1(t) + A2 ()] < *EHOZVUt + Vu||%2(m — (a® + X +m)|jadivu, + d1vu||2L2(Q)
+ collows + w32y + coll Vel 220 (3.9)
= m{au +u, Vo) 2 +co(€)llall72q)-

Take the derivative of Az, A4 use the equations of system (1.1) and Green’s formula

d

SAs) = —0?|VollL20) + IVl L2@) — 2mll¢el 2
+ (madivu,+mdivu+do, @), - (3.10)
d _ dn . d__,
() = =— (61, Vq) 1) + <HV q—do, ¢ . (3.11)

Adding (3.10) and (3.11), using Young’s inequality, we obtain
d

3m
7 [As(t) + As(t)] < =0*|Vo[lT2(0 — 7||¢||%2(Q) + collellZ2 0

+ co(e)||q||2L2(Q) +m{adivu +divu, @) gy (3.12)
Summing up inequalities (3.12) and (3.9), then we get (3.6), so the proof is com-

pleted. O
Let ® be the solution of the problem
Vo =4, in Q,
(3.13)
® =0, on 9N.
Since § € C*(R*; L%(Q)) then ® € CY(RT; H}(Q)) and
@/l 22y < collfll L2 (3.14)
Lemma 3.4. The functional
O2(t) = {au + u, P) o) - (3.15)
satisfies, along the solution of the problem (1.1)-(1.3) the estimate

d

5020 < = Lllaw +wilfaq) + el Viau + )3
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+ Co(€)||9\|%2(9) +CO||Q||2L2(Q) +€1||¢||2L2(Q)
+ CO(G)HVUtHQLQ(Q) + CO||¢t”%2(Q) + €1HOZ div Uy + div UH%z(Q),
forex > 0.

Proof. By taking the derivative of ©2, using equations of the system (1.1) and by
Greens formula, we obtain

d y K
592) = —llaus + uelZ2(0) + VOl 720 — ~ {au +ur, d4)r2q)
. d,
— (/\ + m) <d1V(0&Ut + U), €>L2(Q) - E <V 1¢t7 QU + Ut>L2(Q)
— (B =) (VO,Vue) 12 () +m (0, 0) 20 - (3.16)
Estimate (3.16) follows thanks to Young’s and Poincaré’s inequalities. (]

Next, let U be the solution of the problem

AV =0, in Q,
(3.17)
¥ =0, on 0.
Since § € C*(RT; L?(Q2)) then ¥ € CH(R*; H2(Q) N H(R)) and
19| 2 (02) < collOll 20 (3.18)

Lemma 3.5. Let (u,0,60,q) € H solution of the problem (1.1)-(1.83). Then, the
functional

O3(t) == —To <Q7 V\I]>L2(Q) ) (3.19)
satisfies
d K
593t = —§||9||2L2(Q) + €2 (Hautt + g T2 + ||¢t||2L2(Q))
+ co(e)llall 7z
for ea > 0.

Proof. Taking the derivative of ©3, using (1.1) and Greens formula, to get

d ToK 1 4
aefﬁ(t) = _'I{HQH%?(Q) =+ <V\I/a Q>L2(Q) + 07 <qa V(A ! div q)>L2(Q)
+ <q, MVA_lqﬁt + MVA_l div(oug + ut)> . (3.20)
c c £2(Q)

Since div f € H=1(Q) then A~!(div f) € H'(Q2) with

VAT div f)llrz@) < AT i fllaie) < coll div fllmo)
< collfllze)- (3.21)

By using (3.21), Young’s and Poincaré’s inequalities, the estimate (3.20) follows. O

Lemma 3.6. The functional

O4(t) == As(t) + Ag(t), (3.22)
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with
AS (t) = <¢ta 9>L2(Q) 9
, (3.23)
Ag(t) = 25 (div g, ¢) 12 (0 »
satisfies
G0ut) < Vo) +es (1013200 + v + divul o))
dt 4 >~ 2 t LQ(Q) €3 LQ(Q) Q A1V Ut vu L2 (Q)
+ colOlFllE e + co (law + uildaey + laliee),  (3:24)
for ez > 0.
Proof. Direct computations, using (1.1) and Greens formula, we have
d d d b?
) = —E||V¢t\|%2(m + j”V@”%z(Q) t7 (86,0) 120
2m m . .
- = (0.8) 1200y + ¥ (0, crdiv g + divu) 2o
. . K
+ % (pr, adiv ug + div ut>L2(Q) - (s, q>L2(Q) ,
and
d b2 2
%Aﬁ(t) - 77 <A9,¢>L2(Q) Iy (divg, ¢>L2(Q)

Tob2 .
t T (div g, ¢i) r2(q) -
Estimate (3.24) follows thanks to Young and Poincaré’s inequalities. (]

Proof. (Of Theorem 3.2) We define the Lyapunov functional ) by
i=2
Y(t) = NE() + Y _ 0i(t) + MOs(t) + Ou(t). (3.25)
i=1

We note that there exist two positive constants o1 and o5 such that
o1 E(t) <Y(t) < 02E(1), (3.26)

which means that 2)(t) = E(t).
Thanks to Young and Poincaré’s inequality to get

Zz:: @1(15) + fﬁl@g(t) + @4(t) < UoE(t). (327)
Thus . :2
1D(t) — NE(t)| = Z Oi(t) + M O3(t) + O4(t) < 0o E(2). (3.28)

Then we can get (3.26) with 01 = 91— 0 and 03 = 9+ 0 by choosing o¢ > 0 such
that 91 — o9 > 0.
It follows from previous Lemmas 3.3-Lemma 3.6, that for any ¢ > 0

2

d a
%Qﬂ(t) < - [2 - 61] IVau; + Vul|72 o

m
- |5 —a—a] 9l
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a’+ A .
[ 5 € 63:| || div(aus + u)||2L2(Q)
b2 m . .
- §||V¢||2L2(Q) - §||Oédlvut +divu — ¢ll72 ()

— [l — ¢y — m1€2} [ty + ut||i2(§z)

2c
d "N 2
_ %—co— 1€2 ||¢t||L2(Q)
K
=[G = @] 191320y

- [‘)’Iaza(ﬁ —a)— C0(6)} ||Vut||%2(n)
= [ —cole) M+ D] ldll2(0)-

We can choose, now, 9; large enough such that

fnlg — ¢oe) > 0. (3.29)
Next, we pick €7, €3, €3 small enough so that
2
% —€e1 >0
% —€e3—€1 >0
e2ia _ €1 —€3>0 (3.30)

2
%—Co—ml€2>0

%—Co—‘n162>0.

Then we take 91 large enough and the fact that 8 — « > 0 so that
Na?(B — a) — col€) >0

N — cole) (Mg + 1) > 0.

Thus, we arrive at

Do) < el e+ ula) - Gl - 2190
— Gl div(aus + )| 720y — Callaus +uil| T2 (q) — Cslldel 2
= Flledive — dive = 620 — €l10]F20) — Va7
— Csllgll7eq)-

Then we have for some positive constant g

da
dt
On the other hand, by using (3.26) we have

D(t) ~ E(t). (3.32)

(t) < —woE(1), (3.31)
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Hence, combination of (3.31) and (3.32) leads to

2 (1) < —@a (1), Yoz > 0. (3.33)

A simple integration of (3.33) and owing to (3.26), the proof is completed. O

4. CONCLUSION

Through a depth research, we established a positive Lyapunov function equiv-
alent to the energy of our problem, which showed that its nature of decaying is
exponential, and then imply that is the same for our system. This work opens a
new field of study by adding various dissipations to study the converging behavior
of solutions. It also shows us that the properties of standard solids do not affect the
stability of porous-elastic systems. As for the works that have been mentioned in
the introduction, it is interested in studying each model separately. For example,
in 2013, the work published by [1], the standard linear solid model with thermal
effect of Fourier law was studied.
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