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Abstract. The main idea of this work is to create a new model that combines
the properties of porous-elastic materials and standard linear solids that de-

pend in its model on Hooke’s law. In addition to the two previous mechanical

systems, we have added a thermal effect of second sound which is modeled by
a system that link the heat equation with the heat flow field equation. The

model was introduced on the basis of evolution equations and basic equations

for flexible-porous materials and a standard solids property whose model is
based on Hooke’s law. It’s about a standard linear model of viscoelasticity for

system of flexible structure materials with voids coupled to heat waves that

propagate at a finite velocity according to Cattaneo’s law for thermal conduc-
tion. We show a global existence of the weak solutions and we then interest

by the decay rate in time of solutions where the exponential stability has been
proved. In this study, a systematization, important from a practical point of

view, was carried out, devoted to completed studies for thermo-visco-elasticity

on flexible structures.

1. Introduction and relevance of the topic

The development of modern technology is inextricably linked to the emergence
of new materials with properties that distinguish them from all previously known.
An example of this is the flexible visco-thermal materials, where three important
physical properties are combined. In this work, we derived a new model that was
not previously worked on. This derivation is based on three basic models that
have been previously studied separately. As a result of this, new materials appear
with higher physicomechanical properties compared to those that were available
for unconnected materials. The appearance of such materials is widely used in new
technology, but this can only be achieved through a more comprehensive study of
the qualitative properties of already known materials than before. In the 50s and
70s of the last century, when the linear theory of viscoelasticity was intensively
developed, the representation of relaxation in the form of time functions to be
determined experimentally predominated in concrete experiments and at present, it
becomes widely used to represent these kernel by using a large number of decreasing
exponential functions that allow describing the decay of energy function related to
the evolution systems. Recently, damped systems has been actively studied both
quantitatively and qualitatively, which is associated with the evolutional equations
(systems). The theory of elastic solids with voids was introduced by Nunziato
and Cowin [13] and Iesan in [9, 10] added the thermal effect so that this theory
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became stronger and more real, which attracted the attention of many researchers
in different fields of engineering, such as the petroleum industry, material science,
biology, . . . .
In the present paper, we consider a novel system that models the behavior of
viscoelastic materials of porous and flexible structure in the presence of the thermal
effect of the second sound type in the following coupled system

αuttt + utt − a2β∆ut − α(a2 + λ+m)∇div ut
−a2∆u+ γ∇θ − (a2 + λ+m)∇ div u+m∇φ = 0 in Ω× R+

Jφtt − b2∆φ+ 2mφ−mα div ut −m div u− dθ = 0 in Ω× R+

cθt + κdiv q + γα div utt + γ div ut + dφt = 0 in Ω× R+

τ0qt + κ∇θ + q = 0 in Ω× R+,

(1.1)

where Ω is a bounded domain in Rn(n ≥ 1) with smooth boundary Γ = ∂Ω, the
boundary conditions is given by

u(x, t) = ut(x, t) = φ(x, t) = θ(x, t) = 0, on Γ× R+, (1.2)

and the related initial conditions are
u(x, 0) = u0(x), ut(x, 0) = u1(x)
utt(x, 0) = u2(x), φ(x, 0) = φ0(x)
φt(x, 0) = φ1(x), θ(x, 0) = θ0(x)
q(x, 0) = q0(x), in Ω.

(1.3)

The functions

u, q : Ω× R+ 7→ Rn, (1.4)

φ, θ : Ω× R+ 7→ R, (1.5)

represent respectively, the vibration of flexible structures, the difference of the vol-
ume fraction, the difference of temperature between the actual state and a reference
temperature and the heat flux. Here, we note that γ, κ,m, d are the coupling con-
stants and α, a, J, b, β, λ, τ0, c are supposed positive.
The essence of problem solved in this article is as follows: To find and use the rela-
tionships between three various mechanisms, which allows taking into account the
physical properties of problem, which were revealed in the study of this new model
in terms of the global existence of solution as well as knowledge of the asymptotic
behavior of this system. The latter corresponds to the fact that this system, by
studying the behavior of solutions, turns out to have preserved the advantages of
porous-elastic systems whose stability depends on the presence of at least two dis-
sipations in relation to the first that is at the level of the mechanical system and
the second that is at the level of thermal effect.
It is important firstly to give a general overview of existing models in the literature
to illustrate a general view of the derivation for our model. The authors in [5, 8],
considered the differential equations of low amplitude acoustic waves in elastic ma-
terials with voids, this material was supposed homogeneous and isotropic and in
the absence of the external forces, the authors proposed the following system{

ρutt − µ∆u− (µ+ λ)∇ div u+ β∇φ = 0
ρκφtt − α∆φ+ τφt + ξφ+ β div u = 0,

(1.6)

where u is the displacement field, φ is the difference of the volume fraction and
α, β, ρ, µ, λ, τ and ξ are positive constitutive coefficients. Quintanilla in [16] showed
that the porous viscosity was not strong enough to achieve exponential stability for
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the solutions of system. This results for the decay of energy which alludes to one-
dimensional porous elastic materials opened a field to several investigations (see
[2, 11, 12, 16, 17, 18]). Gorain in [6] studied the dynamics of linear vibrations of
elastic (flexible) structures that are generally formulated according to Hooke’s law,
these vibrations are governed by the following linear differential equation

αuttt + utt − a2∆u− a2β∆ut = 0, (1.7)

where u is the deflection of flexible structures. More precisely, if the stress σ is
proportional to ε deformation by the relation σ = Eε with E being the Young’s
modulus of elastic structure then the vibrations are modeled by the equation

utt = a2∆u, (1.8)

where a > 0, under the assumption that the stress and their time derivative are
related according to the following equation

σ + ασt = E(ε+ βεt), (1.9)

where the constants α, β are very small and satisfy 0 < α < β. In this direction,
M. S. Alves et al. in [1], by coupling equation (1.7) to a heat equation according
to the Fourier law of thermal conduction, the authors showed the exponential sta-
bility. Other related important work has recently been developed in [7], where an
exponential stability was proved.
The classical model of Fourier-law heat propagation is transformed into equations
using the temperature θ and the heat flux vector q by{

θt + β div q = 0
q + κ∇θ = 0,

(1.10)

with positive constants β, κ. This model is based on the physical paradox of the in-
finite propagation speed of the (thermal) signals, unlike, another model introduced
by the law of Cattaneo [3], which eliminates the Fourier paradox, this model is very
important for some applications (see [17]), the second sound heat is given by the
replacement of the equation (1.10)2 by

τqt + q + κ∇θ. (1.11)

For a comparative study of two laws, please see [4, 14]. The heat flux vector is now
considered as other function to be determined from the differential equation where
the positive parameter τ is the relaxation time describing the delay of the response
of the thermal flux to a temperature gradient.
The purpose of this paper is to develop a thermoviscoelastic model for flexible
structure materials by showing a global existence result for the weak solution cor-
responding to the problem. We proved the asymptotic behavior of the obtained
solution and we concluding by some comments on the importance of this results.

Remark 1.1. Throughout this paper

• c0 is a generic constant, it will change from line to line, which depends in
an increasing way on the indicated quantities.
• Under a (mathematically) natural hypothesis

(β − α) > 0, (1.12)

the positivity of the energy is ensured.
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2. The existence result via semigroup approach

Here, we prove the existence and uniqueness results for (1.1)-(1.3). All that
follows in this section is based on the classic Lumer-Phillips theorem inspired from
[15].

Lemma 2.1. [15] Let A be a densely defined linear operator on a Hilbert space H.
Then A is the infinitesimal generator of a contraction semigroup s(t) if and only if

(1) A is dissipative.
(2) <(I −A) = H.

We will use the following standard L2(Ω) space, the scalar product and norm
are denoted by

〈f, g〉L2(Ω) =

∫
Ω

fgdx, ‖f‖2L2(Ω) =

∫
Ω

|f |2dx. (2.1)

Introducing the vectors

z(t) = (u, v, w, φ, ϕ, θ, q), z0 = (u0, v0, w0, φ0, ϕ0, θ0, q0), (2.2)

such that ut = v, vt = w, φt = ϕ.
We introduce the energy space

H = H1
0 (Ω)×H1

0 (Ω)× L2(Ω)×H1
0 (Ω)× L2(Ω)× L2(Ω)× L2(Ω). (2.3)

equipped with the inner product

〈z, z̃〉H =
〈
αw + v, αw̃ + ṽ

〉
L2(Ω)

+ a2
〈
α∇v +∇u, α∇ṽ +∇ũ

〉
L2(Ω)

+ (a2 + λ+m)
〈
α div v + div u, α div ṽ + div ũ

〉
L2(Ω)

+ a2α(β − α)
〈
∇v,∇ṽ

〉
L2(Ω)

+ c
〈
θ, θ̃
〉
L2(Ω)

+ b2
〈
∇φ,∇φ̃

〉
L2(Ω)

+m
〈
φ, φ̃

〉
L2(Ω)

+ τ0
〈
q, q̃
〉
L2(Ω)

+ J
〈
ϕ, ϕ̃

〉
L2(Ω)

+m
〈

div(αv + u)− φ,div(αṽ + ũ)− φ̃
〉
L2(Ω)

,

and the norm

‖z‖2H = ‖αw + v‖2L2(Ω) + a2‖α∇v +∇u‖2L2(Ω)

+ (a2 + λ)‖α div v + div u‖2L2(Ω) + a2α(β − α)‖∇v‖2L2(Ω)

+ c‖θ‖2L2(Ω) + τ0‖q‖2L2(Ω) + J‖ϕ‖L2(Ω) +m‖φ‖L2(Ω)

+ m‖ div(αv + u)− φ‖L2(Ω) + b2‖∇φ‖L2(Ω),

we write problem (1.1)-(1.3) as the ODE in H{
d
dt z(t) = Az(t)
z(0) = z0.

(2.4)
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The linear operator A : D(A) ⊂ H → H is given by

Az =



v
w

1
α

[
a2β∆v − w + (a2 + λ+m)∇ div (αv + u) + a2∆u− γ∇θ −m∇φ

]
ϕ

1
J

[
b2∆φ− 2mφ+m div(αv + u) + dθ

]
1
c [−γα divw − κdiv q − γ div v − dϕ]

1
τ0

[−κ∇θ − q]


(2.5)

with domain D(A) given by

D(A) =

{
z ∈ H : w,ϕ, θ ∈ H1

0 (Ω), q ∈W, φ ∈ H1
0 (Ω) ∩H2(Ω),

−a2βv − a2u ∈ H1
0 (Ω) ∩H2(Ω).

}
where

W = {v ∈ L2(Ω)|div v ∈ L2(Ω)}. (2.6)

Theorem 2.2. The operator A is the infinitesimal generator of a contraction semi-
group

s(t) = etA : H −→ H. (2.7)

Proof. The proof is based on a direct application of Lemma 2.1. �

We introduce the following result.

Proposition 2.3. The operator A generates a c0-semigroup s(t) of contractions
on the space H.

Proof. Using the operator in (2.5) and the vector solution in (2.2), then we have

〈Az, z〉H =
〈
a2β∆v + (a2 + λ+m)∇div(αv + u) + a2∆u, αw + v

〉
L2(Ω)

+ a2 〈α∇w +∇v, α∇v +∇u〉L2(Ω) + a2α(α− β) 〈∇w,∇v〉L2(Ω)

+ (a2 + λ) 〈div(αw + v,divαv + u)〉L2(Ω) +
〈
−κ∇θ − q, θ

〉
L2(Ω)

−
〈
div(γαw + γv + κq) + dϕ, θ

〉
L2(Ω)

+ b2
〈
∇ϕ,∇φ

〉
L2(Ω)

+ m
〈
ϕ, φ

〉
L2(Ω)

+
〈
b2∆φ− 2mφ+m div(αv + u) + dθ, ϕ

〉
L2(Ω)

+ m 〈div(αw + v)− ϕ,div(αṽ + ũ)〉L2(Ω) − 〈γ∇θ, αw + v〉L2(Ω)

+ 〈m∇φ− v, αw + v〉L2(Ω) . (2.8)

Hence, we get

<〈Az, z〉H = −〈q, q̄〉L2(Ω) − a2(β − α)〈∇v,∇v〉L2(Ω)

= −‖q‖2L2(Ω) − ‖∇‖
2
L2(Ω)

≤ 0.

�

Proposition 2.4. We have <(µI −A) = H, where A introduced in (2.5).
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Proof. We show that for all F = (f1, f2, f3, f4, f5, f6, f7) ∈ H, there exists a unique
z ∈ D(A) such that (µI −A)z = F, that is

µu− v = f1 ∈ H1
0 (Ω)

µv − w = f2 ∈ H1
0 (Ω)

(αµ+ 1)w − a2β∆v − (a2 + λ+m)∇ div(αv + u)
−a2∆u+ γ∇θ +m∇φ = αf3 ∈ L2(Ω)

µφ− ϕ = f4 ∈ H1
0 (Ω)

Jµϕ− b2∆φ+ 2mφ−m div(αv + u)− dθ = Jf5 ∈ L2(Ω)
cµθ + γα divw + κdiv q + γ div v + dϕ = cf6 ∈ L2(Ω)
(1 + τ0µ)q + κ∇θ = τ0f7 ∈ L2(Ω).

(2.9)

Substitute (2.9)1, (2.9)2 and (2.9)4 in (2.9)3,(2.9)5, (2.9)6 and (2.9)7, then we get
µ2(αµ+ 1)u− a2(1 + µβ)∆u− (1 + αµ)(a2 + λ+m)∇ div u

+γ∇θ +m∇φ = Φ1

(Jµ2 + 2m)φ− b2∆φ−m(αµ− 1) div u− dθ = Φ2

µcθ + (µ2γα+ µγ) div u+ κdiv q + dµφ = Φ3

(1 + τ0µ)q + κ∇θ = Φ4,

(2.10)

where
Φ1 = αf3 + (αµ+ 1)(µf1 + f2) + a2β∆f1 − α(a2 + λ+m)∇ div f1

Φ2 = Jf5 + Jµf4 − αmdiv f1

Φ3 = cf6 + (γαµ− γ) div f1 + γα div f2 + df4

Φ4 = τ0f7.

Substitute (2.10)3 and (2.10)4 then the system (2.10) will be
µ2(αµ+ 1)u− a2(1 + µβ)∆u− (1 + αµ)(a2 + λ+m)∇ div u

+γ∇θ +m∇φ = Φ1

(Jµ2 + 2m)φ− b2∆φ−m(αµ− 1) div u− dθ = Φ2

µcθ + (µ2γα+ µγ) div u+ κ2

1+τ0µ
∆θ + dµφ = Φ3 + κ

1+τ0µ
div Φ4.

(2.11)

To solve system (2.11) we consider the bilinear form

B : (H1
0 (Ω))3 × (H1

0 (Ω))3 −→ R, (2.12)

given by

B ((u, φ, θ), (χ, ψ, ϑ)) = µ2(αµ+ 1) 〈u, χ〉L2(Ω) + a2(1 + µβ) 〈∇u,∇χ〉L2(Ω)

+ (1 + αµ)(a2 + λ+m) 〈div u,divχ〉L2(Ω) + µc 〈θ, ϑ〉L2(Ω)

+ γ 〈∇θ, χ〉L2(Ω) +m 〈∇φ, χ〉L2(Ω) + (Jµ2 + 2m) 〈φ, ψ〉L2(Ω)

+ b2 〈∇φ,∇ψ〉L2(Ω) −m(αµ− 1) 〈div u, ψ〉L2(Ω)

− d 〈θ, ψ〉L2(Ω) + (µ2γα+ µγ) 〈div u, ϑ〉L2(Ω)

− κ2

1 + τ0µ
〈∇θ,∇ϑ〉L2(Ω) + dµ 〈φ, ϑ〉L2(Ω) ,

and the linear form

L : H1
0 (Ω)×H1

0 (Ω)×H1
0 (Ω) −→ R, (2.13)

given by

L(χ, ψ, ϑ) = 〈Φ1, χ〉L2(Ω) + 〈Φ2, ψ〉L2(Ω) + 〈Φ3, ϑ〉L2(Ω)
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+
κ

1 + τ0µ
〈div Φ4, ϑ〉L2(Ω) .

For g ∈ H1
0 (Ω), we have

| 〈div f, g〉L2(Ω) | ≤ ‖f‖L2(Ω)‖g‖H1
0 (Ω). (2.14)

Then, for f ∈ L2(Ω) and ‖div f‖H−1(Ω) ≤ ‖f‖L2(Ω).
Using the previous inequality, there exist c0 > 0 such that

B ((u, φ, θ), (u, φ, θ)) ≥ c0
(
‖u‖2H1

0 (Ω) + ‖φ‖2H1
0 (Ω) + ‖θ‖2H1

0 (Ω)

)
. (2.15)

Thus B is coercive.
On the other hand, by using the Hölder inequality we have

B ((u, φ, θ), (χ, ψ, ϑ)) ≤ c0

(
‖u‖H1

0 (Ω) + ‖φ‖H1
0 (Ω) + ‖θ‖H1

0 (Ω)

) 1
2

×
(
‖χ‖H1

0 (Ω) + ‖ψ‖H1
0 (Ω) + ‖ϑ‖H1

0 (Ω)

) 1
2

.

Finally, for the linear form, we have

|L(χ, ψ, ϑ)| ≤ c0

(
‖χ‖2H1

0 (Ω) + ‖∇χ‖2H1
0 (Ω)

) 1
2

+ c0

(
‖ψ‖2H1

0 (Ω) + ‖∇ψ‖2H1
0 (Ω)

) 1
2

+ c0

(
‖ϑ‖2H1

0 (Ω) + ‖∇ϑ‖2H1
0 (Ω)

) 1
2

.

A classical calculation shows that B and L satisfy the conditions of Lax-Milgram
theorem, consequently, there exists a unique weak solution (u, φ, θ) ∈ (H1

0 (Ω))3,
satisfying

B ((u, φ, θ), (χ, ψ, ϑ)) = L(χ, ψ, ϑ), ∀(χ, ψ, ϑ) ∈ (H1
0 (Ω))3. (2.16)

In particular, for all (χ, 0, 0), where χ ∈ D(A) we have that

µ2(αµ+ 1) 〈u, χ〉L2(Ω) − a
2(1 + µβ) 〈∇u,∇χ〉L2(Ω)

−(1 + αµ)(a2 + λ+m) 〈div u,divχ〉L2(Ω)

+m 〈∇φ, χ〉L2(Ω) + γ 〈∇θ, χ〉L2(Ω) = 〈Φ1, χ〉L2(Ω) ,

that is,

µ2(αµ+ 1)u+ a2(1 + µβ)∆u+ (1 + αµ)(a2 + λ+m)∇div u

+γ∇θ +m∇φ = Φ1 in D′(A).

We set v = µu−f1 and w = µ(µu−f1)−f2. Then v, w ∈ H1
0 (Ω) solve (2.9)1,(2.9)2.

Hence, by using (2.17) we have

(αµ+ 1)w− a2β∆v− (a2 + λ)∇ div(αv+ u)− a2∆u+ γ∇θ+m∇φ = αf3, (2.17)

which solves (2.10)1, since F ∈ H, and therefore αf3 ∈ L2(Ω). Moreover, we note
that (2.17) implies

−a2βv − a2u ∈ H1
0 (Ω) ∩H2(Ω), (2.18)

for all (0, ψ, 0), where φ ∈ D(A) we have that

(Jµ2 + 2m) 〈φ, ψ〉L2(Ω) + b2 〈∇φ, ψ〉L2(Ω)

−m(αµ− 1) 〈div u, ψ〉L2(Ω) − d 〈θ, ψ〉L2(Ω) = 〈Φ2, ψ〉L2(Ω) ,
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that is,

(Jµ2 + 2m)φ− b2∆φ−m(αµ− 1) div u− dθ = Φ2, in D′(A). (2.19)

We set ϕ = µφ− f4. Then ϕ ∈ H1
0 (Ω) solve (2.9)4. Hence, using (2.11)2 we have

Jµϕ− b2∆φ+ 2mφ−mdiv(αv + u)− dθ = Jf5, (2.20)

which solves (2.9)5, since F ∈ H and therefore Jf5 ∈ L2(Ω). Moreover, we note
that (2.20) implies

φ ∈ H1
0 (Ω) ∩H2(Ω). (2.21)

for all (0, 0, ϑ) with ψ ∈ D(A)

µc 〈θ, ϑ〉L2(Ω) + (µ2γα+ µγ) 〈div u, ϑ〉L2(Ω) + dµ 〈φ, ϑ〉L2(Ω)

+
κ2

1 + τ0µ
〈∇θ,∇ϑ〉L2(Ω) = 〈Φ3, ϑ〉L2(Ω) +

κ

1 + τ0µ
〈div Φ4, ϑ〉L2(Ω) .

Thus

µcθ + (µ2γα+ µγ) div u+
κ2

1 + τ0µ
∆θ + dµφ = Φ3 +

κ

1 + τ0µ
div Φ4 ∈ D′(A).

or, for cf6 ∈ L2(Ω), we havw

cµθ + γα divw + κdiv q + γ div v + dϕ = cf6, (2.22)

which solves (2.10)3 and (2.10)4. Now, from (2.22) we conclude that

θ ∈ H1
0 (Ω) and div q ∈ L2(Ω), (2.23)

recalling that by (2.10)4, we have q ∈ L2(Ω). Then we have

q ∈W (Ω). (2.24)

It is easy to show that D(A) is dense in H. We conclude that the operator A
generates a c0-semigroup of contractions on the space H. �

We can conclude using the previous result the following theorem.

Theorem 2.5. For any z0 ∈ H, there exists a unique solution z of (1.1)-(1.3)
satisfying 

u ∈ C1(R+;H1
0 (Ω)) ∩ C2(R+;L2(Ω))

φ ∈ C(R+;H1
0 (Ω))

θ ∈ C(R+;L2(Ω))
q ∈ C(R+;L2(Ω)).

(2.25)

However, if z0 ∈ D(A) then
u ∈ C2(R+;H1

0 (Ω)) ∩ C3(R+;L2(Ω))
φ ∈ C(R+;H1

0 (Ω) ∩H2(Ω)) ∩ C1(R+;H1
0 (Ω))

θ ∈ C(R+;H1
0 (Ω)) ∩ C1(R+;L2(Ω))

q ∈ C(R+;W (Ω)) ∩ C1(R+;L2(Ω)).

(2.26)
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3. Asymptotic behavior

In this section, we show the exponential stability of problem (1.1)-(1.3).by using
the multiplier techniques in the energy space.
We define the total energy functional of system (1.1) by

E(t) =

i=3∑
i=1

Ei(t),∀t ≥ 0. (3.1)

The total energy (3.1) is the sum of the potential energy E1, the kinetic energy E2

and the energy coming from the heat conduction E3, where

E1(t) =
1

2

(
(a2 + λ+m)‖ div (αut + u) ‖2L2(Ω) +m‖div(αut + u)− φ‖2L2(Ω).

+ m‖φ‖2L2(Ω) + a2‖∇ (αut + u) ‖2L2(Ω) + b2‖∇φ‖2L2(Ω)

)
.

E2(t) =
1

2

(
‖αutt + ut‖2L2(Ω) + a2α(β − α)‖∇ut‖2L2(Ω) + J‖φt‖2L2(Ω)

)
E3(t) =

1

2

(
τ0‖q‖2L2(Ω) + c‖θ‖2L2(Ω)

)
.

Then, we have

Lemma 3.1. For any solution (u, φ, θ, q) ∈ H of the problem (1.1)-(1.3), the energy
functional (3.1) satisfies

d

dt
E(t) = −‖q‖2L2(Ω) − a

2(β − α)‖∇ut‖2L2(Ω). (3.2)

Proof. Multiplying the first equations of system (1.1)-(1.3) by (αut + u)t, φ, θ and
q respectively, by (1.2) and Green formula, the Lemma (3.1) follows. �

Theorem 3.2. Let (u, φ, θ, q) ∈ H be solutions of (1.1)-(1.3) given in Theorem
2.2. Then there exist positive constants $1 and $2 such that

E(t) ≤ $1E(0)e−$2t,∀t ≥ 0. (3.3)

To proof Theorem 3.2, we need to introduce several Lemmas.

Lemma 3.3. Let (u, φ, θ, q) ∈ H solution of the problem (1.1)-(1.3). Then, the
functional

Θ1(t) :=

i=4∑
i=1

Λi(t), ∀t ≥ 0, (3.4)

where the functionals Λi given by

Λ1(t) := 〈αut + u, αutt + ut〉L2(Ω)

Λ2(t) := −γτ0κ 〈αut + u, q〉L2(Ω)

Λ3(t) := J 〈φ, φt〉L2(Ω)

Λ4(t) := −dτ0κ
〈
φ,∇−1q

〉
L2(Ω)

,

(3.5)

satisfies for all t ≥ 0 the following inequality

d

dt
Θ1(t) ≤ −E1(t) + c0

(
‖αut + u‖2L2(Ω) + ‖∇ut‖2L2(Ω) + ‖φt‖2L2(Ω)

)
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+ c0(ε)‖q‖2L2(Ω). (3.6)

Proof. Take the derivative of Λ1,Λ2 use the equations of system (1.1) and Green’s
formula

d

dt
Λ1(t) = −(a2 + λ+m)‖ div(αut + u)‖2L2(Ω) − a

2‖∇(αut + u)‖2L2(Ω)

− a2(β − α) 〈∇(αut + u),∇ut〉L2(Ω) + ‖αutt + ut‖2L2(Ω) (3.7)

− m 〈αut + u,∇φ〉L2(Ω) + γ 〈θ, α∇ut +∇u〉L2(Ω) .

d

dt
Λ2(t) = −γτ0

κ
〈αutt + ut, q〉L2(Ω) − γ 〈θ, α∇ut +∇u〉L2(Ω)

+
γ

κ
〈αut + u, q〉L2(Ω) . (3.8)

Adding (3.7) and (3.8), using Young’s inequality, we obtain

d

dt
[Λ1(t) + Λ2(t)] ≤ −a

2

2
‖α∇ut +∇u‖2L2(Ω) − (a2 + λ+m)‖α div ut + div u‖2L2(Ω)

+ c0‖αutt + ut‖2L2(Ω) + c0‖∇ut‖2L2(Ω) (3.9)

− m 〈αut + u,∇φ〉L2(Ω) + c0(ε)‖q‖2L2(Ω).

Take the derivative of Λ3,Λ4 use the equations of system (1.1) and Green’s formula

d

dt
Λ3(t) = −b2‖∇φ‖L2(Ω) + J‖∇φ‖L2(Ω) − 2m‖φt‖L2(Ω)

+ 〈mα div ut +m div u+ dθ, φ〉L2(Ω) . (3.10)

d

dt
Λ4(t) = −dτ0

κ

〈
φt,∇−1q

〉
L2(Ω)

+

〈
d

κ
∇−1q − dθ, φ

〉
L2(Ω)

. (3.11)

Adding (3.10) and (3.11), using Young’s inequality, we obtain

d

dt
[Λ3(t) + Λ4(t)] ≤ −b2‖∇φ‖2L2(Ω) −

3m

2
‖φ‖2L2(Ω) + c0‖φt‖2L2(Ω)

+ c0(ε)‖q‖2L2(Ω) +m 〈α div ut + div u, φ〉L2(Ω) . (3.12)

Summing up inequalities (3.12) and (3.9), then we get (3.6), so the proof is com-
pleted. �

Let Φ be the solution of the problem ∇Φ = θ, in Ω,

Φ = 0, on ∂Ω.
(3.13)

Since θ ∈ C1(R+;L2(Ω)) then Φ ∈ C1(R+;H1
0 (Ω)) and

‖Φ‖H1
0 (Ω) ≤ c0‖θ‖L2(Ω). (3.14)

Lemma 3.4. The functional

Θ2(t) := 〈αutt + ut,Φ〉L2(Ω) . (3.15)

satisfies, along the solution of the problem (1.1)-(1.3) the estimate

d

dt
Θ2(t) ≤ − γ

2c
‖αutt + ut‖2L2(Ω) + ε1‖∇(αut + u)‖2L2(Ω)
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+ c0(ε)‖θ‖2L2(Ω) + c0‖q‖2L2(Ω) + ε1‖φ‖2L2(Ω)

+ c0(ε)‖∇ut‖2L2(Ω) + c0‖φt‖2L2(Ω) + ε1‖α div ut + div u‖2L2(Ω),

for ε1 > 0.

Proof. By taking the derivative of Θ2, using equations of the system (1.1) and by
Greens formula, we obtain

d

dt
Θ2(t) = −γ

c
‖αutt + ut‖2L2(Ω) + γ‖∇θ‖2L2(Ω) −

κ

c
〈αutt + ut, q〉L2(Ω)

− (λ+m) 〈div(αut + u), θ〉L2(Ω) −
d

c

〈
∇−1φt, αutt + ut

〉
L2(Ω)

− a2(β − α) 〈∇θ,∇ut〉L2(Ω) +m 〈θ, φ〉L2(Ω) . (3.16)

Estimate (3.16) follows thanks to Young’s and Poincaré’s inequalities. �

Next, let Ψ be the solution of the problem ∆Ψ = θ, in Ω,

Ψ = 0, on ∂Ω.
(3.17)

Since θ ∈ C1(R+;L2(Ω)) then Ψ ∈ C1(R+;H2(Ω) ∩H1
0 (Ω)) and

‖Ψ‖H2(Ω) ≤ c0‖θ‖L2(Ω). (3.18)

Lemma 3.5. Let (u, φ, θ, q) ∈ H solution of the problem (1.1)-(1.3). Then, the
functional

Θ3(t) := −τ0 〈q,∇Ψ〉L2(Ω) , (3.19)

satisfies

d

dt
Θ3(t) ≤ −κ

2
‖θ‖2L2(Ω) + ε2

(
‖αutt + ut‖2L2(Ω) + ‖φt‖2L2(Ω)

)
+ c0(ε)‖q‖2L2(Ω),

for ε2 > 0.

Proof. Taking the derivative of Θ3, using (1.1) and Greens formula, to get

d

dt
Θ3(t) = −κ‖θ‖2L2(Ω) + 〈∇Ψ, q〉L2(Ω) +

τ0κ

c

〈
q,∇(∆−1 div q)

〉
L2(Ω)

+

〈
q,
τ0d

c
∇∆−1φt +

τ0γ

c
∇∆−1 div(αutt + ut)

〉
L2(Ω)

. (3.20)

Since div f ∈ H−1(Ω) then ∆−1(div f) ∈ H1(Ω) with

‖∇(∆−1 div f)‖L2(Ω) ≤ ‖∆−1 div f‖H1(Ω) ≤ c0‖div f‖H1(Ω)

≤ c0‖f‖L2(Ω). (3.21)

By using (3.21), Young’s and Poincaré’s inequalities, the estimate (3.20) follows. �

Lemma 3.6. The functional

Θ4(t) := Λ5(t) + Λ6(t), (3.22)
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with 
Λ5(t) = 〈φt, θ〉L2(Ω) ,

Λ6(t) = τ0b
2

κJ 〈div q, φ〉L2(Ω) ,

(3.23)

satisfies

d

dt
Θ4(t) ≤ − d

2c
‖∇φt‖2L2(Ω) + ε3

(
‖φ‖2L2(Ω) + ‖α div ut + div u‖2L2(Ω)

)
+ c0(ε)‖θ‖2L2(Ω) + c0

(
‖αutt + ut‖2L2(Ω) + ‖q‖2L2(Ω)

)
, (3.24)

for ε3 > 0.

Proof. Direct computations, using (1.1) and Greens formula, we have

d

dt
Λ5(t) = −d

c
‖∇φt‖2L2(Ω) +

d

J
‖∇θ‖2L2(Ω) +

b2

J
〈∆φ, θ〉L2(Ω)

− 2m

J
〈θ, φ〉L2(Ω) +

m

J
〈θ, α div ut + div u〉L2(Ω)

+
γ

c
〈φt, α div utt + div ut〉L2(Ω) −

κ

c
〈φt, q〉L2(Ω) ,

and

d

dt
Λ6(t) = −b

2

J
〈∆θ, φ〉L2(Ω) −

b2

κJ
〈div q, φ〉L2(Ω)

+
τ0b

2

κJ
〈div q, φt〉L2(Ω) .

Estimate (3.24) follows thanks to Young and Poincaré’s inequalities. �

Proof. (Of Theorem 3.2) We define the Lyapunov functional Y by

Y(t) = NE(t) +

i=2∑
i=1

Θi(t) + N1Θ3(t) + Θ4(t). (3.25)

We note that there exist two positive constants σ1 and σ2 such that

σ1E(t) ≤ Y(t) ≤ σ2E(t), (3.26)

which means that Y(t) ≡ E(t).
Thanks to Young and Poincaré’s inequality to get

i=2∑
i=1

Θi(t) + N1Θ3(t) + Θ4(t) ≤ σ0E(t). (3.27)

Thus

|Y(t)−NE(t)| =
i=2∑
i=1

Θi(t) + N1Θ3(t) + Θ4(t) ≤ σ0E(t). (3.28)

Then we can get (3.26) with σ1 = N−σ0 and σ2 = N+σ0 by choosing σ0 > 0 such
that N− σ0 > 0.
It follows from previous Lemmas 3.3-Lemma 3.6, that for any t > 0

d

dt
Y(t) ≤ −

[
a2

2
− ε1

]
‖∇αut +∇u‖2L2(Ω)

−
[m

2
− ε3 − ε1

]
‖φ‖2L2(Ω)
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−
[
a2 + λ

2
− ε1 − ε3

]
‖ div(αut + u)‖2L2(Ω)

− b2

2
‖∇φ‖2L2(Ω) −

m

2
‖α div ut + div u− φ‖2L2(Ω)

−
[ γ

2c
− c0 −N1ε2

]
‖αutt + ut‖2L2(Ω)

−
[
d

2c
− c0 −N1ε2

]
‖φt‖2L2(Ω)

−
[
N1

κ

2
− c0(ε)

]
‖θ‖2L2(Ω)

−
[
Na2α(β − α)− c0(ε)

]
‖∇ut‖2L2(Ω)

− [N− c0(ε) (N1 + 1)] ‖q‖2L2(Ω).

We can choose, now, N1 large enough such that

N1
κ

2
− c0(ε) > 0. (3.29)

Next, we pick ε1, ε2, ε3 small enough so that

a2

2 − ε1 > 0

m
2 − ε3 − ε1 > 0

a2+λ
2 − ε1 − ε3 > 0

γ
2c − c0 −N1ε2 > 0

d
2c − c0 −N1ε2 > 0.

(3.30)

Then we take N large enough and the fact that β − α > 0 so that Na2(β − α)− c0(ε) > 0

N− c0(ε) (N1 + 1) > 0.

Thus, we arrive at

d

dt
Y(t) ≤ −C1‖∇αut + u‖2L2(Ω) − C2‖φ‖2L2(Ω) −

b2

2
‖∇φ‖2L2(Ω)

− C3‖div(αut + u)‖2L2(Ω) − C4‖αutt + ut‖2L2(Ω) − C5‖φt‖2L2(Ω)

− m

2
‖α div ut − div u− φ‖2L2(Ω) − C6‖θ‖2L2(Ω) − C7‖∇ut‖2L2(Ω)

− C8‖q‖2L2(Ω).

Then we have for some positive constant $0

d

dt
Y(t) ≤ −$0E(t), (3.31)

On the other hand, by using (3.26) we have

Y(t) ∼ E(t). (3.32)
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Hence, combination of (3.31) and (3.32) leads to

d

dt
Y(t) ≤ −$4Y(t),∀$4 > 0. (3.33)

A simple integration of (3.33) and owing to (3.26), the proof is completed. �

4. Conclusion

Through a depth research, we established a positive Lyapunov function equiv-
alent to the energy of our problem, which showed that its nature of decaying is
exponential, and then imply that is the same for our system. This work opens a
new field of study by adding various dissipations to study the converging behavior
of solutions. It also shows us that the properties of standard solids do not affect the
stability of porous-elastic systems. As for the works that have been mentioned in
the introduction, it is interested in studying each model separately. For example,
in 2013, the work published by [1], the standard linear solid model with thermal
effect of Fourier law was studied.
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