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C COCPEIOTOYEHHOI HA I'PAHUIIE TEIIJIOEMKOCTBIO

M.X. BEIIITOKOB, M.3. XYJAJIOB

ABSTRACT. In arectangular domain we study a nonlocal boundary value
problems for a generalized integro-differential heat conduction equations
of fractional-order with a specific heat concentrated at the boundary.
Using the method of energy inequalities, a priori estimates are obtained
in the differential and difference interpretations. The uniqueness and
stability of the solution with respect to the initial data and the right-
hand side, as well as the convergence of the solution of the difference
problem to the solution of the differential problem are proved.

Keywords: boundary value problems, a priori estimation, integro-differential
equation, fractional order differential equation, fractional Caputo derivative,
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1. BBEJEHUE

CymrecTByeT GOIBINTOE KOJIUIECTBO KHUT, MOCBAMIEHHBIX IPOOHOMY MaTeMaTHYe-
CKOMY aHa/m3y, IpoOHBIM A (MEPeHIInATbHBIM YPABHEHUIM W UX MTPUMEHEHUSIM
B (usuke, mexanuke, 6uosioruu [1-7]. B Hacrosinee Bpems cTajgo O4eBHIHBIM, YTO
[PU PEIICHUU MHOI'MX 33/a4 B MeXaHuke, (pusuke, OHOJIOrUU 9acTO BCTPEYAIOTCS
CpeJbl U CHUCTEMBI, KOTOPhIE XOPOIIIO0 WHTEPIPETUPYIOTCS KaK (DPAKTAJIbI, TPUME-
pPaMu MOCJIEIHAX MOTYT CIY?KHUTb CUJIBHO TOPUCTHIE CPEIbI, KAKOBBIM, HAIIPUMED,
SIBJISIETCSL TIOYBOTPYHT. PerreHne pasiudHbIX 3a7ad /sl TAKUX CPeJ MPUBOJIUT K
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KPaeBbIM 331a4daM s audepeHnnaabHbIX yPaBHEHNUH ¢ ApOOHOM TPOU3BOIHOMA.
Huddepenrmanbable ypaBHEHNS ¢ YACTHBIMH IIPOU3BOIHBIMHU JAPOOHOTO IMTOPSIKA
ABJAIOTCH 000OIIEeHNeM yPaBHEHUN C 9aCTHBIMU [POU3BOAHBIMU IEJIOUUCIEHHOIO
TTOPSIIKA 1 BHI3BIBAIOT OOJBITION TEOPETUUECKUIT M MTPAKTUYECKNI MHTEpEC.

B macrosimeit pabore paccCMaTpUBAETCs HEJIOKAJIbHAS KpaeBas 3aa4a JJjIs Ha-
IPY?KEHHOTO yPABHEHWS TEILJIOMPOBOJHOCTH APOOHOTO MOPSAIKA C HECTAHIAPTHBIMA
KPaeBbIMHU YCJIOBUSIMHU, KOTJA HA TPAHUIE TOMEIAETCs COCPEIOTOYEHHAS TEIIo-
eMKOCTh BeimauHbl Cp ¥ MPOUCXOAUT TEIIOOOMEH C BHEMIHEH Cpefoil mo 3aKoHy
Herorona [8, c. 396]. Takue ycioBusl BOBHUKAIOT B CJIydae, KOLJA PACCMATPUBAECT-
Cs TeJIO ¢ OOJIBIIION TEIIONPOBOIHOCTHIO, BCIEICTBHE YETr0 TEMIIEPATYPY MO BCEMY
06BEMY ITOrO Tejla MOXKHO CIMTATh MOCTOSHHOMN (cM. [9, c. 186]), a Takxke mpu pe-
IIIEHUH 33,1291 00 YCTAHOBJIEHUN TEMIIEPATYPHI B OTPAHUYEHHON CPe/ie TPU HATTUIUT
HarpeBaTesid, TPAKTYyeMOro Kak cocpenorodenHas remnoeMkoctb [10]. Torma xpae-
Boe ycsioue, nHanpumep upu ¢ = 0, (BbIpazkaroliee ypaBHeHHe TeIIOBOro HajaHca)
OymeT mMeTh BUJL

Co% = k@ — h(u — ug),Cy = const > 0,
ot ox
rjie up— Temileparypa BHELIHeHd cpeJibl.

YcioBuA TaKOro PoJia BO3HUKAIOT TaKyKe B TMPAKTHUKE PETYINPOBAHUS COJIEBOTO
peKuMa MOYB, KOIJA PACCOJIEHNE BEPXHErO CJIOA JOCTATAETCA CIMBOM CJIOA BOIBI C
HOBEPXHOCTH, 3aTOILJIEHHOrO HA HEKOTOpOoe BpeMs yuacrka (cum. [11, c. 233]). Eciu
Ha MOBEPXHOCTH IOJISI UMEETCs CJIOM BOMBI MTOCTOSTHHON TOJIIUHGBI h, TO Ha BEpXHEH

rpaHuie cjejyer 3a/1aTb yCJI0BUe

(1.1)

rIe ¢c— KOHIIEHTPAIUs COJA B MMOYBEHHOM pacTBope, D- muddy3uBHOCTH.

st onvcanus ABUKEHUS MPUMECH B IIOTOKE OIHOPOJHOM KUJIKOCTU HCIOJb-
syerca auddepennuanbioe ypasHenue apobHoro nopsiaka [12]. dus oupeienenus
IEIECO00PA3HOCTH PEXKMMA CMEHBI BOJIBI MOXKET MOTPEDOBATHCS PEIIeHne KPAEBOit
3a/la9u C yCJIOBUSMM Ha, BEPXHEH rpanune Tojmy, oraudaiomeiica or (1.1). Tax
KaK [OYBY CJeJIyeT PacCMATPUBATEL Kak cpeay (hbpakTaTbHYI, TO MPU HAUCAHUT
PPAHUYHBIX YCJIOBUI €CTh CMBIC TAKXKe UCIOIb30BATh KOHIIEITUIO (hPaKTATIA
ou
ox

YucaeHHbIM METO/IAM PEIeHNs] JIOKAJTbHBIX U HEJIOKAJIbHBIX KPAEBbIX 33144 JIJIsi
Pa3IMYHBIX YpaBHEHUH IPOGHOrO TOpsIKa MOCBsIeHbl paborsr [13-18]. B paGorax
[11-15] mosy9eHbl pe3yIbTaThl, O3BOJISIONINE, KAK U B KJIIACCHYECKOM caydae (o =
1), UpUMEHATH METOJ| SHEPreTUYECKUX HEPABEHCTB JJIs HAXOXKJEHUS AIlPUOPHBIX
OIIEHOK KPAEBBIX 331349 JJisT YPaBHEHHUSA APOOHOTO MOPSAIKa B audpepeHnuarbHoM
U PA3HOCTHOI TPAKTOBKAX.

Codu =k

2. TTOCTAHOBKA HEJIOKAJIbLHON KPAEBOW 3ATAYN JIJIsI
UHTETPO-JIN®OEPEHIINAIBHOTO YPABHEHUS JJPOBHOIO TOPSAKA

B samkuytom mumunape Qr = {(z,t) : 0 < x <[, 0 < t < T} paccmoTpum
CIIEZLYIONILYIO HEJIOKATIbHYIO KPAEBYIO 33124y

o 0 ou ou t
=5 (M 050 ) 4 r(igt + [ ptast e ryir + fo.o),
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O<ae<l, 0<t<T, (2.1)
k(0,t)us(0,t) = Br1(t)u(0,t) + B12(t)9gu(0,t) — pi(t), 0<t < T, (2.2)
—k(l, t)ug (1,t) = B (t)u(l,t) + Baz(t)Igpu(l t) — pa(t), 0<t<T, (2.3)
u(z,0) =up(z), 0 <z <lI, (2.4)
rie
0 <co<k(x,t), Pra(t), Baa(t) <cu,
|511( ) Ba1(t), r(x,t), p(z,t,7), ka(z,t), T2(7,1)| < C2, (2.5)

Ofiu = 1"(1 ) f = T)a dT — apobuasi mpon3BoHasi B cMbicie Iepacumosa-Kamyro

nopsaaka o, 0 < a<l, ¢g=-const>0,i=0,1,2.

B pmanbreiimem 6y/1eM upeznoararb, 4ro pemienue 3agaun (2.1) — (2.4) cyue-
CTBYeT U ODJIAJAeT HYYKHBIMHU TI0 XOIY W3JIOXKEHUS TTPOU3BOIHBIMHA.

ITo xomy wm3moxkenus OyaeM TaKKe MCIOIH30BATH MOJOKUTEIHHBIE TTOCTOSHHBIE
qucaa M;, ¢+ = 1,2, ..., 3aBUCSIINE TOJHKO OT BXOJIHBIX JAHHBIX PAaCCMaTpPUBAEMOM
3a/1a49u.

3. ATIPMOPHAST OIIEHKA B JU®®EPEHIIMAJILHON ®OPME

1 moJryueHus anpuopHoil oreHku pemenus 3amgaan (2.1) - (2.4) B qmuddepen-
uaabHOi popme yMHOKUM ypaBHeHue (2.1) ckanspro Ha U = u + O§,u:

(agtu, U) - ((kum)m, U) + ('ruz, U) + (/OtpudT, U) + (f, U), (3.1)

l
rae (a,b) = fo abdz, (a,a) = ||a||3, tme a,b— 3ananmbie ma [0,1] Gynxmmn.
ITpeoGpa3oBbiBas ciaraeMble, BXOJAIINE B TOXKIECTBO (3.1), mOIB3ysich Hepa-
BercrBoM Kormu ¢ € u nemmoit 1 [13], mocste HecmoxRHBIX npeobpasoBanuii, u3 (3.1)
HAXOAUM

1 1 Co
596ellll6 + 51196:ullG + collua g + 506 lull§ <

< Uku,

Ml + acl) + 002 [l + 20118 32
Ouenum neppoe csiaraeMoe B npapoil yacru (3.2), Torjga nosyYum
l
= (u(z,t) n 33tu(l,t)) (M(t) — B (t)ull,t) — ﬂm(t)a&u(z,t))+
+(u(o, £) + 88u(0, t)) (m(t) — Bru(0,) — Bra(t)d%u(0, t)) -
= K2 (t)u(l’ t) + p2 (t)@&u(l, t) - 621(t)u2(l7 t) - 621(t)u(l7 t)agtu(h t)_
2
—Baa(t)u(l, t)05u(l, t) — Baa(t) (a&u(l, t)) + p1 (H)u(0, ) + p1(¢)05:u(0,t)—
—511 (t)u2 (0, t) — Bllu(O, t)@g‘tu(O, t) — Blg(t)u(o, t)a&u(o, t)—
2 2 2
812 (5yu(0,8)) < M2 + ) + 21 (3l 1)) + &2 (O,u(0,)) +
05 (a3 e 3) — o 0) (BG100,1)) 5 800 (0008501 1)~ B2 () (30, 1))
2B, < - 29 (0u0.0) - 29 (ggu0.0)" - 120 o5020,0)-

Uku,
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B12(t) 5o
_ 122( J o2, 1) + Mo (1l + o l13) + M7 (153 + 13). (3.3)

YaursiBas (3.3), u3 (3.2) Haxomum

6ellullyy 0,0y + lualld + 108pullf <

t
< Mallulyg o0+ Mo | Tl + Mo (115 + 450+ 130). 6.0

rze ||U||%V21(o,z) = Jlullg + lluz 3.
ITpumenss k obeum dacrsm HepaseHcTBa, (3.4) oneparop ApoOHOro MHTErPUPOBAHUS
D, momydaem

lalBis 0. + D (lalld + 105,ull3) < Ms DG lulidg 0.+

t
+ My Dy / lull3dr + My, (Dm“(nfn%w%(t)w%(t))+||uo<x>||%vg<o,l)>. (3.5)

ITpeoGpasyem Bropoe ciiaraemoe B mpasoil gacru (3.5) cieayomum o6pa3oM

¢ 1 t dr T 1 t t dr
Dy 247 = ods = / 2/
0t /O ||u||0 T F(Ol) /0 (t—T)l_a A ||uHO S F(O[) 0 ||uHO . (t_T)l_a

_ ﬁ /Ot ||u\|3( - @ :)ds = 041“1(04)/()t(t — 5)%||ulldds =

L 2 L =Dl T
P — t_ « d < < 7D o '
r(a+1)/0( ) ullgdr < ar(a)/o i < gD [l

Urax, momy4daem

t
_ T __
D5 [ Vi < 057l (36)
C nomormpio (3.6) u3 (3.5) HaxomUM

ullys 0.0 + D&a(HumH% + Ha&UH%) < M2 Do ullys o,y +

Miy <Dof‘(||f3 + () + () + ||uo<x>||€vg(o,l>>- (3.7)
Ha ocnoBanuu siemmbr 2 [13] u3 (3.7) HAXOAMM UCKOMYIO AlPUOPHYIO OLEHKY

leulg 0 + Do (s I + NOGeull3) <

< M(Daf(fn% 3+ 13(0) + ||uo<x>|%vg<o,l)>, (3.8)

rae M = const > 0, 3aBHUcsAIee TONBKO OT BXOAHBIX TaHHBIX (2.1)-(2.4), Dg,“u =
t

ﬁ of %f apobubiit narerpas Pumana-JInysunns mopsiaka a, 0 < o < 1.

TeopeMa 1. Ecau k?(l’,t) € CI’O(QT)v r(x,t),q(:r,t),f(x,t) € C(@T)v U({E,t) €

C*0(Qr)NCH(Qr), dgu(z,t) € C(Qr) u emnoanens, ycaosua (2.5), mozda daa
pewenusa 3adavu (2.1)-(2.4) cnpasedausa anpuopraa ouenka (3.8).
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U3 onenku (3.8) cyeyrorT €MHCTBEHHOCTD M YCTORYUBOCTD PEINEHUS [0 HAYA b
HbIM U IIPABO# YaCTU B CMBICJIe HOPMBbI

el = ull 0.y + Do (lluall3 + 195,13 ).

4. YCTONYUBOCTb U CXOJMMOCTb PABHOCTHOM CXEMBbI

Ha pasHomepHoii cerke @y, auddepennuanbhoit 3amade (2.1)-(2.4) nocrasum B
COOTBETCTBUE PA3HOCTHYIO cxeMy nopsaka ammpoxcumaruu O(h? + 72) :

]+2

Agt]urgy = %J (ajy£0)> + b;J (U) + b+J Z+1yac % + Z pz sle + ‘pz’ (4]‘)
s=0
i+
%oaly = By’ — 0.5k Z PY,sYoT + P12AGy, Yo — fu, t € Ty, (4.2)
s=0
itz
—senanyly = Byl — 050 Y ph YNT + B2y yn — iz, t €Wy, (4.3)
s=0
y(x,0) = up(x), z € Wy (4.4)
rue ) 4
Bi2 = Pi2 +0.5h, fi1(tjso) = pa(tjso) + 0.5h,
Bz = Poa(tjro) + 0.5k,  fiz(tjro) = p2(tjss) + 0.5hepry,
j j j T(w t'+0)
al = k(zi—o5,"77), b] = =5 o = f(@i,tjho
( ) k(x,tj+g) ( J+ )
Y=oy (o), d] = d(witis), o7 =o',
0™ = (+0) = (l—140) 1>1, o=1— %
1 R 0.5h]r| Peii
= = — pasnocrhoe uncio Peitnosbaca
ro=r(0,) =g’ <0, rx=r(lt)=r§" 20,
b >:27[(z+0—)2 @ (l—1+0)? a]—f[(ua)l S (l—1+o)t-e], 1>1,
-«
npu j =0, c(()a o) = a(()a 0),
2 4 ) g ),
npu j >0, ) = ga 7 ple?) _pleT) 1 <s <1,
aga,a) . b;oz a)’ 5 — j,
1— .
cga"’) > 2 a(s +0)" >0, pgys =p(xi, "7, T iy, p pfs'a.
Agtj Y= F(2 ) Z cja g)yt JUCKPETHBIHM aHAJIOr ApoOHO# mpou3BoaHoi ['epacumoBa-

Kanyro nopsijika a, 0 < a < 1, obecnieanparonuii mopsok Toaroctn O(737%) [14].
BBenem CKagpHbIE IPOU3BEICHUA U HOPMY:

N .
0.5h, 1 =0, N
v] = E w;v;h, h= 7 ! R
— h, i #0,N.
=0
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= Zuivih, [u,u] = [LuQ] = |[u]]3,

Iepemnumenm (4.1)-(4.4) B omeparopHoit dopme

AS .y =Ntro)y'” + @, (4.5)
y(x,0) = up(x), = € Wp, (4.6)
e
K(tj+a)y(a) =

) it3 .
Ayl = se(ayl?)e + b7ayl” + 0TIy 13 pl ysr, i =T, N — 1
s=0

j+i
— A_y(() ) h(%ﬂalyzo ﬂuyo + 0.5h Z pf) Sygf _512A3tj+ay0)7 i=0,

A+y](\‘;) — i( %NCLNyL N /821y +O 5]1 Z pN 5191\77' 622A8tj+0y1\7)7 7,: N,

T AT 1 1
p=pi i=LN-T =
3= =2(mtise) +o.5h¢g)7 i=0, o= b 70 <0
. ko.5
et = % p2(tjto) +0'5h903\7)7 i=N. xN = W, ry > 0.
kN—0.5

YuMuokuM Terepsb (4.5) ckanspuo Ha g = y(7) + AV

[86,,,,9.9) = [Ata)y 5] + [3.3]. (47)
OneHuM CyMMBI, BXOJISIINE B (4.7) ¢ yuerom jemmbl 1 [14]:
{A(O)[tjwyvy} = {AOt -l JF AOfﬁay} = {A(o)ttjwyvy(a)} + {17 (Agthrgy)Q >
1 « 2
2 §A0tj+a|[ yllg + |[AG 0t Y110 (4.8)

[K(tj_ﬂ,)y(”),@} = ([\y( ),y) + 0.5hgo A"y, (@) 0. 5hynATyy (@) _

= (@), 9) + (b0l )+

it3
+(b+a(+1)y§gg)a 37) + ( Z Pi YT Q) + 170%0&1%(;3 — B1155 50 — %NGNZI;L,TJ)V?]N—
s=0
i+
—Br2Go Ay, Yo — Ba2in Ay, yn +0.5hg0 Y ph T
s=0
J+3
— By in + 05k + D ph YNT- (4.9)
s=0

ITpeoGpasyem ciaaraeMbie B TipaBoii yactu (4.9):
() = el — (02, 30 =

= QN%NaNyg])v - ?Jo%oalygg - (ayg(zg)7 HzY + %(_1)%} =
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= yN%NaNyg(CJ)V yoxoalyg(:g — (ayfc") (ﬂ)} _

(o] 4]

(Gyg(ga), I)Aoat_,»“ yf} < ZJN%NGNZ/;U])V - ﬂo%oalyg(c 34‘

el[8g:,, ullg + M (1l + 1165713 ) -
1 (o)y2 o 9
I ——— ~ - - A(x 2| «
1+ hMQ ((L%, (yz ) :| (1 + hMQ) (%7 Otj+ayz:| =~
< yN%NClNyQ(c])V yoxoalyi ot e|[AG 0t;40Y ]|g+

M5 (18 + 165712) - Mallyt” 1R - Madg,,, llwelll. (4.10)
(v~ ,y) + (bFa ), ) =
= (b‘ayg(—f),y(")) (b ayl” NG, y) + (b+a(+”y§f’),y("))+

+ (6" a0y, A5, ) < ellag,, ol + M5 (I ON + Iw18). (411)

its its it3
(Y Aawim.u) + 05030 > b yim + 050N > o v T = Buun” o
=0 s=0 s=0

Jit+3
By i = ~Braio NGy, o — Baain Ay, un = | D oLyl y ) |+

i+s

+ { Z Pg7syf7_', Agtj+ayi| - Bll(yéa))z - 5113/(()0)A8tj+0y0 - ﬂzl(yj(\(ff))zf
s=0
(@) A (0) A o 2 (o)
—B21Yp " AGt, YN — Pi2yy "AG:,,, Yo — Pr2 (AoiHU?JO) — By NGy yn—

i+s )
~Baa(AG,,,, un)? < erllAG, . ull + Mg L (D pluit) |+
s=0

2 2
M55 (1R + IS71R) + o2 (A6, 90) + s (A, 0n ) -
B2 B2 2
—TA&HE,ZJ(% 7AOtJ+UyN 512<A0t]+0y0) —522<A8‘tj+0y1v) <
i+3 i+3
< 1[G, vl + Mg |1, DILESI 7+ 05 (1l + 1112) +
9 i+3
ver (B3, m0) +ea(B8,.n) <l ulf+ M D Iider
s=0
€2,€3 (o) a 2 2
21525 (1R + I71R) + o2 (A6,,90) +es(A6,,0v) -
512 o BQQ o a 2 o 2
AOt]Jrayg AOtJ+0yN_/812(AOtj+UyO> —522<A0tj+ayN> . (4.12)

y‘{I/ITbIBaH npeo6pa3OBaHH;{ (4.10)-(4.12), u3 (4.9) mony4um

-~ 2
[R(t540)0), 5] < (88, 91 +<2 (B, 0) +es(B6,uv) +
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Jit+3
B2 P22
_TAgtj+ayg A(()Itj+ yN ﬁ12 (AOtJJrgyO) _ﬁ22 (Aoatj+gyN> MEI Z | |OT+

M52 (1N + 17112) — Mallyl”)3 - Mad,. s, (4.13)
[67 g} = (¢,9) + 0.5k~ Go + 0.5hp gn = (0, 7) + Yo (m + 0.5h<,00> +
+yn (m + 0~5h<PN> = (¢, 9) + Yop1 + 0.5hpoYo + Ynpz + 0.5hpNYN =
= [%?} + padio + pafin = [%y(")} [ A&H(,y]ﬂL
ys” + A, Yo + payyy) + P2 G, YN <

2 2
< e1llAg,,, ull} + o2 (A6, u0) +es (A8, un) +

5% (4 a3) + M (I8 + I71) + MBIl (419)
ITpurnmas Bo BHUMaHHe mpeobpaszoBanus (4.8)-(4.14), uz (4.7) naxoaum
1 [o a ﬂlQ
5800, WG+ 1AG, vl + MisAG, ., llyz]lo + Msllys”)[3 + = A, Y0t

1222 pa 2 @ 2 o
AOtJ+ Yy + 512< Otj+gy0) + Ba2 (AOtj+UZIN> < e1|[AG,,, vll5+

2 2 JT2 (
tea(A8,,,m0) +ea(A8, L un) M5 IRE+ Mg (I E + 1677) +
s=0

M5 (3 4 3) + MR, (4.15)
1
Boibupas 1 = 5 €2 = %, €3 = % u3 (4.15) nonygaem

Ag N o + 188713 + 145, vl <
i+s
< Maslly g0 + Mio 3 W7 + Moo (I3 + 1 +43),  (4.16)
s=0
re |10, = 3 + lys]l3.
YaurbiBas, 9T0
its i ‘
DoIelET = Y 1y llgT + 0571113,
s=0 s=0
nepenuiem (4.16) B upyroii dopme
Agy, |[yHI2/Vl 00 = MngyjH]@le(o,z) + Mé’zl[yj]lévzl(o,l) + My F, (4.17)

0tjto

rae FU = Z 1137 + |6 + 1 + 43

Ha ocroBanuu emmbt 7 [20] u3 (4.17) nonydaem

0<5'<j

|[yj+1]|%/vg(o,l) < My (Hyo]?/v;(o,l) + max FY > (4.18)
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rae Moy = const > 0, He 3aBuCAIaA OT h U T.
N3 (4.18) nomydanm

Il v 0y <

< Moy (Hyo]lfw(ol + omax (ZI 1137 + ([l + 13 +u§>>. (4.19)
Bsens obosnauenue ¢f = Or<nax [y ]|0, ¢ yaeToMm |[y]\W21(0,l) = |[y]|2 + llyz] |3 u3
(4.19) momyunm

j
g < Mas ZQST + Mg FY, (4.20)
s=0
rae
j 2., 2, 2
Ff = R0 + max (LG + 2 +153).

Ha ocroBanum semmer 4 (cm.[20, cTp.171]) u3 (4.20) nomyuaem

|[yf‘+w|8<M<|[ Mivzon + max (I[w]8+u?+u§)>~ (4.21)

rae M = const > 0, He 3aBucsIas ot h u 7.

Teopema 2. [Iycmo ewnoanenss ycaosus (2.5), moezda cywecmeyem maroe To,
umo ecau T < Tg, MO 0As pewenus pasnocmnol 3adavu (4.1)-(4.4) cnpasedausa
anpuophnas ouenxa (4.21), us wezo caedyom eduncmeenHocms U YCMoUNUE0CMYy
pewenus 3adavwu (4.1)-(4.4) no navasorom danmvm v NPasot wacmu.

ycrs u(z, t)— pemrenne sagaun (2.1) — (2.4), y(x4,t;) = y! —pemenue pazaoct-
Hoit sanadm (4.1) — (4.4). ZLHH OIEHKH TOYHOCTH PasHOCTHOH cxembl (4.1) — (4.4)
PacCMOTpIM pazHoCTh 27 = y? —u?, te u} = u(w;,t;). Torma, moacTapmss y = z+u
B coorromennst (4.1) — (4.4), momyvaem 3amady st GyHKIUH 2

j+2
AGy, 2= P (a]z(ff)) +b; Jaizg(;l) b J+1zioz) + Z pl ST (4.22)
r s=0
Jjt+3
%oalzi,"]g = 5112(()‘7) — 0.5h Z p%’szgf + 512A0atj+a 20 — ﬂl, te w-,—, (423)
s=0
Jjt+i
_%NaNzg(fo])\] = G912 (U) —0.5h Z pN SZN’T' + 522A0t e PN Uy, t € Wr, (424)
s=0
z(x,0) =0, = € wp, (4.25)

roe ¥ = O(h2 —i—7‘2)7 U= O(h2 +72), Uy = O(h2 +T ) - TIOTPEITHOCTH ATTPOKCH-
manmn auddepennnanbroii 3anaan (2.1) — (2.4) pasHoctHOl cxemoit (4.1) — (4.4)
B KJjacce pemennn v = u(x,t) 3agaan (2.1) — (2.4).

IMpumenss anpuopnyio ouenky (4.21) x pemenuto 3azaqu (4.31) — (4.34), nosy-
4aeM HEPABEHCTBO

|[Zj+1]‘g < MOI<nﬁ,)<(J (H\IJJ'Hg + y{'g + V%"Z), (4.26)

rae M = const > 0, He 3aBucsiias ot h u 7.
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U3 anpuopnoit onenku (4.26) ciemyer CXOAMMOCTh DEINEHUs PA3HOCTHON 3a7a-
qu (4.1) — (4.4) x pemenuto qubdepennuanbaoii 3anauu (2.1) — (2.4) B cMmbicie
HOPMBbL |[Zj+1”g HA KayKJOM CJIO€ TaK, 9TO CYIIECTBYeT TaKOoe Ty, 9TO Ipu 7 < Ty
CTIPaBE/ITIBA, OIEHKA

j+1 41712 2 2
Iyt = < (24 72).
5. TTOCTAHOBKA HEJIOKAJIbHOU KPAEBOW 3AIAYU JJIsA

NMHTEI'PO-JUO®OEPEHIIMAJIBHOT'O YPABHEHNA JPOBHOI'O ITOPAJKA C
OIIEPATOPOM BECCEJISI 1 ATIPUOPHAS OIIEHKA

B samkuytom mumunape Qp = {(z,t) : 0 < x <1, 0 < t < T} pacemoTpum
CIIE/LYIONILYIO HEJIOKATIbHYIO KPAEBYIO 33/1ady

t
O = e (70 50) 050+ [ (ot (e e + £ (),
0

™ Oz Ox ox
O<z<l, 0<t<T, (5.1)
linb " k(z, t)ug(z,1) =0, 0 <t <T, (5.2)
z—
=k, )ua (I, 1) = Br()u(l, t) + B2 (1) O5pull,t) — p(t), 0 <t <T,  (5.3)
u(z,0) = up(x), 0 <z <l (5.4)

rme 0 <m < 2.

IIpn x = 0 craBurcs ycnosue orpanmdennocru pererus |u(0,t)] < oo, Ko-
TOPOE IKBUBAJIEHTHO YCJIOBUIO (5.2), PABHOCHILHOMY B CBOIO OY€DPE/b TOXKIECTBY
k(0,t)ug(0,t) = 0 19, ¢.173], ecin dynkiun r(0,t),¢(0,t), £(0,t) KoHeIHDIL.

ITosyunm anpuopHyIO OUEHKY METOIOM SHEPreTHIeCKUX HEPABEHCTB, sl ITOrO
ymHOXKEM ypasuerue (5.1) ckamsapuo wHa U = 2™ (u + Ogu) :

t
(88‘tu,me) = ((azmkuw)z,U) + (Tuw,me) + (/ pudr, me> + (f, mmU>.
0
(5.5)
IMocie Hec0KHBIX npeodpasoBanuii u3 (5.5) HaXOAUM

Co

1 m m m 1 m
SOblloF ulld + 20612 walld + colloF ua} + 106.0% ullf <

t

<o Ukuoly+ My [ oF ulfdr+ Moo ¥ ull + 0% w,]) + Mallo® 13- (5.0)
0

Ouenum neppoe ciiaraemoe B npasoil yacru (5.6), Torma umeem

e Ukug|, = I™ (u(l,t) + Ogtu(l,t))k(l,t)ux(l,t) -

= (ull, 1) + O5u(t,0) (6(6) = BuO)ull,t) = Ba()Fu(l,t)) =
= "l pa(t) + " ()3l 6) = U (L £)8 () -
_lmﬁl (t)u(l’ t)a&ua? t) - lmﬁ2 (t)u(l’ t)agtu(lv t)_
1" Bo(8) (Du(l, 1)) < 1" Bo(8) OByl 1))
B e 21, 1) + £ (O ul. 1) + My (2% ull3+

2
™ Ba(t) I™Ba(t)
2 2

(Oeu(l,1)* — O6yu (1, )+

B ualf) + Ms?(t) <
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0 (% ull + 2% wall3) + Mg (1) (5.7)
Yuursas (5.7), u3 (5.6) HaxomMM

m m m
Gellz % ullfys o) + o uall§ + 1062 ullf <

t
< Mgllo Fulllyy o + M / loFullidr + Ms (2% £ + m2®),  (58)

ve % uly o = leSuld + 2% .

IMpumenss k obeum yacrTsim HepaBeHcTBa (5.8) oneparop ApoGHOrO UHTEIPUPO-
Banus Dg,”, Ha ocHoBanun geMMsl 2 [13] u3 (5.8) monydaeM HCKOMYIO allPHOPHYIO
OIIEHKY

m — m m
o ulldg o) + Do (2% s + 1960 % wllf) <

< M(Dma(nx?fn% T 3) + ||x%o<x>||%v21<o7l>>~ (5.9)
rae M = const > 0, 3aBucsas TOIBKO OT BXOAHBIX JaHHbIX 3axa4u (5.1)-(5.4).

Teopema 3. Ecau k(x,t) € CY0(Qp), r(z,t),q(z,t), f(x,t) € C(Qr), u(z,t) €
C2%(Qr)NCH(Qy), d5u(w,t) € C(Qp) u swnoanenv ycaosua (2.5), mozda dan
pewenus 3adavwu (5.1)-(5.4) cnpasedausa anpuophas ouenra (5.9).

1k} OII€EHKHU CJIEAYIOT € TMHCTBEHHOCTDb U yCTOfILII/IBOCTb penrenud 1m0 HavaJIbHbIM
JAaHHBIM U HpaBOfI Y9aCTH B CMbICJIE HOPMbI

% ul} = % uly o) + Do (Il B3+ 1062% ul3)-

6. YCTONYUBOCTh U CXOJUMOCTb PABHOCTHOM CXEMbI

Ha pashomepHoii cerke @y, auddepennuanbhoii 3auade (5.1)-(5.4) nocraBum B

2 2
COOTBETCTBUE PA3HOCTHYIO CXeMY 1IOP#/IKa alllIPOKCUMAalUU O(h%) :

_ x (@) L b (
#DGy,, Y= porr (Iﬁ()ﬁa]yéo )x T om ( iy, 5ajyazaz)>+
(2

%

, j+i
pti
+$7m( i+0. 5az+1yxz) sz sy2T+<pz7 (.’E t) eth (61)
7 s=0
j+2
(o) _ 0.5h 0.5h
H001Yp 0 = o 0ty Y0 Tt Z Pb. YT — fin, (6.2)
J+§ ) ~
—senanySh = By — 050> ph WNT+ PG, yn — 2. (6.3)
s=0
y(ac, O) = UO(x)v T € Wp, (64)
rae
~ . ~ . . 0.5h ;. . j
Br = #B1(tjys), B2 = 3Po+0.5h, f[i1 = mrire H2= sp(tjvo) + 0.5hpy,
1 ; 1 ;
— J+o < - - j+o >
o - oSl ecm ry - <0, sy T ecim 1y - 2> 0,

(m+1)k3 LT 1+ kn—-o0.5
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r=rt4+r7 |rl=rt —r7, Tt =O.5<r—|— |r|) >0, 7" :O.S(r— |r|> <0,

: | it (gt TN
al = k(w5 t77), b =gl = %lf; »E= )
kT ¢, i=0,N,
' z-fg*”,i:LN—L p_ Jo5h, i =0,
F AT i=0,N, h,i=1,N—1,
_ m(m—1)h? =
=14 -————— i=1,N—1,
S VT B
0.5hm 1 1 0. Sh\rl\m
w =1 — = R
SR 1—70'51}””’% 1+ R;’ ki—o.s

HaiiileM anprOpHYIO OIEHKY METOJOM SHEPreTHYeCKUX HEPABEHCTB,IJIsi ITOTO Ie-
permreM (6.1)-(6.4) B omepaTopHOM BH/IE

Ay = Aty + @, (6.5)
y(x,0) = up(z), (6.6)
e

= $Piy at S Ts

_ %, T €Ewp,  _ 1+ m(m — 1)h? 5 (p, 901m£f~ ) thO

= iy = y = = 3 ;

1, 2=0,1, 2422 v T ombn ®
¥o= 0.5h/‘2’ =1

()" =
—J

A
Aoy (o) = 2o (pm i, (o m )
( )yz x:n z270‘5a’zyw,z - + 3::" I170‘5azyz +

=

bt

e EE
] o 7 .
+x;n ($m0.5ai+ly$ ) + Zo PisYiTs
o=

A7 (U) - 761;}} (%Oalyiog + gbihi Z pO 9y07—>3 T = 07

Ay = =2 (ewanyT + By - 0.5 20 PN AT + B2y, un ) @ =L
YuMuokuM Tereps (6.5) ckanspro Ha g = x™y(?) + T"AG LY

(208,..v.2™5) = (At 10)y @ 2™5) + (8,275, (6.7)
rae

0.5h,i =0, N
Zuvl ||u|0—Zuh ,’Z ’
h,i# 0, N.

ITpeoGpasyem CymMMbl, BXOAAIIUE B TOXKAECTBO (6.7), mo/b3ysich HepaBeHCTBOM KO-
K C €

(288,,.0275) = (388,,p. 27y | + (285, v.2" A%, v] >
2 - _ 2
> (585, @% )] + (% (25,,, %) | (6.8)

(A amg] = (Ay.2™5) +0.5hA "y aRign = (e(aito saims” e 7)+

w3
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J+2

+(b_($;io.5agya(fa))al7) + (b+( Tito. 5a1+1ym )> 7 ) (Zplsyﬂ' )

]+2

—TNYN (%NaNyw o+ By - 0.5k D PN UNT + ZBAG, N) =
s=0

= (@m0 sa” Ca)e | + (b~ (@ et 5) +
its
+(b+x2" atth y{7y ) (sz YT, y) — By un+
it+3

+aROShYN Y piv YNT — 2BarRTNAG,,  un+
s=0

(7% - 2k avrnanyT — w0y o (6.9)

ITpeobpasyem ciaraembie B upasoii yacru (6.9):

—($ﬁ045aiyé0)a(%ﬂ)f} = _<zﬂ0.5aiyéa)a%ig+%(71)gi:| = (il? aym ) #zY @) |~

—(fmayé")?%zAﬁtmy} —(I ayl?), =D (”)} (I ayl”) VNG s } <
m m o —_m o 1 — g
< ellag,,, o Tl + M (e Fy N8 + 102 071R) — g (27 0677 -
1

- - < U 2
s gy (7 A e | < el A, el

015 (2 y @) + 0%y 1R) — Molla® g ) - Madg,, 2% el (6.10)
(b*(:‘cma{yéo)),@ + <b+xﬁ0,5a(“),y§;’)g) (b z ay(") (@ ))Jr
+<b7 ayz () A0at1+ay> + (b+z?—1&-0.5a(+1)y§cg)7y(g))+

(bt sat VY, AR L y) < ellag,, o R+

+25 (Jl2% y 1 + 7% 13- (6.11)
it3 i+
(3 Al a™s) = By o + %05k Y ply kT ZBaa TN A, un =
s=0
its i+
. Vi S= ,m=|__p .m (o) - = ma A2 < j 8= .m, (o)
= (Yol wimamy| =By Gn— B NUN A, v < (D ol wiT ey |+
s=0 s=0
i+3
+( ol wir e g, u] - Bk w)? - Bk A%, un—
s=0

B 0w — 5B (D5 uw) < eall g, Tyl

it+3

+e2(A5, +ayN) +M§12sz Y37 — 22

5 TN Ao, (yn)?—
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2 m _m o
—zB (A6, v )+ M (le By @R+ 2%y TN). (612)
Yaursas (6.9)-(6.12), u3 (6.9) nomydum

m o 2
(A(tJJrU) (o) , T y} <€1||A0t]+0 7y]|(2)+52(A0t,-+(,yN) +

its
M52 (o y @) + 17y ONR) + Mg Y o ¥ yllgr-
s=0
— Mz %y N - Maag,, 7% yald + (75 — 2 ) G sevanyiTh -
~62 m «@ 2 ~.m «@ 2 m (0)—
—H TN DG, (YN)” = e Ba (A, YN ) — 2052001Ys,0%0- (6.13)

(é,xmy] = ((p,xmg> +0.5hz Nt = ((p,xmyj) + ity =

= (0.2 @) + (0.2 B8, ) + oRhiziy < 1| AF, 2 F Y+

+M5 (Il %y N + 125 yONR ) + Mg o I3 + 2R iagv. (6.14)
IIpurumas Bo BHUMaHue Hpeobpaszosanus (6.8)-(6.14) u3 (6.7) nomygdaem
(2,86, @8] #2085, 12 sl B Malla )3 (3 (85, () |+

m 2
a4 (AG,uw ) < |G, ol ren (25, un) +

it
+(ff7z(} - CUW)CENaNygz)vQN — 2 Gosoaryy + Mg > e T yllgr+
s=0

+Ms(e1) o I3 + afiiag + Mu(er,22) (% y @) + 153 5718). (6.15)
PaccmoTpum Tperbe, 4eTBEpTOe U CeAbMOe CiaraeMble B npaBoii yactu (6.15)
(fﬁ - fﬂﬁ) %NGN?/SJ)VgN - 5”67?5370%0013/5:3 + TN heyYN =
i+3

_ (. 0.5h
= 24590 <M1 - ﬁ( 0t;j1, Y0 Z Po Yo7 ))

+<fﬁ - xﬁ)ﬂN (ﬁ2 - BlyN - B Ot_j+dyN> + TN fiyN =

m )~ m o~ « h U a 0 5h’ « 2
= xo.sy(() )Nl +x0.5/1'1A0tj+,y0 — 1550 5Y0 )AOt]+,y0 mt 1550 5 (AOt]_,_UyO) +
J+3 Jit+3
0.5h - <. 0.5k
+m+1£v ( ) ZPO sYoT + +1$052P0 syOTAOt]+Uy0+‘TNyJ(V)/J'2+

s=0 s=0
+R A, un — (28 — 2k ) B (%)
- (E?\} - xx})élyg\(/f)Agtj-#ayN - (EN - xN)yN)52AOt]+ayN_
~ 2
*(fﬁfxﬁ)ﬂz (Agtj+,,yN) <es (Agtj+ay0> +e4 (Agtj+ayN) + My (Mlﬂtz)
J+s

M3 S (ka7 + M= (e By + i) + 123 7)3) -
s=0
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h m o m 62 o
_mq'bﬁAOthrUyg - (xN - xN) AOtJ+U (yN)Q_
O s (M w0) (8 - R) BB 0v) (61
m-+1 ti+o ti+o
YuaursiBas upeodpazoBanus (6.16), u3 (6.15) naxonum npu €1 = % €2 ﬁsz , €3 =
ha's € 7(1. —x )52
A(m+1)r =4 N N
x Ac 2 Moo A @ Mallp B x Ac m 2
(528, @F 92| +0085, e % yslf+Msl2% o0 13+ (5, (28, @%9)) |+
h 2 Pa
+74(m+1)$0 5A0t1+c,y0 + (21'71\74'( xN)? AOtJJrc,(yN) +

o o) (03 o)

2 0tjto S
it
< MislaFold + Mg Y 2% y)l37 + Mz (5 + i3) +
s=0
(o) 3 )
+Mys (ll2% 97 )3 + 1% 5N + (wcdswo ) ) (6.17)

m 2
vee %y = lloBy)l3 + (zdsm0 ) -

IIpeobpa3syem mepBoe, YeTBepTOe, MIECTOE U BOCHMOE CJIaraeMble B JIEBOIl 4acTh
m 1,.m
(6.17) ¢ yuerom z_o 5 > T

(o] ()

Otﬁg(yN)Q‘i‘
H(Z (88, w%0) ] + (”f o5+ (7 >@2>(A0t7+ayN)2:
= (Z.a,,, @ 0?) + 2agng, o+ (2 (25, 0%0))
0.5h ., 3,
+5 i (

xp3
A(j‘“tj+gyN) +(2x§(}+(xN :cN)§ AOtHU(yN)Q—&-
732 m 52 2 =
+<2 T+ (@ —a:N)2> (88, 0v) = (505, %y?)+

+( (Agma(x%y)f) n (”ﬁQ%jL 05h _ >Aa

9 9 Otj+o(y]\/')2+

+<%262]m\,+ 025h ]m\,> (A(‘}tﬁay]\,)? 5 Mis Mg (1 Ag‘tﬁd(a: ) >-|-
+Z$NAOtJ+G(yN) +%(1 (

2
o)) o)
i(l AOtJ+(, (x7y)2> + @mNA

2
12 040 ( yn)’ ( ( 040 (27 Z/) +
0.5h
+——2ay

2
O (A5 0n) > 158 e TR+ 506, e (618)
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i (O
l,ectu m =0,m > 1,
Mg =

1,ectum € (0,1), h < hy = \/%

Yuaursas (6.18), u3 (6.17) nomyuaem
Ay, N yll3 + 12 % N5 + 148, « % yll; <
it
< Mayollz %y )3 + Moy Y % y)f37 + M22(||$7<PH3 + 5+ ﬂ%), (6.19)
s=0

rae |z 2 yl[3 = 22 ylls + |12
IMosropsis paccyxaenus (4.1
OLIEHKY

m N2
Tyallg + (3302_51/0) :
7)-(4.30), mn3 (6.19) HAXOAMM WMCKOMYIO ATPUOPHYIO

1o
m Y2 < 2 J ( ~2)
2%+ M(Hw N+ mr oy o, (Il ol + 8 + i3 ) (6:20)
rae M = const > 0, He 3aBucsIIas or h u 7.

Teopema 4. [Iycms evnosnenv, yeaosus (2.4), (5.5) moeda cyuecmeyrom maxue
70, ho, wmo ecau T < 19, h < hg, Mo dasa pewenus pasnocmnot sadavwu (6.1)-(6.4)
cnpasedausa anpuophnas oyenka (6.20).

W3 3Toii ONEHKW CJIEAYIOT €MHCTBEHHOCTH W YCTONYMBOCTH DEIEHUS 33Ja9H
(6.1)-(6.4) 110 HAYAJIBHBIM JAHHBIM ¥ IIPABON YACTH.

Mycrs u(x, t)— pemenne 3amasn (5.1) — (5.4) y(xi, t;) = y)-pernenue pasHoCTHO#
samaun (6.1) — (6.4). dna OHeHKH TOYHOCTH pasHOCTHOf cxembl (6.1) — (6.4) pac-
emorpimM pasrocTh 2! = y) — ul, e u! = u(z;, t;). Torma, moncrapussa y = z + u

B cooTHorenus (6. 1) (6.4), nomyuaem 3amady Jyist GYHKIUH 2
. _ G j (o)
%AgthrUZ - E( i—0.5 sa’z )I + W (:1;?10'5&1- 2z, )+

bt (AR

2 (205000507 + S ATV @) em,  (62)
0.5h 050
@ _ O : i em
001250 = 1A0‘th+gz0 il ZO £0.s%0T — V1, (6.22)
J+s
f%NaNzi N = =4 z(o) 0.5h Z pg\hszf\,i’ + B2AG,, 2N — V2, (6.23)
s=0
z(x,0) =0, z € wp, (6.24)

rae U = O(W), U= O(h2 + 72), Uy = O(h2 + 72)— [IOTPEITHOCTH AIIIPOKCH-
manun auddepennuansuoii 3aqa4au (5.1) — (5.4) pasHocrHoi cxemoit (6.1) — (6.4)
B Kj1acce pemennn v = u(x,t) 3agaaun (5.1) — (5.4).

IIpumensis anpuopuyio onenky (6.20) k pemenuto 3amaun (6.21) — (6.24), nomy-
9aeM HEPaBEHCTBO

% 271 < M max (||ﬁ |2 4+ 2 4 173), (6.25)
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rae M = const > 0, He 3aBUCSIIAst OT h u T.

U3 anpuopnoii ouernku (6.25) ciieayior €AUMHCTBEHHOCTD U yCTORYUBOCTD Dellie-
HHS Pa3HOCTHOM cxeMbl (6.1) —(6.4) 110 HAYAIBHBIM JAHHBIM W IPABOM 9aCTH, & TaK-
K€ CXOIMMOCTD PEIlleHNst pa3HOCTHOM 3a1aun (6.1) —(6.4) x pemtenmo (5.1) —(5.4) B
cerounoit nopme ||lz2 27113 co ckopoctsio O (h? + 72) Tak, 9TO ecm CymEeCTByIOT
Takue hg, 7o, T0 pu h < hg, 7 < Tg CIIpaBeJInBa AMPUOPHAS OIEHKA,

||x% (yj+1 - uj“)Hl < ]VI||x%L*1H1 (h2 + 7'2) < M(h2 + 72) ,

rae M = const > 0, He 3aBucsIee ot h u T.
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