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ÎÁÎÁÙÅÍÍÛÕ ÈÍÒÅÃÐÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ

ÓÐÀÂÍÅÍÈÉ ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ ÄÐÎÁÍÎÃÎ ÏÎÐßÄÊÀ

Ñ ÑÎÑÐÅÄÎÒÎ×ÅÍÍÎÉ ÍÀ ÃÐÀÍÈÖÅ ÒÅÏËÎÅÌÊÎÑÒÜÞ

Ì.Õ. ÁÅØÒÎÊÎÂ, Ì.Ç. ÕÓÄÀËÎÂ

Abstract. In a rectangular domain we study a nonlocal boundary value
problems for a generalized integro-di�erential heat conduction equations
of fractional-order with a speci�c heat concentrated at the boundary.
Using the method of energy inequalities, a priori estimates are obtained
in the di�erential and di�erence interpretations. The uniqueness and
stability of the solution with respect to the initial data and the right-
hand side, as well as the convergence of the solution of the di�erence
problem to the solution of the di�erential problem are proved.

Keywords: boundary value problems, a priori estimation, integro-di�erential
equation, fractional order di�erential equation, fractional Caputo derivative,
heat conduction equation.

1. Ââåäåíèå

Ñóùåñòâóåò áîëüøîå êîëè÷åñòâî êíèã, ïîñâÿù¼ííûõ äðîáíîìó ìàòåìàòè÷å-
ñêîìó àíàëèçó, äðîáíûì äèôôåðåíöèàëüíûì óðàâíåíèÿì è èõ ïðèìåíåíèÿì
â ôèçèêå, ìåõàíèêå, áèîëîãèè [1-7]. Â íàñòîÿùåå âðåìÿ ñòàëî î÷åâèäíûì, ÷òî
ïðè ðåøåíèè ìíîãèõ çàäà÷ â ìåõàíèêå, ôèçèêå, áèîëîãèè ÷àñòî âñòðå÷àþòñÿ
ñðåäû è ñèñòåìû, êîòîðûå õîðîøî èíòåðïðåòèðóþòñÿ êàê ôðàêòàëû, ïðèìå-
ðàìè ïîñëåäíèõ ìîãóò ñëóæèòü ñèëüíî ïîðèñòûå ñðåäû, êàêîâûì, íàïðèìåð,
ÿâëÿåòñÿ ïî÷âîãðóíò. Ðåøåíèå ðàçëè÷íûõ çàäà÷ äëÿ òàêèõ ñðåä ïðèâîäèò ê
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êðàåâûì çàäà÷àì äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ äðîáíîé ïðîèçâîäíîé.
Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè äðîáíîãî ïîðÿäêà
ÿâëÿþòñÿ îáîáùåíèåì óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè öåëî÷èñëåííîãî
ïîðÿäêà è âûçûâàþò áîëüøîé òåîðåòè÷åñêèé è ïðàêòè÷åñêèé èíòåðåñ.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ íåëîêàëüíàÿ êðàåâàÿ çàäà÷à äëÿ íà-
ãðóæåííîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè äðîáíîãî ïîðÿäêà ñ íåñòàíäàðòíûìè
êðàåâûìè óñëîâèÿìè, êîãäà íà ãðàíèöå ïîìåùàåòñÿ ñîñðåäîòî÷åííàÿ òåïëî-
åìêîñòü âåëè÷èíû C0 è ïðîèñõîäèò òåïëîîáìåí ñ âíåøíåé ñðåäîé ïî çàêîíó
Íüþòîíà [8, ñ. 396]. Òàêèå óñëîâèÿ âîçíèêàþò â ñëó÷àå, êîãäà ðàññìàòðèâàåò-
ñÿ òåëî ñ áîëüøîé òåïëîïðîâîäíîñòüþ, âñëåäñòâèå ÷åãî òåìïåðàòóðó ïî âñåìó
îáú¼ìó ýòîãî òåëà ìîæíî ñ÷èòàòü ïîñòîÿííîé (ñì. [9, ñ. 186]), à òàêæå ïðè ðå-
øåíèè çàäà÷è îá óñòàíîâëåíèè òåìïåðàòóðû â îãðàíè÷åííîé ñðåäå ïðè íàëè÷èè
íàãðåâàòåëÿ, òðàêòóåìîãî êàê ñîñðåäîòî÷åííàÿ òåïëîåìêîñòü [10]. Òîãäà êðàå-
âîå óñëîâèå, íàïðèìåð ïðè x = 0, (âûðàæàþùåå óðàâíåíèå òåïëîâîãî áàëàíñà)
áóäåò èìåòü âèä

C0
∂u

∂t
= k

∂u

∂x
− h(u− u0), C0 = const > 0,

ãäå u0− òåìïåðàòóðà âíåøíåé ñðåäû.
Óñëîâèÿ òàêîãî ðîäà âîçíèêàþò òàêæå â ïðàêòèêå ðåãóëèðîâàíèÿ ñîëåâîãî

ðåæèìà ïî÷â, êîãäà ðàññîëåíèå âåðõíåãî ñëîÿ äîñòèãàåòñÿ ñëèâîì ñëîÿ âîäû ñ
ïîâåðõíîñòè, çàòîïëåííîãî íà íåêîòîðîå âðåìÿ ó÷àñòêà (ñì. [11, ñ. 233]). Åñëè
íà ïîâåðõíîñòè ïîëÿ èìååòñÿ ñëîé âîäû ïîñòîÿííîé òîëùèíû h, òî íà âåðõíåé
ãðàíèöå ñëåäóåò çàäàòü óñëîâèå

h
∂c

∂t
= D

∂u

∂x
, (1.1)

ãäå c− êîíöåíòðàöèÿ ñîëè â ïî÷âåííîì ðàñòâîðå, D- äèôôóçèâíîñòè.
Äëÿ îïèñàíèÿ äâèæåíèÿ ïðèìåñè â ïîòîêå îäíîðîäíîé æèäêîñòè èñïîëü-

çóåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå äðîáíîãî ïîðÿäêà [12]. Äëÿ îïðåäåëåíèÿ
öåëåñîîáðàçíîñòè ðåæèìà ñìåíû âîäû ìîæåò ïîòðåáîâàòüñÿ ðåøåíèå êðàåâîé
çàäà÷è ñ óñëîâèÿìè íà âåðõíåé ãðàíèöå òîëùè, îòëè÷àþùåéñÿ îò (1.1). Òàê
êàê ïî÷âó ñëåäóåò ðàññìàòðèâàòü êàê ñðåäó ôðàêòàëüíóþ, òî ïðè íàïèñàíèè
ãðàíè÷íûõ óñëîâèé åñòü ñìûñë òàêæå èñïîëüçîâàòü êîíöåïöèþ ôðàêòàëà

C0∂
α
0tu = k

∂u

∂x
.

×èñëåííûì ìåòîäàì ðåøåíèÿ ëîêàëüíûõ è íåëîêàëüíûõ êðàåâûõ çàäà÷ äëÿ
ðàçëè÷íûõ óðàâíåíèé äðîáíîãî ïîðÿäêà ïîñâÿùåíû ðàáîòû [13-18]. Â ðàáîòàõ
[11-15] ïîëó÷åíû ðåçóëüòàòû, ïîçâîëÿþùèå, êàê è â êëàññè÷åñêîì ñëó÷àå (α =
1), ïðèìåíÿòü ìåòîä ýíåðãåòè÷åñêèõ íåðàâåíñòâ äëÿ íàõîæäåíèÿ àïðèîðíûõ
îöåíîê êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ äðîáíîãî ïîðÿäêà â äèôôåðåíöèàëüíîé
è ðàçíîñòíîé òðàêòîâêàõ.

2. Ïîñòàíîâêà íåëîêàëüíîé êðàåâîé çàäà÷è äëÿ

èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ äðîáíîãî ïîðÿäêà

Â çàìêíóòîì öèëèíäðå QT = {(x, t) : 0 ≤ x ≤ l, 0 ≤ t ≤ T} ðàññìîòðèì
ñëåäóþùóþ íåëîêàëüíóþ êðàåâóþ çàäà÷ó

∂α0tu =
∂

∂x

(
k(x, t)

∂u

∂x

)
+ r(x, t)

∂u

∂x
+

∫ t

0

p(x, t, τ)u(x, τ)dτ + f(x, t),
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0 < x < l, 0 < t ≤ T, (2.1)

k(0, t)ux(0, t) = β11(t)u(0, t) + β12(t)∂α0tu(0, t)− µ1(t), 0 ≤ t ≤ T, (2.2)

−k(l, t)ux(l, t) = β21(t)u(l, t) + β22(t)∂α0tu(l, t)− µ2(t), 0 ≤ t ≤ T, (2.3)

u(x, 0) = u0(x), 0 ≤ x ≤ l, (2.4)

ãäå

0 < c0 ≤ k(x, t), β12(t), β22(t) ≤ c1,
|β11(t), β21(t), r(x, t), p(x, t, τ), kx(x, t), rx(x, t)| ≤ c2, (2.5)

∂α0tu = 1
Γ(1−α)

t∫
0

uτ (x,τ)
(t−τ)α dτ, − äðîáíàÿ ïðîèçâîäíàÿ â ñìûñëå Ãåðàñèìîâà-Êàïóòî

ïîðÿäêà α, 0 < α < 1, ci = const > 0, i = 0, 1, 2.
Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, ÷òî ðåøåíèå çàäà÷è (2.1) − (2.4) ñóùå-

ñòâóåò è îáëàäàåò íóæíûìè ïî õîäó èçëîæåíèÿ ïðîèçâîäíûìè.
Ïî õîäó èçëîæåíèÿ áóäåì òàêæå èñïîëüçîâàòü ïîëîæèòåëüíûå ïîñòîÿííûå

÷èñëà Mi, i = 1, 2, ..., çàâèñÿùèå òîëüêî îò âõîäíûõ äàííûõ ðàññìàòðèâàåìîé
çàäà÷è.

3. Àïðèîðíàÿ îöåíêà â äèôôåðåíöèàëüíîé ôîðìå

Äëÿ ïîëó÷åíèÿ àïðèîðíîé îöåíêè ðåøåíèÿ çàäà÷è (2.1) - (2.4) â äèôôåðåí-
öèàëüíîé ôîðìå óìíîæèì óðàâíåíèå (2.1) ñêàëÿðíî íà U = u+ ∂α0tu:(

∂α0tu, U
)

=
((
kux

)
x
, U
)

+
(
rux, U

)
+
(∫ t

0

pudτ, U
)

+
(
f, U

)
, (3.1)

ãäå
(
a, b
)

=
∫ l

0
abdx,

(
a, a
)

= ‖a‖20, ãäå a, b− çàäàííûå íà [0, l] ôóíêöèè.

Ïðåîáðàçîâûâàÿ ñëàãàåìûå, âõîäÿùèå â òîæäåñòâî (3.1), ïîëüçóÿñü íåðà-
âåíñòâîì Êîøè ñ ε è ëåììîé 1 [13], ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé, èç (3.1)
íàõîäèì

1

2
∂α0t‖u‖20 +

1

2
‖∂α0tu‖20 + c0‖ux‖20 +

c0
2
∂α0t‖ux‖20 ≤

≤ Ukux
∣∣∣l
0

+M1

(
‖u‖20 + ‖ux‖20

)
+M2

∫ t

0

‖u‖20dτ +M3‖f‖20. (3.2)

Îöåíèì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (3.2), òîãäà ïîëó÷èì

Ukux

∣∣∣l
0

=
(
u(l, t) + ∂α0tu(l, t)

)(
µ2(t)− β21(t)u(l, t)− β22(t)∂α0tu(l, t)

)
+

+
(
u(0, t) + ∂α0tu(0, t)

)(
µ1(t)− β11u(0, t)− β12(t)∂α0tu(0, t)

)
=

= µ2(t)u(l, t) + µ2(t)∂α0tu(l, t)− β21(t)u2(l, t)− β21(t)u(l, t)∂α0tu(l, t)−

−β22(t)u(l, t)∂α0tu(l, t)− β22(t)
(
∂α0tu(l, t)

)2

+ µ1(t)u(0, t) + µ1(t)∂α0tu(0, t)−

−β11(t)u2(0, t)− β11u(0, t)∂α0tu(0, t)− β12(t)u(0, t)∂α0tu(0, t)−

−β12

(
∂α0tu(0, t)

)2

≤Mε1,ε2
4 (µ2

1 + µ2
2) + ε1

(
∂α0tu(l, t)

)2

+ ε2

(
∂α0tu(0, t)

)2

+

+Mε
5

(
‖u‖20+‖ux‖20

)
−β22(t)

(
∂α0tu(l, t)

)2

− 1

2
β22(t)∂α0tu

2(l, t)−β12(t)
(
∂α0tu(0, t)

)2

−

−1

2
β12(t)∂α0tu

2(0, t) ≤ −β12(t)

2

(
∂α0tu(0, t)

)2

−β22(t)

2

(
∂α0tu(l, t)

)2

−β12(t)

2
∂α0tu

2(0, t)−
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−β12(t)

2
∂α0tu

2(l, t) +M6

(
‖u‖20 + ‖ux‖20

)
+M7

(
µ2

1 + µ2
2

)
. (3.3)

Ó÷èòûâàÿ (3.3), èç (3.2) íàõîäèì

∂α0t‖u‖2W 1
2 (0,l) + ‖ux‖20 + ‖∂α0tu‖20 ≤

≤M8‖u‖2W 1
2 (0,l) +M9

∫ t

0

‖u‖20dτ +M10

(
‖f‖20 + µ2

1(t) + µ2
2(t)

)
, (3.4)

ãäå ‖u‖2
W 1

2 (0,l)
= ‖u‖20 + ‖ux‖20.

Ïðèìåíÿÿ ê îáåèì ÷àñòÿì íåðàâåíñòâà (3.4) îïåðàòîð äðîáíîãî èíòåãðèðîâàíèÿ
D−α0t , ïîëó÷àåì

‖u‖2W 1
2 (0,l) +D−α0t

(
‖ux‖20 + ‖∂α0tu‖20

)
≤M8D

−α
0t ‖u‖2W 1

2 (0,l)+

+M9D
−α
0t

∫ t

0

‖u‖20dτ +M11

(
D−α0t

(
‖f‖20 +µ2

1(t) +µ2
2(t)

)
+ ‖u0(x)‖2W 1

2 (0,l)

)
. (3.5)

Ïðåîáðàçóåì âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè (3.5) ñëåäóþùèì îáðàçîì

D−α0t

∫ t

0

‖u‖20dτ =
1

Γ(α)

∫ t

0

dτ

(t− τ)1−α

∫ τ

0

‖u‖20ds =
1

Γ(α)

∫ t

0

‖u‖20
∫ t

s

dτ

(t− τ)1−α =

=
1

Γ(α)

∫ t

0

‖u‖20
(
− (t− τ)α

α

∣∣∣t
s

)
ds =

1

αΓ(α)

∫ t

0

(t− s)α‖u‖20ds =

=
1

Γ(α+ 1)

∫ t

0

(t− τ)α‖u‖20dτ ≤
1

αΓ(α)

∫ t

0

(t− τ)‖u‖20dτ
(t− τ)1−α ≤ T

α
D−α0t ‖u‖20.

Èòàê, ïîëó÷àåì

D−α0t

∫ t

0

‖u‖20dτ ≤
T

α
D−α0t ‖u‖20. (3.6)

Ñ ïîìîùüþ (3.6) èç (3.5) íàõîäèì

‖u‖2W 1
2 (0,l) +D−α0t

(
‖ux‖20 + ‖∂α0tu‖20

)
≤M12D

−α
0t ‖u‖2W 1

2 (0,l)+

M11

(
D−α0t

(
‖f‖20 + µ2

1(t) + µ2
2(t)

)
+ ‖u0(x)‖2W 1

2 (0,l)

)
. (3.7)

Íà îñíîâàíèè ëåììû 2 [13] èç (3.7) íàõîäèì èñêîìóþ àïðèîðíóþ îöåíêó

‖u‖2W 1
2 (0,l) +D−α0t

(
‖ux‖20 + ‖∂α0tu‖20

)
≤

≤M

(
D−α0t

(
‖f‖20 + µ2

1(t) + µ2
2(t)

)
+ ‖u0(x)‖2W 1

2 (0,l)

)
, (3.8)

ãäå M = const > 0, çàâèñÿùåå òîëüêî îò âõîäíûõ äàííûõ (2.1)-(2.4), D−α0t u =

1
Γ(α)

t∫
0

udτ
(t−τ)1−α− äðîáíûé èíòåãðàë Ðèìàíà-Ëèóâèëëÿ ïîðÿäêà α, 0 < α < 1.

Òåîðåìà 1. Åñëè k(x, t) ∈ C1,0(QT ), r(x, t), q(x, t), f(x, t) ∈ C(QT ), u(x, t) ∈
C2,0

(
QT
)
∩C1,0

(
QT
)
, ∂α0tu(x, t) ∈ C(QT ) è âûïîëíåíû óñëîâèÿ (2.5), òîãäà äëÿ

ðåøåíèÿ çàäà÷è (2.1)-(2.4) ñïðàâåäëèâà àïðèîðíàÿ îöåíêà (3.8).
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Èç îöåíêè (3.8) ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøåíèÿ ïî íà÷àëü-
íûì è ïðàâîé ÷àñòè â ñìûñëå íîðìû

‖u‖21 = ‖u‖2W 1
2 (0,l) +D−α0t

(
‖ux‖20 + ‖∂α0tu‖20

)
.

4. Óñòîé÷èâîñòü è ñõîäèìîñòü ðàçíîñòíîé ñõåìû

Íà ðàâíîìåðíîé ñåòêå ωhτ äèôôåðåíöèàëüíîé çàäà÷å (2.1)-(2.4) ïîñòàâèì â
ñîîòâåòñòâèå ðàçíîñòíóþ ñõåìó ïîðÿäêà àïïðîêñèìàöèè O(h2 + τ2) :

∆α
0tj+σy = κji

(
ajiy

(σ)
x̄

)
x

+ b−ji ajiy
(σ)
x̄,i + b+ji aji+1y

(σ)
x,i +

j+ 1
2∑

s=0

ρji,sy
s
i τ̄ + ϕji , (4.1)

κ0a1y
(σ)
x,0 = β11y

(σ)
0 − 0.5h

j+ 1
2∑

s=0

ρj0,sy
s
0τ̄ + β̃12∆α

0tj+σy0 − µ̃1, t ∈ ωτ , (4.2)

−κNaNy(σ)
x̄,N = β21y

(σ)
N − 0.5h

j+ 1
2∑

s=0

ρjN,sy
s
N τ̄ + β̃22∆α

0tj+σyN − µ̃2, t ∈ ωτ , (4.3)

y(x, 0) = u0(x), x ∈ ωh (4.4)

ãäå

β̃12 = β12 + 0.5h, µ̃1(tj+σ) = µ1(tj+σ) + 0.5hϕj0,

β̃22 = β22(tj+σ) + 0.5h, µ̃2(tj+σ) = µ2(tj+σ) + 0.5hϕjN ,

aji = k(xi−0.5, t
j+σ), bji =

r(x, tj+σ)

k(x, tj+σ)
, ϕ = f(xi, tj+σ)

y(σ) = σyj+1 + (1− σ)yj , dji = d(xi, tj+σ), a
(α,σ)
0 = σ1−α,

a
(α,σ)
l = (l + σ)

1−α − (l − 1 + σ)1−α, l ≥ 1, σ = 1− α

2
,

κ =
1

1 +R
, R =

0.5h|r|
k

− ðàçíîñòíîå ÷èñëî Ðåéíîëüäñà,

r0 = r(0, t) = r
(j+σ)
0 ≤ 0, rN = r(l, t) = r

(j+σ)
N ≥ 0,

b
(α,σ)
l =

1

2− α

[
(l+σ)2−α− (l− 1 +σ)2−α

]
− 1

2

[
(l+σ)1−α+ (l− 1 +σ)1−α

]
, l ≥ 1,

ïðè j = 0, c
(α,σ)
0 = a

(α,σ)
0 ;

ïðè j > 0, c(α,σ)
s =


a

(α,σ)
0 + b

(α,σ)
1 , s = 0,

a
(α,σ)
s + b

(α,σ)
s+1 − b

(α,σ)
s , 1 ≤ s ≤ j − 1,

a
(α,σ)
j − b(α,σ)

j , s = j,

c(α,σ)
s >

1− α
2

(s+ σ)−α > 0, pji,s = p(xi, t
j+σ, τs+σ), ρji,s = pj+σi,s .

∆α
0tj+σy = τ1−α

Γ(2−α)

j∑
s=0

c
(α,σ)
j−s y

s
t - äèñêðåòíûé àíàëîã äðîáíîé ïðîèçâîäíîé Ãåðàñèìîâà-

Êàïóòî ïîðÿäêà α, 0 < α < 1, îáåñïå÷èâàþùèé ïîðÿäîê òî÷íîñòè O(τ3−α) [14].
Ââåäåì ñêàëÿðíûå ïðîèçâåäåíèÿ è íîðìó:[

u, v
]

=

N∑
i=0

uivi~, ~ =

{
0.5h, i = 0, N,

h, i 6= 0, N.
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(
u, v
]

=

N∑
i=1

uivih,
[
u, u

]
=
[
1, u2

]
= |[u]|20,

Ïåðåïèøåì (4.1)-(4.4) â îïåðàòîðíîé ôîðìå

∆α
0tj+σy = Λ(tj+σ)y(σ) + Φ, (4.5)

y(x, 0) = u0(x), x ∈ ωh, (4.6)

ãäå

Λ(tj+σ)y(σ) =

=



Λ̃y
(σ)
i = κ(ay

(σ)
x̄ )x + b−ay

(σ)
x̄ + b+a(+1)y

(σ)
x +

j+ 1
2∑

s=0
ρji,sy

s
i τ̄ , i = 1, N − 1

Λ−y
(σ)
0 = 2

h

(
κ0a1y

(σ)
x,0 − β11y

(σ)
0 + 0.5h

j+ 1
2∑

s=0
ρj0,sy

s
0τ̄ − β12∆α

0tj+σy0

)
, i = 0,

Λ+y
(σ)
N = 2

h

(
− κNaNy(σ)

x̄,N − β21y
(σ)
N + 0.5h

j+ 1
2∑

s=0
ρjN,sy

s
N τ̄ − β22∆α

0tj+σyN

)
, i = N,

Φ =


ϕ = ϕi, i = 1, N − 1,

ϕ− = 2
h

(
µ1(tj+σ) + 0.5hϕj0

)
, i = 0,

ϕ+ = 2
h

(
µ2(tj+σ) + 0.5hϕjN

)
, i = N.


κ = 1

1+
0.5h|r|
k

κ0 = 1

1+
0.5h|r0|
k0.5

, r0 ≤ 0

κN = 1

1+
0.5h|rN |
kN−0.5

, rN ≥ 0.

Óìíîæèì òåïåðü (4.5) ñêàëÿðíî íà ȳ = y(σ) + ∆α
0tj+σy :[

∆α
0tj+σy, ȳ

]
=
[
Λ(tj+σ)y(σ), ȳ

]
+
[
Φ, ȳ

]
. (4.7)

Îöåíèì ñóììû, âõîäÿùèå â (4.7), ñ ó÷åòîì ëåììû 1 [14]:[
∆α

0tj+σy, ȳ
]

=
[
∆α

0tj+σy, y
(σ) + ∆α

0tj+σy
]

=
[
∆α

0tj+σy, y
(σ)
]

+
[
1, (∆α

0tj+σy)2
]
≥

≥ 1

2
∆α

0tj+σ |[y]|20 + |[∆α
0tj+σy]|20. (4.8)[

Λ(tj+σ)y(σ), ȳ
]

=
(

Λ̃y(σ), ȳ
)

+ 0.5hȳ0Λ−y
(σ)
0 + 0.5hȳNΛ+y

(σ)
N =

=
(
κ(ay

(σ)
x̄ )x, ȳ

)
+
(
b−ay

(σ)
x̄ , ȳ

)
+

+
(
b+a(+1)y(σ)

x , ȳ
)

+
( j+ 1

2∑
s=0

ρji,sy
s
i τ̄ , ȳ

)
+ ȳ0κ0a1y

(σ)
x,0 − β11y

(σ)
0 ȳ0 − κNaNy(σ)

x̄,N ȳN−

−β12ȳ0∆α
0tj+σy0 − β22ȳN∆α

0tj+σyN + 0.5hȳ0

j+ 1
2∑

s=0

ρj0,sy
s
0τ̄−

−β21y
(σ)
N ȳN + 0.5hȳN +

j+ 1
2∑

s=0

ρjN,sy
s
N τ̄ . (4.9)

Ïðåîáðàçóåì ñëàãàåìûå â ïðàâîé ÷àñòè (4.9):(
κ(ay

(σ)
x̄ )x, ȳ

)
= ȳκay(σ)

x̄

∣∣∣N
0
−
(
ay

(σ)
x̄ , (κȳ)x̄

]
=

= ȳNκNaNy(σ)
x̄,N − ȳ0κ0a1y

(σ)
x,0 −

(
ay

(σ)
x̄ ,κx̄ȳ + κ(−1)ȳx̄

]
=
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= ȳNκNaNy(σ)
x̄,N − ȳ0κ0a1y

(σ)
x,0 −

(
ay

(σ)
x̄ ,κx̄y(σ)

]
−

−
(
ay

(σ)
x̄ ,κx̄∆α

0tj+σy
]
−
(
ay

(σ)
x̄ ,κ(−1)y

(σ)
x̄

]
−

−
(
ay

(σ)
x̄ ,κ(−1)∆α

0tj+σyx̄

]
≤ ȳNκNaNy(σ)

x̄,N − ȳ0κ0a1y
(σ)
x,0+

+ε|[∆α
0tj+σy]|20 +Mε

1

(
|[y(σ)]|20 + |[y(σ)

x̄ ]|20
)
−

− 1

1 + hM2

(
aκ, (y(σ)

x̄ )2
]
− c0

2(1 + hM2)

(
κ,∆α

0tj+σy
2
x̄

]
≤

≤ ȳNκNaNy(σ)
x̄,N − ȳ0κ0a1y

(σ)
x,0 + ε|[∆α

0tj+σy]|20+

+Mε
1

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)
−M3‖y(σ)

x̄ ]|20 −M4∆α
0tj+σ‖yx̄]|20. (4.10)(

b−ay
(σ)
x̄ , ȳ

)
+
(
b+a(+1)y(σ)

x , ȳ
)

=

=
(
b−ay

(σ)
x̄ , y(σ)

)
+
(
b−ay

(σ)
x̄ ,∆α

0tj+σy
)

+
(
b+a(+1)y(σ)

x , y(σ)
)

+

+
(
b+a(+1)y(σ)

x ,∆α
0tj+σy

)
≤ ε|[∆α

0tj+σy]|20 +Mε
5

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)
. (4.11)

( j+ 1
2∑

s=0

ρji,sy
s
i τ̄ , ȳ

)
+ 0.5hȳ0

j+ 1
2∑

s=0

ρj0,sy
s
0τ̄ + 0.5hȳN

j+ 1
2∑

s=0

ρjN,sy
s
N τ̄ − β11y

(σ)
0 ȳ0−

−β21y
(σ)
N ȳN = −β12ȳ0∆α

0tj+σy0 − β22ȳN∆α
0tj+σyN =

[ j+ 1
2∑

s=0

ρji,sy
s
i τ̄ , y

(σ)
]
+

+
[ j+ 1

2∑
s=0

ρji,sy
s
i τ̄ ,∆

α
0tj+σy

]
− β11(y

(σ)
0 )2 − β11y

(σ)
0 ∆α

0tj+σy0 − β21(y
(σ)
N )2−

−β21y
(σ)
0 ∆α

0tj+σyN − β12y
(σ)
0 ∆α

0tj+σy0 − β12

(
∆α

0tj+σy0

)2

− β22y
(σ)
N ∆α

0tj+σyN−

−β22(∆α
0tj+σyN )2 ≤ ε1|[∆α

0tj+σy]|20 +Mε1
6

[
1,
( j+ 1

2∑
s=0

ρji,sy
s
i τ̄
)2]

+

+Mε2,ε3
7

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)

+ ε2

(
∆α

0tj+σy0

)2

+ ε3

(
∆α

0tj+σyN

)2

−

−β12

2
∆α

0tj+σy
2
0 −

β22

2
∆α

0tj+σy
2
N − β12

(
∆α

0tj+σy0

)2

− β22

(
∆α

0tj+σyN

)2

≤

≤ ε1|[∆α
0tj+σy]|20 +Mε1

6

[
1,

j+ 1
2∑

s=0

ρ2
i,sτ̄

j+ 1
2∑

s=0

(ysi )
2τ̄
]

+Mε2,ε3
7

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)

+

+ε2

(
∆α

0tj+σy0

)2

+ ε3

(
∆α

0tj+σyN

)2

≤ ε1|[∆α
0tj+σy]|20 +Mε1

8

j+ 1
2∑

s=0

|[y]|20τ̄+

+Mε2,ε3
7

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)

+ ε2

(
∆α

0tj+σy0

)2

+ ε3

(
∆α

0tj+σyN

)2

−

−β12

2
∆α

0tj+σy
2
0 −

β22

2
∆α

0tj+σy
2
N − β12

(
∆α

0tj+σy0

)2

− β22

(
∆α

0tj+σyN

)2

. (4.12)

Ó÷èòûâàÿ ïðåîáðàçîâàíèÿ (4.10)-(4.12), èç (4.9) ïîëó÷èì[
Λ(tj+σ)y(σ), ȳ

]
≤ ε1|[∆α

0tj+σy]|20 + ε2

(
∆α

0tj+σy0

)2

+ ε3

(
∆α

0tj+σyN

)2

+
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−β12

2
∆α

0tj+σy
2
0−

β22

2
∆α

0tj+σy
2
N−β12

(
∆α

0tj+σy0

)2

−β22

(
∆α

0tj+σyN

)2

+Mε1
8

j+ 1
2∑

s=0

|[y]|20τ̄+

+Mε2,ε3
9

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)
−M3‖y(σ)

x̄ ]|20 −M4∆α
0tj+σ‖yx̄]|20. (4.13)[

Φ, ȳ
]

= (ϕ, ȳ) + 0.5hϕ−ȳ0 + 0.5hϕ+ȳN = (ϕ, ȳ) + ȳ0

(
µ1 + 0.5hϕ0

)
+

+ȳN

(
µ2 + 0.5hϕN

)
= (ϕ, ȳ) + ȳ0µ1 + 0.5hϕ0ȳ0 + ȳNµ2 + 0.5hϕN ȳN =

=
[
ϕ, ȳ

]
+ µ1ȳ0 + µ2ȳN =

[
ϕ, y(σ)

]
+
[
ϕ,∆α

0tj+σy
]
+

+µ1y
(σ)
0 + µ1∆α

0tj+σy0 + µ2y
(σ)
N + µ2∆α

0tj+σyN ≤

≤ ε1|[∆α
0tj+σy]|20 + ε2

(
∆α

0tj+σy0

)2

+ ε3

(
∆α

0tj+σyN

)2

+

+Mε2,ε3
10

(
µ2

1 + µ2
2

)
+M11

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)

+Mε1
12 |[ϕ]|20. (4.14)

Ïðèíèìàÿ âî âíèìàíèå ïðåîáðàçîâàíèÿ (4.8)-(4.14), èç (4.7) íàõîäèì

1

2
∆α

0tj+σ |[y]|20 + |[∆α
0tj+σy]|20 +M13∆α

0tj+σ‖yx̄]|20 +M3‖y(σ)
x̄ ]|20 +

β12

2
∆α

0tj+σy
2
0+

+
β22

2
∆α

0tj+σy
2
N + β12

(
∆α

0tj+σy0

)2

+ β22

(
∆α

0tj+σyN

)2

≤ ε1|[∆α
0tj+σy]|20+

+ε2

(
∆α

0tj+σy0

)2

+ ε3

(
∆α

0tj+σyN

)2

+Mε1
14

j+ 1
2∑

s=0

|[y]|20τ̄ +Mε2,ε3
15

(
|[y(σ)]|20 + ‖y(σ)

x̄ ]|20
)

+

+Mε2,ε3
16

(
µ2

1 + µ2
2

)
+Mε1

17 |[ϕ|]20. (4.15)

Âûáèðàÿ ε1 =
1

2
, ε2 =

β12

2
, ε3 =

β22

2
èç (4.15) ïîëó÷àåì

∆α
0tj+σ |[y]|2W 1

2 (0,l) + ‖y(σ)
x̄ ]|20 + |[∆α

0tj+σy]|20 ≤

≤M18|[y(σ)]|2W 1
2 (0,l) +M19

j+ 1
2∑

s=0

|[y]|20τ̄ +M20

(
|[ϕ]|20 + µ2

1 + µ2
2

)
, (4.16)

ãäå |[y]|2
W 1

2 (0,l)
= |[y]|20 + ‖yx̄]|20.

Ó÷èòûâàÿ, ÷òî
j+ 1

2∑
s=0

|[ys]|20τ̄ =

j∑
s=0

|[ys]|20τ̄ + 0.5τ |[yj ]|20,

ïåðåïèøåì (4.16) â äðóãîé ôîðìå

∆α
0tj+σ |[y]|2W 1

2 (0,l) ≤M
σ
21|[yj+1]|2W 1

2 (0,l) +Mσ
22|[yj ]|2W 1

2 (0,l) +M23F
j , (4.17)

ãäå F j =
j∑
s=0
|[ys]|20τ̄ + |[ϕ]|20 + µ2

1 + µ2
2.

Íà îñíîâàíèè ëåììû 7 [20] èç (4.17) ïîëó÷àåì

|[yj+1]|2W 1
2 (0,l) ≤M24

(
|[y0]|2W 1

2 (0,l) + max
0≤j′≤j

F j
′

)
. (4.18)
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ãäå M24 = const > 0, íå çàâèñÿùàÿ îò h è τ .
Èç (4.18) ïîëó÷èì

|[yj+1]|2W 1
2 (0,l) ≤

≤M24

(
|[y0]|2W 1

2 (0,l) + max
0≤j′≤j

( j ′∑
s=0

|[ys]|20τ̄ + |[ϕ]|20 + µ2
1 + µ2

2

))
. (4.19)

Ââåäÿ îáîçíà÷åíèå gj = max
0≤j′≤j

|[yj ′ ]|20, ñ ó÷åòîì |[y]|2
W 1

2 (0,l)
= |[y]|20 + ‖yx̄]|20 èç

(4.19) ïîëó÷èì

gj+1 ≤M25

j∑
s=0

gsτ +M26F
j
1 , (4.20)

ãäå

F j1 = |[y0]|2W 1
2 (0,l) + max

0≤j′≤j

(
|[ϕ]|20 + µ2

1 + µ2
2

)
.

Íà îñíîâàíèè ëåììû 4 (ñì.[20, ñòð.171]) èç (4.20) ïîëó÷àåì

|[yj+1]|20 ≤M

(
|[y0]|2W 1

2 (0,l) + max
0≤j′≤j

(
|[ϕ]|20 + µ2

1 + µ2
2

))
. (4.21)

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ (2.5), òîãäà ñóùåñòâóåò òàêîå τ0,
÷òî åñëè τ ≤ τ0, òî äëÿ ðåøåíèÿ ðàçíîñòíîé çàäà÷è (4.1)-(4.4) ñïðàâåäëèâà
àïðèîðíàÿ îöåíêà (4.21), èç ÷åãî ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü
ðåøåíèÿ çàäà÷è (4.1)-(4.4) ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè.

Ïóñòü u(x, t)− ðåøåíèå çàäà÷è (2.1)− (2.4), y(xi, tj) = yji−ðåøåíèå ðàçíîñò-
íîé çàäà÷è (4.1) − (4.4). Äëÿ îöåíêè òî÷íîñòè ðàçíîñòíîé ñõåìû (4.1) − (4.4)

ðàññìîòðèì ðàçíîñòü zji = yji −u
j
i , ãäå u

j
i = u(xi, tj). Òîãäà, ïîäñòàâëÿÿ y = z+u

â ñîîòíîøåíèÿ (4.1)− (4.4), ïîëó÷àåì çàäà÷ó äëÿ ôóíêöèè z

∆α
0tj+σz = κji

(
ajiz

(σ)
x̄

)
x

+ b−ji ajiz
(σ)
x̄,i + b+ji aji+1z

(σ)
x,i +

j+ 1
2∑

s=0

ρji,sz
s
i τ̄ + Ψj

i , (4.22)

κ0a1z
(σ)
x,0 = β11z

(σ)
0 − 0.5h

j+ 1
2∑

s=0

ρj0,sz
s
0 τ̄ + β̃12∆α

0tj+σz0 − ν̃1, t ∈ ωτ , (4.23)

−κNaNz(σ)
x̄,N = β21z

(σ)
N − 0.5h

j+ 1
2∑

s=0

ρjN,sz
s
N τ̄ + β̃22∆α

0tj+σzN − ν̃2, t ∈ ωτ , (4.24)

z(x, 0) = 0, x ∈ ωh, (4.25)

ãäå Ψ = O
(
h2 + τ2

)
, ν̃1 = O

(
h2 + τ2

)
, ν̃2 = O

(
h2 + τ2

)
- ïîãðåøíîñòè àïïðîêñè-

ìàöèè äèôôåðåíöèàëüíîé çàäà÷è (2.1) − (2.4) ðàçíîñòíîé ñõåìîé (4.1) − (4.4)
â êëàññå ðåøåíèè u = u(x, t) çàäà÷è (2.1)− (2.4).

Ïðèìåíÿÿ àïðèîðíóþ îöåíêó (4.21) ê ðåøåíèþ çàäà÷è (4.31)− (4.34), ïîëó-
÷àåì íåðàâåíñòâî

|[zj+1]|20 ≤M max
0≤j′≤j

(
|[Ψj′ ]|20 + νj

′2
1 + νj

′2
2

)
, (4.26)

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .
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Èç àïðèîðíîé îöåíêè (4.26) ñëåäóåò ñõîäèìîñòü ðåøåíèÿ ðàçíîñòíîé çàäà-
÷è (4.1) − (4.4) ê ðåøåíèþ äèôôåðåíöèàëüíîé çàäà÷è (2.1) − (2.4) â ñìûñëå
íîðìû |[zj+1]|20 íà êàæäîì ñëîå òàê, ÷òî ñóùåñòâóåò òàêîå τ0, ÷òî ïðè τ ≤ τ0
ñïðàâåäëèâà îöåíêà

|[yj+1 − uj+1]|20 ≤M
(
h2 + τ2

)
.

5. Ïîñòàíîâêà íåëîêàëüíîé êðàåâîé çàäà÷è äëÿ

èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ äðîáíîãî ïîðÿäêà ñ

îïåðàòîðîì Áåññåëÿ è àïðèîðíàÿ îöåíêà

Â çàìêíóòîì öèëèíäðå QT = {(x, t) : 0 ≤ x ≤ l, 0 ≤ t ≤ T} ðàññìîòðèì
ñëåäóþùóþ íåëîêàëüíóþ êðàåâóþ çàäà÷ó

∂α0tu =
1

xm
∂

∂x

(
xmk

∂u

∂x

)
+ r

∂u

∂x
+

∫ t

0

p(x, t, τ)u(x, τ)dτ + f(x, t),

0 < x < l, 0 < t ≤ T, (5.1)

lim
x→0

xmk(x, t)ux(x, t) = 0, 0 ≤ t ≤ T, (5.2)

−k(l, t)ux(l, t) = β1(t)u(l, t) + β2(t)∂α0tu(l, t)− µ(t), 0 ≤ t ≤ T, (5.3)

u(x, 0) = u0(x), 0 ≤ x ≤ l, (5.4)

ãäå 0 ≤ m ≤ 2.
Ïðè x = 0 ñòàâèòñÿ óñëîâèå îãðàíè÷åííîñòè ðåøåíèÿ |u(0, t)| < ∞, êî-

òîðîå ýêâèâàëåíòíî óñëîâèþ (5.2), ðàâíîñèëüíîìó â ñâîþ î÷åðåäü òîæäåñòâó
k(0, t)ux(0, t) = 0 [19, c.173], åñëè ôóíêöèè r(0, t), q(0, t), f(0, t) êîíå÷íû.

Ïîëó÷èì àïðèîðíóþ îöåíêó ìåòîäîì ýíåðãåòè÷åñêèõ íåðàâåíñòâ, äëÿ ýòîãî
óìíîæèì óðàâíåíèå (5.1) ñêàëÿðíî íà xmU = xm(u+ ∂α0tu) :(
∂α0tu, x

mU
)

=
((
xmkux

)
x
, U
)

+
(
rux, x

mU
)

+
(∫ t

0

pudτ, xmU
)

+
(
f, xmU

)
.

(5.5)
Ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé èç (5.5) íàõîäèì

1

2
∂α0t‖x

m
2 u‖20 +

c0
2
∂α0t‖x

m
2 ux‖20 + c0‖x

m
2 ux‖20 +

1

2
‖∂α0tx

m
2 u‖20 ≤

≤ xmUkux|l0 +M1

∫ t

0

‖xm2 u‖20dτ +M2

(
‖xm2 u‖20 + ‖xm2 ux‖20

)
+M3‖x

m
2 f‖20. (5.6)

Îöåíèì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (5.6), òîãäà èìååì

xmUkux|l0 = lm
(
u(l, t) + ∂α0tu(l, t)

)
k(l, t)ux(l, t) =

= lm
(
u(l, t) + ∂α0tu(l, t)

)(
µ(t)− β1(t)u(l, t)− β2(t)∂α0tu(l, t)

)
=

= lmu(l, t)µ(t) + lmµ(t)∂α0tu(l, t)− lmu2(l, t)β1(t)−
−lmβ1(t)u(l, t)∂α0tu(l, t)− lmβ2(t)u(l, t)∂α0tu(l, t)−
−lmβ2(t)(∂α0tu(l, t))2 ≤ −lmβ2(t)(∂α0tu(l, t))2−

− l
mβ2(t)

2
∂α0tu

2(l, t) + ε
(
∂α0tu(l, t)

)2
+M4

(
‖xm2 u‖20+

+‖xm2 ux‖20
)

+M5µ
2(t) ≤ − l

mβ2(t)

2
(∂α0tu(l, t))2 − lmβ2(t)

2
∂α0tu

2(l, t)+
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+M4

(
‖xm2 u‖20 + ‖xm2 ux‖20

)
+M5µ

2(t). (5.7)

Ó÷èòûâàÿ (5.7), èç (5.6) íàõîäèì

∂α0t‖x
m
2 u‖2W 1

2 (0,l) + ‖xm2 ux‖20 + ‖∂α0tx
m
2 u‖20 ≤

≤M6‖x
m
2 u‖2W 1

2 (0,l) +M7

∫ t

0

‖xm2 u‖20dτ +M8

(
‖xm2 f‖20 + µ2(t)

)
, (5.8)

ãäå ‖xm2 u‖2
W 1

2 (0,l)
= ‖xm2 u‖20 + ‖xm2 ux‖20.

Ïðèìåíÿÿ ê îáåèì ÷àñòÿì íåðàâåíñòâà (5.8) îïåðàòîð äðîáíîãî èíòåãðèðî-
âàíèÿ D−α0t , íà îñíîâàíèè ëåììû 2 [13] èç (5.8) ïîëó÷àåì èñêîìóþ àïðèîðíóþ
îöåíêó

‖xm2 u‖2W 1
2 (0,l) +D−α0t

(
‖xm2 ux‖20 + ‖∂α0tx

m
2 u‖20

)
≤

≤M

(
D−α0t

(
‖xm2 f‖20 + µ2

2(t)
)

+ ‖xm2 u0(x)‖2W 1
2 (0,l)

)
. (5.9)

ãäå M = const > 0, çàâèñÿùàÿ òîëüêî îò âõîäíûõ äàííûõ çàäà÷è (5.1)-(5.4).

Òåîðåìà 3. Åñëè k(x, t) ∈ C1,0(QT ), r(x, t), q(x, t), f(x, t) ∈ C(QT ), u(x, t) ∈
C2,0

(
QT
)
∩C1,0

(
QT
)
, ∂α0tu(x, t) ∈ C(QT ) è âûïîëíåíû óñëîâèÿ (2.5), òîãäà äëÿ

ðåøåíèÿ çàäà÷è (5.1)-(5.4) ñïðàâåäëèâà àïðèîðíàÿ îöåíêà (5.9).

Èç îöåíêè ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøåíèÿ ïî íà÷àëüíûì
äàííûì è ïðàâîé ÷àñòè â ñìûñëå íîðìû

‖xm2 u‖21 = ‖xm2 u‖2W 1
2 (0,l) +D−α0t

(
‖xm2 ux‖20 + ‖∂α0tx

m
2 u‖20

)
.

6. Óñòîé÷èâîñòü è ñõîäèìîñòü ðàçíîñòíîé ñõåìû

Íà ðàâíîìåðíîé ñåòêå ωhτ äèôôåðåíöèàëüíîé çàäà÷å (5.1)-(5.4) ïîñòàâèì â

ñîîòâåòñòâèå ðàçíîñòíóþ ñõåìó ïîðÿäêà àïïðîêñèìàöèè O(h
2+τ2

x ) :

κ̄∆α
0tj+σy =

κ
xmi

(
xmi−0.5a

jy
(σ)
x̄

)
x

+
b−j

xmi

(
xmi−0.5a

j
iy

(σ)
x̄,i

)
+

+
b+j

xmi

(
xmi+0.5a

j
i+1y

(σ)
x,i

)
+

j+ 1
2∑

s=0

ρji,sy
s
i τ̄ + ϕji , (x, t) ∈ ωh,τ (6.1)

κ0a1y
(σ)
x,0 =

0.5h

m+ 1
∆α

0tj+σy0 −
0.5h

m+ 1

j+ 1
2∑

s=0

ρj0,sy
s
0τ̄ − µ̃1, (6.2)

−κNaNy(σ)
x̄,N = β̃1y

(σ)
N − 0.5h

j+ 1
2∑

s=0

ρjN,sy
s
N τ̄ + β̃2∆α

0tj+σyN − µ̃2, (6.3)

y(x, 0) = u0(x), x ∈ ωh, (6.4)

ãäå

β̃1 = κ̃β1(tj+σ), β̃2 = κ̃β2 + 0.5h, µ̃1 =
0.5h

m+ 1
ϕj0, µ̃2 = κ̃µ(tj+σ) + 0.5hϕjN ,

κ0 =
1

1 + 0.5h|r0|
(m+1)kj+σ0.5

, åñëè rj+σ0 ≤ 0, κN =
1

1 +
0.5h|rj+σN |
kN−0.5

, åñëè rj+σN ≥ 0,
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r = r+ + r−, |r| = r+ − r−, r+ = 0.5
(
r + |r|

)
≥ 0, r− = 0.5

(
r − |r|

)
≤ 0,

aji = k(xi−0.5, t
j+σ), b±ji =

κ̄ir±j+σi

kj+σi

, dji =

{
κ̄iqj+σi , i = 1, N − 1,

qj+σi , i = 0, N,

ϕji =

{
κif j+σi , i = 1, N − 1,

f j+σi , i = 0, N,
~ =

{
0.5h, i = 0,

h, i = 1, N − 1,

κ̄i = 1 +
m(m− 1)h2

24x2
i

, i = 1, N − 1,

κ̃ = 1 +
0.5hm

l
=

1

1− 0.5hm
l

, κi =
1

1 +Ri
, Ri =

0.5h|ri|κ̄i
ki−0.5

.

Íàéäåì àïðèîðíóþ îöåíêó ìåòîäîì ýíåðãåòè÷åñêèõ íåðàâåíñòâ,äëÿ ýòîãî ïå-
ðåïèøåì (6.1)-(6.4) â îïåðàòîðíîì âèäå

¯̄κ∆α
tj+σy = Λ̄(tj+σ)y(σ) + Φ̄, (6.5)

y(x, 0) = u0(x), (6.6)

ãäå

¯̄κ =

{
κ̄i, x ∈ ωh,
1, x = 0, l,

κ̄i = 1 +
m(m− 1)h2

24x2
i

, Φ =


ϕ = ϕi, (x, t) ∈ ωhτ ,
ϕ− = m+1

0.5h µ̃1, x = 0,

ϕ+ = 1
0.5h µ̃2, x = l.

Λ(tj+σ)yσ =

=



Λ̃(tj+σ)y
(σ)
i = κi

xmi

(
xmi−0.5a

j
iy

(σ)
x̄,i

)
x

+ b−j

xmi

(
xmi−0.5a

j
iy

(σ)
x̄

)
+

+ b+j

xmi

(
xmi+0.5a

j
i+1y

(σ)
x

)
+
j+ 1

2∑
s=0

ρji,sy
s
i τ̄ ,

Λ−y
(σ)
0 = m+1

0.5h

(
κ0a1y

(σ)
x,0 + 0.5h

m+1

j+ 1
2∑

s=0
ρj0,sy

s
0τ̄
)
, x = 0,

Λ+y
(σ)
N = − 2

h

(
κNaNy(σ)

x,N + β̃1y
(σ)
N − 0.5h

j+ 1
2∑

s=0
ρjN,sy

s
N τ̄ + κ̃β2∆α

0tj+σyN

)
, x = l.

Óìíîæèì òåïåðü (6.5) ñêàëÿðíî íà xmȳ = xmy(σ) + xm∆α
0tj+σy :(

¯̄κ∆α
0tj+σy, x

mȳ
)

=
(

Λ̄(tj+σ)y(σ), xmȳ
]

+
(

Φ̄, xmȳ
]
, (6.7)

ãäå

(u, v] =

N∑
i=1

uivi~, ‖u]|20 =

N∑
i=1

u2
i ~, ~ =

{
0.5h, i = 0, N

h, i 6= 0, N.

Ïðåîáðàçóåì ñóììû, âõîäÿùèå â òîæäåñòâî (6.7), ïîëüçóÿñü íåðàâåíñòâîì Êî-
øè ñ ε(

¯̄κ∆α
0tj+σy, x

mȳ
)

=
(

¯̄κ∆α
0tj+σy, x

my(σ)
]

+
(

¯̄κ∆α
0tj+σy, x

m∆α
0tj+σy

]
≥

≥
( ¯̄κ

2
,∆α

0tj+σ (x
m
2 y)2

]
+
(

¯̄κ,
(

∆α
0tj+σ (x

m
2 y)
)2]

, (6.8)(
Λ̄(tj+σ)y(σ), xmȳ

]
=
(

Λ̃y(σ), xmȳ
)

+ 0.5hΛ+y
(σ)
N xmN ȳN =

(
κ(xmi−0.5aiy

(σ)
x̄ )x, ȳ

)
+
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+
(
b−(xmi−0.5a

j
iy

(σ)
x̄ ), ȳ

)
+
(
b+(xmi+0.5a

j
i+1y

(σ)
x ), ȳ

)
+
( j+ 1

2∑
s=0

ρji,sy
s
i τ̄ , x

m
i ȳ
)
−

−xmN ȳN
(
κNaNy(σ)

x̄,N + β̃1y
(σ)
N − 0.5h

j+ 1
2∑

s=0

ρjN,sy
s
N τ̄ + κ̃β2∆α

0tj+σyN

)
=

= −
(
xmi−0.5aiy

(σ)
x̄ , (κȳ)x̄

]
+
(
b−(x̄maiy

(σ)
x̄ ), ȳ

)
+

+
(
b+xmi+0.5a

(+1), y(σ)
x ȳ

)
+
( j+ 1

2∑
s=0

ρji,sy
s
i τ̄ , x

mȳ
)
− β̃1x

m
Ny

(σ)
N ȳN+

+xmN0.5hȳN

j+ 1
2∑

s=0

ρjN,sy
s
N τ̄ − κ̃β2x

m
NyN∆α

0tj+σyN+

+
(
x̄mN − xmN

)
ȳNκNaNy(σ)

x̄,N − x
m
0.5κ0a1y

(σ)
x,0 ȳ0. (6.9)

Ïðåîáðàçóåì ñëàãàåìûå â ïðàâîé ÷àñòè (6.9):

−
(
xmi−0.5aiy

(σ)
x̄ , (κȳ)x̄

]
= −

(
xmi−0.5aiy

(σ)
x̄ ,κx̄ȳ + κ(−1)ȳx̄

]
= −

(
x̄may

(σ)
x̄ ,κx̄y(σ)

]
−

−
(
x̄may

(σ)
x̄ ,κx̄∆α

0tj+σy
]
−
(
x̄may

(σ)
x̄ ,κ(−1)y

(σ)
x̄

]
−
(
x̄may

(σ)
x̄ ,κ(−1)∆α

0tj+σyx̄

]
≤

≤ ε‖∆α
0tj+σx

m
2 y]|20 +Mε

1

(
‖xm2 y(σ)]|20 + ‖x̄m2 y(σ)

x̄ ]|20
)
− 1

1 + hM2

(
x̄maκ, (y(σ)

x̄ )2
]
−

− 1

2(1 + hM2)

(
x̄maκ,∆α

0tj+σy
2
x̄

]
≤ ε‖∆α

0tj+σx
m
2 y]|20+

+Mε
1

(
‖xm2 y(σ)]|20 + ‖x̄m2 y(σ)

x̄ ]|20
)
−M3‖x̄

m
2 y

(σ)
x̄ ]|20 −M4∆α

0tj+σ‖x̄
m
2 yx̄]|20. (6.10)(

b−(x̄majiy
(σ)
x̄ ), ȳ

)
+
(
b+xmi+0.5a

(+1), y(σ)
x ȳ

)
=
(
b−x̄may

(σ)
x̄ , y(σ)

)
+

+
(
b−x̄may

(σ)
x̄ ,∆α

0tj+σy
)

+
(
b+xmi+0.5a

(+1)y(σ)
x , y(σ)

)
+

+
(
b+xmi+0.5a

(+1)y(σ)
x ,∆α

0tj+σy
)
≤ ε‖∆α

0tj+σx
m
2 y]|20+

+Mε
5

(
‖xm2 y(σ)]|20 + ‖xm2 y(σ)

x̄ ]|20
)
. (6.11)

( j+ 1
2∑

s=0

ρji,sy
s
i τ̄ , x

mȳ
)
−β̃1x

m
Ny

(σ)
N ȳN +xmN0.5hȳN

j+ 1
2∑

s=0

ρjN,sy
s
N τ̄−κ̃β2x

m
NyN∆α

0tj+σyN =

=
( j+ 1

2∑
s=0

ρji,sy
s
i τ̄ , x

mȳ
]
−β̃1x

m
Ny

(σ)
N ȳN−κ̃β2x

m
NyN∆α

0tj+σyN ≤
( j+ 1

2∑
s=0

ρji,sy
s
i τ̄ , x

my(σ)
]
+

+
( j+ 1

2∑
s=0

ρji,sy
s
i τ̄ , x

m∆α
0tj+σy

]
− β̃1x

m
N (y

(σ)
N )2 − β̃1x

m
Ny

(σ)
N ∆α

0tj+σyN−

−κ̃β2x
m
Ny

(σ)
N ∆α

0tj+σyN − κ̃β2x
m
N

(
∆α

0tj+σyN

)2

≤ ε1‖∆α
0tj+σx

m
2 y]|20+

+ε2

(
∆α

0tj+σyN

)2

+Mε1
6

j+ 1
2∑

s=0

‖xm2 ys]|20τ̄ − κ̃
β2

2
xmN∆α

0tj+σ (yN )2−
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−κ̃xmNβ2

(
∆α

0tj+σyN

)2

+Mε2
7

(
‖xm2 y(σ)]|20 + ‖x̄m2 y(σ)

x̄ ]|20
)
. (6.12)

Ó÷èòûâàÿ (6.9)-(6.12), èç (6.9) ïîëó÷èì(
Λ̄(tj+σ)y(σ), xmȳ

]
≤ ε1‖∆α

0tj+σx
m
2 y]|20 + ε2

(
∆α

0tj+σyN

)2

+

+Mε2
7

(
‖xm2 y(σ)]|20 + ‖x̄m2 y(σ)

x̄ ]|20
)

+Mε1
6

j+ 1
2∑

s=0

‖xm2 y]|20τ̄−

−M3‖x̄
m
2 y

(σ)
x̄ ]|20 −M4∆α

0tj+σ‖x̄
m
2 yx̄]|20 +

(
x̄mN − xmN

)
ȳNκNaNy(σ)

x̄,N−

−κ̃β2

2
xmN∆α

0tj+σ (yN )2 − κ̃xmNβ2

(
∆α

0tj+σyN

)2

− xm0.5κ0a1y
(σ)
x,0 ȳ0. (6.13)(

Φ̄, xmȳ
]

=
(
ϕ, xmȳ

)
+ 0.5hxmN ȳNϕ

+ =
(
ϕ, xmȳ

)
+ xmN µ̃

2ȳN =

=
(
ϕ, xmy(σ)

)
+
(
ϕ, xm∆α

0tj+σy
)

+ xmN µ̃2ȳN ≤ ε1‖∆α
0tj+σx

m
2 y]|20+

+Mε1
8

(
‖xm2 y(σ)]|20 + ‖x̄m2 y(σ)

x̄ ]|20
)

+Mε1
9 ‖x

m
2 ϕ‖20 + xmN µ̃2ȳN . (6.14)

Ïðèíèìàÿ âî âíèìàíèå ïðåîáðàçîâàíèÿ (6.8)-(6.14) èç (6.7) ïîëó÷àåì( ¯̄κ
2
,∆α

0tj+σ (x
m
2 y)2

]
+M10∆α

0tj+σ‖x̄
m
2 yx̄]|20+M3‖x̄

m
2 y

(σ)
x̄ ]|20+

(
¯̄κ,
(

∆α
0tj+σ (x

m
2 y)
)2]

+

+κ̃
β2

2
xmN∆α

0tj+σ (yN )2+κ̃xmNβ2

(
∆α

0tj+σyN

)2

≤ ε1‖∆α
0tj+σx

m
2 y]|20+ε2

(
∆α

0tj+σyN

)2

+

+
(
x̄mN − xmN

)
xNaNy

(σ)
x̄,N ȳN − x

m
0.5ȳ0κ0a1y

(σ)
x,0 +Mε1

6

j+ 1
2∑

s=0

‖xm2 y]|20τ̄+

+M8(ε1)‖xm2 ϕ‖20 + xmN µ̃2ȳN +M11(ε1, ε2)
(
‖xm2 y(σ)]|20 + ‖x̄m2 y(σ)

x̄ ]|20
)
. (6.15)

Ðàññìîòðèì òðåòüå, ÷åòâåðòîå è ñåäüìîå ñëàãàåìûå â ïðàâîé ÷àñòè (6.15)(
x̄mN − xmN

)
κNaNy(σ)

x̄,N ȳN − x
m
0.5ȳ0κ0a1y

(σ)
x,0 + xmN µ̃2ȳN =

= xm0.5ȳ0

(
µ̃1 −

0.5h

m+ 1

(
∆α

0tj+σy0 −
j+ 1

2∑
s=0

ρj0,sy
s
0τ̄
))

+

+
(
x̄mN − xmN

)
ȳN

(
µ̃2 − β̃1y

(σ)
N − β̃2∆α

0tj+σyN

)
+ xmN µ̃2ȳN =

= xm0.5y
(σ)
0 µ̃1 +xm0.5µ̃1∆α

0tj+σy0−
0.5h

m+ 1
xm0.5y

(σ)
0 ∆α

0tj+σy0−
0.5h

m+ 1
xm0.5

(
∆α

0tj+σy0

)2

+

+
0.5h

m+ 1
xm0.5y

(σ)
0

j+ 1
2∑

s=0

ρj0,sy
s
0τ̄ +

0.5h

m+ 1
xm0.5

j+ 1
2∑

s=0

ρj0,sy
s
0τ̄∆α

0tj+σy0 + x̄mNy
(σ)
N µ̃2+

+x̄mN µ̃2∆α
0tj+σyN −

(
x̄mN − xmN

)
β̃1(yσN )2−

−
(
x̄mN − xmN

)
β̃1y

(σ)
N ∆α

0tj+σyN −
(
x̄mN − xmN

)
y

(σ)
N β̃2∆α

0tj+σyN−

−
(
x̄mN−xmN

)
β̃2

(
∆α

0tj+σyN

)2

≤ ε3

(
∆α

0tj+σy0

)2

+ε4

(
∆α

0tj+σyN

)2

+Mε3,ε4
12

(
µ̃2

1+µ̃2
2

)
+

+Mε3
13

j+ 1
2∑

s=0

(x
m
2

0.5y
s
0)2τ̄ +Mε3,ε4

14

(
‖xm2 y(σ)]|20 + (x

m
2

0.5y0)2 + ‖x̄m2 y(σ)
x̄ ]|20

)
−
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− h

4(m+ 1)
xm0.5∆α

0tj+σy
2
0 −

(
x̄mN − xmN

) β̃2

2
∆α

0tj+σ (yN )2−

− 0.5h

m+ 1
xm0.5

(
∆α

0tj+σy0

)2

−
(
x̄mN − xmN

)
β̃2

(
∆α

0tj+σyN

)2

. (6.16)

Ó÷èòûâàÿ ïðåîáðàçîâàíèÿ (6.16), èç (6.15) íàõîäèì ïðè ε1 = ¯̄κ
2 , ε2 =

β2x
m
N

2 , ε3 =
hxm0.5

4(m+1) , ε4 = (x̄mN − xmN ) β̃2

2( ¯̄κ
2
,∆α

0tj+σ (x
m
2 y)2

]
+M10∆α

0tj+σ‖x̄
m
2 yx̄]|20+M3‖x̄

m
2 y

(σ)
x̄ ]|20+

( ¯̄κ
2
,
(

∆α
0tj+σ (x

m
2 y)
)2]

+

+
h

4(m+ 1)
xm0.5∆α

0tj+σy
2
0 +

(
κ̃β2

2
xmN +

(
x̄mN − xmN

) β̃2

2

)
∆α

0tj+σ (yN )2+

+
0.5h

2(m+ 1)
xm0.5

(
∆α

0tj+σy0

)2

+

(
κ̃β2

2
xmN +

(
x̄mN − xmN

) β̃2

2

)(
∆α

0tj+σyN

)2

≤

≤M15‖x
m
2 ϕ‖20 +M16

j+ 1
2∑

s=0

‖xm2 y]|21τ̄ +M17

(
µ̃2

1 + µ̃2
2

)
+

+M18

(
‖xm2 yσ]|20 + ‖x̄m2 y(σ)

x̄ ]|20 +
(
x
m
2

0.5y0

)2)
, (6.17)

ãäå ‖xm2 y]|21 = ‖xm2 y]|20 +
(
x
m
2

0.5y0

)2

.

Ïðåîáðàçóåì ïåðâîå, ÷åòâåðòîå, øåñòîå è âîñüìîå ñëàãàåìûå â ëåâîé ÷àñòè
(6.17) ñ ó÷åòîì xmN−0.5 ≥ 1

6x
m
N( ¯̄κ

2
,∆α

0tj+σ (x
m
2 y)2

]
+

(
κ̃β2

2
xmN +

(
x̄mN − xmN

) β̃2

2

)
∆α

0tj+σ (yN )2+

+
( ¯̄κ

2
,
(

∆α
0tj+σ (x

m
2 y)
)2]

+

(
κ̃β2

2
xmN + (x̄mN − xmN )

β̃2

2

)(
∆α

0tj+σyN

)2

=

=
( κ̄

2
,∆α

0tj+σ (x
m
2 y)2

)
+

0.5h

2
xmN∆α

0tj+σ (yN )2 +
( κ̄

2
,
(

∆α
0tj+σ (x

m
2 y)
)2)

+
0.5h

2
xmN

(
∆α

0tj+σyN

)2

+

(
κ̃β2

2
xmN +

(
x̄mN − xmN

) β̃2

2

)
∆α

0tj+σ (yN )2+

+

(
κ̃β2

2
xmN + (x̄mN − xmN )

β̃2

2

)(
∆α

0tj+σyN

)2

=
( κ̄

2
,∆α

0tj+σ (x
m
2 y)2

)
+

+
( κ̄

2
,
(

∆α
0tj+σ (x

m
2 y)
)2)

+

(
κ̃β2

2
xmN +

0.5h

2
xmN

)
∆α

0tj+σ (yN )2+

+

(
κ̃β2

2
xmN +

0.5h

2
xmN

)(
∆α

0tj+σyN

)2

≥ M18

2

(
1,∆α

0tj+σ (x
m
2 y)2

)
+

+
h

4
xmN∆α

0tj+σ (yN )2 +
M19

2

(
1,
(

∆α
0tj+σ (x

m
2 y)
)2)

+
h

4
xmN

(
∆α

0tj+σyN

)2

≥

≥ 1

4

(
1,∆α

0tj+σ (x
m
2 y)2

)
+

0.5h

12
xmN∆α

0tj+σ (yN )2 +
1

4

(
1,
(

∆α
0tj+σ (x

m
2 y)
)2)

+

+
0.5h

12
xmN

(
∆α

0tj+σyN

)2

≥ 1

12
∆α

0tj+σ‖x
m
2 y]|20 +

1

12
‖∆α

0tj+σx
m
2 y]|20, (6.18)
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ãäå

M19 =

{
1, åñëè m = 0,m ≥ 1,
1
2 , åñëè m ∈ (0, 1), h ≤ h0 =

√
12x2

m(1−m) .

Ó÷èòûâàÿ (6.18), èç (6.17) ïîëó÷àåì

∆α
0tj+σ‖x

m
2 y]|22 + ‖x̄m2 y(σ)

x̄ ]|20 + ‖∆α
0tj+σx

m
2 y]|20 ≤

≤M20‖x
m
2 y(σ)]|22 +M21

j+ 1
2∑

s=0

‖xm2 y]|21τ̄ +M22

(
‖xm2 ϕ‖20 + µ̃2

1 + µ̃2
2

)
, (6.19)

ãäå ‖xm2 y]|22 = ‖xm2 y]|20 + ‖x̄m2 yx̄]|20 +
(
x
m
2

0.5y0

)2

.

Ïîâòîðÿÿ ðàññóæäåíèÿ (4.17)-(4.30), èç (6.19) íàõîäèì èñêîìóþ àïðèîðíóþ
îöåíêó

‖xm2 yj+1]|21 ≤M

(
‖xm2 y0]|22 +

tαj
Γ(1 + α)

max
0≤j′≤j

(
‖xm2 ϕ‖20 + µ̃2

1 + µ̃2
2

))
, (6.20)

ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .

Òåîðåìà 4. Ïóñòü âûïîëíåíû óñëîâèÿ (2.4), (5.5) òîãäà ñóùåñòâóþò òàêèå
τ0, h0, ÷òî åñëè τ ≤ τ0, h ≤ h0, òî äëÿ ðåøåíèÿ ðàçíîñòíîé çàäà÷è (6.1)-(6.4)
ñïðàâåäëèâà àïðèîðíàÿ îöåíêà (6.20).

Èç ýòîé îöåíêè ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøåíèÿ çàäà÷è
(6.1)-(6.4) ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè.

Ïóñòü u(x, t)− ðåøåíèå çàäà÷è (5.1)−(5.4) y(xi, tj) = yji -ðåøåíèå ðàçíîñòíîé
çàäà÷è (6.1) − (6.4). Äëÿ îöåíêè òî÷íîñòè ðàçíîñòíîé ñõåìû (6.1) − (6.4) ðàñ-

ñìîòðèì ðàçíîñòü zji = yji − u
j
i , ãäå u

j
i = u(xi, tj). Òîãäà, ïîäñòàâëÿÿ y = z + u

â ñîîòíîøåíèÿ (6.1)− (6.4), ïîëó÷àåì çàäà÷ó äëÿ ôóíêöèè z

κ̄∆α
0tj+σz =

κ
xmi

(
xmi−0.5a

jz
(σ)
x̄

)
x

+
b−j

xmi

(
xmi−0.5a

j
iz

(σ)
x̄,i

)
+

+
b+j

xmi

(
xmi+0.5a

j
i+1z

(σ)
x,i

)
+

j+ 1
2∑

s=0

ρji,sz
s
i τ̄ + Ψj

i , (x, t) ∈ ωh,τ (6.21)

κ0a1z
(σ)
x,0 =

0.5h

m+ 1
∆α

0tj+σz0 −
0.5h

m+ 1

j+ 1
2∑

s=0

ρj0,sz
s
0 τ̄ − ν̃1, (6.22)

−κNaNz(σ)
x̄,N = β̃1z

(σ)
N − 0.5h

j+ 1
2∑

s=0

ρjN,sz
s
N τ̄ + β̃2∆α

0tj+σzN − ν̃2, (6.23)

z(x, 0) = 0, x ∈ ωh, (6.24)

ãäå Ψ = O
(
h2+τ2

x

)
, ν̃1 = O

(
h2 + τ2

)
, ν̃2 = O

(
h2 + τ2

)
− ïîãðåøíîñòè àïïðîêñè-

ìàöèè äèôôåðåíöèàëüíîé çàäà÷è (5.1) − (5.4) ðàçíîñòíîé ñõåìîé (6.1) − (6.4)
â êëàññå ðåøåíèè u = u(x, t) çàäà÷è (5.1)− (5.4).

Ïðèìåíÿÿ àïðèîðíóþ îöåíêó (6.20) ê ðåøåíèþ çàäà÷è (6.21)− (6.24), ïîëó-
÷àåì íåðàâåíñòâî

‖xm2 zj+1]|21 ≤M max
0≤j′≤j

(
‖xm2 Ψj′‖20 + ν̃2

1 + ν̃2
2

)
, (6.25)
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ãäå M = const > 0, íå çàâèñÿùàÿ îò h è τ .
Èç àïðèîðíîé îöåíêè (6.25) ñëåäóþò åäèíñòâåííîñòü è óñòîé÷èâîñòü ðåøå-

íèÿ ðàçíîñòíîé ñõåìû (6.1)−(6.4) ïî íà÷àëüíûì äàííûì è ïðàâîé ÷àñòè, à òàê-
æå ñõîäèìîñòü ðåøåíèÿ ðàçíîñòíîé çàäà÷è (6.1)−(6.4) ê ðåøåíèþ (5.1)−(5.4) â
ñåòî÷íîé íîðìå ‖xm2 zj+1‖22 ñî ñêîðîñòüþ O

(
h2 + τ2

)
òàê, ÷òî åñëè ñóùåñòâóþò

òàêèå h0, τ0, òî ïðè h ≤ h0, τ ≤ τ0 ñïðàâåäëèâà àïðèîðíàÿ îöåíêà

‖xm2
(
yj+1 − uj+1

)
‖1 ≤M‖x

m
2 −1‖1

(
h2 + τ2

)
≤M

(
h2 + τ2

)
,

ãäå M = const > 0, íå çàâèñÿùåå îò h è τ.
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