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HAFNIAN OF TWO-PARAMETER TOEPLITZ MATRICES

D.B. EFIMOV

Abstract. Initially, the concept of hafnian appeared in the works on
quantum �eld theory of the Italian theoretical physicist E.R. Caianiello.
But it also has an important combinatorial property: the hafnian of the
adjacency matrix of an undirected graph is equal to the number of perfect
matchings of this graph. The use of hafnian is limited by complexity
of its computation in the general case. In this paper we present an
e�cient method for exact calculating the hafnians of two-parameter
Toeplitz matrices. This method is based on the formula expressing the
hafnian of the sum of two matrices through the product of the hafnians
of matrices. The necessary condition for using this method is also the
ability to count the number of matchings of some arc diagrams. As an
example, we propose a new interpretation of some sequences from On-
Line Encyclopedia of Integer Sequences, give a new analytical formulas
to count the number of some linear chord diagrams, and point out an
interesting connection between the hafnian of two-parameter Toeplitz
matrices and the Bessel polynomials.

Keywords: hafnian, arc diagram, perfect matching, Toeplitz matrix,
chord diagram, Bessel polynomial.

1. Introduction

Let A = (aij) be a symmetric matrix of even order 2m over a commutative
associative ring. Its hafnian is de�ned as

Hf(A) =
∑

(i1i2|...|i2m−1i2m)

ai1i2 . . . ai2m−1i2m ,
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where the sum runs over all partitions of the set {1, 2, . . . , 2m} into disjoint pairs
(i1i2), . . . , (i2m−1i2m) up to the order of pairs, and the order of elements in each
pair. So, for example, if m = 2 then Hf(A) = a12a34+a13a24+a14a23. Equivalently,
one can de�ne the hafnian as

Hf(A) =
1

m!2m

∑
σ∈S2m

aσ(1),σ(2) . . . aσ(2m−1),σ(2m),

where the sum runs over all permutations of the set {1, 2, . . . , 2m}. Note that
diagonal elements of the matrix are not present in the de�nition of the hafnian.
We will take them equal to zero for convenience. The hafnian was introduced by
E. R. Caianiello in one of his works on quantum �eld theory [1]. He gave the name
to the new matrix function in honor of Copenhagen (Lat. Hafnia), the place where
the idea of this mathematical concept �rst occurred to him. By this name he also
emphasized connection with Pfa�an introduced by A. Cayley in 19th century, from
which the hafnian di�ers only by the signs of some components. Later it became
clear that the hafnian also has a useful combinatorial property related to solving an
important problem in graph theory: if M is the adjacency matrix of an unordered
graph with even number of vertices, then Hf(M) equals the total number of perfect
matchings of the graph.

Unfortunately, the widespread use of the hafnian is limited by the complexity of
its computation in the general case. Thus, in the recent work [2] of A. Bj�orklund, B.
Gupt and N. Quesada the currently fastest exact algorithm to compute the hafnian
of an arbitrary complex n× n matrix is described. It runs in O(n32n/2) time, and,
as the authors show, it seems to be close to optimal. But numerical benchmarks
on the Titan supercomputer (the 7th place in the Top500 ranking as June 2018)
indicated that it would require about a month and a half to compute the hafnian
of a randomly generated 100× 100 complex matrix using this algorithm.

Since in the general case calculation of the hafnian has a high computational
complexity, the problem is actual of �nding e�cient analytical formulas expressing
the hafnian for special classes of matrices. Thus, in many important cases (e.g., when
considering adjacency matrices of planar graphs) one can reduce calculation of the
hafnian of a given matrix to a much more e�cient calculation of the Pfa�an for
another matrix, associated with the former one by certain simple transformations
(see [3, 4] and references therein).

Another special type of matrices arising in many applications is that of Toeplitz
matrices. Recall that a matrix is called Toeplitz if all elements of every of its
diagonals parallel to the main one are the same. It is obvious that a symmetric
Toeplitz matrix is uniquelly determined by its �rst row. Let λ ⊂ {2, . . . , 2m}, and
let a, b be elements of some ring R. We denote by T2m(a, λ, b) a symmetric Toeplitz
matrix of order 2m with zero main diagonal, whose elements in the �rst row and in
the columns with numbers in λ are equal to a, and elements in the �rst row and in
the columns with numbers in {2, . . . , 2m}\λ are equal to b. We call such Toeplitz
matrices two-parameter. For example (dots denote zeros),

T4(a, {2, 4}, b) =


· a b a
a · a b
b a · a
a b a ·

 .
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In our work we present an e�ective method for exact computing the hafnian of
T2m(a, λ, b). This method is based on the formula expressing the hafnian of the sum
of two matrices through the product of the hafnians of matrices, and is also closely
linked with the combinatorial problem of counting the number of matchings of some
arc diagrams. In connection with the problem under consideration we mention also
the paper [5]. This work presents an e�cient algorithm for exact calculating the
hafnian of banded Toeplitz matrices. The sets of banded and two-parameter Toeplitz
matrices intersect but not coinside.

The paper is organized as follows. In section 2 we consider some necessary
de�nitions related to the notion of arc diagram. In section 3 we give some properties
of the hafnian and present a general scheme for computing the hafnian of two-
parameter Toeplitz matrices. In sections 4 and 5 we consider some special cases.

2. Arc diagrams

An arc diagram is a graph presentation method where all the vertices are located
along a line in the plane, while all edges are drawn as arcs of circles (Fig. 1). The
edges connecting adjacent vertices are also sometimes drawn as segments (arcs of
the circle of in�nite radius). We say that two vertices of an arc diagram are at a

A

B C

D E F A B C D E F

Fig. 1. A binary tree and its corresponding arc diagram

distance k from each other, if k − 1 vertices of the diagram are located between
these vertices on the line. We also say that an arc connecting two such vertices is
of length k. Thus, on the arc diagram shown in Fig. 1, the vertex C is connected
to the vertex F by an arc of length 3.

Let λ ⊂ {1, 2, . . . , n − 1}. We say that an arc diagram with n vertices is λ-
complete if it contains all possible arcs whose length value belongs to λ, and does
not contain any other arcs. Thus, a {1}-complete arc diagram is nothing else than
a path graph (Fig. 2(a)). A {2}-complete arc diagram is shown in Fig. 2(b).

(a) (b)

Fig. 2. (a) {1}-complete arc diagram (a path graph); (b) {2}-
complete arc diagram

A matching of a graph is a set of pairwise non-adjacent edges. If a matching
consists of k edges, then we say for convenience that this is a k-edge matching.
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For example, all 2-edge matchings of {1}- and {2}-complete arc diagrams with 5
vertices are represented on Fig. 3. A perfect matching in a graph with 2m vertices is

1 2 3 4 5 1 2 3 4 5 1 2 3 4 5

1 2 3 4 5 1 2 3 4 5

Fig. 3. The 2-edge matchings of {1}- and {2}-complete arc
diagrams with 5 vertices

a matching consisting of m edges. Perfect matchings of arc diagrams are also called
linear chord diagrams [6, 7].

Given a λ-complete arc diagram with n vertices, let Mn,k(λ) denote the number
of all its k-edge matchings. By de�nition we set Mn,0(λ) = 1.

Let a, b be nonnegative integers, and λ ⊂ {1, 2, . . . , 2m − 1}. We denote by
G2m(a, λ, b) an arc diagram with 2m vertices having the following form: if the
distance between its two vertices belongs to λ then these vertices are connected by
a arcs, otherwise by b arcs (Fig. 4).

1 2 3 4 5 6

Fig. 4. The arc diagram G6(2, {1}, 1)

Now let λ ⊂ {2, 3, . . . , 2m}. We denote by λ̃ a subset of {1, . . . , 2m− 1} which is
obtained from λ by subtracting 1 from each of its elements: λ = {n1, n2, . . . , nk} ⇒
λ̃ = {n1−1, n2−1, . . . , nk−1}. It is not hard to see that the two-parameter Toeplitz

matrix T2m(a, λ, b) is the adjacency matrix of the arc diagram G2m(a, λ̃, b), and
therefore the hafnian Hf(T2m(a, λ, b)) represents the number of perfect matchings

of G2m(a, λ̃, b).

3. Hafnian of two-parameter Toeplitz matrices

To begin with, consider two properties of the hafnian. The �rst property is quite
obvious.

Proposition 1. Let A be a symmetric matrix of order 2m over a commutative
associative ring R, and c ∈ R. Then

(1) Hf(cA) = cmHf(A).
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Let Qk,n denote the set of all unordered k-element subsets of the set {1, 2, . . . , n}.
Let A be a matrix of order n and α ∈ Qk,n. We denote by A[α] the submatrix of
A formed by the rows and columns of A with numbers in α, and by A{α} the
submatrix of A formed from A by removing the rows and columns with numbers
in α. The following property proved in [8]:

Proposition 2. Let A, B be symmetric matrices of order 2m. Then

(2) Hf(A+B) =

m∑
k=0

∑
α∈Q2k,2m

Hf(A[α])Hf(B{α}),

where Hf(A[α]) = 1 if α ∈ Q0,2m, and Hf(B{α}) = 1 if α ∈ Q2m,2m.

Let λ ⊂ {2, . . . , 2m}. We denote by D2m(q, λ) a symmetric Toeplitz matrix of
order 2m whose elements in the �rst row and in columns with numbers from λ are
equal to q and all other elements are equal to 0 . We denote by J2m(q) a symmetric
Toeplitz matrix of order 2m whose elements outside the main diagonal are equal to
q. For example,

D4(q, {2, 4}) =


· q · q
q · q ·
· q · q
q · q ·

 , J4(q) =


· q q q
q · q q
q q · q
q q q ·

 .

Directly from a de�nition of the hafnian it follows that

(3) Hf(J2m(q)) = qm
(2m)!

m!2m
.

Since T2m(a, λ, b) = J2m(b) + D2m(a − b, λ), using the formulas (1), (2), and (3),
we can write the following chain of equalities:

Hf(T2m(a, λ, b)) = Hf(J2m(b) +D2m(a− b, λ)) =

=

m∑
k=0

∑
α∈Q2k,2m

Hf(J2m(b)[α])Hf(D2m(a− b, λ){α}) =

=

m∑
k=0

(a− b)m−kbk
(2k)!

k!2k

∑
α∈Q2k,2m

Hf(D2m(1, λ){α}).

(4)

Here we use the fact that the matrix J2m(b)[α] has the same form as the initial
matrix J2m(b), i.e., J2m(b)[α] is a symmetric matrix of order 2k whose elements on
the main diagonal are zero, and all others elements equal b.

Let dij denote the elements of the matrixD2m(1, λ). It is easy to see that elements

of the form di,i+r and di+r,i, where r ∈ λ̃, are equal to 1, and all others elements dij
are equal to 0. If α ∈ Q2k,2m, then the matrix D2m(1, λ){α} has the order 2m−2k,
and, by de�nition,

(5)
∑

α∈Q2k,2m

Hf(D2m(1, λ){α}) =
∑

α∈Q2k,2m

∑
P

di1j1 . . . dim−kjm−k
,

where the inner sum runs over all partitions P of the set {1, 2, . . . , 2m}\α into
disjoint pairs (i1j1), . . . , (im−kjm−k) up to an order of pairs and an order of elements
in each pair. It follows from the above that the term di1j1 . . . dim−kjm−k

in the
sum (5) equals 1 if and only if the values |i1 − j1|, . . . , |im−k − jm−k| belong to

λ̃. Otherwise the term di1j1 . . . dim−kjm−k
equals zero. It follows that the sum (5)
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equals the number of di�erent ways of choosing in {1, 2, . . . , 2m} a set of m − k

disjoint pairs (i1, i1 + r1), . . . , (im−k, im−k + rm−k) where r1, . . . , rm−k ∈ λ̃ up to
an order of pairs. And this is nothing but the number of (m − k)-edge matchings

of the λ̃-complete arc diagram with 2m vertices, i.e., the number M2m,m−k(λ̃).
Substituting this value in (4), we get the expression:

(6) Hf(T2m(a, λ, b)) =

m∑
k=0

(a− b)m−kbk
(2k)!

k!2k
M2m,m−k(λ̃).

Thus to calculate the hafnian of a two-parameter Toeplitz matrix by formula (6)
one needs to determine the number of k-edge matchings of λ-complete arc diagrams.
In general, this is non-trivial task. In the following sections we consider some special
cases.

4. The hafnian of T2m(a, {2}, b)

Proposition 3. Let k, n be nonnegative integers such that k ≤
⌊
n
2

⌋
. Then the

number of k-edge matchings of {1}-complete arc diagram with n vertices is equal to
the binomial coe�cient Ck

n−k:

Mn,k({1}) = Ck
n−k.

Proof. This statement can be proved in various ways. We apply the method of
generating functions. For convenience, we shall use the notation un,k rather than
Mn,k({1}) for the number of k-edge matchings in a {1}-complete arc diagram with
n vertices. It is easy to see that un,k satisfy the recurrence relation

(7) un+2,k+1 = un+1,k+1 + un,k

with the initial conditions: un,k = 0 for k >
⌊
n
2

⌋
, un,0 = 1 for all n. Indeed, one

can split the set of all k-edge matchings of a {1}-complete arc diagram into the
set of matchings containing the edge incident to the �rst left vertex, and the set of
matchings that do not contain an edge incident to this vertex. To �nd the solution
of the relation (7) in explicit form consider the generating function u(x, t) for the
sequence un,k:

u(x, t) =

+∞∑
n=0

+∞∑
k=0

un,kx
ktn =

+∞∑
n=0

⌊n
2 ⌋∑

k=0

un,kx
ktn.

Multiplying (7) by xk+1tn+1 and summing over all possible k and n yields the
following equation:

+∞∑
n=0

⌊n
2 ⌋∑

k=0

un+2,k+1x
k+1tn+1 =

=

+∞∑
n=0

⌊n
2 ⌋∑

k=0

un+1,k+1x
k+1tn+1 +

+∞∑
n=0

⌊n
2 ⌋∑

k=0

un,kx
k+1tn+1.

(8)
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Consider separately the formal power series included in it. We have

+∞∑
n=0

⌊n
2 ⌋∑

k=0

un+1,k+1x
k+1tn+1 = u(x, t)−

(
u0,0 + u1,0t+ u2,0t

2 + . . .
)
=

= u(x, t)−
+∞∑
n=0

tn = u(x, t)− 1

1− t
.

In a similar way,

+∞∑
n=0

⌊n
2 ⌋∑

k=0

un+2,k+1x
k+1tn+1 =

1

t

+∞∑
n=0

⌊n
2 ⌋∑

k=0

un+2,k+1x
k+1tn+2

 =

=
1

t

(
u(x, t)−

+∞∑
n=0

tn

)
=

1

t

(
u(x, t)− 1

1− t

)
.

Finally, we obtain:

+∞∑
n=0

⌊n
2 ⌋∑

k=0

un,kx
k+1tn+1 = xtu(x, t).

Substituting these expressions to (8), we get

1

t

(
u(x, t)− 1

1− t

)
= u(x, t)− 1

1− t
+ xtu(x, t).

Solving this equation, we �nd the expression for u(x, t) in the form of a formal
power series:

(9) u(x, t) =
1

1− (t+ xt2)
=

+∞∑
m=0

(t+ xt2)m =

+∞∑
m=0

m∑
k=0

Ck
mxktm+k.

Let n = m+ k. Then the coe�cient for xktn in (9), i.e. un,k, equals C
k
n−k. �

Let R be a commutative associative ring with 1 and a, b ∈ R. Consider a
symmetric two-parameter Toeplitz matrix T2m(a, {2}, b). Its order is 2m and its
�rst row has the form: (

0 a b . . . b
)
.

Theorem 1. If we assume that 00 = 1, then the hafnian of the matrix T2m(a, {2}, b)
one can calculate using the following formula:

(10) Hf(T2m(a, {2}, b)) =
m∑

k=0

(a− b)m−kbk
(m+ k)!

k!(m− k)!2k
.

Proof. By Proposition 3 M2m,m−k({1}) = Cm−k
m+k . Then substituting λ = {2} in

(6), we get the required equality:

Hf(T2m(a, {2}, b)) =
m∑

k=0

(a− b)m−kbk
(2k)!

k!2k
M2m,m−k({1}) =

=

m∑
k=0

(a− b)m−kbk
(2k)!

k!2k
Cm−k

m+k =

m∑
k=0

(a− b)m−kbk
(m+ k)!

k!(m− k)!2k
.

�
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Remark 1. Based on the formula (10), it is not hard to write an algorithm which
calculates the hafnian of the matrix T2m(a, {2}, b) of order 2m in time O(m).

Example 1. Consider the matrix T2m(0, {2}, 1). Its adjacency matrix is the arc
diagram G2m(0, {1}, 1) (the complement of the path graph P2m) (Fig. 5). It is
not hard to see that perfect matchings of G2m(0, {1}, 1) are loopless linear chord
diagrams with m chords considered in [6]. From (10) we get

(11) Hf(T2m(0, {2}, 1) =
m∑

k=0

(−1)m−k (m+ k)!

k!(m− k)!2k
.

Thus, the formula (11) expresses the number of loopless linear chord diagrams with
m chords (the sequence A278990 in [9]).

1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6

1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6

Fig. 5. The arc diagram G6(0, {1}, 1) and all its perfect matchings

Example 2. Consider the matrix T2m(2, {2}, 1). If one calculates by (10) its
hafnian for consecutive m, then we get the sequence:

m 1 2 3 4 5 6 7 8 9 . . .
Hf 2 7 37 266 2431 27007 353522 5329837 90960751 . . .

It follows from the above that its m-th member equals the number of perfect
matchings of the arc diagram G2m(2, {1}, 1) (Fig. 6). Note that this sequence has

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

Fig. 6. The arc diagram G4(2, {1}, 1) and all its perfect matchings

the number A001515 in [9], but its description does not contain the interpretation
given here.
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Example 3. Recall (see [10], [11]) that the Bessel polynomial of degree m is a
polynomial of the form:

ym(x) =

m∑
k=0

(m+ k)!

k!(m− k)!

(x
2

)k
.

It follows from (10) that the hafnian of the matrix T2m(b + 1, {2}, b) equals the
value of the Bessel polynomial of degree m at x = b:

Hf(T2m(b+ 1, {2}, b)) = ym(b).

This is a rather curious and unexpected fact, the explanation of which is not yet
completely clear.

5. Hafnian of matrices T2m(a, {3}, b)

Proposition 4. Let k, n be a pair of nonnegative integers. Suppose that n ̸= 2k
when k is odd. Then the inequality

(12)

⌈
3k − n

2

⌉
≤
⌊
k

2

⌋
is equivalent to

(13) k ≤
⌊n
2

⌋
.

Proof. Suppose that (13) is wrong. This means that n = 2k − c, where c ≥ 1.
Substituting this value to the inequality (12), we see that it is wrong as well.
Suppose now that (13) is true. Then n = 2k+ c and

⌈
3k−n

2

⌉
=
⌈
k−c
2

⌉
, where c ≥ 0.

If k is even, then
⌈
k−c
2

⌉
does not exceed

⌊
k
2

⌋
. If k is odd, then, by the assumption,

n ̸= 2k. Therefore c > 0 and
⌈
k−c
2

⌉
also does not exceed

⌊
k
2

⌋
. Thus, the inequality

(12) also holds. �

Proposition 5. Let k, n be a pair of non-negative integers. If k ≤
⌊
n
2

⌋
, but n ̸= 2k

when k is odd, then the number of k-edged matchings of {2}-complete arc diagram
with n vertices is equal to the following sum:

(14) Mn,k({2}) =
⌊ k

2 ⌋∑
i=max (0,⌈ 3k−n

2 ⌉)
Ck−i

n−2k+iC
i
k−i.

Otherwise Mn,k({2}) = 0.

Proof. For convenience, we shall use the abbreviated notation vn,k for Mn,k({2}).
Consider a k-edged matching of {2}-complete arc diagram with n vertices. It is
obvious that if k >

⌊
n
2

⌋
then vn,k=0. If n ≥ 4 then the following three cases are

possible: the �rst vertex of the diagram is not incident to an edge of the matching
(Fig. 7(a)); the �rst vertex is incident to an edge of the matching, but the second
one is not (Fig. 7(b)); the �rst and the second vertices are incident to edges of
the matching (Fig. 7(c)). It follows from the above that vn,k satisfy the recurrence
relation

(15) vn+4,k+2 = vn+3,k+2 + vn+1,k+1 + vn,k
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1

(a)

1 2 3

(b)

1 2 3 4

(c)

Fig. 7. Possible cases of matchings of {2}-complete arc diagram

with the initial conditions: vn,k = 0 for k >
⌊
n
2

⌋
; v2,1 = 0; vn,0 = 1 for all n;

vn,1 = n− 2 for n ≥ 2. Consider the two-parameter generating function v(x, t) for
the sequence vn,k:

v(x, t) =
+∞∑
n=0

⌊n
2 ⌋∑

k=0

vn,kx
ktn.

Multiplying (15) by xk+3tn+3 and summing over all possible k and n gives the
following equation:

+∞∑
n=0

⌊n
2 ⌋∑

k=0

vn+4,k+2x
k+3tn+3 =

+∞∑
n=0

⌊n
2 ⌋∑

k=0

vn+3,k+2x
k+3tn+3+

+

+∞∑
n=0

⌊n
2 ⌋∑

k=0

vn+1,k+1x
k+3tn+3 +

+∞∑
n=0

⌊n
2 ⌋∑

k=0

vn,kx
k+3tn+3.

(16)

Consider separately the formal power series on the left side of this equation.

+∞∑
n=0

⌊n
2 ⌋∑

k=0

vn+4,k+2x
k+3tn+3 =

x

t

+∞∑
n=0

⌊n
2 ⌋∑

k=0

vn+4,k+2x
k+2tn+4

 =

=
x

t

(
v(x, t)−

+∞∑
n=0

vn,0t
n −

+∞∑
n=1

vn,1xt
n

)
=

=
x

t

(
v(x, t)−

+∞∑
n=0

tn − x

+∞∑
n=3

(n− 2)tn

)
=

=
x

t

v(x, t)− 1

1− t
− xt3

(
+∞∑
n=1

tn

)′ =

=
x

t

(
v(x, t)− 1

1− t
− xt3

(1− t)2

)
.

In the same way, we get

+∞∑
n=0

⌊n
2 ⌋∑

k=0

vn+3,k+2x
k+3tn+3 = x

(
v(x, t)− 1

1− t
− xt3

(1− t)2

)
.
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Also,

+∞∑
n=0

⌊n
2 ⌋∑

k=0

vn+1,k+1x
k+3tn+3 = x2t2

+∞∑
n=0

⌊n
2 ⌋∑

k=0

vn+1,k+1x
k+1tn+1 =

x2t2

(
v(x, t)−

+∞∑
n=0

vn,0t
n

)
= x2t2

(
v(x, t)− 1

1− t

)
.

Finally,

+∞∑
n=0

⌊n
2 ⌋∑

k=0

vn,kx
k+3tn+3 = x3t3v(x, t).

Substituting all this to (16), we get

x

t

(
v(x, t)− 1

1− t
− xt3

(1− t)2

)
= x

(
v(x, t)− 1

1− t
− xt3

(1− t)2

)
+

+x2t2
(
v(x, t)− 1

1− t

)
+ x3t3v(x, t).

Solving this equation, we obtain:

v(x, t) =
1

1− t(1 + xt2 + x2t3)
=

+∞∑
m=0

tm(1 + xt2 + x2t3)m =

+∞∑
m=0

tm
m∑
j=0

Cj
m(xt2 + x2t3)j =

+∞∑
m=0

m∑
j=0

Cj
mxjtm+2j(1 + xt)j =

+∞∑
m=0

m∑
j=0

Cj
mxjtm+2j

j∑
i=0

Ci
j(xt)

i =

+∞∑
m=0

m∑
j=0

j∑
i=0

Cj
mCi

jx
j+itm+2j+i.

(17)

Fix nonnegative integers k, n. From (17) we see that the coe�cient at xktn is

equal to
∑
i

Ck−i
n−2k+iC

i
k−i over all i for which the inequalities i ≥ 0, k − i ≥ i,

n − 2k + i ≥ k − i hold. The last two inequalities can be rewritten as i ≤
⌊
k
2

⌋
,

i ≥
⌈
3k−n

2

⌉
. Thus, in order for the set of acceptable values of i to be non-empty, it

is necessary that
⌈
3k−n

2

⌉
≤
⌊
k
2

⌋
. But by Proposition 4, this condition is equivalent

to k ≤
⌊
n
2

⌋
except for the case when k is odd and n = 2k. In the last case, one

immediately sees that the inequality
⌈
3k−n

2

⌉
≤
⌊
k
2

⌋
does not hold, and therefore

the coe�cient at xktn is equal to zero. This completes the proof. �

Example 4. Here we calculate the number of 2-edge matchings of {2}-complete
arc diagram with 6 vertices. We have, therefore n = 6, k = 2,

⌊
k
2

⌋
= 1,

⌈
3k−n

2

⌉
= 0.

Using (14), we get:

M6,2({2}) =
1∑

i=0

C2−i
2+iC

i
2−i = C2

2C
0
2 + C1

3C
1
1 = 1 · 1 + 3 · 1 = 4.

All these matchings are shown on Fig. 8.
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1 2 3 4 5 6 1 2 3 4 5 6

1 2 3 4 5 6 1 2 3 4 5 6

Fig. 8. All 2-edge matchings of {2}-complete arc diagram with 6 vertices

Example 5. Now we calculate the number of 3-edge matchings of {2}-complete
arc diagram with 8 vertices. We have n = 8, k = 3,

⌊
k
2

⌋
= 1,

⌈
3k−n

2

⌉
= 1. Using

(14), we obtain:

M8,3({2}) =
1∑

i=1

C3−i
2+iC

i
3−i = C2

3C
1
2 = 3 · 2 = 6.

All these matchings are shown on Fig. 9.

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8

Fig. 9. All 3-edge matchings of ({2})-complete arc diagram with 8 vertices

Let R be a commutative associative ring with 1, and let a, b ∈ R. Consider a
symmetric two-parameter Toeplitz matrix T2m(a, {3}, b). Its order is 2m, and its
�rst row has the form: (

0 b a b . . . b
)
.

Theorem 2. If we assume that 00 = 1, then the hafnian of the matrix T2m(a, {3}, b)
can be calculated using the following formula:

Hf(T2m(a, {3}, b)) =

=

m∑
k=p

(a− b)m−kbk
(2k)!

k!2k

⌊m−k
2 ⌋∑

i=max (0,⌈m−3k
2 ⌉)

Cm−k−i
2k+i · Ci

m−k−i ,
(18)

where p = 0 when m is even, and p = 1 when m is odd.
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Proof. By Proposition 5 we have two cases. If 2m = 2(m− k) and m− k is odd, or
equivalently, if k = 0 and m is odd, then M2m,m−k({2}) = 0. Otherwise

M2m,m−k({2}) =
⌊m−k

2 ⌋∑
i=max (0,⌈m−3k

2 ⌉)
Cm−k−i

2k+i · Ci
m−k−i .

Then substituting λ = {3} in (6), we get the required equality. �

Remark 2. Equality (18) allows to calculate Hf(T2m(a, {3}, b)) in polynomial time,
at most in time O(m3).

Example 6. Consider the matrix T2m(0, {3}, 1). Calculating its hafnian by formula
(18) for consecutive m's, we get the sequence:

m 1 2 3 4 5 6 7 8 9 10 . . .
Hf 1 2 7 43 372 4027 51871 773186 13083385 247698481 . . .

Its m-th member equals the number of perfect matchings of the arc diagram
G2m(0, {2}, 1) (Fig. 10). In other words, this is the number of linear chord diagrams
with m chords such that the length of each chord does not equal 2 (the chord length
in a linear chord diagram is determined in the same way as we determined the length
of an arc in an arc diagram (see also [7])). This sequence has the number A265229
in [9], but its description does not contain the interpretation given here.

1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6

1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6

1 2 3 4 5 6 1 2 3 4 5 6

Fig. 10. The arc diagram G6(0, {2}, 1) and all its perfect matchings

6. Conclusion

We presented the general scheme for e�cient exact computation of the hafnian
of two-parameter Toeplitz matrices. This scheme is based on counting the number
of matchings of λ-complete arc diagrams. In two special cases of {1}-complete and
{2}-complete arc diagrams we give exact formulas. Based on these formulas, it
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is not hard to write algorithms which calculate the hafnian of the corresponding
matrices in polynomial time. The resulting formulas can be used to �nd the number
of perfect matchings of special graphs, e.g. complements of the path graphs. Along
the way, we established an interesting connection between the hafnian of Toeplitz
matrices and the Bessel polynomials. This connection requires more detailed study.
One could try, using the above methods, to �nd e�ective analytical formulas for
calculating hafnians of other two-parameter Toeplitz matrices.
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