CNBNPCKWE 2JIEKTPOHHBIE
S@MR MATEMATUHECKWNE N3BECTUA

Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru
ISSN 1813-3304

Vol. 20, No. 2, pp. 144-145 (2023) VIK 517.55
https://doi.org/10.33048 /semi.2023.20.777 MSC 35J99

AN AUXILIARY RESULT FOR THE COMPLEX
MONGE - AMPERA EQUATION ON POSITIVE
CURRENTS OF HIGHER BIDEGREE

A.A. NIKITIN AND T.N. NIKITINA

Communicated by P.P. PETROV

Abstract: We study the induced Monge — Ampere equation on
a positive current of bidegree (I,l) in a complex manifold. An
auxiliary result is obtained which is crucial in the proof of the
a priori inequality for Monge — Ampere operator.
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1 Introduction

Let M be a complex manifold and T a positive current in M. If u and f
are smooth differential forms on M we say that

(00u)* = f on T if (DOW)* NT = f AT.
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Initially the Monge — Ampere operator is thus only defined on smooth forms
but it can later be extended (in different ways) to forms that are in a sense
defined only on T.

The question we study in this paper is whether the Monge — Ampere
equation can be solved on 7', and, if so, what kinds of estimates one can find
for the solution.

Solvability of Monge — Ampere equations in the case k = 1 is classical
(see [11, [2], [3], [4]. [7], [8]).

Similarily we may also consider smooth (I,l) currents that are strictly
positive in a subdomain D of M and vanish outside of D, which means that
we study our equation in D.

The article is organixed in the followind way. In 2 we discuss the linear
algebra of forms on a current, in particular a notion of primitive forms (in
the sense of Lefschetz) that is used in the a priori inequality.

Let V' be a complex vector space of dimension n. A (g, q) form v is strongly
positive |5] if it belongs to the cone generated by forms

1o Aoy A ..o A tag N oy

where a; € AL (V).

A form u € APP(V*) is positive 5] iff u A v is positive for every strongly
positive form v bidegree (g, q), with ¢ +p = n. On a complex manifold M a
differential form u € Cp5,(M) is strongly positive (resp. positive) if for every
z € M, u(z) is strongly positive (resp. positive) as an element of APP(T*M).

The space DET’S) (M) of currents of bidimension (r, s) on M is by definition
the dual of the space Dy, 4 (M) of testforms on M of bidegree (r,s), with
respect to the usual inductive limit topology on the space of testforms [5].

A current T of bidimension (p,p) is positive (strongly positive) [5] if
(Tyu) > 0 for all test forms u € D, (M) that are strongly positive
(positive).

Let ¢, = (—1)a@+D/2ja = (=i)?". In local coordinates a current T of
bidegree (g, q) can be expressed as

T:Cq Z T[JC%J/\dZ[.
1=|J|=q

The positivity of 7" then implies that the distributions 77 ; are measures and
that T7 ; = T ;. We will therefore further write the action 7" on a form v on

integral form
/ uNT.

If T is positive it also follows that quantity

1T =" 1T
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is dominated by a constant times the trace

> Ty

[I|=q

If w is a smooth (1,1) positive form we define the trace measure op of a
positive current of bidimension (p,p) with respect to w by

or =T Nw,
where w, = wP/pl. In particular if w = i99|z|? the trace measure is the trace
defined above multiplied by w,. We next define the L?- norm of forms on a
current. Let 7" is strongly positive and g be a form of bidegree (0,¢) in C™.
Then define the L?-norm of ¢ over T by

r|g||2=/cqugATAwpq

if T is of bidimension (p, p). In particular, if g is a function the norm is exactly
the L?-norm with respect to the trace measure of T Let L%T’S)(T) denote the
completion of the space of smooth forms with respect to the norms defined
above [5].

The operators 0 and 0 act on currents. The current T is closed if dT' = 0
[5].

In the sequel we will frequently speak of forms on T'. This always means
an element in the completion of the space of smooth form in the ambient
space with respect to L?-norms we have defined on T [5].

2 Linear algebra and L*-spaces on currents of bidegree (I, 1)

For the Monge — Ampere problem on currents of bidegree (I,1) let us give
a more detailed discussion of the linear algebra of forms on a current. We
need this to develop a version of the Kéahler identities on a current, that will
in what follows be used in the proof of the Kodaira — Nakano — Hormander
a priori estimate.

We begin with discussing forms and currents at a fixed point, i. e. we
consider T a non-negative element in AL/ (C"*!) and forms f € A**(C"H).
The space of (p,q)-forms on T, AL:? is determined [5] as the space of all
f € AP4(C"*!), modulo the subspace of forms such that

FAT =0.

In order to avoid too heavy notation, we use the same letter to denote an
element in AP(C™*!) and the corresponding element in A%
On a manifold the space of (0, ¢)-forms is the exterior algebra of the space
of (0, 1)-forms, but that this need not be the case in our setting ([5], p. 397).
To define norms on A7, we need an auxiliary (1, 1)-form w > 0, that will
determine the metric on T Let wy = w”/k! [5].
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Let o be the trace of T with respect to w considered as a form of maximal
degree, i.e.
or =T N wy.
This means that op = tr(T)wpy1, where tr(T) is the trace considered as
number [5].
It can be proved (see e.g. [6], p. 170) that a k-form f on a n-dimensional
manifold is primitive if and only if £ < n and

fAwp—gy1=0.
This condition has sense on Ar.
Definition 1. [5| A k-form f is primitive on T if k <n and
f /\wn_k+1 AT =0.

The next proposition is important in the proof of the a priori inequality
for the Monge — Ampere operator.
Let eq,...,ens1 be a basis for the space of (1,0)-forms in C**!. Write

Y= Z Vikes N\ ek
and partition 7 into a sum 7 4 o depending on whether J belongs to K (the

T-part) or not
v = Z €jy - Z YIKe€j, Nex+

J1EK JjpeK
p—1
+( E E ejl e E ejmlfl E €jm1 E ejmlJrl e
r=1|M|=rj1¢K Jmq—1¢K Jmy €K Jmq+1¢K
Z : ejmrfl § : ejmr E : ej'nlr+1 cte E "}/JKEjp /\EK—i—
j’mr—ng j’"reK j’mr+1¢K J;DgK
p—1
+ g €y - E ’}/JKejp/\EK) :T+(§ or+09)=7+0.
nEK Jp#K r=1

In the case p = 1 this partition given in [5].
Proposition 1. The quadratic form defined by

[vsYlor = cipy AT Awn—q—p AT, (1)
decompose on positive definite [0, 0.]or if (—=1)PT" = —1 and negative
definite [1,7]or, (o, 0r]or if (=1)PT" =1, 1 <r < p—1 on the space of
primitive forms in AR, (In the case p =0 form 1, T|or is positive definite,
under p = 2k + 1 form [og, oolor is negative and under p = 2k is positive

definite.)

The proof is given in |7] by [ = 1 (see Proposition 2).
Proposition 5.7 [5] is special case of Proposition 1 by p = 1 and [ = 1.
The proof of Lemma 10.1 [5] can be replaced by the proof of Lemma 1 (see

[9], [10], [12]).
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Lemma 1. The determinant

1=A)2  AMAe oo A AAn
A 1=2)? o Ao AoAn
Ay, = >0, (2)
Mc1iAd Amide o (T=2m1)? Mt
AL Ade e Ander (1—AR)?

here \i >0, > X\ =1, and Ay, >0 forn >3 and Ay = Ay = 0.

Hoxazameavcmeo. The determinant A, is a special case of problem 406
of [11], and its value is a symmetric polynomial:

2

A, = (1 + I 2)\‘)1'[1»:1(1 —2\). (3)

The proof of formula (3) (as well as the more general one [11]) is carried out
by the method of mathematical induction on n. I express my deep gratitude
to Mikhail Yuryevich Tyaglov for the provided link.

We can assume that \; # 0, since due to the symmetry of the polynomial
at \; =0 A,, becomes A,,_.

It is easy to check that when n =1, Ay = [1+ 55](1 — 2X) = 0.

When n =2, Ag = [1+£2, (23 JTI2 (1 - 2)) = 0.

From formula (3), the positivity of A, for 0 < A; < %, i = I, n is obvious
(moreover, only one \; can be equal to 3 due to condition Y1 | A\; = 1) for
nZ3(A1:A2:O).

Let there be A; > % There can only be one such number due to the
condition of the lemma, and without loss of generality we can assume that
Al > % due to the invariance of the determinant with respect to permutations
of the variables A;. Then > 7" 5 A\ < %, and the positivity of A, is proven as
follows:

(1 —2A1)>

— _ 2 n
An_((l 201) + X + By o

i (1= 2Mi) =

n AZ(1—2X n
=<(1—)\1)2+212§_2)\,1)) ima(1—2)) =

N2y, =

=((Na+...+\)2+ 2~
((2+ + )"’ =92 1_2)\Z

(1= — N\
= (222§s<r§n)\8)‘7“ + 22?:2 Z( 1_ 21>\ )) ?:2(1 — 2)\1) >0,

since 0 < \; < 3,i=2,nand > r A =1

Proof. Choose a basis ey, ..., e, for the space (1,0)-forms in C™*! that
diagonalizes both w and T. Let dV; = ie; Ae; and dV; = A;dV;. Then
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w=ydV;, T=> A;dVy and

TN Wn—qg—p+1 = Z AdVy
|K|=n+l—q—p+1

AJZZAS.

|s|=t
SCJ

Easily to check that [0, 0] = Y2 S0 oy, 04] = SP4 [0y, 0] because

[0, OtloT = Cqyp E E €y - E €y 1 g €rm, g €yt

if we let

|M|=rj1¢ K Jmq—1¢K Jmy €K Jmq+1EK
Z €1 Z €, Z €lmpt1 - - Z YIK€j,Nex N Z Z [P
Jmr—1¢K Jmr€K Ime+1¢K Jp¢K |P|=t s1¢L
PR DR DL D DI P
sp1—1¢L spy €L spy+1¢L sp—1¢L sp, €L
A Z Coppir - Z Frsy Aer Awn—qp AT =
spt+1¢L sng
= Cq4p Z Z Z € - - Z e, [IM] N dVy,, NexgA
|[K|=q—r [M|=r j1¢K Jr¢K
NI e Y ohes [PIAdVs, Aep Awngp AT =
|L|=g—t |P|=t s1¢L sp¢L
= Cqtp Z Z Z TR Z O'GKejp[M]/\dVJ]M/\éK/\
|[K|=q—r [M|=r j1¢K Jr¢K
A Z Z Zésl. ZUSLeSp /\dVSP/\eL/\ Z AgdVig =0
|Ll=q—t|P|=t s1¢L sp¢L | K[=n—q—p+l

for r = t. Here

Z 6]'1 Z EjP[M] = Z €j1 Z 6jm1_1 Z ejm1+1 cee

ngK IpEK n¢x Jmqi-1¢K Jmq+1¢EK
E ejmT71 E EjmTJrl Ce E ejp,
IJmr—1¢K Jmr+1¢€K K
aVy,, = d‘/}ml Ao NdV

We consider

o, 0rloT = Cip Z Z Z €y .- - Z e, (M NdVy,, NexN

|[K|=q—r |M|=rj1¢K Jp¢K
AT DY ey Y oG [Pl AdVs, Aep Awnq y AT =
|L|=g—r |P|=r s1¢L spé¢L

= Cq4p Z Z Zejl" ZUJKe]p | ANdVy,, NexA

|K|=q—r |M|=r j1ZK JpEK
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AT e Y ohE [PIAdVs, Ae A Y AgdVg =

|L|=g—r |P|=r s1¢L spé¢L |K|=n—q—p+l
= (_1)p+r Z Z Z Z iejl/\éjl... Z iejp/\EjP[M]/\dVJM/\
|K|=gq—r |[M|=r |P|=rj1¢K Jp#K

7
(jlw-v]'ml—17jm1+17~~-,5p1 7"'75Pr7"'7jm,7n—17jm7-+17~"7jP)K

A ArdVe = (=17 Y 3 N Y ogx

NdVs, N cq—r€K N ego o

|K|=n—q—p+l |K|=g—r |M|=r|P|=r JpyNSp=0
xXol. ) ) ) ) . E Ard
(F15eosdmy —1oJmy+1se18p1 5es8pp 5o osdimp —1sJmg+150-50p ) K LAVLuIuSpUK
|L|=n—q—p+l
1 S r S p—= 17
2
[00, 00]or = (=1)P E VK| E ALdVLujuK-
|L|=n—q—p+l
Here notation (jl, e ,jm1717jm1+1, ey Spry ey Spry e ,jmrfl7jmr+17 ce ,jp)
means that in the index S the expression S[P] = (s1,...,8p,—1,Sp1+15- - -
ce 3 8p.—158p.+1s - - - » Sp) substituted on J[M].

The condition that o,, r > 1, is primitive (o¢ is always primitive since

Z €jy - - Z VIK€j, NEK N Wn—q—pt1 ANT =

]‘1¢K ijfK
:Zejl...Z’}/JKejp/\EK/\ Z )\LdVLZO)
1¢K Jp¢K |L|=n—q—p+1+I

means that

Or NWp—g—pt1 NT = Z Z Z Zejl"'

|K|=q—r |M|=r|Ll=n—q—p+1+l j1 ¢ K

- Z O'LTIK)\Lejp[M] VAN dVJMuL Nerg = 0.
Jp#K

We have
_ p+r r
07, 00] = (=1) Z Z Z Z 0K X
|K|=g—r |M|=r|P|=r JuNLp=0
XU(J’l,~~~,jm171,jm1+17--~7lp1:-wlpr:-~~er717jmr+17~.-,J’p)K/\(JULPUK)C’
1 S r S p— 17

o0, 90) = (=1 > v [*Aume-

Fix K, j1, -y Jmi—1sJmat1s - - > Jme—1s Jmp+1, - - - » Jp and renumber the remai-
ning indices 1,..., N=n+1l—q—p+ 2r.

Put X
A= As— D As=> Ag— Ay

|S|:l |S|=l |S|:l
SCJIm
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and

;\JJVILP = Z Ag — /\JM - /\LP‘
|S|=l

What we need to prove is then that if

roy _
ZoJMAJM_o

Z O-SMO-EP)‘JMLP <0.
JuNLp=0
This follows from the next lemma

then

Lemma 2. Let \; > 0, and presuppose > A\ = 1. Then
o7 ) § 2
Z O-SAIUEP)\JA{LP < |Z)\JM| )
JvNLp=0 iy
I<r<p-1

Proof. The proof is a repetition of the proof of Lemma 3.
We have

since

[T,O’T]O'T:Cq_;,_p Z TikdVi Neg A Z Zésl"'

|K|=g—p |P|=r s1¢L

Z Cspy—1 Z Cspy Z Cspr41 -

spy—1¢L sp) €L Spy+1¢L

Z Cspp1 Z s, Z [ Z YsLEs, N er N\ wWn—g—p ANT =

Spp—1¢L spr€L spr+1¢L sp@L

= Cq+p Z TidVi Nex A Z Z Zésl...

|K|=q—p |L|=q—r|P|=rsi¢L
Y ohEs [Pl aenndVs, A Y AdVy =0.
sp¢L |L|=n—q—p+1
The condition that 7 is primitive means that
TAWp_g—pt1 N T = Z Z TikALdViur Neg =0,
|K|=q—p |L|=n—q—p+i+1
and |1, T|or equals

Cop D Y. TukTsex NdVyAep AdVsA > AndVy =
|K|=q—p|L|=q—p |L|=n—q—p+l

= Z Z TJKTSK Z ALdViususuk -

|K|=q—p JNS=0 |L|l=n—q—p+l1
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From here
mrl= Y. > mkTLrMguror)e
|K|=q—p JNL=0
Fix K and renumber the remaining indices 1,..., N. Put
=Y Y= YA a
|S|=t |S|=l |S|=l
scJ
and

ML= As—As— AL
|S|=1
What we need to prove is then that if

ZT]S\]ZO

then
Z T J?LS\ gL < 0.
JNL=0
This follows from the next lemma

Lemma 3. Let A\; > 0 and presuppose Y A\ = 1. Then

S ommhan <D TR

JNL=0
Proof. Note that
A=) A=) Ag=1-X
|T|=l |S|=1
ScJ
and R
A =1-=X;—=Ap,
SO

AAL = Ajn + AL
Expanding the square in the right hand side the inequality becomes
Z’TJ’2(2)\J — 1) — Z TJ?L(l —)\J — /\L) < ’ZTJ}\J‘Q.

JNL#Q
J#L

Because both sides are quadratic forms in 7 with real coefficients it is sufficient

to check the inequality for 7 real. We suppose all 7; pairwise different. The
general case follows by continuity. For 7 fixed we assume

FO) =7 ) mdn+ ) (1) (1= M)+

LAJ

+ > (=X = AL)

JNL#0
JEL

for A in the simplex A\; >0, > A\; = 1.
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In the case p = 1 the last term is missing since conditions 7 N1 # () and
j # 1 are impossible simultaneously.
The proof of the inequality

F(\) = ZTj)\j ZT[/\[ + Z(Tj)Q(l - /\j)2 >0
I
comes down to the proof of the inequality (see [9], [10],[12], and also Lemma

(1—X1)? Ao AMAn_1 AMAn
Ao (1 — /\2)2 S AoAn—1 Ao
A, = >0,
An_1A1 Mctde oo (T=Xl1)? Al
AnA1 AnAo AnAn_1 (1—Xn)?

heren=Cy =N, \;>0,>" N\ =1
Let us move on to proving the inequality

FO)V=0"mA Y mdn+ > (7)1 = A%+

JNL=0

+[ZTJ>\J Z TLAL + Z TimL(1 = Ay —A)] >0
JNL#) JNL#Q
L#J J#L
in the case p # 1.

Note that the number of terms in A; is equal to C’Zl,.

Let‘s rename Ay, [J| = p to A1... Ay Ag41--. An, where n = CR,. Let us
assume that for J N L = (0 we have A\j... \;, where ¢ = C]l\)/_zpa and for
JNL#0 we have A\gi1... Agim, where m =n —q=C}, — Cx_, .

The proof of inequality F'(A) > 0 for p # 1 is reduced to the proof of
inequality (see [9], [10], [12], and also Lemma 1)

(1—X1)? A1 e AAg—1 A1Aq
A2A1 (1—X2)? ... A2Ag—1 A2q
Ay = >0,
Ag—1A1 Ag—1A2 oo (T=2X21)? Apm1)g
A1 AgA2 e AgAg—1 (1—X,)?
and equality
(1 —)\q+1)2 >\q+1)\n+1_/\q+1 — An
Ag+2Ag+1 1= Agp2 = Agr1 oo AgpaAn + 1= Agp2 — A

m . -

Adgrt +1=An — Ags1 .. (1 - Ap)?
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(1- )‘q+1)2 (1= Ag41)(1 _;‘q+2) s (T=Agrn) (1 = An)
. (1= Ag42)(1 = Ags1) (1= Agt2) e (T=Aga2) (1 = An) .
L= =As)  (L=A)A=Agsa) oo (1= A

1—Xgr1 1= ... 1—=X,
1—A 1—A R

= (1= Agr1)(1 = Aga2) .- (1= An) ot e —0,
I—=Xg41 =g ... 1=,

here ¢ +m =n = Cf,. O
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