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Abstract: The Hamiltonian property of n-vertex graphs is studied
both in the context of an axiomatic approach and in terms of classical
sufficient conditions. It is known that almost all n-vertex graphs of small
diameter k = 1, 2, 3 are Hamiltonian [11]. It turns out that classical
sufficient Ore-type conditions for Hamiltonianity are not well adapted
to identifying axiomatically rich classes of such n-vertex graphs and do
not explain their Hamiltonian behavior.

Therefore, in this paper, we introduce a new sufficient condition that
defines the class of U -graphs based on the metric structure of spheres
and the local independence number. We prove that every U -graph is
Hamiltonian. Furthermore, almost all n-vertex graphs of fixed diameter
k = 1, 2, 3 are shown to be U -graphs sharing a unified mechanism for
their Hamiltonian property. At the same time, numerous rich, especially
exponentially large, classes of U -graphs of diameter 3 and 4 are explicitly
constructed outside the known classical Ore-type conditions. Moreover,
these well-known classes of Hamiltonian n-vertex graphs are rigorously
established to be asymptotically small relative to U -graphs. Thus, for
the study of the Hamiltonian property, the discovered condition proves
to be more sensitive to the internal structure of graphs, demonstrating
wide applicability from both the axiomatic and classical viewpoints.
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Introduction

The Hamiltonian property of finite labeled simple n-vertex graphs of a
given diameter is studied. For a connected graph G = (V,E), the distance
ρG(u, v) between its vertices u, v ∈ V is defined as the length of the shortest
path connecting these vertices. In this case, d(G) = maxu,v∈V ρG(u, v) is

the diameter of the graph G and for a nonnegative integer i, BG
i (v) = {u ∈

V | ρG(v, u) ≤ i} (SG
i (v) = {u ∈ V | ρG(v, u) = i}) is the ball of radius i (is

the sphere of radius i) centered at a vertex v ∈ V in the metric space of the
graph G with the metric ρG.

A cycle passing through every vertex of a graph exactly once is called
Hamiltonian. A graph is Hamiltonian (non-Hamiltonian) if it contains (does
not contain) a Hamiltonian cycle.

Hamiltonicity is one of the central concepts of Graph Theory, also arising
in various applied problems when it is required to detect the presence of a
Hamiltonian cycle for a graph modeling the problem under consideration.

The development of Hamiltonian graph research was driven both by natural
practical problems and the simplicity of the theoretical formulation itself.
This line of research dates back to the fundamental works of G.A. Dirac in
1952 [2] and O. Ore in 1960 [23]. They were the first to propose very simple
sufficient conditions for a graph to be Hamiltonian, thereby opening up this
line of research, which is as complex as the problem statement itself is simple.
As it turns out, the problem of deciding whether a graph is Hamiltonian
is an NP -complete problem, and accordingly, one cannot expect a simple
classification of graphs that have this property. To date, a huge number of
results have been obtained in this area, and interest in this topic remains
consistently high. The main course of research development and the results
obtained on the topic of Hamiltonian graphs in various directions can be
found in the surveys [14] and [18] and are certainly not exhausted by these
sources.

The complexity of the problem and the diversity of Hamiltonian graphs
encountered also led to the development of an asymptotic or probabilistic
approach to the study of Hamiltonicity, in particular, an approach condi-
tioned by the concept of almost all. It is worth noting here the result of
V.A. Perepelitsa [24] and J.W. Moon [21] on the Hamiltonian property of
almost all n-vertex graphs. It is also well-known that almost all graphs
have diameter 2 [20]. From this result of J.W. Moon and L. Moser, and
Perepelitsa’s Theorem, it is easy to obtain that almost all n-vertex graphs
of diameter 2 are Hamiltonian. In this regard, the question naturally arises
about the Hamiltonian property of almost all n-vertex graphs of a fixed diam-
eter k. This problem was posed by S.V. Avgustinovich. In [11], the author
established that almost all n-vertex graphs of fixed diameter k = 1, 2, 3 are
Hamiltonian, while almost all n-vertex graphs of fixed diameter k ≥ 4 are
non-Hamiltonian. This prompted the search for Hamiltonian conditions that
identify asymptotically rich classes of n-vertex Hamiltonian graphs of small
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diameter (in particular, conditions ensuring that almost all such n-vertex
graphs are Hamiltonian) and allow one to construct Hamiltonian cycles in
such graphs quite efficiently.

In the present paper, we define a new sufficient condition for a graph
to be Hamiltonian and introduce the class of n-vertex U -graphs satisfying
this condition. We prove their Hamiltonian property and examine them in
the context of the stated asymptotic problem and the well-known classical
Ore-type conditions. We establish that almost all graphs of fixed diameter
k = 1, 2, 3 are U -graphs, with the choice of U being explicitly specified. We
show that the classes of n-vertex graphs of small diameter (k = 3 or k = 4)
satisfying the well-known classical Ore-type conditions are asymptotically
small compared with the class of U -graphs.

The earliest sufficient conditions obtained for Hamiltonicity were based
on certain degree constraints for a graph; these were conditions requiring a
large degree of the vertices themselves or a large degree sum of non-adjacent
vertices. Although such an approach naturally limited the applicability of
these conditions, it served as a driver for the subsequent emergence of new
Ore-type conditions and the development of the entire theory of Hamiltonian
graphs as a whole.

Notice that in any graph G of diameter k ≥ 3, there arise disjoint spheres
SG
1 (u) and SG

1 (v) of radius 1 centered at diametral vertices:

SG
1 (u) ∩ SG

1 (v) = ∅.

Therefore, the sets SG
1 (u), SG

1 (v), {u}, and {v} are pairwise disjoint. Conse-
quently, degG u+ degG v ≤ n− 2. This implies that the classical Dirac and
Ore conditions are applicable for identifying Hamiltonicity only to graphs of
diameter at most 2.

Subsequently, a number of authors continued to develop the Ore degree
approach. Thus, H.A. Jung [17] and, independently, C. Nara [22] investigated
graphs for which a weaker bound on the degree sum of non-adjacent vertices
holds. They proved that for n ≥ 3, every 2-connected n-vertex graph for
which the degree sum of any non-adjacent vertices is at least n− 1 is either
Hamiltonian or belongs to the following class of graphs:

K = {G |Kp,p+1 ⊆ G ⊆ Kp +Kp+1 for a suitable p ≥ 2} (1)

(here + denotes the graph join operation). However, this approach also
proves inapplicable, by the same arguments, to graphs of diameter at least 3.

In 1984, Fan strengthened the known results and showed that instead
of requiring the degree condition for all pairs of non-adjacent vertices, it is
sufficient to restrict attention to vertices at distance 2. For n ≥ 3, Fan proved
the Hamiltonicity of a 2-connected n-vertex graph satisfying the condition
he introduced [4]:

Fan’s Condition FC(G): for any two vertices of an n-vertex graph G at
distance 2, the degree of at least one of them is no less than n/2.
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By considering only vertices at distance 2 when analyzing the Hamiltonian
property of a graph, Fan made a significant step toward shifting the focus in
research from global graph properties to local ones, thereby extending the
applicability of his sufficient condition. However, the technique employing his
Ore-type condition FC(G) also fails to fully function for graphs of diameter 3.
It turned out that almost all n-vertex graphs G of diameter 3 are Hamiltonian
and fail to satisfy FC(G) (Theorem 6).

In 2006, A.S. Asratian generalized the results of H.A. Jung, C. Nara, and
several other authors (see [1]). To analyze graph Hamiltonicity, he utilized a
technique related to the properties of metric balls of small radii and defined
the following condition:

Asratian’s Condition AC(G):
1) if a vertex w is adjacent to each of the non-adjacent vertices u and v of a
graph G, then degG u+ degG v ≥ |BG

2 (w)| − 1;
2) the subgraph induced by the ball BG

2 (w) is 2-connected for every vertex w.
For n ≥ 3, Asratian proved that a connected n-vertex graph G satisfying

AC(G) is either Hamiltonian or belongs to the class K (defined in (1)). It
is easy to see that every graph in the class K has diameter 2. At the same
time, the approach proposed by Asratian also proved effective for graphs of
diameter greater than 2. His paper provides examples of such Hamiltonian
graphs of any predefined diameter [1]. Nevertheless, the applicability of
Asratian’s Condition to graphs of diameter 3 also turns out to be insufficient:
it yields only an asymptotically small class of graphs satisfying AC(G).
Namely, in the present paper, it is analogously proved that almost all n-
vertex graphs G of diameter 3 are Hamiltonian and fail to satisfy AC(G)
(Theorem 7).

Another direction of research into Hamiltonicity was related to the concept
of the degree of a set of vertices, which naturally generalized the definition
of the classical degree of a graph vertex (for details, see survey [14]). In
[5], utilizing a new approach and essentially a condition on the degree of
two-element vertex sets, R.J. Faudree, R.J. Gould, M.S. Jacobson, and
L.M. Lesniak proved, for all sufficiently large n, the Hamiltonicity of a
2-connected n-vertex graph satisfying the condition they introduced:

Condition of R.J. Faudree, R.J. Gould, M.S. Jacobson, L.M. Lesniak.
FGJLC(G): |SG

1 (u)∪ SG
1 (v)| ≥ n/2 for any two distinct vertices u, v of an

n-vertex graph G.
In Theorem 8, it is proved that this Ore-type condition FGJLC(G) (the
only one known to the author) already defines an asymptotically complete
class of Hamiltonian n-vertex graphs G of diameter 3. At the same time, as
established in Theorem 9, there exist numerous rich, especially exponentially
large, classes of U -graphs G of diameter 3 that do not satisfy FGJLC(G).

In addition, exponentially large classes of n-vertex U -graphs of diameter 4
that do not satisfy FGJLC(G) are constructed (Theorem 10). Theorem 10
demonstrates that the U -condition is not a specialized tool intended solely
for graphs of diameter 3. Although almost all graphs of fixed diameter



148 T.I. FEDORYAEVA

k ≥ 4 are non-Hamiltonian, the U -graph condition no longer describes a
typical behavior; instead, it characterizes a large number of rich, likewise
exponential, subclasses of Hamiltonian graphs of diameter 4 that do not
satisfy FGJLC(G). Moreover, for graphs of diameter 4, the picture changes
radically: the class of 2-connected n-vertex FGJLC-graphs is established
to be asymptotically small relative to these U -graphs (Theorems 11 and
12). Furthermore, for 2-connected graphs of diameter 4 satisfying either
Fan’s condition FC(G) or Asratian’s condition AC(G), a similar o-behavior
holds as in the case of diameter 3: their number is also asymptotically small
compared to that of these U -graphs (Theorems 13 and 14).

The paper is organized as follows. It consists of two parts: Part I comprises
Sections 1–5, and Part II comprises Sections 6–10. All necessary definitions
and notations are introduced in the Introduction and Section 1. Section 1
also presents the required preliminary results and proves some combinatorial
assertions used throughout the paper.

In Section 2, the concept of a U -graph is defined. It is proved that every U -
graph is Hamiltonian (Theorem 2); remarkably, the proof of Hamiltonianity
is constructive.

In Section 3, typical graphs of small diameter are studied in connection
with the Hamiltonian property. Based on the class Hn,k,∆ of typical graphs
of diameter k ≥ 3 previously introduced by the author [11], a new class
H∗

n,3,∆ of typical n-vertex graphs of diameter 3 is constructed (Theorem 3).
In addition, a class of typical n-vertex graphs with a pre-forbidden cut is
established (Theorem 4). Here, we employ the well-known Matula bound for
the clique number and the Moon–Moser theorem on graphs of diameter 2.
Theorem 4, in particular, yields a class H∗

n,2,∆ of typical graphs of diameter
2 with the required properties (Corollary 6), and is also subsequently used
in the study of graphs of diameter 4. Further, using the constructed classes
H∗

n,k,∆ for k = 2, 3, we prove that almost all n-vertex graphs of fixed
diameter k = 1, 2, 3 are U -graphs, where the set U consists of a pair of
diametral vertices (Theorem 5).

In Section 4, we consider classical Ore-type conditions for Hamiltonianity.
Using Shearer’s Combinatorial Lemma (see Section 1), we prove that almost
all n-vertex graphs G of diameter 3 fail to satisfy both Fan’s condition FC(G)
and Asratian’s condition AC(G) (Theorems 6 and 7). We further establish
that almost all graphs of diameter 3 satisfy FGJLC(G) (Theorem 8), using
in the proof the new class H∗

n,3,∆ of constructed typical n-vertex graphs
for an appropriate value of ∆ (see Section 3). Thus, almost all graphs of
diameter 3 are U -graphs and FGJLC-graphs. At the same time, this section
explicitly constructs numerous rich, namely exponentially large, classes Kn,3,ε

of n-vertex U -graphs of diameter 3 that do not satisfy FGJLC(G) (Theorem
9). Moreover, in the constructed graphs, the FGJLC(G) condition is violated
both on pairs of vertices from U and on pairs of vertices from V \ U .

Section 5 summarizes the first part of the paper.
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The second part of the paper continues the study of U -graphs and the
Ore-type conditions for graphs of diameter 4 [12]. As with diameter 3,
exponentially large classes Kn,4,ε of n-vertex U -graphs of diameter 4 that do
not satisfy FGJLC(G) are constructed, exhibiting two types of violations
of this condition (Theorem 10). Moreover, it turns out that in the case of
diameter 4, the picture changes radically for FGJLC-graphs. Namely, an
upper bound for the number of 2-connected n-vertex FGJLC-graphs is first
found (Theorem 11). Next, a class Kn,4,∆,ε of n-vertex U -graphs of diameter
4 that do not satisfy FGJLC(G) is constructed, and their asymptotically
exact number is established (Theorem 12). It turns out that 2-connected
FGJLC-graphs of diameter 4 constitute an asymptotically small fraction
of the U -graphs in the class Kn,4,∆,ε (Theorem 12). At the same time, for
2-connected graphs of diameter 4 satisfying either Fan’s condition FC(G)
or Asratian’s condition AC(G), a similar o-behavior holds as in the case of
diameter 3: their number is also asymptotically small compared to that of
these U -graphs (Theorems 13 and 14). Moreover, explicit upper bounds
are obtained for the number of such n-vertex graphs with these Ore-type
conditions.

1. Preliminary information

The article uses the generally accepted concepts and notation of graph
theory [3, 16], as well as the standard concepts of combinatorial analysis [15].
We consider only finite simple (i.e., without loops and multiple edges) graphs
G = (V,E) with set of vertices V = {1, 2, . . . , n}, n ∈ N. As usual, denote
by G \ v the graph obtained as a result of removing a vertex v and all
edges incident to it, G \ V ′ is the graph obtained by removing all vertices
from a subset V ′ ⊆ V , G — complement of graph G, G[V ′] is the subgraph
induced by the subset V ′ ⊆ V , Kn — a complete n-vertex graph, Kn,m — a
complete bipartite graph; a set S ⊆ V is an independence set of graph G if all
vertices in S are pairwise non-adjacent in G, α(G) — independence number
of graph G, degG v — the degree of a vertex v. For a path P with endpoints
v0 and vn, sequentially passing through vertices v0, v1, . . . , vn, the notation
P = (v0, v1, . . . , vn) is used. In addition, for the part of a path P between its
vertices u and v (including these vertices themselves) the notation P (u, v) is
used. A shortest path of length d(G) is called the diametral path of the graph
G, and by a pair of diametral vertices we mean an unordered pair of two
vertices from the set V , the distance between which is equal to the diameter.

Let A,B ⊆ V and A ∩B = ∅. In what follows, we shall use the following
notation for sets of edges with endpoints in V :

E(A,B) = {{u, v} |u ∈ A, v ∈ B},

E(A,A) = {{u, v} |u, v ∈ A and u ̸= v}.
For the graph G = (V,E) under consideration, we shall also use the notation
EG(A,B) = E ∩ E(A,B).
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We shall write ⌈x⌉ (⌊x⌋) to denote the smallest (largest) integer greater
(less) or equal to a real nonnegative number x. To denote the asymptotic
equality of functions f(n) and g(n) as n → ∞, we use the notation f(n) ∼
g(n), which by definition means that limn→∞

f(n)
g(n) = 1 or, equivalently,

f(n) = g(n)(1 + r(n)) for all sufficiently large n, where r(n) = o(1) is the
approximation error of g(n).

In what follows, we shall use the following well-known combinatorial
identities for binomial coefficients.(

n−m

2

)
=

(
n

2

)
− nm+

m(m+ 1)

2
, m ≤ n; (2)(

n

2

)
+

(
m

2

)
=

(
n+m

2

)
−mn. (3)

We shall use the following estimate for truncated weighted binomial
sums, which shows that such sums are exponentially small after the natural
normalization.

Lemma 1 (truncated sums of weighted binomial coefficients [10]). Let q and
∆ be fixed, q ≥ 1, and 0 < ∆ < 1. Then there exists ε(q,∆), independent of
n, such that 0 < ε(q,∆) < 1 and the following asymptotic equality holds as
n → ∞ ( q

q + 1

)n

⌊
n

q+1
∆
⌋∑

s=0

(
n

s

)
q−s = εn(q,∆)

√
nO(1),

where

ε(q,∆) = q∆
− ∆

q+1 (q + 1−∆)
− q+1−∆

q+1 q
− ∆

q+1 .

We shall also need the widely known Shearer’s Lemma. We use its
combinatorial version (see, for example, [13, Lemma 2.9, p. 6]), which allows
one to estimate the size of a family of subsets via the sizes of its projections
as follows. A family K ⊆ 2X may be regarded as a collection of objects, each
of which is determined by a choice of elements from X. Under projection
onto L ⊆ X, only the part K ∩ L remains from each object K ∈ K, and
the whole projection of the family consists of all such possible traces and
is denoted by trL(K) = {K ∩ L : K ∈ K}. The lemma states that if each
coordinate x ∈ X participates in at least t projections, then the collection of
these projections already controls the size of the whole family K. We now
give the formal statement of the combinatorial version of Shearer’s Lemma.

Lemma 2 (Combinatorial Shearer’s Lemma). Let X be a finite set, let t be a
positive integer, and let L be a finite multiset of subsets of X such that every
element x ∈ X belongs to at least t members of L, counted with multiplicities.
Then, for every K ⊆ 2X , the following inequality holds

|K|t ≤
∏
L∈L

∣∣trL(K)
∣∣,
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where trL(K) = {K ∩ L |K ∈ K}, and the product over L is taken with
account of the multiplicities of the elements of the multiset L.

The following simple combinatorial lemma will be used to estimate traces
of families of sets on sets of edges incident to a prescribed vertex.

Lemma 3. Let A be an n-element set, let k > n
2 > 0, and let Ak,n =

{B |B ⊆ A and |B| ≥ k}. Then |Ak,n| ≤ 2n−1.

Proof. Since n > 0, we have A ≠ ∅. Partition all subsets of A into pairs
of the form {B,A \ B}, where B ⊆ A. The number of such pairs is 2n−1.
Moreover, in each pair one set has at least n/2 elements and the other has at
most n/2 elements. It remains to note that each such pair contains at most
one set from Ak,n. □

To estimate the size of a class of graphs with a certain property, the
concept of almost all is often used; in this approach, the studied property is
considered for graphs with a large number of vertices. Let Jn be the class of
labeled n-vertex graphs with the fixed set of vertices V = {1, 2, . . . , n}, n ∈ N.
Consider some property P , which each graph may or may not possess. Denote
by J P

n the set of all graphs from Jn that possess the property P . Almost all
graphs possess the property P if limn→∞ |J P

n |/|Jn| = 1, i.e. |J P
n | ∼ |Jn|, and

there are almost no graphs with the property P, if limn→∞ |J P
n |/|Jn| = 0.

When studying almost all graphs in a given class, it is often useful not
merely to formulate characteristic properties, but to distinguish directly a
subclass of typical graphs (in [7,8], a more general concept of a class of typical
combinatorial objects for a given class of objects admitting the concept of
dimension is formulated, further we will also use this formal concept for
graphs when the dimension of a graph is understood as the number of its
vertices). Let Ω be an arbitrary class of graphs such that Ωn ̸= ∅ for all
large enough n, where Ωn = Ω ∩ Jn. A subclass Ω∗ ⊆ Ω is the class of
typical graphs of the class Ω if limn→∞ |Ω∗

n|/|Ωn| = 1. A property of graphs
of the class under consideration is typical if almost all graphs of this class
have this property.

Let Jn, d=k, Jn, d≥k, J ∗
n, d≥k be the following classes of labeled n-vertex

graphs: graphs of diameter k; connected graphs of diameter at least k; graphs
(not necessarily connected) containing a geodesic path of length at least k,
respectively. In [9], it is proved that all three classes of graphs Jn, d=k, Jn, d≥k,
J ∗
n, d≥k have the same asymptotic cardinality for k ≥ 3, and asymptotically

exact value 2(
n
2) ξn,k of the number of graphs in these classes is found. Here

ξn,k = qk (n)k−1

( 3

2k−1

)n−k+1
, qk =

1

2
(k − 2) 2−(

k−1
2 ),

(n)k = n(n− 1) · · · (n− k + 1), (n)0 = (0)0 = 1 and (n)k = 0 if n < k.
In [11], when studying typical Hamiltonian properties of n-vertex graphs

of a fixed diameter, for every ∆, 0 < ∆ < 1, a class Hn,k,∆ of typical graphs
of diameter k ≥ 3 is defined. To define this class, first consider the following
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properties of n-vertex graphs F of diameter 3 with vertex set V and fixed
vertices x, y ∈ V .

a) Non-pendant condition: vertices x, y are not pendant in F ;
b) Existence of a pole: ρF (z, x) = ρF (z, y) = 2 for some vertex z ∈ V ;
c) Property of diametral vertices: d(F ) = 3 and graph F has the unique

pair of diametral vertices x, y;
d) Absence of shuttlecocks: graph F does not contain shuttlecocks (sub-

graphs defined in [6]) or, equivalently, does not contain coinciding balls of
radius 1 with centers at different vertices;

e) Property of spheres intersections:

|SF
1 (u) ∩ SF

1 (v)| ≥
⌊n
6
∆
⌋
+ 1 ∀u, v ∈ V \ {x, y} and u ̸= v,

|SF
1 (u) ∩ SF

1 (z)| ≥
⌊n
6
∆
⌋
+ 1 ∀u ∈ V \ {x, y} ∀z ∈ {x, y};

f) Property on the cardinality of independent sets: α(F ) < ⌊2 log2 n⌋.
Graphs F ∈ Jn with the properties a), b), c), d), e), f) form the class
Hn,3,∆(x, y), and the class Hn,k,∆ for k ≥ 3 is defined as follows. Let
u = (u0, u1, . . . , uk−2) be an arbitrary ordered sequence of different vertices
from the set V . Fix an arbitrary pair of neighboring elements us and us+1.
On the set V \ {u0, . . . , us−1, us+2, . . . , uk−2} of n − k + 3 vertices, define
an arbitrary graph F from the class Hn−k+3,3,∆(us, us+1). Further, join by
edges vertices ui, ui+1 for i ≠ s and 0 ≤ i < k − 2. Denote the so-obtained
graph by G(u, s, F ). Finally, Hn,k,∆ is defined as the class of all graphs

G(u, s, F ) constructed under condition 0 ≤ s ≤ ⌊k−3
2 ⌋.

Theorem 1 (asymptotics of |Hn,k,∆| [11]). Let k ≥ 3, 0 < ∆ < 1, and
suppose that k and ∆ are independent of n. Then the following inequalities
hold as n tends to infinity

2(
n
2)ξn,k(1− r1(n)) ≤ |Hn,k,∆| ≤ |Jn, d=k| ≤ 2(

n
2)ξn,k(1 + r2(n)).

Here r1(n), r2(n) are positive infinitesimal functions.

Using the constructed class Hn,k,∆, the problem of S.V. Avgustinovich on
the Hamiltonian property of almost all n-vertex graphs of a given diameter
k has been solved by the author.

Lemma 4 (Hamiltonian property of Hn,k,∆ [11]). Let k ≥ 3. Then all graphs
in the class Hn,k,∆ are Hamiltonian for k = 3 and all sufficiently large n,
and every graph in Hn,k,∆ is non-Hamiltonian for each fixed k ≥ 4.

Note that for k = 3 the upper bound in Theorem 1 takes the form 2(
n
2)ξn,3.

Corollary 1 (asymptotics of |Hn,3,∆| [7, 11]). Let ∆ be independent of n
and 0 < ∆ < 1. Then the following inequalities hold as n tends to infinity

2(
n
2)ξn,3(1− o(1)) ≤ |Hn,3,∆| ≤ |Jn, d=3| ≤ 2(

n
2)ξn,3.
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In addition, we shall use the following lower estimate for the number
|Hn,3,∆(x, y)| [11]:

|Hn,3,∆(x, y)| ≥ an(1− r(n)),

an = 2(
n
2)

8

9

(3
4

)n
,

(4)

here r(n) is a positive infinitesimal function as n tends to infinity.

2. A Sufficient Condition for Hamiltonicity

In this section, we prove a sufficient condition for a graph to be Hamiltonian
and present a constructive finding of its Hamiltonian cycle. For further
exposition, we first introduce the following series of concepts and note simple
properties of some simple graph paths related to the Hamiltonian property.

Let P be a simple path of a graph G. Its endpoint u will be called P -limit
vertex if SG

1 (u) ⊆ V (P ). A simple path P is limit if its endpoints are P -limit.
Obviously, every simple path of a graph is a subpath of some limit simple
path. Also, every connected graph contains a limit simple path of length
no less than the diameter of the graph. Moreover, the simple path of the
greatest length is a limit path.

Lemma 5. Let P be a simple path of the greatest length of a connected graph
G. If P has adjacent endpoints, then V (P ) = V (G) and G is a Hamiltonian
graph or G = K2.

Proof. Let u, v be adjacent endpoints of a path P . We will assume that
G contains at least 3 vertices, otherwise G = K2. Therefore, ρP (u, v) ≥ 2.
Suppose there is a vertex w ̸∈ V (P ). Due to the connectivity of the graph
G, we can assume that w is adjacent to some vertex w′ ∈ V (P ). In this case
w′ can coincide with one of the vertices u, v. Without loss of generality, we
assume that w′ ̸= u. Consider a vertex w′′ ∈ V (P ) adjacent to w′ and lying
on the path P between vertices u,w′ (w′′ may coincide with u), see Fig.1.
Then the simple path (w,w′, v, u, w′′) has a length greater than the length
of the path P . We obtained a contradiction. □

Figure 1. Path P

Corollary 2. Let P be a simple path of the greatest length of a connected
graph. If |V (C)| = |V (P )| for some simple cycle C of this graph, then C is
a Hamiltonian cycle.
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Proof. Let e be an edge of cycle C. Then the simple path C \ e has the
greatest possible length in the graph. It remains to apply Lemma 5. □

Let P be a simple path of a graph G with endpoints u, v. We will call
edges uu′, vv′ of graph G cross-end uv-edges for path P if u′, v′ are adjacent
vertices of path P , and vertex v′ lies between u, u′ and vertex u′ lies between
v′, v on path P (u ̸= v′ and v ̸= u′) (see Fig.2). Further, if it is clear which
path we are talking about, we will simply talk about cross-end edges.

Figure 2. Cross-end uv-edges uu′ and vv′

Lemma 6. Let a graph G has cross-end edges for a simple path P . Then
there is a simple cycle C such that V (C) = V (P ).

Proof. Let uu′, vv′ be cross-end edges. Then C = (u, u′, v, v′, u) is the
required cycle (see Fig.2). □

The following corollary follows directly from Lemma 6 and Corollary 2.

Corollary 3. If a simple path of a greatest length of a connected graph G
has cross-end edges, then G is a Hamiltonian graph.

Let U be some subset of the vertices of a graph (or, equivalently, some
property of its vertices).

Definition . Let U ⊆ V (G). A connected non-trivial graph G is called
U -graph if the following conditions are fulfilled:

(i) |SG
1 (u)∪SG

1 (v)|+2|SG
1 (u)∩SG

1 (v)| > |V (G)|+αG(u, v) if u, v ∈ V (G)\U
and u ≠ v, where αG(u, v) is the independence number of the subgraph of G
induced by the set V (G) \ (BG

1 (u) ∪BG
1 (v));

(ii) |SG
1 (u)| > |U | if u ∈ U .

In what follows, for a graph G under consideration, when its subset of vertices
is not specified explicitly, we shall also use the term U-graph if, for some
subset U ⊆ V (G), properties (i) and (ii) of the above definition are satisfied.
We emphasize that this definition is not formulated in terms of any special
properties of a typical subclass of the graphs under consideration, but is
formalized directly in terms of the metric structure of the graph itself, the
properties of its spheres, and the local independence number. For example,
the parameter ∆, which will be used below in constructing typical classes
of graphs of given diameter, is not involved in the definition of a U -graph
(it appears later only when verifying that graphs of certain typical classes
satisfy the U -graph condition).
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Theorem 2 (sufficient condition for Hamiltonian graph). Every U-graph is
Hamiltonian and the construction of its Hamiltonian cycle is given in the
proof.

Proof. Let G be a U -graph for some subset of vertices U ⊆ V (G). Let us
assume that |V (G)| = 2. From condition (i) on U it is easy to understand
that U ̸= ∅. Then |SG

1 (u)| ≥ 2 and u ̸∈ SG
1 (u), where u ∈ U . We have

arrived at a contradiction. Hence |V (G)| ≥ 3. Further, G is a connected
graph, therefore every limit simple path of graph G contains at least three
vertices.

For further exposition, we introduce the following series of concepts and
notations for the vertices of an arbitrary fixed simple path P of graph G with
endpoints u, v. The vertex w ∈ V (P ) will be called u-vertex if wu ∈ E(G)
and wv ̸∈ E(G); v-vertex if wv ∈ E(G) and wu ̸∈ E(G); uv-vertex if
wu,wv ∈ E(G); o-vertex if wu ̸∈ E(G) and wv ̸∈ E(G). In this case, we
denote by αu, αv, αuv, α0 the number of u-vertices, v-vertices, uv-vertices
and o-vertices respectively. Note that vertex u (vertex v) is the v-vertex (the
u-vertex) if uv ∈ E(G) and the o-vertex if uv ̸∈ E(G).

We call uv-vertices uv-neighboring if there are no uv-vertices between them
on the path P . Additionally, uv-interval is a part of the path P , limited by
uv-neighboring uv-vertices, including these vertices.

Further for the proof we will need the following lemma.

Lemma 7. Let P be a limit simple path of graph G and the conditions of
Theorem 2 are fulfilled. Then in the graph G either there exists a simple cycle
C such that V (C) = V (P ), or V (P ) ⊊ V (P ′) for some limit simple path P ′.

Proof. Let u, v are endpoints of path P . Since P is a limit simple path, we
obtain

SG
1 (u) ∪ SG

1 (v) ⊆ V (P ) (5)

and
αu = |SG

1 (u) \ SG
1 (v)|, αv = |SG

1 (v) \ SG
1 (u)|,

αuv = |SG
1 (u) ∩ SG

1 (v)|,
α0 = |V (P ) \ (SG

1 (u) ∪ SG
1 (v))|.

(6)

By Lemma 6 we further assume that G does not contain cross-end uv-edges
for path P . Consider three possible cases.

Case 1: uv ∈ E(G). In this case path P and edge uv form the required
cycle C.

Case 2: uv ̸∈ E(G) and u, v ̸∈ U . Consider uv-intervals and show that each
such interval contains at least one o-vertex. Note that all uv-intervals have
length no less than 2, otherwise there will be cross-end uv-edges. Suppose
on the contrary that there is an uv-interval with endpoints w1, w2 such
that P (w1, w2) does not contain o-vertices (without loss of generality, we
assume that w1 lies on path P between vertices u and w2). Then each of its
internal vertices (different from w1 and w2) is either a u-vertex or a v-vertex.
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Let z1, z2, . . . , zm be all the internal vertices of path P (w1, w2) during the
sequential transition along path P from w1 to w2 (see Fig.3). Note that z1 is

Figure 3.

not a u-vertex, otherwise there are cross-end uv-edges uz1, w1v. Therefore,
z1 is a v-vertex. Further, if z2 is a u-vertex, then there are also cross-end
uv-edges uz2, z1v. Hence, z2 is a v-vertex. Continuing to move from the
vertex zi to zi+1, we obtain that zm is a v-vertex. This means that uw2, zmv
are cross-end edges. We have arrived at a contradiction.

Figure 4.

Now let us find out the structure of the vertex types of uv-intervals with
a single o-vertex. Let w1, w2 be uv-neighboring uv-vertices and w0 be the
only o-vertex from the uv-interval between these vertices, where w1 lies
between the vertices u and w2 on path P . Consider all vertices z1, z2, . . . , zm
in a sequential transition along path P from w1 to w0, not including w1, w0.
In graph G there is no edge uz1, since w1 is a uv-vertex and there are no
cross-end uv-edges. Therefore, z1 is a v-vertex. Further, continuing to move
from vertex zi to zi+1, we obtain that z2, . . . , zm are v-vertices. Similarly,
moving from vertex w2 to vertex w0 along the path P , it is proved that
all internal vertices from P (w0, w2) are u-vertices (see Fig.4). Thus, every
uv-interval with a single o-vertex w0 contains vertices w−

0 and w+
0 adjacent

to w0 on the path P such that either w−
0 ∈ P (u,w0) and w−

0 is a v-vertex,
or w−

0 = w1, and either w+
0 ∈ P (w0, v) and w+

0 is an u-vertex, or w+
0 = w2.

Denote by S(G) the set of all o-vertices belonging to uv-intervals with a
single o-vertex. Estimate the number |S(G)|. Let α1, α2 be the number of uv-
intervals with a single o-vertex and with at least two o-vertices, respectively.
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Using relations (5) and (6), we obtain

α0 ≥ α1 + 2α2 + 2, (7)

α1 + α2 ≥ αuv − 1, (8)

|V (G)| ≥ |V (P )| ≥ αu + αuv + αv + α0. (9)

From (6)-(9) follows the inequality |V (G)| ≥ |SG
1 (u)∪SG

1 (v)|+α1+2α2+2 ≥
|SG

1 (u) ∪ SG
1 (v)|+ |SG

1 (u) ∩ SG
1 (v)|+ α2 + 1. Hence,

α2 ≤ |V (G)| − |SG
1 (u) ∪ SG

1 (v)| − |SG
1 (u) ∩ SG

1 (v)| − 1. (10)

Finally, from (8), (10) and condition u, v ̸∈ U we conclude

|S(G)| = α1 ≥ |SG
1 (u) ∩ SG

1 (v)| − 1− α2

≥ |SG
1 (u) ∪ SG

1 (v)|+ 2|SG
1 (u) ∩ SG

1 (v)| − |V (G)| > αG(u, v).

Moreover, S(G) ⊆ V (G) \ (BG
1 (u) ∪ BG

1 (v)). Therefore, S(G) is not an
independent set in the subgraph induced by the set V (G) \ (BG

1 (u)∪BG
1 (v)),

and hence contains adjacent o-vertices w1, w2 ∈ S(G). Then, as proved above,
the vertices w−

1 , w
+
1 , w

−
2 , w

+
2 are defined (see Fig.5). Thus, for suitable indices

Figure 5.

i and j, C = (u,w+
i , w

−
j , v, w

+
j , wj , wi, w

−
i , u) is a simple cycle of graph G

such that V (C) = V (P ) (see Fig.5).
Case 3: uv ̸∈ E(G) and at least one of the vertices u, v belongs to set

U . Let, for example, u ∈ U . Due to (5) and the relation u ̸∈ SG
1 (u), for

each vertex w ∈ SG
1 (u) there exists a vertex-predecessor w′ ∈ V (P ) on

path P such that w′, w are adjacent vertices and w′ ∈ P (u,w) (w′ does
not coincide with v and may coincide with u). By Pr(SG

1 (u)) we denote
the set of vertex-predecessors of all vertices from SG

1 (u). It is obvious that
|Pr(SG

1 (u))| = |SG
1 (u)|. By virtue of the condition on U , there exists a vertex-

predecessor w′
u ∈ Pr(SG

1 (u)) \ U and its corresponding vertex wu ∈ SG
1 (u)

adjacent to w′
u. Note that w′

u ̸= u (since u ∈ U) and w′
u ̸= v as a predecessor

(see Fig.6a). In addition, due to the absence of cross-end uv-edges in G
there is no edge w′

uv. Thus, we found a simple path Pu = (w′
u, u, wu, v) such

that V (Pu) = V (P ), w′
u ̸∈ U and w′

uv ̸∈ E(G) (see Fig.6a). Further, we can
assume that the vertex w′

u is Pu-limit, otherwise there exists a limit simple
path P ′

u such that V (Pu) ⊊ V (P ′
u) and the second conclusion of the lemma

holds. Thus, Pu is a limit simple path.
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Figure 6.

If v ̸∈ U , we come to the conditions of case 2 for path Pu. Therefore, we
further assume that v ∈ U . Repeating the reasoning of case 3 for vertex v
(similarly as for u), we obtain a limit simple path Puv = (w′

v, v, wv, w
′
u) (see

Fig.6b) such that w′
v, w

′
u ̸∈ U,w′

v ̸= w′
u and V (Puv) = V (Pu). It remains to

note that for path Puv we come to the considered case 1 if w′
uw

′
v ∈ E(G),

otherwise to case 2. □

Let us continue the proof of Theorem 2. Let P be a simple path of graph
G of greatest length. By Lemma 7, there exists a simple cycle C such that
V (C) = V (P ). It remains to apply Corollary 2. □

Note that any independent set of the subgraph induced by the set V (G) \
(BG

1 (u) ∪BG
1 (v)) can be enlarged by adding u to an independent set of the

graph G.

Remark 1. For any vertices u, v ∈ V (G), the inequality α(G) > αG(u, v)
holds.

Therefore, for property (i) in the definition of a U -graph, it is sufficient that
the required inequality hold for the ”global” independence number α(G)
of the whole graph instead of the ”local” number αG(u, v) for each pair of
vertices.

Remark 2. For an n-vertex U -graph, the inequalities n ≥ 3 and 0 ≤ |U | ≤
n− 2 hold.

We now prove that the diameter of every U -graph is bounded; namely,
the following proposition holds.

Proposition 1. The diameter of a U -graph does not exceed 4.

Proof. We prove two properties of any n-vertex U -graph G.
1) For each vertex u ∈ U there exists a vertex u′ /∈ U adjacent to u.

Indeed, it is enough to note that property (ii) in the definition of a U -graph
implies SG

1 (u) \ U ̸= ∅.
2) If v1, v2 /∈ U , then ρG(v1, v2) ≤ 2. Indeed, we may assume that v1 ̸= v2.

By property (i) in the definition of a U -graph, we obtain

n+2|SG
1 (v1)∩SG

1 (v2)|≥|SG
1 (v1)∪SG

1 (v2)|+2|SG
1 (v1)∩SG

1 (v2)|>n+αG(v1, v2).

Hence, |SG
1 (v1) ∩ SG

1 (v2)| > αG(v1, v2)/2. Therefore, ρG(v1, v2) ≤ 2.
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Using these properties, we now estimate the distance between arbitrary
vertices of the graph G. If u1, u2 ∈ U , then ρG(u1, u2) ≤ ρG(u1, u

′
1) +

ρG(u
′
1, u

′
2) + ρG(u

′
2, u2) ≤ 4 by properties 1 and 2. In the case u ∈ U ,

v /∈ U we similarly obtain ρG(u, v) ≤ ρG(u, u
′) + ρG(u

′, v) ≤ 3. It remains to
consider the case v1, v2 /∈ U , which follows directly from property 2. □

3. Hamiltonian property of typical graphs of small diameter

In [11], it was proved that almost all graphs of diameter k = 1, 2, 3 are
Hamiltonian, and the class Hn,k,∆ of typical graphs of diameter k, each of
which has a Hamiltonian cycle, was constructed (Lemma 4). In this section,
we first define a new class H∗

n,k,∆ of typical graphs of small diameter k
whose graphs satisfy the sufficient conditions of Theorem 2.

The case k = 1 is trivial. For the complete n-vertex graph Kn, n ≥ 3,
we have α(Kn) = 1, |SG

1 (u) ∪ SG
1 (v)| = n, |SG

1 (u) ∩ SG
1 (v)| = n − 2 and

|SG
1 (u)| = n − 1 for any distinct vertices u, v. Therefore, for n ≥ 3, Kn

is a U -graph for every subset U ⊂ V (Kn) with at most n − 2 vertices; in
particular, when U consists of a pair of diametral vertices.

We now consider graphs of diameter k = 3 and define a subclass

H∗
n,3,∆ ⊆ Hn,3,∆. (11)

Class Hn,3,∆ is the union of the subclasses Hn,3,∆(x, y) over all different
x, y ∈ V , and x, y is the unique pair of diametral vertices of every graph from
Hn,3,∆(x, y). By H∗

n,3,∆(x, y) we denote the class of graphs F ∈ Hn,3,∆(x, y)
for which the following two properties e∗) and g) hold.

e∗) Property of spheres intersections:

|SF
1 (u) ∩ SF

1 (v)| >
n

4
∆ ∀u, v ∈ V \ {x, y} and u ̸= v;

|SF
1 (u) ∩ SF

1 (z)| >
n

6
∆ ∀u ∈ V \ {x, y} ∀z ∈ {x, y}.

g) Property of spheres differences:

|SF
1 (u) \ SF

1 (v)| >
n

4
∆ ∀u, v ∈ V \ {x, y} and u ̸= v;

|SF
1 (u) \ SF

1 (z)| >
n

3
∆ ∀u ∈ V \ {x, y} ∀z ∈ {x, y};

|SF
1 (z) \ SF

1 (u)| >
n

6
∆ ∀u ∈ V \ {x, y} ∀z ∈ {x, y}.

Put

H∗
n,3,∆ =

⋃
x̸=y

H∗
n,3,∆(x, y).

Thus, graphs of the class H∗
n,3,∆ possess properties a), b), c), d), e∗), f), g)

(for fixed distinct vertices x and y). We now estimate |H∗
n,3,∆|.
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Let x, y, u, v be different elements of V and 0 < ∆ < 1. Define the
following classes

Hn,∆,u(x, y, u, v) = {G ∈ Jn|BG
1 (x) ∩BG

1 (y)=∅, |SG
1 (u) \ SG

1 (v)|≤
n

4
∆},

Hn,∆,uv(x, y, u, v) ={G ∈ Jn|BG
1 (x) ∩BG

1 (y)=∅, |SG
1 (u) ∩ SG

1 (v)|≤
n

4
∆},

Hn,∆,u(x, y, u) = {G ∈ Jn|BG
1 (x) ∩BG

1 (y) = ∅, |SG
1 (u) \ SG

1 (x)| ≤
n

3
∆},

Hn,∆,x(x, y, u) = {G ∈ Jn |BG
1 (x) ∩BG

1 (y) = ∅, |SG
1 (x) \ SG

1 (u)|≤
n

6
∆},

Hn,∆,xu(x, y, u) = {G ∈ Jn|BG
1 (x) ∩BG

1 (y) = ∅, |SG
1 (u) ∩ SG

1 (x)|≤
n

6
∆}.

Estimate the number of graphs in these classes.

Lemma 8. Let x, y, u, v be different vertices of V , ∆ does not depend on n
and 0 < ∆ < 1. Then the following estimates hold as n → ∞

|Hn,∆,uv(x, y, u, v)| = an ε
n(3,∆)

√
nO(1),

|Hn,∆,u(x, y, u, v)| = an ε
n(3,∆)

√
nO(1).

Proof. Consider the indices i, j and s, which will correspond to the number
of vertices in SG

1 (u)\(SG
1 (v)∪{v}), SG

1 (v)\(SG
1 (u)∪{u}) and SG

1 (u)∩SG
1 (v),

respectively.
Estimate the number |Hn,∆,uv(x, y, u, v)|. It is easy to understand that all

graphs of class Hn,∆,uv(x, y, u, v) are contained among graphs G constructed
as follows:

1) connect vertices u, v with an edge or they will be non-adjacent, there
are 2 possibilities;

2) choose an s-element subset Vuv ⊆ V \ {u, v}, 0 ≤ s ≤ ⌊n4∆⌋ (note
⌊n4∆⌋ < n− 2 for n ≥ 3), and join each vertex from Vuv by an edge with the

vertices u and v, there are
(
n−2
s

)
possibilities;

3) choose an i-element subset Vu ⊆ V \(Vuv∪{u, v}), 0 ≤ i ≤ n−2−s, and
join each vertex from Vu by an edge with u, as a result we have Vu ∪ Vuv ⊆
SG
1 (u) ⊆ Vu ∪ Vuv ∪ {v};
4) choose a j-element subset Vv ⊆ V \(Vuv∪Vu∪{u, v}), 0 ≤ j ≤ n−2−s−i

and join each vertex from Vv by an edge with v. As a result we obtain
Vv ∪ Vuv ⊆ SG

1 (v) ⊆ Vv ∪ Vuv ∪ {u} and SG
1 (u) ∩ SG

1 (v) = Vuv;
5) choose a l-element subset Vx ⊆ V \ {x, y, u, v}, 0 ≤ l ≤ n− 4, and join

each vertex from Vx by an edge with x, as a result we have SG
1 (x) ⊆ Vx∪{u, v};

6) choose a m-element subset Vy ⊆ V \(Vx∪{x, y, u, v}), 0 ≤ m ≤ n−4− l,
and join each vertex from Vy by an edge with y, as a result we obtain
SG
1 (y) ⊆ Vy ∪ {u, v} and Vx ∩ Vy = ∅;
7) define an arbitrary (n− 4)-vertex graph on the set V \ {x, y, u, v}.

Remark 3. In the above-described construction of graphs, a situation is
admissible when (Vuv ∪ Vu ∪ Vv)∩ {x, y} ̸= ∅ and, so additionally there arise
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graphs G such that ∅ ≠ BG
1 (x) ∩BG

1 (y) ⊆ {u, v}, i.e. not belonging to class
Hn,∆,uv(x, y, u, v).

Thus, using (2), the Newton’s Binomial Theorem and Lemma 1, we obtain

|Hn,∆,uv(x, y, u, v)| =
⌊n∆/4⌋∑
s=0

(
n−2
s

) n−2−s∑
i=0

(
n−2−s

i

) n−2−s−i∑
j=0

(
n−2−s−i

j

)
n−4∑
l=0

(
n−4
l

) n−4−l∑
m=0

(
n−4−l

m

)
2

(
n−4
2

)
O(1)

= 2

(
n−4
2

)
3n−4

⌊n∆/4⌋∑
s=0

(
n
s

)
3n−2−sO(1)

= 2

(
n
2

)(3
4

)2n
⌊n∆/4⌋∑
s=0

(
n
s

)
3−sO(1)

= an ε
n(3,∆)

√
nO(1).

Similar reasoning establishes that

|Hn,∆,u(x, y, u, v)| =
⌊n∆/4⌋∑
i=0

(
n−2
i

) n−2−i∑
s=0

(
n−2−i

s

) n−2−i−s∑
j=0

(
n−2−i−s

j

)
n−4∑
l=0

(
n−4
l

) n−4−l∑
m=0

(
n−4−l

m

)
2

(
n−4
2

)
O(1)

= 2

(
n−4
2

)
3n−4

⌊n∆/4⌋∑
i=0

(
n−2
i

)
3n−2−iO(1)

= an ε
n(3,∆)

√
nO(1).

□

Lemma 9. Let x, y, u be different vertices of V , ∆ does not depend on n
and 0 < ∆ < 1. Then the following estimates hold as n → ∞

|Hn,∆,xu(x, y, u)| = an ε
n(5,∆)

√
nO(1),

|Hn,∆,x(x, y, u)| = an ε
n(5,∆)

√
nO(1),

|Hn,∆,u(x, y, u)| = an ε
n(2,∆)

√
nO(1).

Proof. Consider the indices i, j and s, which will correspond to the number of
vertices in SG

1 (u) \ (SG
1 (x)∪{x}), SG

1 (x) \ (SG
1 (u)∪{u}) and SG

1 (u)∩SG
1 (x),

respectively. Similar to the proof of Lemma 8, considering a superclass of
the graph class under study and applying Lemma 1, we obtain the following
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estimates

|Hn,∆,xu(x, y, u)| =
⌊n∆/6⌋∑
s=0

(
n−3
s

) n−3−s∑
j=0

(
n−3−s

j

) n−2−s−j∑
i=0

(
n−2−s−j

i

)
n−3−s−j∑

l=0

(
n−3−s−j

l

)
2

(
n−3
2

)
O(1)

= 2

(
n
2

)
2−3n

⌊n∆/6⌋∑
s=0

(
n
s

)
5n−sO(1)

= an ε
n(5,∆)

√
nO(1).

|Hn,∆,x(x, y, u)| =
⌊n∆/6⌋∑
j=0

(
n−3
j

) n−3−j∑
s=0

(
n−3−j

s

) n−2−j−s∑
i=0

(
n−2−j−s

i

)
n−3−j−s∑

l=0

(
n−3−j−s

l

)
2

(
n−3
2

)
O(1)

= an ε
n(5,∆)

√
nO(1).

|Hn,∆,u(x, y, u)| =
⌊n∆/3⌋∑
i=0

(
n−2
i

) n−3−i∑
j=0

(
n−3−i

j

) n−3−i−j∑
s=0

(
n−3−i−j

s

)
n−3−j−s∑

l=0

(
n−3−j−s

l

)
2

(
n−3
2

)
O(1)

= 2

(
n
2

)
2−3n

⌊n∆/3⌋∑
i=0

(
n
i

)
2i 4n−iO(1)

= 2

(
n
2

)
2−n

⌊n∆/3⌋∑
i=0

(
n
i

)
2−iO(1)

= an ε
n(2,∆)

√
nO(1).

□

Lemma 10 (lower bound). Let 0 < ∆ < 1 and ∆ independent of n. Then

the following inequality |H∗
n,3,∆| ≥ 2(

n
2)ξn,3(1 − r(n)) holds as n tends to

infinity, where r(n) is a positive infinitesimal function.



ORE-TYPE CONDITIONS AND U-GRAPHS. I 163

Proof. Let x, y be different vertices in V . Let us consider the following classes
of graphs

H1
n,∆(x, y) =

⋃
u,v∈V \{x,y}

u̸=v

(Hn,∆,u(x, y, u, v) ∪Hn,∆,uv(x, y, u, v));

H2
n,∆(x, y) =

⋃
u∈V \{x,y}

(Hn,∆,u(x, y, u) ∪Hn,∆,xu(x, y, u) ∪Hn,∆,x(x, y, u)).

Directly from the class definitions it follows

Hn,3,∆(x, y) \ (H1
n,∆(x, y) ∪H2

n,∆(x, y) ∪H2
n,∆(y, x)) ⊆ H∗

n,3,∆(x, y).

Therefore, using relation (4) and Lemmas 8, 9, we obtain the inequalities
|H∗

n,3,∆(x, y)| ≥ |Hn,3,∆(x, y)| − |H1
n,∆(x, y)| − |H2

n,∆(x, y)| − |H2
n,∆(y, x)| ≥

an(1 − r(n)), where r(n) is a positive infinitesimal function as n tends to
infinity. Now, using the uniqueness of a pair of diametrical vertices in graphs
of class Hn,3,∆, as well as the definitions of numbers an and ξn,3, we conclude

|H∗
n,3,∆| =

∣∣ ⋃
{x,y}
x̸=y

H∗
n,3,∆(x, y)

∣∣ ≥
(
n
2

)
|H∗

n,3,∆(x, y)| ≥
(
n
2

)
an(1− r(n)) = 2(

n
2)ξn,3(1− r(n)).

□

The following theorem follows directly from (11), Lemma 10 and Theorem 1.

Theorem 3 (asymptotics of |H∗
n,3,∆|). Let 0 < ∆ < 1 and ∆ do not depend

on n. Then the following inequalities hold

2(
n
2)ξn,3(1− r(n)) ≤ |H∗

n,3,∆| ≤ |Hn,3,∆| ≤ |Jn, d=3| ≤ 2(
n
2)ξn,3.

Here r(n) is positive infinitesimal functions.

Corollary 4. Let 0 < ∆ < 1 and ∆ be independent of n. Then H∗
n,3,∆ is

the class of typical graphs of the class of n-vertex graphs of diameter 3 and
the following asymptotic equalities hold as n tends to infinity

|H∗
n,3,∆| ∼ |Hn,3,∆| ∼ |Jn, d=3| ∼ 2(

n
2)ξn,3.

Proposition 2. Almost all n-vertex graphs of diameter 3 are U-graphs,
where the set U consists of a pair of diametral vertices.

Proof. By virtue of Corollary 4, it is sufficient to prove that for a suitable
value of ∆ and all large enough n, all graphs of class H∗

n,3,∆ are U -graphs,
where set U consists of a pair of diametral vertices of the graph. We choose
∆ from the interval (4/5, 1) and consider an integer N ≥ 8 such that

(5∆− 4)n/4 ≥ ⌊2 log2 n⌋ for all n ≥ N.
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Let G ∈ H∗
n,3,∆(x, y) and n ≥ N . Then U = {x, y}. Consider arbitrary

distinct vertices u, v ∈ V (G) \ U and w ∈ U . By virtue of the property of
spheres intersections and differences of the graph G, we obtain

|SG
1 (u) ∪ SG

1 (v)| >
3n

4
∆ and |SG

1 (u) ∩ SG
1 (v)| >

n

4
∆; (12)

|SG
1 (w)| = |SG

1 (w) \ SG
1 (u)|+ |SG

1 (w) ∩ SG
1 (u)| >

n

3
∆ > 2 = |U |. (13)

Now condition (ii) for the U-graph follows from (13). Further, taking into
account (12) and the property of the cardinality of independence sets, we
conclude that the graph G also satisfies the required condition (i). □

In the case of graphs of diameter 2, an assertion analogous to Proposition
2 also holds when the set U consists of a pair of diametral vertices. Moreover,
as will be shown in Proposition 3 below, this is true even for every set of
vertices U ⊂ V of cardinality at most 2n/5. To prove this fact, we need
to define a class of typical n-vertex graphs of diameter 2 with the required
properties. We shall consider a more general problem of constructing typical
graphs for certain classes of graphs. This general setting will allow us to use
these typical graphs both for graphs of diameter 2 in this section and later
for graphs of diameter 4.

Let A,B,C be a partition of an n-element vertex set V , where the cases
A = ∅ and B = ∅ are allowed. Let 0 < σ < 1 be independent of n, and let
|C| ≥ σn. Denote by Gn(A,B;σ) the family of all graphs H on the vertex set
V for which EH(A,B) = ∅. Obviously, Gn(∅,∅;σ) = Jn. In what follows,
for such fixed subsets A,B,C, we shall use the notation

a = |A|, b = |B|, c = |C|.
Then

|Gn(A,B;σ)| = 2(
n
2)−ab.

Let 0 < ∆ < 1 be fixed. Define a subclass

Hn,∆,∩,\(A,B) ⊆ Gn(A,B;σ),

consisting of all graphs H ∈ Gn(A,B;σ) such that, for any distinct vertices
u, v ∈ V , the following conditions hold

|SH
1 (u) ∩ SH

1 (v) ∩ C| > c

4
∆; (14)

|(SH
1 (u) \ SH

1 (v)) ∩ C| > c

4
∆. (15)

Next, put

Hn,α(A,B) = {H ∈ Gn(A,B;σ) |α(H) < a+ ⌊2 log2(n− a)⌋} .

Remark 4. If A = B = ∅, then conditions (14) and (15) are, respectively,
properties of intersections and differences of spheres of an n-vertex graph, and
the class Hn,α(A,B) consists precisely of n-vertex graphs with the property
on the cardinality of independent sets.
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Finally, define

H∗
n,2,∆(A,B) = Hn,∆,∩,\(A,B) ∩Hn,α(A,B).

We compute the diameter of graphs from Hn,∆,∩,\(A,B).

Lemma 11. Let A ∪B ̸= ∅ and n ≥ 4/∆. Then Hn,∆,∩,\(A,B) ⊆ Jn,d=2.

Proof. Let H ∈ Hn,∆,∩,\(A,B). By (14), we have |SH
1 (u) ∩ SH

1 (v)| ≥ 1
for any distinct vertices u, v ∈ V . Hence, d(H) ≤ 2. It remains to find
non-adjacent vertices in H. Indeed, assume first that A ∪ B ̸= ∅. Then
there exist distinct vertices v ∈ A ∪ B and u ∈ C. By (15), there exists
a vertex w ∈ (SH

1 (u) \ SH
1 (v)) ∩ C. Hence, w ̸∈ BH

1 (v), and therefore w, v
are non-adjacent vertices. Now let C = V and n ≥ 4/∆. Then there exist
distinct vertices u, v ∈ C. Taking (15) into account, we obtain

|SH
1 (u) \ SH

1 (v)| > n

4
∆ ≥ 1.

Consequently, H contains non-adjacent vertices. □

Corollary 5. For all n ≥ 4
σ∆ , the following inclusions hold

Hn,∆,∩,\(A,B) ⊆ Jn,d=2, H∗
n,2,∆(A,B) ⊆ Jn,d=2.

We now estimate the number of graphs that do not satisfy conditions (14),
(15).

Lemma 12. Let A,B,C be a partition of an n-element set V , and let
|C| ≥ σn, where 0 < σ < 1 is independent of n. Then, for every fixed
0 < ∆ < 1,∣∣Gn(A,B;σ) \ Hn,∆,∩,\(A,B)

∣∣ = 2

(
n
2

)
−ab Ψ(n)O(1) = o(|Gn(A,B;σ)|),

where Ψ(n) = εσn(3,∆∗)n(n− 1)
√
n and ∆∗ is an arbitrary constant such

that ∆ < ∆∗ < 1.

Proof. Fix an ordered pair of distinct vertices u, v ∈ V and introduce the
notation: C∗ = C \ {u, v} and c∗ = |C∗|. Then n ≥ c ≥ c∗ ≥ c− 2 ≥ σn− 2.
Therefore, for all sufficiently large n, we have c∆/4 ≤ (c∗+2)∆/4 ≤ c∗∆∗/4.

Note that for a graph H ∈ Gn(A,B;σ) for which condition (14) is violated
at the vertices u and v, the inequality |SH

1 (u) ∩ SH
1 (v) ∩ C| ≤ c

4∆ holds.
Denote the number of such graphs by hn,uv(A,B). It is easy to see that all
such graphs are contained among graphs G constructed as follows:

1) Define the adjacency of the vertices u and v with vertices of the set C∗.
Choose s vertices from C∗ and join each of them by an edge to both u and
v, where s ≤ ⌊c∗∆∗/4⌋. From the remaining c∗ − s vertices, choose i vertices
and join them only to the vertex u. Next, from the remaining c∗ − s − i
vertices of C∗, choose j vertices and join them only to the vertex v.

2) On V , define an n-vertex graph G for which EG(A,B) = ∅ and the
adjacency between the vertices of the sets {u, v} and C∗ is prescribed. There

are 2(
n
2)−ab−2c∗ choices.
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Thus, using Lemma 1 on truncated sums of weighted binomial coefficients
with parameter q = 3, we obtain

hn,uv(A,B) ≤
⌊c∗∆∗/4⌋∑

s=0

(
c∗

s

)c∗−s∑
i=0

(
c∗−s
i

)c∗−s−i∑
j=0

(
c∗−s−i

j

)
2

(
n
2

)
−ab−2c∗

= 2

(
n
2

)
−ab

(3
4

)c∗ ⌊c∗∆∗/4⌋∑
s=0

(
c∗

s

)
3−s

= 2

(
n
2

)
−ab εc

∗
(3,∆∗)

√
c∗O(1)

= 2

(
n
2

)
−ab εσn(3,∆∗)

√
nO(1).

We now consider condition (15). The way of specifying the adjacency of
the vertices of the set {u, v} with vertices of C∗ is completely identical to that
considered above for condition (14). Only in this case, when estimating the
number of graphs, the outer summation is taken over the index responsible
for the number of vertices in the difference of spheres. Therefore, the same
arguments show that the number of graphs for which |(SH

1 (u)\SH
1 (v))∩C| ≤

c
4∆, is also 2

(
n
2

)
−ab εσn(3,∆∗)

√
nO(1).

Since there are n(n− 1) ordered pairs of distinct vertices, the number of
graphs in the class Gn(A,B;σ) in which at least one of conditions (14) or

(15) is violated for at least one pair u and v is 2

(
n
2

)
−ab Ψ(n)O(1). □

We now consider the condition on the independence number.

Lemma 13. Let A,B,C be a partition of an n-element set V , and let
|C| ≥ σn, where 0 < σ < 1 is independent of n. Then there exists a positive
infinitesimal function Φσ(n), independent of the choice of A,B,C, such that

|Gn(A,B;σ) \ Hn,α(A,B)| ≤ 2(
n
2)−abΦσ(n) = o(|Gn(A,B;σ)|).

Proof. The classical estimate for the independence number of almost all m-
vertex graphs is well known. The estimate α(H) < ⌊2 log2m⌋ itself follows
directly, for example, from Matula’s estimate for the clique number of a
random graph [19, Lemma 1, p. 366], applied to the complement of the graph.
Consider the class Hm,α≥ = {H ∈ Jm |α(H) ≥ ⌊2 log2(m)⌋}, and denote by
ϕm the proportion of such m-vertex graphs. Then

ϕm =
|Hm,α≥|
|Jm|

−−−−→
m→∞

0.

For each fixed σ > 0, define the function

Φσ(n) = sup
m≥σn

ϕm.

Obviously, Φσ(n) is a positive infinitesimal function as n tends to infinity.
Moreover, from the inequality n− a ≥ σn, we obtain

ϕn−a ≤ Φσ(n).
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Note that if G ∈ Gn(A,B;σ) \ Hn,α(A,B), then G[V \ A] ∈ Hn−a,α≥;
otherwise, we would have α(G) ≤ α(G[A])+α(G[V \A]) < a+⌊2 log2(n− a)⌋.
It is now easy to see that all graphs of the class Gn(A,B;σ) \Hn,α(A,B) are
contained among graphs G constructed as follows:

1) On the a-element set, define an arbitrary graph. There are 2(
a
2) choices.

2) Define the edges between the vertices of the sets A and C; there are
2ac choices.

3) On the set V \A, specify a graph from the class Hn−a,α≥.
Thus, we obtain

|Gn(A,B;σ) \ Hn,α(A,B)| ≤ 2(
a
2) 2ac |Hn−a,α≥|

= 2(
a
2) 2ac 2(

n−a
2 )ϕn−a

≤ 2(
n
2)−abΦσ(n)

□

Theorem 4. Let A,B,C be a partition of an n-element set V , and let
|C| ≥ σn, where 0 < σ < 1 is independent of n. Then, for every fixed
0 < ∆ < 1, H∗

n,2,∆(A,B) is a class of typical n-vertex graphs in the class
Gn(A,B;σ); in particular,

|H∗
n,2,∆(A,B)| = (1− o(1)) 2(

n
2)−ab.

Proof. By Lemmas 12 and 13, Hn,∆,∩,\(A,B) and Hn,α(A,B) are classes of
typical n-vertex graphs in the class Gn(A,B;σ). It remains to note that the
intersection of typical classes of a given class is also a typical class of this
class. □

Remark 5. The remainder o(1) in Theorem 4 is independent of the choice
of A,B,C for fixed σ,∆.

We note two particular cases. If |A| is bounded, |B| has linear order in n,
and |C| ≥ σn, then Theorem 4 gives a typical class of graphs on V with the
prescribed forbidden cut E(A,B) = ∅. This form will be used later in the
construction of a class of U -graphs of diameter 4 (see Part II [12]).

We now consider the case A = B = ∅. Put

H∗
n,2,∆ = H∗

n,2,∆(∅,∅).

By Corollary 5, for all sufficiently large n, H∗
n,2,∆ ⊆ Jn,d=2. Thus H∗

n,2,∆

is a class of n-vertex graphs of diameter 2 satisfying Property of spheres
intersections and differences, and Property of cardinality of their independent
sets. It is also well known that almost all n-vertex graphs have diameter
2 [20]. Directly from this fact, Theorem 4, and Corollary 5, we obtain the
following corollary.

Corollary 6. H∗
n,2,∆ is a class of typical n-vertex graphs (typical n-vertex

graphs of diameter 2).
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Proposition 3. Almost all n-vertex graphs (graphs of diameter 2) are U-
graphs for every U ⊂ V such that |U | < 2n/5.

Proof. By virtue of Corollary 6, it is sufficient to prove that for a suitable
value of ∆ and all large enough n, all graphs of class H∗

n,2,∆ are U -graphs
for every U ⊂ V such that |U | < 2n/5. Further, the verification of the
properties of a U -graph (with a preliminary choice of the constant ∆) is
completely identical to the proof of Proposition 2. □

The following Theorem follows directly from Propositions 2, 3 and the
case of graphs of diameter k = 1 considered above.

Theorem 5. Almost all n-vertex graphs of fixed diameter k = 1, 2, 3 are
U -graphs, where the set U consists of a pair of diametrical vertices.

The following assertion, previously obtained by the author in [11], follows
directly from Theorems 2 and 5.

Corollary 7 [11]. Almost all graphs of fixed diameter k = 1, 2, 3 are Hamil-
tonian graphs.

Thus, the sufficient condition for Hamiltonicity introduced here turns out
to be ”ubiquitous”: it holds for almost all graphs of small diameter and
confirms both the common character of Hamiltonicity and the unified choice
of the vertex set U for each class of graphs of fixed diameter k = 1, 2, 3.
For k = 1, this condition holds trivially; for k = 2, it follows from the
typical properties of intersections and differences of graph spheres and from
the smallness of the independence number; and for k = 3, it follows from
the structure and properties of the newly constructed typical graphs of
diameter 3.

4. Ore-type conditions and U-graphs of diameter 3

In this section, in the context of the asymptotic problem under consid-
eration (see the Introduction), we study a number of Ore-type conditions
and the introduced U -graphs. As noted in the Introduction, the simple
observation on the existence of disjoint spheres in graphs of diameter greater
than 2 implies that the classical conditions of Dirac, Ore, Jung, Nara, and
similar conditions cannot be used for such graphs.

We now turn to the sufficient condition FC(G), proposed by Fan. Although
FC(G) is applicable to graphs of large diameter, the proportion of n-vertex
Hamiltonian graphs of diameter 3 satisfying this condition turns out to be
asymptotically small.

Theorem 6. Almost all n-vertex graphs G of diameter 3 are Hamiltonian
and do not satisfy FC(G).

To prove Theorem 6, we shall need the following lemma on the number
of graphs with a set of vertices of large degree. Let Q ⊆ V . Denote by
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G(V,Q, k) the family of all graphs H on the set V such that degH u ≥ k for
every vertex u ∈ Q.

Lemma 14 (Graphs with large degrees on a prescribed subset). Let V be an
n-element vertex set, let Q ⊆ V , |Q| = q ≥ 1, and let k > (n− 1)/2. Then

|G(V,Q, k)| ≤ 2(
n
2)−q/2.

Proof. We may assume that n ≥ 2 (otherwise n = 1, V = Q, G(V,Q, k) = ∅,
and the required estimate is obvious). We count the number of ways to
choose the edges of a graph H ∈ G(V,Q, k). Let W = V \Q and s = |W |.
Then s = n − q, and there are obviously 2(

s
2) choices for the edges with

endpoints in W . We count the number of choices for the remaining edges
incident to vertices from Q. Define the following set of edges

X = E(Q,Q) ∪ E(Q,W ).

To construct a graph H, it remains to choose edges from the set X so that
the resulting graph belongs to the class G(V,Q, k).

For u ∈ Q, define Eu = {e ∈ X | e incident to u} and consider the multiset
L = {Eu |u ∈ Q} ∪ {{e} | e ∈ E(Q,W )}. Then every edge e = {u, v} from
X is covered at least twice: if u, v ∈ Q, then e ∈ Eu ∩ Ev, while in the case
u ∈ Q and v ∈ W , we obviously have e ∈ Eu ∩ {e}.

Consider the family K ⊆ 2X of all sets of edges E ⊆ X for which, in the
graph (V,E), every vertex u ∈ Q has degree at least k. Then |E ∩ Eu| ≥ k.
Taking into account the relations |Eu| = n− 1, k > |Eu|/2, and Lemma 3,
we have ∣∣trEu(K)

∣∣ ≤ |Ak,|Eu|| ≤ 2|Eu|−1 = 2n−2.

It is also easy to see that
∣∣tr{e}(K)

∣∣ ≤ 2. Now, from Combinatorial Shearer’s
Lemma 2 with t = 2, we obtain

|K|2 ≤
∏
L∈L

∣∣trL(K)
∣∣ = ∏

u∈Q

∣∣trEu(K)
∣∣ ∏

e∈E(Q,W )

∣∣tr{e}(K)
∣∣

≤ (2n−2)q 2qs = 22
(
(q2)+qs

)
−q.

Thus, taking into account the binomial identity (3), we conclude

|G(V,Q, k)| ≤ 2(
s
2) |K| ≤ 2(

s
2)+(

q
2)+qs−q/2 = 2(

n
2)−q/2.

□

We now consider the class FCn,3 of all n-vertex graphs G of diameter 3
with a unique pair of diametral vertices and satisfying FC(G). We estimate
the number of such graphs.

Lemma 15. |FCn,3| ≤ 2(
n
2) 1

2 n(n− 1)
(
1+

√
2

4

)n−2
.
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Proof. Let F ∈ FCn,3, and let x, y be diametral vertices of the graph F .
Since SF

1 (x) ∩ SF
1 (y) = ∅, we have degF x + degF y ≤ n− 2. Therefore, we

may assume that degF x < n/2. Consider the stratification of the graph
F by distance from the vertex x. Let Vi = {v ∈ V (F ) | ρF (x, v) = i},
i = 0, 1, 2, 3, and let a = |V1|, b = |V2|. Then V0 = {x}, V3 = {y} and
a < n/2, a+ b = n− 2. In addition, by FC(G), we obtain degF u ≥ n/2 if
u ∈ V2. Let F

∗ = F \{x, y} and k = ⌈n/2⌉−1. Then degF ∗ u ≥ k > (n−3)/2
for every vertex u ∈ V2.

It is now easy to see that graphs with the properties described above are
contained among graphs constructed as follows.

1) Choose an ordered pair of distinct vertices x, y ∈ V ; there are n(n− 1)
choices.

2) Choose an a-element set V1 ⊆ V \ {x, y}. There are
(
n−2
a

)
choices,

where 1 ≤ a < n/2. Join x by an edge to each vertex of V1.
3) Define the b-element set V2 = V \ (V1 ∪ {x, y}), b = n− 2− a.
4) Choose a nonempty set Vy ⊆ V2. There are at most 2b choices. Join y

by an edge to each vertex of Vy.
5) On the (n − 2)-vertex set V \ {x, y}, define a graph from the class

G(V \ {x, y}, V2, k).
Thus, using Lemma 14, Newton’s Binomial Theorem, and the combinato-

rial identity (2), we conclude

|FCn,3| ≤
∑

1≤a<n/2

n(n− 1)
(
n−2
a

)
2b |G(V \ {x, y}, V2, k)|

≤ 2(
n−2
2 ) n(n− 1)

n−2∑
a=0

(
n−2
a

)
2(n−2−a)/2

= 2(
n
2)
1

2
n(n− 1)

(
1 +

√
2

4

)n−2

.

□

Proof of Theorem 6. By Corollary 1 and Lemma 4, Hn,3,∆ is a class of typical
graphs of diameter 3, each of which is Hamiltonian. From Lemma 15 and
the definition of the number ξn,3, as n tends to infinity, we obtain

|FCn,3|
2(

n
2)ξn,3

≤ 2

(
1 +

√
2

3

)n−2

= o(1). (16)

Now, using Corollary 1 and relation (16), we conclude

2(
n
2)ξn,3(1− o(1)) ≤ |Hn,3,∆ \ FCn,3| ≤ |Jn, d=3| ≤ 2(

n
2)ξn,3.

Hence, Hn,3,∆ \FCn,3 is a typical class of graphs of diameter 3, each of which
does not satisfy Fan’s condition. □

As for FC(G), an analogous effect also occurs for Asratian’s Condition
AC(G). In [1], A.S. Asratian gave examples of such Hamiltonian graphs of
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any prescribed diameter. However, among graphs of diameter 3, the class of
graphs satisfying AC(G) is only asymptotically small.

Theorem 7. Almost all n-vertex graphs G of diameter 3 are Hamiltonian
and do not satisfy AC(G).

Proof. Consider the class ACn,3 of all n-vertex graphs of diameter 3 with a
unique pair of diametral vertices and satisfying AC(G).

Let F ∈ ACn,3, and let x, y be diametral vertices of the graph F . By
uniqueness of the pair of diametral vertices, BF

2 (v) = V (F ) for every vertex
v ∈ V (F ) \ {x, y}. As in Lemma 15, we assume that degF x ≤ (n− 2)/2 and
consider the stratification of the graph F by distance from the vertex x. Let
u ∈ V2. Then there is a shortest path x, v, u of length 2, where v ∈ V1. By
AC(G), we obtain degF u ≥ |BF

2 (v)| − 1 − degF x ≥ n − 1 − degF x ≥ n/2
for every vertex u ∈ V2. Thus, all properties of the graph F used in Lemma
15 hold. The following estimate is then established analogously.

Lemma 16. |ACn,3| ≤ 2(
n
2) 1

2 n(n− 1)
(
1+

√
2

4

)n−2
.

As in Lemma 15, it follows that Hn,3,∆ \ ACn,3 is a typical class of graphs of
diameter 3; moreover, all graphs of this class are Hamiltonian by Lemma 4
and do not satisfy AC(G). □

Remark 6. The estimate obtained in the proof of Theorem 7 for the number
of graphs in the class ACn,3 can be substantially strengthened. However, it
is sufficient for justifying the asymptotic smallness of this class.

Among sufficient conditions for Hamiltonicity, the condition FGJLC(G),
proposed by R.J. Faudree, R.J. Gould, M.S. Jacobson, and L.M. Lesniak [5],
is remarkable. As it turns out, this condition captures almost all graphs
of diameter 3. To prove this assertion, we shall use the class H∗

n,3,∆ of
n-vertex graphs of diameter 3 constructed in Section 3, where a number of
their properties were proved.

Theorem 8. Almost all n-vertex graphs G of diameter 3 are Hamiltonian
and satisfy FGJLC(G).

Proof. By Corollary 4, H∗
n,3,∆ is a class of typical graphs of diameter 3 for

every ∆, 0 < ∆ < 1. Let 3/4 ≤ ∆ < 1, let G ∈ H∗
n,3,∆, let x, y be a pair of

diametral vertices of the graph G, z ∈ {x, y}, and let u, v ∈ V (G) \ {x, y}.
Using the property of intersections and differences of spheres of graphs in
the class H∗

n,3,∆, we obtain the required estimates

|SG
1 (x) ∪ SG

1 (y)| ≥ |SG
1 (x)|+ |SG

1 (y)| ≥
2n

3
∆ ≥ n

2
;

|SG
1 (z) ∪ SG

1 (u)| ≥ |SG
1 (z) \ SG

1 (u)|+ |SG
1 (z) ∩ SG

1 (u)|+ |SG
1 (u) \ SG

1 (z)|

≥ n

6
∆ +

n

6
∆ +

n

3
∆ ≥ n

2
;
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|SG
1 (u) ∪ SG

1 (v)| ≥ |SG
1 (u) \ SG

1 (v)|+ |SG
1 (u) ∩ SG

1 (v)|+ |SG
1 (v) \ SG

1 (u)|

≥ 3n

4
∆ ≥ n

2
.

□

We now show that there exist sufficiently many rich, namely exponentially
large, classes of n-vertex graphs of diameter 3, each of which does not satisfy
FGJLC(G) and at the same time is a U -graph.

Indeed, let ε be independent of n, and let 0 < ε < 1. For every ε and all
sufficiently large n, consider the class of n-vertex graphs Kn,3,ε consisting of
all graphs of the form G3(H1, F1, F3, F2, H2; a, b), defined as follows. Let H1,
F1, F2, F3, H2 be, respectively, an h-vertex, an f1-vertex, an f2-vertex, an
f3-vertex, and an h-vertex graph with pairwise disjoint vertex sets. Moreover,
H1 = Kh, H2 = Kh, F1 = Kf1−2 ∪K2, F3 = Kf3 ,

h = ⌊nε/20⌋,
f1 = ⌊n/2⌋ − 1, f2 = ⌊n/4⌋, f3 = n− 2h− f1 − f2

and a, b are isolated vertices of the graph F1.
We assume that n is so large that the following inequalities hold

h ≥ 2, f1 > f2 > 2h, h+ 2f2 ≥ f1, 2f3 > h+ f2. (17)

Join vertices u and v by an edge in each of the following cases: u ∈ V (H1)
and v ∈ V (F1); u ∈ V (H2) and v ∈ V (F2); u ∈ V (Fi), v ∈ V (Fj), and i ̸= j.
The resulting graph is denoted by G3(H1, F1, F3, F2, H2; a, b).

Example 1. An example of a graph from the class Kn,3,ε.

In Fig.7, a graph G3(H1, F1, F3, F2, H2; a, b) from the class K44,3,0.99 is shown

for n = 44 and ε = 0.99. In this case, H1 = K2, H2 = K2, F1 = K19 ∪
K2, F3 = K8, and f2 = 11. As the graph F2, one may choose any 11-
vertex graph. The graph is shown schematically (only part of the edges
between neighboring blocks is drawn). The Hamiltonian cycle of the graph
G3(H1, F1, F3, F2, H2; a, b) is highlighted in red.

Theorem 9. Every graph G from the class Kn,3,ε is a U -graph of diameter 3
and does not satisfy FGJLC(G). Moreover, for every such graph, FGJLC(G)
is violated both on a pair of vertices from U and on a pair of vertices from

V (G) \ U . The number of such graphs |Kn,3,ε| is 2Θ(n2).

Proof. Let G = G3(H1, F1, F3, F2, H2; a, b). Put U = V (H1) ∪ V (H2). Ob-
viously, G is a connected n-vertex graph of diameter 3, and for every pair
of diametral vertices u, v, we have u ∈ Hi and v ∈ Hj , i ≠ j. It is also
easy to see that if S is an independent set of the graph G of maximum
cardinality, then one of the following inclusions holds: S ⊆ V (H1) ∪ V (F2),
S ⊆ V (H2) ∪ {a, b, c}, or S = V (H1) ∪ V (H2) ∪ {w}, where w ∈ V (F3) and
c ∈ V (F1) \ {a, b}. Hence, taking (17) into account, we have

2h+ 1 ≤ α(G) ≤ |V (F2)|+ |V (H1)| = f2 + h. (18)
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Figure 7. G3(H1, F1, F3, F2, H2; a, b) ∈ K44,3,0.99

Next, we have |V (H1)| ≥ 2 and |SG
1 (u) ∪ SG

1 (v)| = |V (F1)| = f1 < n/2
if u, v ∈ H1 and u ≠ v. Hence, FGJLC(G) fails for any distinct vertices
from V (H1) ⊂ U . We now show that this condition also fails for the pair
of vertices a, b. Indeed, we have SG

1 (a) = SG
1 (b) = V (H1) ∪ V (F2) ∪ V (F3).

Hence,

|SG
1 (a) ∪ SG

1 (b)| = h+ f2 + f3 = n− h− f1 <
n

2
,

since f1 = ⌊n/2⌋ − 1 and h ≥ 2. Thus, FGJLC(G) is also violated on a pair
of vertices from V (G) \ U .

We verify the properties of a U -graph. Let u ∈ V (Hi), i = 1, 2. Taking
(17) into account, we obtain

|SG
1 (u)| = |V (Fi)| > 2|V (Hi)| = 2h = |U |.

Hence, property (ii) in the definition of a U -graph holds.
We now verify property (i). Let u ∈ V (Fi) and v ∈ V (Fj). First assume

that i = j. It is easy to see that V (F1) ∪ V (F2) ∪ (V (F3) \ {u, v}) ⊆
SG
1 (u)∩SG

1 (v) for i = 3, whereas for i ≠ 3, we have V (Hi)∪V (Fs)∪V (F3) ⊆
SG
1 (u) ∩ SG

1 (v), where s ≠ i and s ≠ 3. Therefore, taking (17) and (18) into



174 T.I. FEDORYAEVA

account, we obtain

|SG
1 (u) ∪ SG

1 (v)|+ 2|SG
1 (u) ∩ SG

1 (v)| ≥
≥ 3|SG

1 (u) ∩ SG
1 (v)|

≥ 3(h+ f2 + f3)

≥ 2h+ f1 + f2 + 3f3

> n+ h+ f2

≥ n+ α(G).

Now let {i, j} = {1, 2}. Obviously, V (F3) ⊆ SG
1 (u) ∩ SG

1 (v) and SG
1 (u) ∪

SG
1 (v) = V (G). Therefore, taking (17) and (18) into account, we obtain

|SG
1 (u) ∪ SG

1 (v)|+ 2|SG
1 (u) ∩ SG

1 (v)| ≥ n+ 2f3

> n+ h+ f2

≥ n+ α(G).

It remains to consider the case i = 3 and j ≠ 3. It is easy to see
that V (F3) \ {u} ∪ V (Fs) ⊆ SG

1 (u) ∩ SG
1 (v) (here s ≠ i and s ≠ j), and

V (F1) ∪ V (F2) ∪ V (F3) ∪ V (Hj) ⊆ SG
1 (u) ∪ SG

1 (v). Therefore, taking (17)
and (18) into account, we obtain

|SG
1 (u) ∪ SG

1 (v)|+ 2|SG
1 (u) ∩ SG

1 (v)| ≥ f1 + f2 + f3 + h+ 2(f2 + f3 − 1)

> f1 + f2 + f3 + 3h+ f2

≥ n+ α(G).

Hence, the required property (i) holds. Thus, G is a U -graph.
We estimate |Kn,3,ε|. Note that

G3(H1, F1, F3, F2, H2; b, a) = G3(H1, F1, F3, F2, H2; a, b).

Now, taking into account the above-mentioned property of diametral pairs
and the definition of the graph G3(H1, F1, F3, F2, H2; a, b), we obtain

|Kn,3,ε| =
(
n

h

)(
n− h

h

)(
n− 2h

f1

)(
n− 2h− f1

f2

)(
f1
2

)
2(

⌊n/4⌋
2 ) = 2Θ(n2).

□

Note that for n ≥ 40/ε, all inequalities in (17) hold.

Remark 7. The class Kn,3,ε is defined for every n ≥ 40/ε.

Theorem 9 shows that the difference between the U -condition and FGJLC(G)
is not limited to individual exceptional graph examples. The constructed
classes have exponential cardinality. Moreover, in the graphs of these classes,
the FGJLC(G) condition is violated both on pairs of vertices from the dis-
tinguished set U and on pairs of vertices outside U . This demonstrates that
U -graphs provide not only an asymptotic explanation for typical Hamiltonic-
ity but also a more flexible structural condition.
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Remark 8. In the second part, we construct exponentially larger classes of
n-vertex U -graphs of diameter 4 that also fail to satisfy FGJLC(G).

5. Conclusion

Note that condition (i) in the definition of a U -graph is not a direct
analogue of classical Ore-type conditions on vertex degrees, their generaliza-
tions, and the like. It relates the size of the union of neighborhoods of two
vertices, the size of their intersection, and the local independence number
αG(u, v), calculated outside the balls of the graph BG

1 (u) ∪BG
1 (v). Likewise,

condition (ii) is not traditional; it identifies a distinguished set U of vertices
that prevents the application of ”uniform” Hamiltonian conditions. This
form of the condition allows us to remove frequently encountered obstacles
to determining Hamiltonianity and constructing a Hamiltonian cycle for
n-vertex graphs of exponentially large classes.

These results reveal several aspects of the new sufficient condition. On the
one hand, the U -graph condition reveals a unified mechanism for proving the
Hamiltonian property of almost all n-vertex graphs of diameter k = 1, 2, 3.
Thus, the well-known result on the typical Hamiltonicity of graphs of small
diameter follows from a single general sufficient condition. On the other
hand, the U -condition turns out to be significantly more flexible than the
well-known ”uniform” Ore-type conditions, such as FGJLC(G). Although
almost all graphs of diameter 3 satisfy FGJLC(G), the exponential classes of
U -graphs of diameter 3 constructed in the paper show that the FGJLC(G)
condition can be violated locally and does not cover many sufficiently rich
Hamiltonian structures. Moreover, violation of FGJLC(G) can occur for
both pairs of vertices in U and for pairs of vertices outside U . Thus, the
introduced sufficient condition turns out to be more sensitive to the internal
structure of the graph for Hamiltonianity, which confirms its wide classical
applicability outside the framework of the axiomatic approach.
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