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ON ELEMENT ORDERS IN COVERS OF L4(q) AND U4(q)

M.A. GRECHKOSEEVA, S.V. SKRESANOV

Abstract. Suppose that L is one of the finite simple groups PSL4(q) or
PSU4(q) and L acts on a vector space W over a field whose characteristic
divides q. We prove that the natural semidirect product of W and L
contains an element whose order differs from the order of any element of
L, thus answering questions 14.60 and 17.73 (a) of the Kourovka Notebook.
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1. Introduction

Problem 14.60 of the Kourovka Notebook [1] asks whether a finite group H
having a nontrivial normal subgroup K such that the factor group H/K is isomorphic
to one of the simple groups PSLn(q) with n > 3 always contains an element whose
order is distinct from the order of any element of H/K. Zavarnitsine [2] proved that
this is true if n ̸= 4 or q is composite. Later he [3] constructed an example showing
that this is not true if n = 4 and q = 1324. It turned out that the proof in [3]
was incorrect, and the main goal of the present paper is to show that the answer is
affirmative for all n > 3, including n = 4.

Before stating the main result, let us put the question into a wider context of
recognition by spectrum (see the introduction in [4] for a survey on this subject).
The spectrum ω(G) of a finite group G is the set of the orders of elements of G.
We say that G is recognizable by spectrum if for every finite group H, the equality
ω(H) = ω(G) implies H ≃ G. If the implication holds for all finite groups H having
a normal subgroup K such that H/K ≃ G, then we say that G is recognizable by
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spectrum among covers. In this language, Problem 14.60 asks whether the simple
groups PSLn(q) with n > 3 are recognizable by spectrum among covers.

It is not hard to see that a finite group G is recognizable among covers if and only
if ω(G) ̸= ω(K : G), where K ̸= 1 is an elementary abelian group and K : G is a
split extension of G by K (see, for example, [5, Lemma 12]), and so representations
of G come into play. If G is a simple group of Lie type in characteristic p, it
is natural to distinguish two cases, depending on whether p divides K or not (cf.
Problems 17.73 and 17.74 of [1]). At the present time, the only open question related
to recognizability of simple groups among covers is whether ω(G) ̸= ω(K : G) in
the case when G = PSL4(q) or PSU4(q), q = pm is odd and composite, and K is an
elementary abelian p-group (see the proof of Corollary 1 below for references). We
answer this question in the affirmative, thus solving Problems 14.60 and 17.73 (a)
of [1].

Theorem 1. Let L be PSL4(q) or PSU4(q), where q is a power of an odd prime p.
If L acts on a vector space W over a field of characteristic p then ω(WoL) ̸= ω(L).

Corollary 1. A finite nonabelian simple group L is recognizable by spectrum among
covers if and only if L is neither 3D4(2), nor PSU5(2), nor PSU3(q), where q is a
Mersenne prime such that q2 − q + 1 is a prime.

2. Proof of the main result

We start with some definitions and preliminary results.
If a is a nonzero integer, then the highest power of 2 dividing a is called the

2-part of a and is denoted by (a)2. The following lemma is an easy consequence of
the definition.

Lemma 1. Let a and b be nonzero integers.
(1) If (a)2 > (b)2, then (a+ b)2 ̸= (a)2.
(2) If (a)2 = (b)2, then (a+ b)2 > (a)2.

The next lemma was proved by Bang [6]. Also it is a special case of Zsigmondy’s
theorem [7].

Lemma 2. Suppose that ε ∈ {+,−} and a, n > 2 are integers. Then either there
is a prime r such that r divides an − (ε1)n and does not divide ai − (ε1)i for all
1 6 i < n, or one of the following holds:

(1) ε = +, n = 6, a = 2;
(2) ε = −, n = 3, a = 2;
(3) n = 2 and a+ ε1 is a power of 2.

We refer to the prime r in Lemma 2 as a primitive prime divisor of an − (ε1)n

and denote some primitive divisor, if any, by rn(εa).
Let F be the algebraic closure of a field of prime order p and let G = SLn(F ).

We will need some information about weights of rational finite dimensional FG-
modules, which will be called simply G-modules for brevity. All unexplained termi-
nology can be found, for example, in [8]. We can choose the group D of diagonal
matrices in G as a maximal torus of G. If M is a G-module, then Ω(M) is the
set of weights of M (relative to D). The irreducible G-module with the highest
weight λ is denoted by M(λ). If V = Fn is the natural G-module with a canonical
basis e1, . . . , en, then ei is a weight vector for each i ∈ {1, . . . , n}, and we denote



ON ELEMENT ORDERS IN COVERS OF L4(q) AND U4(q) 587

the corresponding weight by εi. The Frobenius map on G is the map defined by
(aij) 7→ (apij). If M is a G-module, then the composition of the corresponding
representation and the ith power of the Frobenius map is also a representation of
G on M , and we denote the corresponding module by M (pi).

Lemma 3. Let G = SLn(F ) and let M be an irreducible G-module with p-restricted
highest weight. Then either 0 ∈ Ω(M) or there is a uniquely determined number
k ∈ {1, . . . , n− 1} such that Ω(M) contains the set

{εi1 + εi2 + · · ·+ εik | 1 6 i1 < i2 < · · · < ik 6 n}.

Proof. See Lemmas 13 and 14 in [2]. �

We proceed now to prove Theorem 1. It is convenient to write PSL±
4 (q), and

related notation such as SL±
4 (q), to denote linear and unitary groups with +

corresponding to linear groups and − to the unitary groups. So let L = PSLε
4(q),

where ε ∈ {+,−} and q = pm. Observe that by [2, Lemma 11], we may assume
that L acts on W faithfully. Let S = SLε

4(q) and let G = SL4(F ), where F is the
algebraic closure of a field of order p, as above. We may regard W as an S-module
and by [2, Lemma 10], we may assume that S acts on W absolutely irreducibly. By
Steinberg’s theorem [9, Theorem 43], we may also assume that W is the restriction
to S of an irreducible G-module M(λ) for some q-restricted weight λ. By Steinberg’s
tensor product theorem [9, Theorem 41], we have

M(λ) ≃ M(λ0)⊗M(λ1)
(p) ⊗ · · · ⊗M(λm−1)

(pm−1),

where λi are p-restricted. By Lemma 3, for each i ∈ {0, 1, . . . ,m − 1}, there is
ki ∈ {0, 1, 2, 3} such that Ω(M(λ)) contains all the weights of the form

µ0 + pµ1 + · · ·+ pm−1µm−1,

where µi is the zero weight if ki = 0, and µi is a sum of distinct ki elements of
{ε1, . . . , ε4} if ki > 0.

To prove that ω(W o L) ̸= ω(L), it is sufficient to find a semisimple element
g ∈ S such that ⟨g⟩ ∩Z(S) = 1, p|g| ̸∈ ω(L) and for each i ∈ {0, 1, . . . ,m− 1} with
ki > 0, there are ki distinct characteristic values θi,1, . . . , θi,ki of g such that

(1)
∏

i: ki>0

(θi,1 . . . θi,ki)
pi

= 1.

Indeed, there is x ∈ G such that h = gx is a diagonal matrix. By (1) and the
preceding paragraph, there is µ ∈ Ω(M(λ)) such that µ(h) = 1. It follows that h
has a nontrivial fixed point in W , and so too does g. Hence p|g| ∈ ω(W oL)\ω(L).

By [3, Lemma 4], if |g| is one of the following numbers, then p|g| ̸∈ ω(L):
(1) r4(εq), r3(εq), (q2 − 1)2;
(2) r2(εq)(q − ε1)2 if 3 < q ≡ ε1 (mod 4).

Observe that all the above primitive divisors exist by Lemma 2. Also observe that
S has a semisimple element with characteristic values θ1, θ2, θ3, θ4 ∈ F if and only if
θ1θ2θ3θ4 = 1 and for every i ∈ {1, 2, 3, 4}, there is j ∈ {1, 2, 3, 4} such that θεqi = θj
(see [10, 2.6 (A)] for unitary groups).

Let θ ∈ F× have order r4(εq) and let g ∈ S be an element whose characteristic
values are θ, θεq, θq

2

, θεq
3

. It is clear that θq
2+1 = 1, |g| = r4(εq), and ⟨g⟩∩Z(S) = 1.

If ki ∈ {0, 2} for all i and θi,1 = θ, θi,2 = θq
2

for i with ki = 2, then (1) holds.
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Let θ ∈ F× have order r3(εq) and let g ∈ S be an element whose characteristic
values are θ, θεq, θq

2

, 1. If ki ̸= 2 for any i then taking θi,1 = 1 for i with ki = 1

and θi,1 = θ, θi,2 = θεq, θi,3 = θq
2

for i with ki = 3 gives us the desired result.
Thus we may assume that both 2 and 1, or both 2 and 3, occur among the

numbers ki. In particular, q > p.
Let q ≡ −ε (mod 4) and choose θ ∈ F× of order (q2 − 1)2. Observe that

θq+ε = −1 since (q2−1)2 = 2(q+ε)2. Let g ∈ S be an element whose characteristic
values are θ, θεq, −1, 1. For all i with ki > 0, we set θi,1 = 1. If ki = 2, then
θi,2 = −1, and if ki = 3, then θi,2 = θ, θi,3 = θεq. Then the left side of (1) is equal
to 1 or −1. If it is equal to −1, then we replace θi,1 = 1 by θi,1 = −1 for some i
with ki ∈ {1, 3}.

Let q ≡ ε (mod 4) and let θ ∈ F× have order t = r(q − ε)2, where r =
r2(εq). Take g ∈ S to be an element whose characteristic values are θa, θεaq, θrb,
θ−a(1+εq)−rb, where a and b are integers and a is coprime to r. Since θt/2 = −1,
the characteristic values of gt/2 are (−1)a, (−1)a, (−1)b, (−1)b. So if a and b have
opposite parity, then |g| = t and ⟨g⟩ ∩ Z(S) = 1.

If ki = 2, then set θi,1 = θa and θi,2 = θaεq. If ki = 1, then set θi,1 = θrb.
If ki = 3, then set θi,1 = θa, θi,2 = θεaq, and θi,3 = θ−a(1+εq)−rb. Then the
corresponding factor in the left side of (1) is equal to θa(1+εq)pi

, θrbp
i

, or θ−rbpi

respectively. It follows that the product in the left side of (1) is equal to θc, where

c = a(1 + εq)(pi1 + · · ·+ pij ) + rb(τj+1p
ij+1 + · · ·+ τlp

il)

for some τj+1, . . . , τl ∈ {+,−}. Set A = (1+εq)(pi1 + · · ·+pij ) and B = τj+1p
ij+1 +

· · ·+τlp
il . Observe that A is a nonzero integer since j > 0 and i1, . . . , ij are different

positive integers. By similar reasons, B is also nonzero.
It is clear that r divides c, and hence θc = 1 if and only if

(2) aA+ rbB ≡ 0 (mod (q − ε)2).

If (A)2 < (B)2, then we set b = 1 and take a to be a solution of the congruence

aA/(A)2 ≡ −rB/(A)2 (mod (q − ε)2)

coprime to r (we can choose such a solution because r does not divide q− ε). Since
both B/(A)2 and (q − ε)2 are even, while A/(A)2 is odd, the number a is even, as
required. Similarly, if (A)2 > (B)2, then we set a = 1 and take b to be a solution of
the congruence

rbB/(B)2 ≡ −A/(B)2 (mod (q − ε)2).

Let (A)2 = (B)2. Suppose that for some i with ki = 2, we replace θi,1 = θa,
θi,2 = θεaq by θi,1 = θrb, θi,2 = θ−a(1+εq)−rb. Then the corresponding factor in
the left side of (1) changes from θa(1+εq)pi

to θ−a(1+εq)pi

, and so A is decreased by
2(1+ εq)pi, while B is unchanged. Observe that A− 2(1+ εq)pi is still nonzero and
divisible by r. If (A)2 > 2(1+εq)2 = 4, then (A−2(1+εq)pi)2 ̸= (A)2 by Lemma 1,
and we can proceed as in the case (A)2 ̸= (B)2.

We are left with the case (A)2 = (B)2 = 2. If for some i with ki = 1, we replace
θi,1 = θrb by θi,1 = θ−a(1+εq)−rb, this decreases A and B by (1 + εq)pi and 2rpi

respectively. Similarly, if there is i with ki = 3, then we can increase A and B by the
corresponding amounts replacing θi,3 = θ−a(1+εq)−rb by θi,3 = θrb. By Lemma 1,
we have (A± (1+ εq)pi)2 > (A)2, and so the previous argument goes through. The
proof of the theorem is complete.
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It remains to prove the corollary. If L is neither PSL4(q), PSU3(q), PSU4(q),
PSU5(2), nor 3D4(2), then L is recognizable among covers by [11, Corollary 1.1].
For PSU3(q), PSU5(2) and 3D4(2), the result is proved in [12], [13, Proposition 2]
and [14] respectively. If q is even then PSL4(q) and PSU4(q) are recognizable by
spectrum [15, Theorem 1]. Thus we may assume that L = PSL4(q) or PSU4(q) with
q odd. As we mentioned in Introduction, it suffices to show that ω(L) ̸= ω(K o L)
for every elementary abelian group K ̸= 1 with L-action. If p and |K| are coprime,
the result follows from [2, Lemma 11] for linear groups and [13, Theorem 1] for
unitary groups. If p divides the order of K, we apply Theorem 1.
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